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Abstract

Intertemporal and probabilistic choices have been attracting attention in behavioral neuroeconomics.

Although recent advances in neuroeconomics demonstrated neural processes underlying intertemporal

and probabilistic choices, the roles of psychophysical effects on the choices have largely been under-

studied. In this paper, we review the roles of psychophysical effects in time and risk attitudes. It is shown

that Loewenstein-Prelec’s generalized hyperbolic temporal discount function (Loewenstein and Prelec

(1992)) and Prelec’s probability weighting function (Prelec (1998)) are naturally derived from psycho-

physical laws of time-perception.
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1．Introduction

People devalue delayed and/or uncertain rewards,

which correspond to temporal discounting and risk

aversion. In economics, the degree to which a delayed

reward is discounted is parametrized with time prefer-

ence (a time-discount rate); while the degree to which an

uncertain reward is discounted is parametrized with risk

attitude. Furthermore, neoclassical economics has been

assuming dynamic consistency (Samuelson (1937)) and

the independence axiom (von Neumann and Morgen-

stern (1947)) for decision over time and under uncer-

tainty, respectively, by assuming the rationality in

people’s decision making. However, subsequent empiri-

cal studies demonstrated that people are dynamically

inconsistent in intertemporal choice (Loewenstein and

Prelec (1992), Frederick et al. (2002)) and violate the

independence axiom in decision under risk (Allais

(1953), Kahneman and Tversky (1979)). Therefore, re-

cent studies in neuroeconomics have tried to answer why

the observed “irrationality” (anomaly) occurs by examin-

ing the neural processes underlying intertemporal (Mc-

Clure et al. (2004), Kable and Glimcher (2007)) and

probabilistic choices (Paulus and Frank (2006)). How-

ever, partly because the present neuroimaging techni-

ques are not quantitatively accurate enough, the ac-

counts of the observed “irrational” (anomalous) ten-

dencies have been unclear. Therefore, it is necessary to

utilize quantitative mathematical frameworks into

behavioral neuroeconomics, in order to account for the

irrational behaviors (“anomalies”). In this paper, we

show that incorporating the effects of psychophysical

laws into economic models of decisions over time and

uncertainty may provide the parsimonious accounts of

the violations of dynamic consistency and the independ-

ence axiom, in a quantitatively rigorous manner.

This paper is organized as follows. In section 2, in-

tertemporal choice models are briefly introduced and

empirical findings in behavioral neuroeconomics on

irraltional intertemporal choice are addressed. In section

3, economic theories of decision under risk are explained

and how behavioral economic theory (i.e., non-expected

utility theories such as prospect theory) can capture the

irrationality in decision under risk is addressed. In

section 3, we address how psychophysics of time-

perception can account for the irrationality in intertem-

poral choice. Furthermore, we extend the theory of

psychophysics of time-perception into decision under

risk and demonstrate this theory can also explain the

violation of the independence axiom. Finally, in section

4, some implications from the presently reviewed

findings for future studies in behavioral neuroeconomics

are stated.

2．Intertemporal choice models in behavio-

ral neuroeconomics

2. 1. Exponential discounting

Dynamically consistent temporal discounting (simple

exponential discounting), which is typically assumed in

neoclassical economic theory (Samuelson (1937)) follows
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the exponential equation:

V(D)=V(0)ep(−kD), ⑴

where V is the subjective value of a reward which can be

received at delay D and, importantly, D is the objective

(physical) time-duration of delay until the delivery of

reward. The free parameter k is an index of the degree to

which a subject discounts the delayed reward, i.e., larger

k values correspond to more rapid (impatient) delay

discounting. In simple exponential discounting, there is

no dynamic inconsistency in intertemporal choice, be-

cause a discount rate: ＝−(dV(D)/dD)/V ＝k is inde-

pendent of D (a time-constant discount rate). However,

empirical examinations of intertemporal choice demon-

strated that people do not behave in a dynamically con-

sistent manner.

2. 2. Impulsivity and inconsistency in intertem-

poral choice

Impulsivity (impatience) in intertemporal choice is de-

fined as strong preference for small immediate rewards

over large delayed ones. For instance, subject A who

prefers “one apple available one year later” to “two ap-

ples available one year and a week later” is more im-

pulsive than subject B who prefers “two apples available

one year and a week later” to “one apple available one

year later” (most people may behave as the subject B, in

this example). In neoclassical economic theory, as stated,

it has been assumed that subjects have dynamically con-

sistent intertemporal choice behavior (Samuelson (1937)).

However, recent behavioral and neuroeconomic evi-

dence indicates that human and animal discounting

rates are changeable, more specifically, decreasing to-

wards the future (decreasing impatience), resulting in

preference reversal over time (Loewenstein and Prelec,

(1992), Frederick et al. (2002)). Suppose the above ex-

ample again. If the same subject B prefers “one apple

available today” to “two apples available one week later”

(again, most people may make decisions in this way), her

intertemporal choices are reversed although delays

(time-intervals) from the sooner rewards to later ones

are the same (i. e., a week) in the two intertemporal

choice problems (“dynamic inconsistency”). As shown in

the examples, if subjects prefer larger later rewards in

intertemporal choice in the distant future, but prefer

smaller sooner rewards in intertemporal choice in the

near future, their intertemproal choices are dynamically

inconsistent, because their preferences reverse as time

passes. On the contrary, if someone prefers smaller

sooner rewards in both examples; i.e. “one apple avail-

able one year later” and “one apple available today”, her

intertemporal choice is impulsive but dynamically con-

sistent, because preference does not reverse over time. In

behavioral economics, several intertemporal choice mod-

els have been proposed in order to describe actual human

behavior in intertemporal decision-making.

2. 3. Intertemporal choice models in behavioral

neuroeconomics

2. 3. 1. Simple hyperbolic discounting

Most studies in behavioral neuroeconomics and psy-

chopharmacology have been utilizing a simple form of

the hyperbola-like discount model (a simple hyperbolic

discount function) (Ainslie (2001), Frederick et al. (2002)):

V=V (0)/(1+kD), ⑵

where ks is a simple hyperbolic discount rate, V(D) is

again a discounted utility of the delayed reward obtained

at objective delay D. In the simple hyperbolic discount-

ing, a time-discount rate ＝−(dV(D)/dD)/V＝ ks/(1＋ks

D), which is also a decreasing function of delay (de-

creasing impatience) when ks＞0 (i.e. “positive time pre-

ference”), resulting in preference reversal over time as

shown in section 2.2. It is to be noted that, in behavioral

psychology, the simple hyperbolic function has been pro-

posed based on “matching law” (Rachlin (2006)).

2. 3. 2. Generalized hyperbolic discounting and q-

exponential discounting

In behavioral economics, Loewenstein and Prelec pro-

posed the following generalized hyperbolic discount func-

tion:

V=V (0)/(1+D)

, ⑶

where x and y are positive real free parameters. Note

that x determines how much the generalized hyperbolic

function departs from consistent temporal discounting; i.

e., when x approaches to zero, the generalized hyperbolic

function approaches to the exponential discount func-

tion: V＝V(0)exp(−yD). Also, when y＝x, Equation (3) is

equivalent to the simple hyperbolic function (Equation

(2)). It is further to be noted that the generalized

hyperbolic discount function satisfies the matching law

in behavioral psychology (Loewenstein and Prelec,

1992).

Recent studies in econophysics have proposed and

examined the following q-exponential discount function

based on Tsallis’ statistics (Cajueiro (2006), Takahashi

(2007) and Takahashi et al. (2007)):

V(D)=V(0)/ep(kD)=V(0)/[1+(1−q)kD]


, ⑷

where expq ( ) is a q-exponential function, which has

been developed in Tsallis’ non-extensive thermostatis-

tics (Tsallis 1988), and q and kq are free parameters. The

q-exponential discount function is mathematically

equivalent to Loewenstein and Prelec’ s generalized

hyperbolic function. Moreover, parameter q indicates the

deviation from exponential discounting; when q＝0, the

q-exponential discounting is equivalent to the simple

hyperbolic function (Equation (2)) and when q→1, the q-

exponential discounting is equivalent to the exponential

function (Equation (1)). The advantage of the q-expo-

nential function (Equation (4)) over the original Loewen-
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stein-Prelec’s generalized hyperbolic function is that the

q-exponential function can parametrize the deviation of

temporal discounting from an exponential function as

1−q. A recent study demonstrated that the q-expo-

nential discount model better explained human inter-

temporal choice behavior than the exponential and

simple hyperbolic discount models (Takahashi et al.

(2008)) even considering the model complexity.

3．Decision under risk

In game theory and microeconomics, an expected

utility theory (von Neumann and Morgenstern (1947))

has been utilized. Von Neumann and Morgenstern’s ex-

pected utility theory has been constructed upon the

assumption of human rationality in decision under risk:

i.e., the independence axiom. A French economist Allais

(1953) criticized the assumption and suggested the

violation of the independence axiom in human decision

making under risk. Further studies in behavioral eco-

nomics by Kahneman and Tversky (1979) formulated a

prospect theory in order to describe actual human

decision under risk including the violation of the inde-

pendence axiom. In their seminal paper on prospect

theory, Kahneman and Tversky (1979) explained the

observed violations of rationality in decision under risk

by introducing a nonlinear transformation of objective

probabilities into “decision weights” p→w(p) for p, w(p)

∈[0,1], where p is the probability of winning a reward

and w(p) is the probability weighting function determin-

ing the decision weight for the probability and satisfying

w(0)＝0 and w(1)＝1. Subsequently, a behavioral econo-

mist Prelec derived, from several preference axioms, the

probability weighting function:

w(p)=ep(−(−ln p)

), ⑸

where α∈[0,1] is a free parameter determining the non-

linear distortion of the subjective probability in decision

under risk (Prelec (1998)). Note that Prelec’s probability

weighting function satisfies w(0)＝0, w(1/e)＝1/e and w

(1)＝1 (i.e., 1/e is a fixed point).

In Kahneman-Tversky’s prospect theory, the subjec-

tive value of the uncertain reward V(x,p) is

V(,p)=v()w(p), ⑹

where v(x) is the value of the reward x, and p is the

probability of winning the reward. It can be stated that,

in expected utility theory, w(p)＝p (i.e., linear probability

weighting) is assumed; in other words, Kahneman-

Tversky’s prospect theory accounts for the violation of

the von Neumann-Morgenstern’s independence axiom by

introducing a nonlinear perception/weighting of proba-

bility values in decision under risk.

4．Psychophysical theory of intertemporal

and probabilistic choices

4. 1. Psychophysics of time-perception and inter-

temporal choice

Studies in theoretical neuroeconomics proposed that

combining psychophysical effects on time-perception such

as Weber-Fechner law (i.e. logarithmic time-perception)

with the exponential discounting may be capable of de-

scribing anomalies in empirically observed intertempo-

ral choice behavior such as decreasing impatience and

preference reversal (Takahashi (2005, 2006)). Let us now

suppose time-perception follows logarithmic function

(Weber-Fechner law). Because in logarithmic time-per-

ception, subjective time-duration τ (psychological time)

is expressed as:

τ=a ln (1+bD). ⑺

Exponential discounting with the subjective delay τ (ex-

ponential discounting with logarithmic time-perception)

is formulated as:

V (D)=V(0)ep(−kτ)=V(0)ep(−ka ln( 1+bD))

=V(0)/(1+bD)

, ⑻

where D is an objective/physical delay length and b and g

＝ka are free parameters. It should be noted that Equa-

tion (8) is the same as a general hyperbolic discount

function (Equation (3)) and the q-exponential function

(Equation (4)). In Equation (8), a discount rate: ＝−(dV

(D) /dD) /V＝bg/ (1＋bD) is a decreasing function of

delay (decreasing impatience) when b and g are larger

than zero, resulting in preference reversal over time. In

this manner, by incorporating the psychophysical effect

of nonlinear time-perception on intertemporal choice

into mathematical models of intertemporal choice, we

can account for the reported anomaly in intertemporal

choice (i.e., decreasing impatience and preference rever-

sal over time). Recent behavioral economic studies ex-

perimentally confirmed this account of dynamically in-

consistent intertemporal choice (Zauberman et al. (2009),

Kim and Zauberman (2009)), by directly measuring

people’s time-perception. It is also to be noted that

Kinari et al. (2009) demonstrated that a parameter-free

logarithmic time-perception function did not better

account for human temporal discounting, indicating that

the inclusion of free parameters in time-perception func-

tion is necessary.

4. 2. Psychophysics of waiting-time perception

and decision under risk

Rachlin and colleagues proposed that delay until

receipt of gains in intertemporal choice and uncertainty

of winning of gains in probabilistic choice may be

equivalent (Rachlin et al. (1991)). In this theory, a de-

crease in a probability of winning an uncertain reward

psychologically corresponds to an increase in a delay

until winning the reward. Specifically, an average wait-

ing time until winning an uncertain reward is propor-
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tional to an odds against: (1/p)−1(:＝Op), where p is a

probability of winning the uncertain reward (note that in

this theory, the agent spontaneously assumes that the

system is ergodic). Therefore, decision-making models in

intertemporal choice can straightforwardly be extended

into probabilistic choice, by replacing a parameter of

delay in intertemporal choice models with the odds

against parameter. Therefore, it can be expected that the

psychophysical effects of nonlinear waiting-time percep-

tion can also account for the nonlinear proability weight-

ing in Kahneman-Tversky’s prospect theory.

This extension has been performed by Takahashi

(2011). We can start from a natural assumption that

“subjective waiting time in probabilistic choices” (:＝τp)

is also logarithmic in “physical waiting time” (:＝Dp)

which is proportional to “odds against in terms of

physical probability”(＝Op):

τ(O)=aln(1+btO)=aln[1+bt(1/p−1)], ⑼

where ap and bp are positive free parameters, and tp is

the average time-interval between trials in repeated

gambles (i. e., delay Dp＝tpOp, referred to as “physical

waiting time”). Then, let us further assume that

“subjective waiting time in terms of subjective probabil-

ity (i.e., the probability weighting function)” (:＝τw) is

also logarithmic in “odds against in terms of the pro-

bability weighting function” (:＝Ow):

τ(O)=aln(1+btO)

=aln[1+bt(1/w(p)−1)], ⑽

where aw and bw are positive free parameters, and tw is

the average inter-trial time of probabilistic choices in

terms of probability weighting w(p) (i.e., delay in terms

of w(p) is Dw＝twOw, referred to as “probability-weighted

waiting time”).

In order to examine the relation between the probabil-

ity weighting function and a physical probability, we

now suppose that a mathematical relation between per-

ceived “physical waiting time” and perceived “pro-

bability-weighted waiting time” follows Stevens’ power

law (in temporal discounting literature, this psychophys-

ical law was introduced by Takahashi (2006) in order to

account for “subadditivity” of the time-discount factor):

τ(O)=τ(O)

(s∈[0,1] ). ⑾

In Stevens’ power law, the perception and stimulus are

related by a power law, also known as the third psy-

chophysical law, which was revealed with a magnitude

estimation method in psychophysics (Stevens (1957)).

Equivalently to Equation (11), we have

aln[1+bt(1/w(p)−1)]=[aln[1+bt(1/p−1)]]

. ⑿

By solving Equation (12) in terms of w(p), we obtain

w(p)=
bt

exp[a
a

{ln[1+bt(p
−1)]}


]+bt−1.

⒀

Here, we can see that w(0)＝0 and w(1)＝1, indicating

that w(p) in Equation (13) is the generalized probability

weighting function for Kahneman-Tversky’s prospect

theory.

In order to demonstrate that Prelec’s probability

weighting function is the special case of this generalized

probability weighting function, we then assume that

aw
−1ap

s
＝bptp＝bwtw＝1. Consequently, we obtain

w(p)=ep(−(−ln p)

), ⒁

which is equivalent to Equation (5) (i.e., Prelec’s pro-

bability weighting function, Equation (5)). Therefore, the

nonlinearity parameter α in Prelec’s probability weight-

ing function is an exponent of Stevens’ power law of

phychophysics of waiting time.

5. Conclusions and implications for future

studies

As shown in section 3, anomalies in decisions over

time and risk are both accounted for by psychophysical

laws of time-perception in a unified manner. It is note-

worthy that psychophysics of the perception of delay

until receipt is shown to play a pivotal role in inter-

temporal choice; while psychophysics of the perception of

waiting time in repeated gambles plays a major role in

decision under risk. In behavioral psychology, Rachlin et

al. (1991) reported that temporal discounting and risk

aversion (defined as aversion to delay until winning in

repeated gambles) are correlated, supporting our cur-

rently presented theoretical framework. Also, Kim and

Zauberman (2009) demonstrated that individual differ-

ences in temporal discounting are related to individual

differences in anticipatory time-perception in temporal

discounting tasks. However, no study to date examined

the role of subjective waiting time in repeated gambles in

risk preference. This point should be examined in future

behavioral economics. Taken together, future studies in

behavioral economics should examine whether common

psychological processes mediate anomalies in both time

and risk preferences. Moreover, future neuroeconomic

studies should examine neural substrates underlying

these psychophysical effects on temporal discounting

and decision under risk.
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