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The general framework of the N = 2 Wess—Zumino holomorphic supersymmetric quantum
mechanics with polynomial superpotentials is extended to the case of nonpolynomial
superpotentials ¥(z) (zeC) in a mathematically rigorous way. It is also proved that there exist
no fermionic zero-energy states. Under some conditions for V, the operator domain of the
supercharges and the supersymmetric Hamiltonian are identified. As an example, the model
with ¥(z) = Ae™® (1eC\{0}, a > 0) is analyzed in view of index theory. The following
remarkable result is proved: There exist infinitely many bosonic zero-energy states which are
Iocalized in the momentum space dual to the Im z direction. The results are applied to two

models in atomic and nuclear physics.

L. INTRODUCTION

In Ref. 1, Jaffe et al. considered two models of super-
symmetric quantum mechanics (SSQM), which are the
quantum mechanics versions of the two-dimensional, N = 1
and N = 2 Wess—Zumino quantum field models; they also
computed the Witten index ( =the number of bosonic zero-
energy states minus the number of fermionic zero-energy
states) in each model. In particular, it was proved that in the
N =2 Wess-Zumino SSQM with an arbitrary polynomial
superpotential ¥(z) (zeC), there exist no fermionic zero-
energy states (the “vanishing theorem”) and the Witten in-
dex I y is equal to the number of bosonic zero-energy states,
with

Iy =degV—1. (1.1)

In this paper, we consider the N =2 Wess-Zumino
SSQM with nonpolynomial holomorphic superpotentials
and try to extend the results for the case of the polynomial
potentials considered in Ref. 1. This is at least mathematical-
ly interesting: Formula (1.1) shows that the Witten index is
determined by the order of singularity of the superpotential
atz = oo and suggests formally that the Witten index is infi-
nite in the case of nonpolynomial holomorphic superpoten-
tials, for they have the essential singularity at z = oo. Note,
also, that a nonpolynomial entire function is the limit of a
sequence {V, (z)}_, of polynomials with deg ¥,, = .

In Sec. I, we describe in a mathematically rigorous way
a fundamental framework for the Wess—Zumino holomor-
phic SSQM with not necessarily polynomial superpotentials.
We shall show that some results in Ref. 1 can be extended.
For example, the “vanishing theorem” holds also in the pres-
ent case (Proposition 2.5). In Sec. III, we consider the case
with ¥(z) = Ade** (1eC\{0}, a > 0) and prove by identify-
ing the space of the bosonic zero-energy states exactly that
there exist infinitely many bosonic zero-energy states. Thus
as far as this special model is concerned, the result justifies
the above formal argument. It is noted that every bosonic
zero-energy state is localized in the momentum space dual to
the Im z direction. In Sec. IV, we apply the result in Sec. III
to two models in atomic and nuclear physics: One is a model
of a nonrelativistic spin-} particle in an external SU(2)
gauge field and the other is a model of a nonrelativistic nu-
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cleon in a pion field. These models were discussed in Ref. 1in
order to give physical interpretation to the Wess—Zumino
holomorphic SSQM. In each model, the potential is two-
dimensional and periodic in one direction (e.g., the y direc-
tion). It is shown that each model has infinitely many zero-
energy states which are localized in the momentum space
dual to the y direction.

il. WESS-ZUMINO SSQM WITH GENERAL
HOLOMORPHIC SUPERPOTENTIALS

In this section we recapitulate the definition of the
N =2 Wess—Zumino holomorphic SSQM' (cf., also, Refs. 2
and 3) and extend some mathematical results obtained in the
case of polynomial potentials' to the case of general holo-
morphic potentials.

The Hilbert space 5% of state vectors for the model is
given by

H =L*(R*%CY . (2.1)

In order to define the supercharges, we introduce 4 X 4 ma-
trices ¢, and ¢, by

1 0 I+ o,
¢’:—2—(1—U 0 »)’
: . (2.2)
¢=L( 0 lal—}-az)
T a2\—io,—0, 0 ’

where o;, j = 1,2,3 are the Pauli matrices

0 1 0 —i 1 0
m=ﬁ J,%=& oj’%:Q —J (2.3)

and I is the 2X2 identity matrix. The matrices ¥, and ¢,
satisfy the anticommutation relations

{‘ﬁp'pf} = 6jk »
{¢j’¢k} = 0’ J’k = 1’2 3

where {4,B}=AB + BA.
Let V(z) be a holomorphic function on C (not necessar-
ily polynomial) and consider the operators

0, = i(,d + ¥39) + {¢,(IV) — r(@N)*}, (2.6)
szz//zg—z//fc?—f—t//,(aV) + YF@Ery*, (2.7)
where d = 3 /dz and d = 8 /dz* [the operators Q; given by

(2.4)
(2.5)
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(2.6) and (2.7) are different from those in Ref. 1]. We shall
use the usual identification of C with R? through the corre-
spondence z = x 4 ipeC«>(x,y)€R? Then Q, and @, can be
considered as operators acting in /¥ given by (2.1). We put

D=Cg(R5CY). (2.8)

Proposition 2.1: The operators Q, and (, are essentially
self-adjoint on D. Further, every power of Q, (respectively,
Q,) is essentially self-adjoint on D.

Remark: In the case of polynomial potentials ¥, Propo-
sition 2.1 was proved for Q, and Q3 (Ref. 1).

Proof: It is obvious that Q; is symmetric on D. We write

it as
Q= —iL
on D, where
d d
1 5 Zay 14

with

4= =¥ +¥3), 4=/ -,
B(x,y) = ¢V (2))* — ¢, IV(2) .

The operator L is of the form of the first-order differential
operators considered in Ref. 4 because 4;;j = 1,2; and B are
C* 4X4 matrix-valued functions. Note that 4, and 4, are
constant matrices. Hence the “velocity of propagation”
(Ref. 4) associated to L is constant. Then a direct applica-
tion of Ref. 4, Theorem 2.2 gives the desired result on Q,.
The proof for the case of Q, is quite similar. O

Remark: Note that {4;,4,} = 6,72, j,k = 1,2. Hence
@, is a Dirac-type operator. The same holds for Q,.

We shall denote the closure of Q; | D by Q.. Then we
have the following lemma.

Lemma 2.2:
01=0;. (2.9)
Proof: Direct computations give
QIV=03¥
for all ¥ in D. Then, Proposition 2.1 implies (2.9). O
We define the non-negative self-adjoint operator H by
H=0}=02. (2.10)
Then we have
H'?=10/|=10, (2.11)
and hence, in particular,
D(Q) =D(Q,) =DH'), (2.12)

where D(A) denotes the operator domain of operator 4.
Lemma 2.3: Each Q; maps Dintoitself and the anticom-
mutation relation

{QI’Q2}\1’ =0, WYeD (2.13)
holds. Further, we have
(Q\¥,0,®) + (Q,¥,0,®) =0, D,WeD(H'?). (2.14)

Proof: Equation (2.13) follows from direct computa-
tions. By a limiting argument using Proposition 2.1, one can
extend (2.13) in the form of (2.14). ]
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Lemma2.4: Foreachj = 1,2, N maps D(Q ) intoitself
and the anticommutation relations

{Ne,Q}¥ =0, WeD(Q)), j=12
hold.

Proaf: We first prove (2.16) for ¥ in D. Then, a limiting
argument using Proposition 2.1 gives the desired result. 0O

The Hilbert space # given by (2.1) has the following
orthogonal decomposition:

(2.15)

(2.16)

K=, e _, (2.17)
with
r(fl h
H =4 {; | fi rEL*(R?) ¢, (2.18)
LKO -
/0 1
0
H_ =4 P | fu LEL*(R?) ¢ . (2.19)
1
-\/‘2 o
Obviously, we have
NeW, =1V, , YV, 7, . (2.20)

In summary, we have proved that the quadruple
{#°{0,,0,},H,N . } is a SSQT with N=2 supersymmetry in
the sense of Ref. 5 (cf., also, Ref. 6); the operators @, and @2
are the self-adjoint supercharges, H is the supersymmetric
Hamiltonian, and N is the fermion number operator. The
closed subspace 7%, (respectively, 5 _) is the Hilbert
space consisting of bosonic (respectively, fermionic) states.

On the domain D, H is explicitly given as

H= — 93 — y*,(3*V)* — 424,32V + |9V 2. (2.21)

By a general fact of a SSQT, H is reduced by #°, ; we shall
denote the reduced part of H to 7, by H, . We have

_ 0 — z‘(an))
H, =H_ +(i(an)* 0 (2.22)
and
— 1 0
H_=(—-3d0+ ]8V|2)(0 1) (2.23)

on D, where we identify %, with L *(R%C?).

We now proceed to the index problem. The Witten in-
dex Iy is defined by the number of bosonic zero-energy
states minus the number of fermionic zero-energy states>:

IW = n+ —n_ ) (224)
with
n, =dimKer H, . (2.25)

By Lemma 2.4 and (2.20), for eachj = 1,2 there exists a
unique closed linear operator Q; , :#°, —#°_ such that

5-(0 o)
= ) 2.26
9 (QH 0 (2.20)
It follows from (2.10) that
Asao Arai 1165



H . =0%Q,, H_.=Q;, 0%, j=12, (227)
which imply that

n,=dimKerQ,,, n_=dimKerQ} , j=12.

(2.28)
Hence we obtain
I, =dimKer Q;, —dimKerQ,
=index Q;,, j=12. (2.29)

Remark: The arguments leading to (2.26)-(2.29) ap-
ply to every SSQT and the results are well known.

Proposition 2.5 (Vanishing theorem ). There exist no fer-
mionic zero-energy states:

n_=0. (2.30)

Remark: This result of (2.30) has been established in
the case where V(z) is a polynomial (Ref. 1, Proposition 6).
In the case where V is not necessarily a polynomial, it may
happen that H_ is not closed on D(33)ND(|V|*) and
hence that H_Q = 0 is not equivalent to —3dQ =0 and
|d¥ |*Q = 0, as in the case of polynomial potentials V.

Proof: The operator h= — dd + |3V |* is a two-dimen-
sional Schrédinger operator with a non-negative potential.
By Proposition 2.1, C 2 (R?) is a core for h. Thus we can
apply Lemma A1 in the Appendix to obtain the desired re-
sult. O

We next consider conditions for a vector to be in Ker
H, =Ker@Q;, [see (2.25), (2.27), and (2.28)].

Formulas (2.28) and (2.29) show that as far as the in-
dex problem is concerned, it is sufficient to consider one of
Q, j = 1,2. Henceforth we write

Qz-él’ Q+=Q1+ . (231)

Lemma 2.6: Suppose that D(Q_ ) = D(d)ND( [avy).
Then the following hold.

(i) Every vector ( f,g) in Ker Q , satisfies

(—dd+ V) f+ @M@ ~'df=0, (2.32)

(— 83+ |0V |})g+ (3*N*@V)*~'dg=0 (2.33)

in the generalized sense.

(ii) Let feL 2(R?) be a vector satisfying (2.32) in the
generalized sense. Then ( f,g) isin Ker @, ifand only if fis
in D(3)ND(|dV|) and (3¥) ~' dfis in L*(R?), with

g=iaV)~'df. (2.34)

(iii) Let geL ?(IR?) be a vector satisfying (2.33) in the
generalized sense. Then ( f,g) isin Ker Q, ifand only if g is
in D(3)ND(|dV|) and (AV)*~' dgisin L *(R?), with

f=—i(@n*~'dg. (2.35)

Remark: Lemma 2.6 is an elaborate and extended ver-

sion of Ref. 1, Lemma 8.

Proof: (1) By (2.2), (2.3), (2.6), and the assumption
D(Q,)=D(3d)ND(|aV|), we have

0 _(—i(aV)* a )

T 3 iav.

on D(Q_ ). Hence every vector ( f,g) is in Ker 0 _ if and

only if ( f,g) is in D(Q_ ) and satisfies
dg—i(@aNM*f=0

(2.36)

(2.37)
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and

f+i(3V)g=0. (2.38)
Equation (2.37) and the condition feD(3) imply that 3 dg
exists as an L |, function with

33g — (VY — i(AV)*f =0.

It follows from (2.37) and (2.38) that

f= —i(@N)* ' dg, = —i(dNg.
Substituting these relations into (2.39), we obtain (2.33).
Similarly, using (2.38), we can show that (2.32) holds.

(ii) The part “only if ”’ is obvious by (2.38). To prove
the part “if,” we first note that (2.34) gives (2.38). Hence it
follows that (dF)gis in L*(R?) [i.e., geD(dV)] and

AAf+i(3*V)g+i(IV)dg=0. (2.40)

Using (2.32) and (2.38) to rewrite (2.40), we obtain (2.37).
In particular, we have geD(d). Thus we have proved that
(fg) isin D(3)ND(|dV|) and satisfies (2.37) and (2.38).
Therefore ( f,g) isin Ker Q.

(iii) Similar to the proof of (ii). O

Finally, we consider conditions under which the as-
sumption D(Q, ) = D(3)ND(JV) in Lemma 2.6 holds.

Lemma 2.7: Suppose that there exists a constant >0
such that for all zeC satisfying |d >V (z)| >, the estimate

|02V(2)|*<aldV(z)|* + b (2.41)
holds with the constants O<a< 1 and b>0. Then
D(H _) = D(33)ND(|dV|*) and (2.23) holds as an opera-
tor equality.

Proof> Let f bein C & (R%C?). Then we have

IH_ fIP =119\ + | (M|

—2Re(3f|VIS) .
Via integration by parts, one can see that

2Re(A |V = |[(*Nf |2
— 1@ Y@M = 1@ BN

(2.39)

Hence we obtain

IH_ FIP>N9 N + @SN — @S
Using (2.41), we can show that

13> MfIIP<al| BV + (P + &) F1I* -

Therefore, we obtain the estimate

1897 11> + (1 — a) [V FIP<NH_FI? + (P + B FI* -
(2.42)

Since C & (R%C?) is a core for H_ (Proposition 2.1), (2.42)
extends to all l in D(H_), showing at the same time that
D(H_)CD(33)ND(|dV |*). Since H_ is self-adjoint, we
conclude that D(H_)=D(dd)ND(|aV|*>) and H_
= —3dd+ |9V~ O

Remark: In the case of polynomial potentials V, it is
easy to see that (2.41) holds, where a can be made arbitrarily
small if 7 is taken sufficiently large.

Lemma 2.8: Suppose that there exists 7> 0 such that
(2.41) __holds with 0<a<i and b3>0. Then D(H,)
= D(dd)ND(|dV |?) and (2.22) holds as an operator equa-
lity.

Proof: Let

Asao Arai 1166



0 — i(an)>
H, =
! (i(an)* 0
and f be in D(H_). Then by Lemma 2.7 and the above
assumption, we have D(H_) CD(H;) and

|H A IP<al @M1 + (7 + )| fI”-
Using (2.42) extended to feD(H_), we obtain

P + 2Ly,

Since 0 <a <, we have 0 <a/(1 — a) < 1. Therefore, by a
standard theorem (the Kato—Rellich theorem) (see, e.g.,
Ref. 7, Chap. V, Theorem 4.3 and Ref. 8, Theorem X.12),
H, =H_ + H, [see (2.22)] is self-adjoint on D(H_). O

Remark: Polynomial potentials V satisfy the assump-
tion of Lemma 2.8.

Lemma 2.9: Under the same assumption as in Lemma
2.8, we have D(Q_ ) = D(d)ND(IV).

Proof: By Lemma 2.8 and its proof, the operators dd and
|aV |? are relatively bounded with respect to H_, and hence,
by a standard theorem (see e.g., Ref. 7, Chap. VI, Theorem
1.38 and Ref. 8, Theorem X.18), relatively form bounded
with respect to H . Therefore, in particular, it follows that
D@ ND3V)DD(H'{*) = D(Q.). Define the operators

L. =(—z(_c_?V)* .8 )

d iV,

and
14 —d
(% )
—d —i(aNn*
on D(3)ND(IV). Then the above result shows that
Q.CL,
Obviously, the operator

0 L,)
L=
L. %

is a symmetric extension of Q | D. Hence we obtain Q = L
since@= Q [ D is self-adjoint. On the other hand, we have

ZZG’ L—).

By the uniqueness of Q,, we obtain Q, = L, and o*
=L _. Hence, by (2.43),wehave O, =L = L . There-
fore, L, is closed on D(J) ND(3V) and equal toQ,. O

(2.43)

lil. THE MODEL WITH A SUPERPOTENTIAL OF THE
EXPONENTIAL TYPE

In this section, we consider the model with the potential
V(z) = Ae*, zeC, (3.1)
where AeC\ {0} and @ > 0. Then H , takes the form

0 . az
H ———(9(9-}—‘/”2 22(1Rez+ia2(i*a‘ Ae)
Cad 0
(3.2)
on D [see (2.22)], for we have
IV (z) = Aae™, 9™V (z) = la’e™. (3.3)

For a measufable function u# on [0,2], we define the
functions f, and f, on R? by
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2a
fu(xy) = J u(p)e™ W 1o _ pisa (414 [e*)e™ dp
0
(3.4)

9 i)f,xx,y) . (3.5)
ay

- i .
u (X.9) =——e“"‘”’y’(—+z
fuloy 2Aa ox

provided that the right-hand sides are meaningful, where
W, . () is the Whittaker function (see e.g., Ref. 9, Chap.
XVI). Let

D, = {ueL*(R)|supp uC (0,a/2)U(a/2,a)} .

We shall prove the following proposition.

Proposition 3.1: Let H be given by (3.2). Then every
vector in Ker H , is of the form ( f, ) or ((£)*%, f*), with
some  satisfying the condition supp ¥ C [0,a] and

Ker H, D{(£,, /) [ueD, }UU(S)* fA)ueD,} . (3.7)
In particular, H | has infinitely many zero-energy states:

(3.8)

Remarks: (1) The above result shows that in the present
model, supersymmetry is unbroken with infinitely degener-
ate vacua.

(ii) It should be noticed that the Fourier transform
f,, (x,p) [respectively, £, (x,p)] of f, (x,p) [respectively,
£, (x,»)] with respect to y has compact support in peR. This
means physically that every zero-energy state of H , is strict-
ly localized in the momentum space dual to the y direction.

(iii) Let

N
Vy(z) =4 z
n=0

and let Q™ and H‘ be Q and H, with ¥V = V,,, respec-
tively. Then by Ref. 1, Proposition 9 [see (1.1)], we have
n, (N)=dim Ker @ = dim Ker H” = N — 1. On the
other hand, it is easy to see that Q “* and H "’ converge Q
and H_ in the strong resolvent sense as N— . Formula
(3.8) may be regarded as n, = o0 = limy_ _ n, (N).

(iv) The corresponding model in the N = 1 Wess—Zu-
mino SSQM (the Witten model??) is given by the Hamilto-
nian

(3.6)

n,=cw.

(az)"

H 0 d’? ax ax
H=(0+ H_), Hi=——2—-+1222 +iae

where a, AR\ {0}. This model was discussed in Ref. 10 and
it can be shown that Ker H, = {0}.!' This result also

shows an essential difference between the N=1and N =2
Wess~Zumino SSQM’s.

Lemma 3.2: For all r>0 and all zeC with |3%V(2) |>7,
the estimate

|32V(2)|<(a?/r)|aV(2)]? (3.9)
holds.
Proof: An elementary exercise. O

Lemma 3.3: The operator H, is self-adjoint on
D(39)ND(|aV|*) and D(Q, ) = D(3)ND(IV).

Proof: By taking r sufficiently large in (3.9), the as-
sumption of Lemma 2.8 is satisfied. Thus Lemmas 2.8 and
2.9 give the desired results. O

The following lemma is derived from Lemma 2.6 (i)
and (3.3).

Asao Arai 1167



Lemma 3.4: Every vector ( f,g) in Ker Q, satisfies
2 2
ox: I ox

+ 21a§-—|— 4|1 |*a? 2""‘)f(x,y) =0 (3.10)
y
a2 (72 a
_ 20 -2
( w a
— 21aai—+—4|1 |*a® 2""‘)g(x,y) =0 (3.11)

where we put z = x + iy.
Lemma 3.5: LetaeR, b > 0, ¢ > 0, and E€C be constants.
(i) If Re E<O, then

" ;; + ce“’")f(x) = Ef(x)
has no solutions f#0 with feD(d?/dx*)ND(e*™)
CL*(R).

(it) Suppose that

0<|Reya*—E|<a, ReE>0

and 2Ja® — E /b is not an integer.
Then every nonzero solution feL ?(R) to Eq. (3.12) is
given by

S(x) =Ke“ =W o (2N /) (3.13)

with a constant KeC\ {0}, where W, ,,, (z) is the Whittaker
function (see e.g., Ref. 9, Chap. XVI).

Proof: (i) Via the elliptic regularity, every solution f to
Eq. (3.12)isC* . Let feD(d?/dx*) N\ D(e*** ) beanonzero
solution to Eq. (3.12). Taking the inner product of f with
(3.12) in L 2(R), we obtain

£ +2aCf, f) +clle”f 17 =E| fI*.
Since ( f',f) is pure imaginary, it follows that Re E> 0.
Thus the desired result follows.

(ii) Let feL *(R) be a nonzero solution to Eq. (3.12)
and define

(3.12)

v(t) =622 £(1/2blog(b?t?/4c)), t>0. (3.14)
Then we have

Wik =%J £20 Dy 2 di < oo (3.15)

(0]

and v satisfies the Whittaker equation
d? [ 1 l—(az—E)/bz}
—u(t —_ 42 v(t) =0 3.16
7 v(t) + 1 pp (1) ( )
Since 2\/a> — E /b is not an integer by assumption, the con-
fluent hypergeometric functions M, —.— ,(¢) and
MO_ T Esb (2) (see, e.g., Ref. 9, Chap. XVI) form a funda-

mental system of solutions to (3.16); every solution to
(3.16) is given by a linear combination of these functions. By
taking the asymptotic property of M, , (¢) as—»0and 71— «
into account, we see that possible solutions to (3.16) with
condition (3.15) are scalar multiples of the Whittaker func-
tion W 5,5 (2)s with

O<|Re a—FE|<a. (3.17)

Condition (3.17) comes from the integrability condition of
t2@=27%1y(1)|* near t =0. On the contrary, if we define
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f(x) by relation (3.14) with v(z) = OJH £, (1) under
condition (3.15),then fisin L >(R) ( f #0) and satisfies Eq.
(3.12). O

Lemma 3.6: (i) Every solution f eD(dd) ND(e***) to
Eq. (3.10) has the form (3.4).

(ii) For all ueD,, the function f, given by (3.4) is a
solution to Eq. (3.10) with £, eD(d3) ND(***).

Remark: The sets of the solutions g of Eq. (3.11) consist
of the complex conjugates of the solutions f to (3.10).

Proof: (i) If f isin D(8d) ND(e***), then Eq. (3.10) is
equivalent to

( j 22+2aai+4|/1|2 e Z“X)f(x,p) = E(p)f(xp) ,
(3.18)
with
E(p) =p(2a —p), (3.19)

Where](x,p) is the Fourier transform of f(x,y) with respect
toy:

PR,

Fxp) = ~ P x,p)dy .

2
V1a Lemma 3.5 (i), Eq. (3.18) has no nonzero solutlons
F(-,p)eD(d ¥/dx?) N\ D(e*™ ) if E(p)<0. Hence f(*,p) =
for all p&(0,2a).
Let E(p) >0, ie., 0<p<2a Then by Lemma 3.5 (ii),
every solution f( ,Lp)eL2(R) to Eq. (3.18) is given by

f(x’P) =u(p)e™”? Wole — pira (414 1€79) =fu (x,p) ,
where u is a function on the set S={peR|0<p <2a,p#a/
2,a,§a}. Thus the desired result follows.

(ii) Let ueD,. We need only show that f, is in
D(39) N D(e*** ): We write it as f, = f. By the asymptotics
of the Whittaker function W, L () at 1= O and t= 4+ o
(see, e.g., Ref. 9, Chap. XVI), we see that fand &2 F(x,p)
are in L 2(R?). By using the recursion relation

zWiom(2) =

we can show that

/D)W, (z2) — W, ,.(2),

O Fixp) =27 (xp) + 21 laeFxp)
ox 2

— au(p)eax/Z Wl,‘a — pl/a (4|/{ IeaX) . (320)

Each term on the rhs of (3.20) is in L ?(R?) and hence
3f(x,p)/8x is in L 2(R?). By virtue of (3.18), this 1mphes
that d 2f(x,p) /dx?isin L 2(R?). Wecanalsoseethatpzf(x,p)
isin L 2(R?). Thus the function £ isin D(d3) ND(e***). O

Lemma 3.7: Let f,, be given by (3.4) with ueD,,. Then
f. isin D(d)ND(e**) and e~ ** df, is in L 2(R?). ’

Proof: By the proof of Lemma 3.6 we have f,
eD(3d)ND(e**). Since  D(93) ND(e***) CD(J)
ND(e*), we obtain f,€D(J) N D(e*).

Let

h(xy) = e~ “(3f,) (xp) -

Then we have

iz(x,p) =—e" ‘”‘(—(%fu (x,p) — pfu (x,p)) .
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By using (3.20), we obtain
2h(x,p) = R(x,p) + 2|4 |af, (x,p) ,
where
R(x,p) = u(p)e™ (/2 — P Wy o _ yi/q (4|4 |e%)
— Wi pira (4|4 ]} . (3.21)

Since}’u isin L 2(R?), we need only show that the function R
isin L *(R?). It is easy to see that for every ccR,

Jdpfwdle(x,p) I*< o0 .
R c

By the asymptotics of W, ,, () at z = 0 and by virtue of the
condition supp ¥ C (0,a/2) U (a/2,a), we see that

eax/ZR(X,p) ~ u(P)wl(p)
X (4|4 |e™) ~ la —pl/a+ 172, (4|4 )
and hence
R(x,p) ~ u(p)w,(p)e'=—le—rbx,

with the continuous functions w, and w, on the support of u.
Therefore, we have

fdpf dx|R(x,p)|* < w0 .
R —~ o0

Thus we obtain ReL 2(R?). O

Proof of Proposition 3.1: Via Lemma 3.6, the set of solu-
tions to Eq. (3.10) in D(43) ND(e***) consist of just func-
tions of the form £, given by (3.4).Iff, and f, givenby (3.4)
and (3.5), respectively, are in L ?(R?), then R(-,p) defined
by (3.21) must be in L *(R) for a.e. pe[0,2a]. We can show
thatif a<p<2a, then R(-,p) isnotin L *(R) (cf. the proof of
Lemma 3.7). Hence we have supp ¥ C [0,a]. Then the first
assertion follows from Lemma 2.6(ii) and (iii) and the re-
mark after Lemma 3.6.

Via Lemma 3.7, every f, with ucD, satisfies the as-
sumption of Lemma 2.6(ii). Therefore, for every ueD,,, the
pair (f,,f.,), with f, given by (3.5), is in Ker 0.

=Ker H,_. Via Lemma 2.6(iii) and the remark after
Lemma 3.6, we also have ((f,)*, f*)eKer H + for every
ueD,. Thus we obtain (3.7). We have dim D, = o and, if
the vectors #y,...,u, €D, arelinearly independent, thensoare
the vectors ( £, , f, )ss(f, . f, ). Thus (3.8) follows. O

IV. APPLICATION

In this section, we apply the result in Sec. ITI to models

in atomic and nuclear physics, which were discussed in Ref.
1.

A. Nonrelativistic spin-] particle in an external SU(2)
gauge field

Let 7,, a = 1,2,3 be the generators of the SU(2) group.
An external SU(2) gauge field A(x) = (4,(x), 4,(x),
Az(x)),  x = (Xx%;)eR? is given as 4;(x)
=33_, 47 (x)1,, j=1,2,3, where we take A7 to be real
valued. Then the Hamiltonian of a nonrelativistic spin-4 par-
ticle with mass 1 coupled minimally to the gauge field is
given by
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=4{(—iV—g4)’ —~10'B,

where geR\{0} is a coupling constant, V = (d/dx,,d/
dx,,0/0x5), o0=(0,0,0,), and B; = g(curl 4);
+148°23 1 € [44sA4,, ] (Where €, is the Kronecker
antisymmetric symbol).

We consider the following situation.

(a): (i) 4,=4,=0, (ii) 43 =0, (iii) 4} (x) and
A3 (x) depend only on x, and x,, and (iv) V, =0, where
condition (iv) means that we consider only state vectors
independent of x, and identify them with elements in
L*(R*C*). Let ¥ be a holomorphic function on C and H be
given by (2.21). Then it was shown in Ref. 1 that under
condition (a), with4 ; — idj =2 dV /g, H, can be written
as

(4.1)

H, =2H

with a rearrangement of components.
Proposition 4.1: Suppose that condition (a) is satisfied.
Let

A3 (x,x,) = (20l /g)e™ cos ax, , 4.3)
A3 (x,x,) = (4.4)
with @ > 0and AR\ {0}. Then H , has infinitely many zero-
energy states ¥ in L *(R%C*):H, ¥ = 0. Further, the Four-
ier transform W(x,,p) of every ¥(x,,x,) with respect to x,

has compact support in peR.
Proof: By (4.3) and (4.4), we have

(4.2)

— (2aA /g)e** sin ax, ,

Al —ig2 =297
g
with V(z) = Ae** (z = x, + ix,). Thus by (4.2) and Propo-
sition 3.1, we obtain the desired result. O

Remark: The gauge field given by (4.3) and (4.4) is
periodic in the x, direction. This may be an origin of the
existence of infinitely many zero-energy states and the local-
ization of the states in the momentum space dual to the x,
direction.

B. Nonrelativistic nucleon in an external pion field

The Hamiltonian of a nonrelativistic nucleon in an ex-
ternal pion field ¢(x) = (¢, (x),8,(x),8;(x)), xeR? is given
by

Hy = — V2 + 1go-V(r$(x)) + §£°(x)?. (4.5)
(See Ref. 1.) Suppose that the following condition is satis-
fied.

Condition (@): (i) ¢ = 0, (ii) ¢, and ¢, depend only on
x, and x,, and (iii) V, =0.

Then it was shown in Ref. 1 that

H, =2H,
with¢, —id, = —2idV/g.

Proposition 4.2: Suppose that condition () is satisfied.

Let
&, (x,x,) = (2Aa/g)e™ sin ax, ,

(4.6)

¢2(x1,%,) = (2Aa/g)e™™ cos ax,,

with >0 and 1eR\{0}. Then, H, has infinitely many
zero-energy states ¢ in L *(R%C*):H,® = 0. Further, the
Fourier transform & (x,,p) of every ®(x,,x,) with respect to
X, has compact support in peR.

Proof: Similar to the proof of Proposition 4.1. O
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APPENDIX: KERNEL OF A SCHRODINGER OPERATOR

Let d be an arbitrarily fixed positive integer. Let Ube a
real-valued measurable function on R? and A be the d-di-
mensional Laplacian: A =Z2¢_,9%/9x}, x= (x,,..x;)
€R?. We consider the Schrodinger operator

Hy=—A+U
acting in L2(R%).

Lemma Al: Suppose that C%(RY)CD(U) and U>O0.
Let H be the closure of Hg } C2(R?). Then we have

Ker H, = {0}. (A2)

Remark: (i) It is obvious that under the condition
CI(RHCD(U), Hg } CL(RY) is closable and symmetric.

(ii) The domain D(H) is not necessarily equal to
D(AYND(U}. This is the reason why we need a limiting
argument to prove (A2) (see below).

Proof: Let feKer Hy:H, f=0. Then we can take a se-

quence {f,}CC2Z(R?) such that f,>f and H.f, >
0(n— oo ): It follows from the latter that

2 LI+ T, -0,

(AD)

where D; = d /dx;. Hence we have D,f, —S+0,j = 1,...,d, and
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U'f, 5,0. Since D;, j = 1,...,d, are closed, it follows that
feD(D,),j=1,...,d, and

Df=0, j=1,.4d,
which, together with feL 2(R?), imply that f= 0. O
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