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Abstract

A probability weighting function w(p) for an objective probability p in decision under
risk plays a pivotal role in Kahneman-Tversky’s prospect theory. Although recent
studies in econophysics and neuroeconomics widely utilized probability weighting
functions, psychophysical foundations of the probability weighting functions have been
unknown. Notably, a behavioral economist Prelec (1998) axiomatically derived the
probability weighting function: w(p)=exp(—(-In p)*) (0<o<l; w(0)=1, w(l/e)=1/e,
w(1)=1), which has extensively been studied in behavioral neuroeconomics. The present
study utilizes psychophysical theory to derive Prelec’s probability weighting function
from psychophysical laws of perceived waiting time in probabilistic choices. Also, the
relations between the parameters in the probability weighting function and the
probability discounting function in behavioral psychology were derived. Future
directions in the application of the psychophysical theory of probability weighting
function in econophysics and neuroeconomics are discussed.
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1. Introduction:

Humans and non-human animals devalue probabilistic rewards as the receipt
becomes more uncertain. The preference for a certain reward over an uncertain reward
of an equal expected value is referred to as risk aversion in decision-making under
risk/uncertainty. In von Neumann-Morgenstern’s expected utility theory widely adopted
in game theory, risk aversion is represented by a concavity of the utility function (von
Neumann and Morgenstern, 1947). The expected utility theory is a normative theory of
rational decision-making under risk which satisfies a set of rationalizable axioms such
as the independence axiom (von Neumann and Morgenstern, 1947). However, later
empirical and experimental studies revealed that human subjects often violate the
rationality in decision under risk (e.g., Allais paradox, see Allais, 1953). In their seminal
paper on prospect theory, Kahneman and Tversky (1979) explained the observed
violations of rationality in decision under risk by introducing a nonlinear transformation
of objective probabilities into “decision weights” p— w(p) for p, w(p) € [0,1], where p is
the probability of winning a reward and w(p) is the probability weighting function
determining the decision weight for the probability and satisfying w(0)=0 and w(1)=1.
Furthermore, a behavioral economist Prelec derived, from preference axioms, the
probability weighting function:

w(p)=exp(—(~In p)*), 1)

where a e [0,1] is a free parameter determining the nonlinear distortion of the subjective
probability in decision under risk (Prelec, 1998). We can see that Prelec’s probability
weighting function satisfies w(0)=1, w(1/e)=1/e and w(1)=1 (i.e., 1/e is a fixed point).
Note that the subjective value of the uncertain reward V(x,p) is

V(x,p)=v(x)w(p), ()

where v(x) is the value of the reward x, and p is the probability of winning the reward.
In expected utility theory, w(p)=p (i.e., linear probability weighting). In analyzing risk
aversion in economic transactions, a simple g-probability weighting function developed
in deformed algebra inspired by Tsallis’ thermodynamics (w(p)=p%) has been introduced
in econophysics (Anteneodo et al., 2002). In recent neuroeconomic studies, neural
correlates of Prelec’s probability weighting function has extensively been studied.
Paulus and Frank (2006) reported that o in equation 1 is correlated with the neural
activity in the anterior cingulate in the human brain, and Hsu et al. (2009) at Camerer’s



group revealed that neural representation of probabilities is nonlinear, by utilizing
Prelec’s probability weighting function (equation 1). Therefore, it is of importance to
examine psychophysical foundations of the probability weighting functions for a better
understanding of neuropsychological processing underlying decision under risk, and
future applications of the probability weighting function in econophysics.

| derive, in this paper, the widely-employed Prelec’s probability weighting
function as a special case, from psychophysical laws of perceiving waiting time in
probabilistic choices in decision under risk. The psychophysical theory is relevant to the
g-exponential probability discounting model based on deformed algebra inspired by
Tsallis’ statistics (Takahashi, 2007). Finally, it is demonstrated that the parameters in the
probability weighting function and the hyperbolic probability discounting model in
behavioral psychology (Rachlin et al., 1991) are mathematically related.

This paper is organized in the following manner. In Section 2, | briefly
introduce psychophysics of the g-exponential probability discount model based on
Tsallis’ statistics. This model is based on psychophysical equivalence of delay in
intertemporal choice and waiting time in probabilistic choice. In Section 3, I derive the
probability weighting function based on psychophysical laws of perceived waiting time
in probabilistic choices with probability weighting or physical probability. 1 also
demonstrate mathematical relations between parameters in Prelec’s probability
weighting function and a general probability discounting function. In Section 4, some
conclusions from this study and future study directions by utilizing the psychophysical
theory of the probability weighting function related to the g-exponential probability
discounting, in neuroeconomics and econophysics are discussed.

2. Psychophysics of g-exponential probability discounting
2.1 A mathematical equivalence of delay and uncertainty in decision making
Rachlin and colleagues proposed that delay until receipt of gains in
intertemporal choice and uncertainty of winning of gains in probabilistic choice may be
equivalent (Rachlin et al., 1991). In this theory, a decrease in a probability of winning
an uncertain reward corresponds to an increase in a delay until winning the reward.
Specifically, an average waiting time until winning an uncertain reward is proportional
to (1/p)-1(""odds against"=0y), where p is a probability of winning the uncertain reward.
Therefore, decision-making models in intertemporal choice can straightforwardly be
extended into probabilistic choice, after replacing a parameter of delay in intertemporal
choice models with the odds against parameter.
Recently, the following time-discount function (g-exponential discount



function) for intertemporal choice has been proposed by Cajueiro (2006) and
empirically examined in our previous study (Takahashi et al., 2007):

V(D)=V(0)/ expq (KD)=V(0)/[1+(1-q)kD]*? 3)

where V(D) is a discounted value of the delayed reward obtained at delay D. expq() is
the g-exponential function in the deformed algebra inspired by Tsallis' non-extensive
thermodynamics, g<1 is a consistency parameter, and k is an impulsivity parameter; i.e.,
larger k values indicate stronger preference for smaller sooner reward over larger later
reward. Larger q (<1) values correspond to more consistent intertemporal choice;
namely, g—1 corresponds to exponential discounting (complete consistency), while g=0,
hyperbolic discounting (complete inconsistency) (Cajueiro, 2006; Takahashi et al.,
2007). Takahashi (2007) introduced the g-exponential probability discounting model by
putting the odds against O,=(1/p)-1 (which is proportional to waiting time in
probabilistic choices) instead of delay D in equation 3:

V(p)=V(0)/ expq (kp(1-p)/p)
=V/(0)/[1+kp(1-q)(1-p)/p] " (4)

where p is the probability of winning an uncertain reward and k;, is a parameter of delay
aversion in repeated probabilistic choices; i.e., larger k, values indicate stronger risk (i.e.,
delay until winning) aversion (other parameters have the same definitions in Equation
3).
2.2 Psychophysics of waiting time in probabilistic choices

Takahashi (2005) proposed that psychological time t in intertemporal choice is
logarithmic in physical time D (i.e., Weber-Fechner law),

©(D)=adn(1+bD) ()

where a;and b;are free positive parameters. The logarithmic time may be utilized by an
agent in intertemporal choice to discount delayed rewards exponentially with
psychological time t,resulting in non-exponential discounting in physical time
(Takahashi, 2005). This proposal has later been confirmed experimentally by a
behavioral economic study which measured psychological time directly (Zauberman et
al., 2009). Let us suppose, as a natural assumption, that “subjective waiting time in
probabilistic choices” (:=tp) is also logarithmic in “physical waiting time” (:=Dp) which



Is proportional to “odds against in terms of physical probability”(=Op):
Tp(Op)=apIn(1+bpt,Op)= apIn[1+bpt, (1/p -1)] (6)

where a, and b, are positive free parameters, and t, is the average inter-trial time of
probabilistic choices (i.e., delay Dy=t,Op, referred to as “physical weighting time”).
Notably, exponential discounting with the logarithmic waiting-time perception is
mathematically equivalent to the g-exponential probability discounting (equation 4)
based on Tsallis’ statistics.

Let us further suppose that “subjective waiting time in terms of subjective
probability (i.e., the probability weighting function)” (:=t) is also logarithmic in “odds
against in terms of the probability weighting function” (:=0y):

Tw(Ow)= awln(1+bytwOw)= awIn[1+bwtw(1/w(p) -1)] (7

where a,, and by, are positive free parameters, and t,, is the average inter-trial time of
probabilistic choices in terms of probability weighting w(p) (i.e., delay in terms of w(p)
is Du=t\Ou, referred to as “probability-weighted waiting time”).

3. Psychophysical theory of the probability weighting function
3.1 Psychophysical laws on perception of physical and probability-weighted
waiting time

Let us now assume that a relation between perceived “physical waiting time”
and perceived “probability-weighted waiting time” follows Stevens’ power law
(introduced by Takahashi (2006) for “subadditivity” in temporal discounting):

w(0w)= 1(0p)° (s [0.1]). 8)
Equivalently,
awIn[1+butu(1W(p) -1)]= [apIn[1+byty (1/p -1)]T°. ©)

It is to be noted that equation 5 denotes the relation between physical and psychological
time; while equation 8 denotes the relation between two distinct types of psychological
times. Therefore, we assume Stevens’ power law in equation 8, rather than a logarithmic
relation.



By solving equation 9 in terms of w(p), we obtain

b, t
w(p)= =y e .
expla, "a, {In[L+b,t,(p™ -]} 1+b,t, -1

(10)

We can see that w(0)=0 and w(1)=1, indicating that w(p) in equation 10 is the
generalized probability weighting function for prospect theory. If we now assume that

a,'a,’= byt,= b,t,=1, we obtain

w p

w(p)=exp(—(-In p)), (11)

which is equivalent to equation 1 (Prelec’s probability weighting function). Therefore,
the nonlinearity parameter in Prelec’s probability weighting function is an exponent of
Stevens’ power law of phychophysics of waiting time (equation 8). Finally, when

b,t, :aw’lapszszl are assumed in equation 10, we obtain,

1
[1+bt, 1/ p-1)]

w(p) = (12)

which is the hyperbolic probability discounting function (Rachlin et al., 1991). Taken
together, it can be said that Prelec’s one-parameter probability weighting function is the
simplest special case of the general probability weighting function (equation 10), which
is derived from psychophysical theory relevant to deformed algebra inspired by Tsallis’
thermodynamics.

4. Conclusions and implications for neuroeconomics and econophysics

This study is the first to demonstrate that Prelec’s probability weighting
function is a simple reflection of psychophysics of waiting-time perception in
probabilistic choices. A recent mathematical psychological study discovered that the
Prelec’s probability weighting function can also be derived from the power-invariance
principle:

w (p)= (w (p))"@ (13)



where q is a free parameter and f(q) is independent of p (Al-Nowaihi and Dhami, 2006).
This invariance principle may also be relevant to g-probability in theory of economic
transactions (Anteneodo et al., 2002). Also, because parameter in Prelec’s probability
weighting function is associated with neural activities in the anterior cingulate cortex
(Paulus et al., 2006) and the striatum (Hsu et a., 2009), what types of psychophysical
computation is performed in these neural networks should be examined in future studies
for a better understanding of the role of time-perception in decision under risk
(probabilistic choices). Furthermore, future statistical physical studies should examine
how the power-invariance principle and psychophysical laws are related, by utilizing
more general frameworks such as renormalization theory.
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