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                                 Abstract

   The majority of elasto-plastic analyses of a shell are concerned with the direction

wherein its plastic deformation proceeds not normal to but only in parallel with the

middje surface of the structure, In the present report a finite element method of

analysis of shallow shells is developed using a laminated element that makes relevant

analysis possible in both directions. This approach also enables demonstrating such

transitory behaviors of the structure that occur whereyer a deformation change from

elastic to elasto-plastic takes place.

                              1, Introduction

   The present report deals with the elasto-plastic behavior of a thin homogenous

isotropic shallow shell subjected to incremental loading,

   The analysis is conducted by means of a finite element method using a laminated

element given as a multiple set of thin layers so that the piastic region developing

in the direction normal to its middle surface may be treated.

   By way of a numerical example a shallow helicoidal shell under a gradually
increasing gravity load will be analyzed in detail,

                            2. General Theory

 2.1 Assumption

   The analysis employs the following assumptions,

   1) Kirchhoff's hypothesis that an initial plane section remains plane afterwards

holds for both elastic and plastic deformation.

   2) The shell under consideration is definable as consisting of a system of

laminated elements.

   3) The stress-strain relationship follows Hooke's law or the theory of Prandtle-

Reuss in a elastic or plastic range, respectively,

   4) A functinal of incremental type based on mixed vari'a'tional principles is

adopted in the analysis to be performed by the finite element method.

 2.2 Incremental strains and incremental curvatures

   Referring to the relations given in Fig. 1 incremental displacements dU, dV
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                        Fig.1 Incremental displacements

and APV for the shallow shell may be approximated by the following equations.

         du(x,y,z)==du(x,y)+[lt/dtv-zOadxW )

         dv(x, y, z)= dv(x, y)+[ll'g"dw-zaadiV i (i)

         dMi(x, y, z)=dw(x, y) i
   From Eqs. (1) both incremental strains and curvatures are derived as Eqs, (2)

and (3), respectively.

               Idexo 1 (O,"."+Z/y O,A.z" e,2.w,                                   +-dov l

         {Ae,}==izf,,, 1(=IT Oodyv+ggt:lvOg;v+Oiyt,gdtv lf (2)

               ( Ar,., 1 l 06`:ty"+aaA.V+ll/I4V OodyW+X" Oad.W+2oaiS"yiiLv ,1

         {dip}=i :`:･y, ]=l [' ill`/l･i,i (3)

 2.3 Incrementalfunctional

   Taking as basic independent variables incremental displacements Aor, Av and

ziw and incremental moments AMI,., AM, and AM}, in such a way as to assure
the conditions of compatibility of Eqs, (4) on the element boundary leads to the

incremental functional of Eq. (5).

         adAZ4;`il4ali,v-ar.dV=dD' ziW=dcbl (4)
                                  '
         dTr-SS[,(i?tltl},J((0,"."+ZY/･O,A.W+O,2.W,atv)2+({lgd7v+Q,sv0,li,zv.Z2,ggd.)2

             + 2. (Oori.er + aoL£ gttt.w. + 6o2.i,vd.) ((lts:Y{v + ll,tyv- Oodyw + i';g2gsrd.)

             +iilV(05Su+t-odxv+OowxOodyzv+S:ta0odxw+2ao'xE'invdw)2}

             +OdoAx4}OodxW+OdoMyyOodyW+OdoAt4leyOg.w+OAo.Myley0odxzv

             -E6h,{dMZ+AM3-2vAM.dM,+2(1+y)dMk,}-aq･Aw]dxdy
                                                                 (Cont.)
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 -Elll`tM;,,OodsWds-Sl,)[ztlia..dtt+zilg7y.dv+ziS7.Azv]ds-Sl,T,AM;,Oo`-ttods (5)

E=Young's Modulus;v=Poisson's ratio;h==thickness of shell;sfi=
part of boundary on which loads are prescribed; si,=part of boundary

on which displacements are prescribed; and dV. =OliM),/a.+20dM;,,/as.

y Nyn

Nxn
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                           Fig. 2 Notation for stresses

   And incremental membrane forces [ANI follow incremental strains [AEQI in the

middle surface to yield Eqs. (6),

         ,AN,=I' Zi¥iil..,,Ei3,,lli 8 V,l:1 ,,,

                kdM,1 kOOO.5(1-y)VkArxy,1
   Now for each incremental displacement Au, Av and Aw and incremental
moments liM., AM, and AMT,, taking the stationary condition for Eq. (5) and
rearranging by the relations of Eqs. (6) result in the following governing equation

in an incremental form for the shallow shell.

   Within the element

         OAoM. +OdoMy '=o 1
         bAdMy+6do(¥i'=O . i (7)
         02oA.¥k + 262od.(:l' + 02aAy¥2 - 6o2yZ,"dArle - O..}L,VaM - 2oO.2ot{i dMy + dq == O 1

         Ogd.z,v+Sh2,(aML-ydua)-o ) ..

         02dw 12          ay2 +Eh3(dua-YAM})=Oi (s)
         Oa2xAaWy+6(2}i3P)aMley=O 1

On the boundary

         aAi]vn=dN=n, dMn=dNyn, dVn=dVn (9)
         5dw Odto

                        3. Finite Element Solution

 3.1 IncremeRtal membrane forces, moments and functional

     for a laminated element

   With the strain distribution assumed to obey Kirchhoff's hypothesis, incremental

strains at a distance 2i from the middle surface as shown Fig. 3 are expressed as

follows.
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        {dei}={de,}+2i{dip} (11)
   Hence incremental membrane force [AAr] and incremental moment [AMI are

glven as

         ld,A.r},=--(,Z]i,,Lh,[.e,tL]b{,,gl},:,5Z.fiZ7A[e,.t]if,,eha] (i2)

with [Di] to be taken as [,Di] and [,Di] for the elastic and plastic range,
respectively,

   From Eqs, (12) incremental curvatures and incremental membrance forces
result as
                tt t
         {d¢}=--il?]d{hdti'i[li3Eid,i/Il,l-(Z"h'Z?'[D']"(:dh'ziEDi]T{deo}., , 1

         {`"i}:ii}/l],"Fk,t7z.Z)f(li/i3iilliil]/f,]llig.IIf,15,.,,..,.,.,,-,.,,..,,.,,,T,,,,,,i(i3)

   Rewriting Eq. (5) using Eqs. (l3) gives an incremental form of functional for

elasto-plastic analysis of a shallow shell, that is

        d-IT==SS['ii'{deo}'[Y"]{ds,}+{Ae,}T[p]T{liM}

              +O",ua. ag.ifi,I,.Od,.II(yO,d,tt'.Od,A.4leyO,id,zv.Od,A,4leyOgkv

              -"ium{AM}T[a']{AM}-dq･Azv]dxcly-sfdM;,,O.A.,Z"ds

              -Si[idNxnAu+dA-Tyn･dv+AV"Azv]dsmSli,AA(LiOaZl,lllds (14)

 3.2 Application of theory to finite element method

   Throughout this finite element analysis both displacement and stress function

are assumed as follows for the adopted triangular element (Fig, 4).

                          y 3(x,,y3)

                                    2 (side point)
                             3
                                       2                                     (X2,Y2)
                           ]1
                           (Xi,Y')
                        ox                         Fig. 4 Geometry of element



          Elasto-PlasticAnalysisforShallowShellsbyUseofLaminatedElement 71

        {,l., zl,, A.}.,[1, ., y]EA][ ddZ,t,ll AdV,i,1 dAIZ; (ls)

                             LAze3, dv3, idzv3

        {AMIv, AM3･, dA([;y}=[Ci, C2, C3] (16)
where Ci--constants,

   Further, incremental moments dM., liM, and AM., in Eqs. (16) are denoted
in terms of incremental moments on the element boundary AM;i,, AM;t, and AAtLt,,

respectively, namely

        t:Iilk1,..tc.o.s,2,eoi,:s,l.:2,0oi,:22s,i.:0o;[O.S,Z;)-1AdAM`l:;lt=[T]{dML,} (17)

        kdML,, 1 k cos2o3, sin2e3, 2sin e3cos e3J kAMi, J

where

        sint)i=(xi-xj･)!li, cosOi--(yj-yi)lli

         li=1/(:ci-xj)2--(yi-yj)2 i--1,2,3"1'=2,3,1

   Substituting Eqs, (15) and (17) into Eq, (14) and taking the variations of

incremental displacements Abl, Av and Aw and incremental moment AM), end in

the following variational set of equations for elasto-plastic analysis of a shallow

shell,

        i,],Z,:,"Y{,t/t"is};/kla/:i,Zivej･Lfl,=, , (is)

         K6dM;,' K;, K,T, KJ, K4, VM;,'                                       K zdPni '

where

         [Kii]--4!z[sbii{a,}{aj}+sbE3({ai}{bj･}+{bi}{a,,})-l-sb33{b,}{b,,}]

         [Ki2]=2ii[¢i2{ai}{bd}+9i3{ai}{aj･}+Q23{bi.}{bj}+e33{bi}{aj}]

         EKi2]=4iR[(crxsbii+crysbi3){a,}{aj}+(crysb2s+cr.sb33){b,}{bj･}

                    + (cryOi2 + crxei3){ai}{bJ･} + (cr.Q,3 + cr,e33){bi}{aj･}]

         [Ki4] :-li-[{a,}, o, {bi}][p]T[T]

         [Kh2]=4-ii[e22{b,}{b,}+e2,({a,}{bj}+{b,}{ati})+e33{ai}{aD]

         [Kh3]:=2}zl[(cv:Vi3+cryea3){at}{aJ}+(evNdi22+cr.e,,){bi}{b.7}

                    +(cr,e23+cr.q33){ai}{b.i}+(ev.gS,2+cr,e,,){bi}{aj}]

         [Kh4] = -ll- [o, {bi}, {ai}][p] r[ T]

         [K,,]=4-IA-[(crke,,+2cr.ev,e,,+cr3e,,){a,}{a,･}

                    +(a?e22+2cr.cr,Q,,+crke,,){bi}{b.i}

                     +(crxevyOi2+crk9i3+cr;q23+crxcrye33)({ai}{b,･}+{bi}{a)･})]
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                1         [Kli4]--2-[{ai},{bi}][B][P]T[T]-[C][F][T]

         [Ki,]=-RET]T[cr][T]

         {dPtt}=[E]<dNx,t}

         {APv} :[E]{ANyn}

         {,ip.}---gAqS1

                    LIJ
         {Ap,.}=[T]-r(li(%Atmp),}

         [B]=[cr,Xj .Oj,:I]

         [C] = - {ai}{IJ･ sin ed} + {bi}{lj cos 0,･}

         [F[] =[-sin 0i cos 0i, sin 0i cos 0i, cos 20i-sin 20i]

         [E]-t[1il i･,l F,1

             1         crx == za/ {ad}{wi}

         cry = ISitT {bj}{tv,}

         {aj}={Y2-Y3,Y3-Ya,yi-y2}={ai}T

          {bj}={x3-x2,x,-x3,x2-x,}={bi}T

and

         1=±{X2(Y3-Ni)+Xi(Y2-Y3)+X3(Yi'Y2)}

                          4. Numerical Example

   Numerical analysis was performed on a shallow helicoidal shell subjected to

a uniformly distributed load with its surface of helicoid considered as that of

the initial deformation.

   The structure in plan view divided breadthways and lengthways into a net of

respectively 3 by 10 meshes was diagonally subdivided into triangles for the

elements that were five-layered,

   The adopted yield condition and stress-strain relationship in the piastic range

are of von Mises and Yamada, respectively.

   Fig, 5 and 6 are curves of load-deflection relationship at respective points A

and B on the axis of symmetry for the shell. Therein the load at the elastic
limit for the structure increases with the increased slope of its surface. And

then the defiection at B shows a greater increase than at A where the dis-
placement of the shell remains very small.

   Figs. 7 through to 9 illustrate the development of plastic regions with increas-

ing load intensity.
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well as in the norrnal directions to them, The procedures herein used for a
helicoidal shell is readily applicable to other types of shallow shells.
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