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Efficiencies for the single-mode operation of a quantum optical nonlinear shift gate
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We investigate the single-mode operation of a quantum optical nonlnphase-shift gate implemented by
a single two-level atom in one-dimensional free space. Since the single-mode property of the input photons at
the atom is not preserved in the interaction at the atom, we analyze the efficiency of single-mode operation that
can still be achieved. We show how the input pulse shape can be optimized to obtain high efficiencies for the
nonlinear single-mode operation. With this analysis, we obtain an optimal single-mode transmittance per
photon of 78% for the successful nonlineamphase-shift operation.
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I. INTRODUCTION tion to and from the atoni7,8]. The results of these investi-
) ] ) gations have shown that the spatiotemporal coherence of a
The progress of photon manipulation technologies carign; field pulse is changed significantly by the interaction
open the door to the implementation of quantum-informationyity the two-level atom. That is, even though the interaction
technologies, which may enable us to greatly improve thgs restricted to a single transversal mode, a single-mode
acquisition, transmittance, and processing of informafidn  oqel is not sufficient to describe the effects of the single-
Since standard optical technplogles allow us to control INteratom nonlinearity on an input field, because there is an infi-
ference effects even at the single-photon level, the photon ijie continuum of longitudinal mode into which the photons
a strong candidate for quantum-information media. In thiscap pe scattered. However, the encoding of quantum infor-
case, the processing of the binary information encoded intgyaiion in optical pulses usually requires that the pulse shape
photonic states can be achieved by combining linear opticak 5 \ve|l-defined superposition of the longitudinal mode and
elements with nonlinear photon-photon switching devices. Ifyges not change as a result of the operations performed. It is
particular, a nonlinear phase shift ofper photon would be  therefore an open question how much the unavoidable mul-
useful to perform conditional operations between a controf;yode scattering will reduce the efficiency of a quantum

qubit and a target qubit e.g., in a quantum controled-  onjinear shift operation implemented by a single atom in a
(cNoT) gate[1,2]. However, it is still difficult to achieve such cavity.

a strong nonlinearity at the sir)gle-photon level. Single-atom  |n'this paper, we analyze the single-mode efficiency of the
cavity quantum electrodynamigsavity QED may offer a  popjinear shift gate implemented by a single two-level atom
possible solution to this problem. This is because a very, 3 cavity by defining a coherent Gaussian pulse as the
effective co_uphng.between a_smgle atom and the light f'el_dsingle optical mode carrying the quantum informati@.

can be achieved in small optical cavities. In fact, an atomiGye can then evaluate the multimode output of the field-atom
nonlinearity at the single-photon level has already been demMpieraction by identifying the components of the output state
onstrated experimentally using single-atom cavity QEDyhere all photons are found in the Gaussian pulse mode thus
methods[3]. Based on a semiclassical analysis, we havejefined. Output photons that have been scattered into other
pointed out that this method could be used to realize @ noges by the interaction are then treated as losses. By se-
pha_se—fllp operation at the smgle—photon ]evel if a 0”?'S'deq’ecting an appropriate pulse shape, and by taking into ac-
cavity is used[4]. However, a semiclassical theory is not ¢qynt a delay time caused by the absorption of photons at the
sufficient to evaluate the effects of a single atom nonlinearity;;om we found that a single-mode transmittance of 78% is

on arbitrary quantum states of the light field. For _this reasonpossible for the successful implementation of a quantum op-
it is necessary to develop fully quantum mechanical descripgca| nonlinear shift operation.

tions of the interaction between the light field continuum and
a single atoni5,6].

In our previous work, we have investigated the photon- !l RESPONSE OF THE ATOMIC NONLINEARITY
photon interaction at a two-level atom by solving the TO A SINGLE-MODE INPUT PULSE

Schradinger equation of one-dimensional light field propaga- The model of a single two-level atom in one-dimensional

free space is shown in Fig(d). The physical realization of
this model can be implemented by a two-level atom coupled

*Electronic address: kuni@es.hokudai.ac.jp with a single mode of a one-sided cavity in the bad cavity

"Electronic address: hofmann@es.hokudai.ac.jp regime[4,7]. Here, we assume that the spontaneous emission
*Electronic address: takeuchi@es.hokudai.ac.jp rate through the cavity mode is much larger than the sponta-
SElectronic address: sasaki@es.hokudai.ac.jp neous emission rate through noncavity modes. The cavity
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light field into a single mode A and an infinite number of
one-dimensional stom orthogonal modes that can be distinguished from A. Note

. two-level atom that the spatial coordinateis defined in a coordinate system
g moving at the speed of light, so that the propagation dynam-

3 ics of the pulse is effectively included in the definition of the

pulse modg7,8]. The variablel then represents the precise

propagation timing of the pulse. In the following, we will therefore refer

/\ ‘‘‘‘‘‘‘‘ o T Lo‘“"“t to it as the delay of the pulse. As we will show below, this

1-D free space . . . .
input pulse parameter is particularly useful in the analysis of the output.
At the moment, it will be sufficient to assume thatO.

Using this creation operator, it is possible to define the
spatiotemporal wave functions of each photon number state
in the pulse. Specifically, the zero-, one-, and two-photon

T T ~0 states read
S 04 = Vao),
Input §
—_— §
Output § |1l’-\> = AIT|Va-C> = J dx ‘PA(X + |)|X>,
}
A | 1 tat
Y |20) = BAA Vac)
FIG. 1. (a) Schematic of the atomic nonlinear shift gate &by
physical realization of the one-dimensional atom. :j dxg dxg WAl +DWalka + DIXiix0). ()

geometry is shown in Fig. (). The input field of the one-  Ag explained above, the coordinatesx;, andx, are the
dimensional free space shown in Figajlcorresponds to the - gatia| coordinates in the coordinate system moving at the
input of the one-sided cavity in Fig(), and the outputfield q|city of light. The indices 1 and 2 of, and x, in the
n l|=:|_g. l(at)) col\rlretsp?ﬁdts to the output of fthet one(-jaded f?]v'tytwo—photon component identify the two particles. The spatial
petween the input fidd and he Gavty. Likewise, the beanieaLIes of the probabilty amplitudes given by the wave
profile of the output field is determined by the emission pat-muggte'oz \P_léhﬁgrrfsepc\’/\r;gvteo thnect?ggtl?:()fiéﬁ;rrzgtgiZtgse Sluelse
tern of the cavity mode. We thus assume an optimized align-in Ie-m.ode-or’1e hoton. com ongnt Likewise the wave
ment of the Iinegr (_)ptics in the setup in order to investigat un?:tion W (x) W FX ) characte?izes the sin Ie-r,node HNO-
the inherent limitations of the efficiency caused by the un- oton cor/;pgne/rzt there the wave functiogns of both par
avoidable changes to the spatiotemporal coherence of t ' ) X X )
input pulse. In order to apply the nonlinearity of the atom—t'det,S toverlap lpferftectly. ;ttrlls thusl poss(ljbIeFto kdef;f”ge the
cavity system to an arbitrary quantum state of a single-modép‘i\'0 emporta eatu[e Of the sing (Ia—mo de oc ts ﬁf
light field, we now consider the case of a well-defined input Y gquantum state or the single-mode Input pulse can
e, 2 st @, 1 e s o et e 10 50 AU b e hon uber it of e
quantum state of this pulse as a single-mode quantum statg! : > >
even though it is actually propagating in the infinite con-ﬁ1¥:g>‘e I?\rciﬁzb;lcl)tl{oiv%gItwsggsc;futrgi ptugftotnhgu(r;)ﬁrrisa?its:s
IR '

tinuum of free-space modes. / i,
ewith photon numbers greater than 2 are negligible. Note that

In order to describe the light field pulse propagating in the'"""'" F - : . 2
free field as a single optical mode, we have to define th&his situation can be realized either by controlling the photon

pulse shape in terms of the continuous modes of the fredlUmber precisely, e.g., by using single-photon sources, or by
space field. Conventionally, this field continuum is repre-Using weak coherent input light. In either case, the spa-
sented in terms of the plane-wave modes defined by thtotemporal coherence of a general single-mode input _state
wave vectork. However, since our previous results have €&" then be expressed using the real-space representations of

been derived in real space, it is more convenient to use thif'® One- and two-photon components,

real-space representation of the field continuum here. It is | = Co|0'A:O> +C1|1'A:0>+C2|2':°>
~ I
then possible to define the creation operat{SroAthe single
pulse mode as = ColVag) + C; f dX WA(X)[x)
Ar=fdxqu(x+|)aT(x), (1)
+ sz dxq dxo Wa(X)Wa(Xo)|Xq;X0). (3)

whereW ,(x+1) is the normalized function defining the spe-
cific pulse shape. This definition allows us to separate th@he light pulse characterized by the above input state is
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propagating at the velocity of light in the input field of the apply a mathematical operation to the output state that re-
schematic shown in Fig.(&). In our previous wor{7], we  moves any component with photons in modes other than the
derived the unitary time evolution operator in the Hilbert single-pulse mode A. Since this operation effectively filters
spaces for the one-photon component and the two-photoout any components that cannot be represented as single-
component by solving the Schrédinger equation of the intermode states of the pulse mode A, we will refer to this opera-
action between a one-dimensional field and a single atorntion as a filter operation in the following. This filter operation
The output state in the far field can then be obtained byan be described by the Hermitian operator

integrating the input wave functions with the matrix descrip-

tion of the unitary operator in real space,

| out= ColVac) + le dx Wou(X)[x)

+ sz dxg X Woud(Xq:Xo) X5 %),
with
WoulX) = f dx'uy photor(X;X,)‘PA(X,)

and

Woul(X1: %) :J dxg %) U(Xq,Xo;Xg, X)W A (X)) WA (X5) .

(4)
The matrix elementsi(x;,X;;X1,X5) are given by
U(Xl,Xz;Xi,Xé) = ulphotor(xl;xi) “Ug photor(xz;xé)
+ AUN(x, %07 X3, %)
with

2 _ ,_
u, photor(X;X,) - 5(X_ X,) _ ?e (/) (x"—x)

for x < x’, otherwise 0,
and
AUNon”n(Xl,Xz;Xi,Xé)
412

~(I/0) (X +X5=X1~Xp)
C2

for xq, %, < Min[xq,%3].  (5)

Fa(l) = [Vacy(Vad + [Ty )(L| + [2,)(2}]. (6)

Here,|1})) and|2}) represent the one- and two-photon Fock
states described by the spatiotemporal wave functiogis)
andW 4 (x)Wa(x,), respectively. Since the mode selected by
the filter operation is a pulse mode, the timing of the filter
operation given by the deldyis an important variable. When
the delay time i$=0, the mode passing the filter corresponds
to an input pulse that has passed the atom without absorption
and reemission. By increasing the delay time, the delay
caused by the temporary absorption of photons can be com-
pensated. Note that the delay tirhenust be the same for
both the one- and the two- photon components, since the
condition for single-mode operation is that the two compo-
nents are Fock states of the same mode.

In order to obtain an intuitive understanding of the above
filter process, it may be useful to think of a hypothetical
device that could perform the operation described by the op-

eratorF,(I). Such a linear optics filter device would transmit
only the pulse mode A with a probability of 1, while all other
modes would be reflected. The filter operation would then be
controlled by postselecting only the cases where all photons
are transmitted. It should be noted that the practical imple-
mentation of such a device may require a significant techno-
logical effort, since it must combine time-dependent gating
with a sufficiently narrow spectral response. In the follow-

ing, we therefore use the filter operatiéiy(I) only as a
mathematical tool to identify a well-defined single-mode
component within the multimode output of the nonlinear
atom-cavity system.

We can now analyze the component of the output state
that can be described as a single-mode quantum state of a
pulse mode A delayed bl If we describe the operation of

The output wave function¥,(x) and W,,{(X;;X,) describe X >
the spatial feature of the output state in the far field of thell® atom-cavity system by the unitary operafqfoH and

atom shown in Fig. (). The spatiotemporal features of the I'r:n't the input to the pulse m(;)deﬁmlh:(()j,_ the oEeratlli)n of
one- and two-photon input components are generally not pret- € atom—ca\{ltyhsy?jtelm ucr; erlt € C%n |t|onbt Zt a %utgut
served in the output, due to the atomic response described 10tons are in the delayed pulse mode can be described as

the matrix elementsi(xy,X,;X1,Xy). This means that the
single-mode Fock statels),) will not be sufficient to de-
scribe the output state, since this state includes photons in
other modes. In the following, we therefore analyze which
component of the output state can still be described in terms
of a single-mode pulse state using the single-mode photowhere
number basign,) for a fixed value of the delaly

SdeviceE FA(I ) l’:Iatom

= [VacKVad — 71| IX1:0 = 7ol 20287,

Ill. SINGLE-MODE OUTPUT COMPONENTS

— A =0\ _ _ .
OF THE ATOMIC NONLINEARITY 7=~ {Lallatond 1a7) = de‘PA(X”)‘POm(X)

In order to analyze what component of the output state
can be represented by the single-mode b|a§Ds we haveto and
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M= <2!L\|aaton4 2IA:O>
0.8

= ‘f dxg dxp Wa (X + DA+ DWouXe, %) . (7)

S 0.6 -
It is thus possible to identify a conditional single-mode op-
eration éjevice within the nonlinear multimode operation 041 :
Oatom FOr theAanaIysis of the single-mode efficiency of the -é - _
atomic deviceSeyice it Will be useful to separate this opera-
tion into two components, a nonlinear phase-shift operation 0 :
ONS and a loss operatioﬁ,

0 1 2 3 4 5

72 at L = 0.9/T

As:levice: Itl:'NS- T in units of time 1/I"
where
L =[VacKVad + | L)L + 72]25)(2)] _ o
and =
I 0.6}
3 = = &~
Uns=[Vao(Vad - [LX(13% - 2,250 (8) 3
The loss operation then determines the probability of a suc-_s Oy
cessful single-mode operation, 8
E 02
Psuccess <¢|LTL|‘//>out: |CO|2 + 7/§|C1|2 + 77§|C2|2- 9)
The probability of success thus depends on the photon num 0'_1 o5 5 0F 1 7% 5 25
ber distribution of the input state. Since the probability of 1 in units of time 1/T

success for the vacuum component is always 1, this depen-

dence can be conveniently expressed in terms of a transmit- FIG. 2. (8 Transmittancesy; (thin line) and 7, (solid line)

tance per photon. The single-photon transmittance is thefiepending on the pulse duratidnat a delay time of=0.9/I" and
given by 72, while the transmittance per photon in the two- (b) transmittancesy (thin line) and 7, (solid line) depending on
photon case is given byy,. As long as the sign ofy, is the delay timd at a pulse duration of=1.3/T". The condition for

" . . the linear transmittancez,= 7>, is fulfilled at the crossing points of
positive, the operatioig,eice thus represents a single-mode the '[IWO lines ' O™, 18 U g pol
nonlinear = phase-shift operatiotJys with photon losses

given byL. Note that, if, becomes negatlvdz,JtseIf causes per photon is different in the one-two-photon case. To opti-

a nonlinear phase shift, canceling the effectigs _ mize both cases at the same time, we choose the condition of
The single-mode transmittance of the nonlinear shift opyinear transmittancey?=7,. This condition allows us to in-

eration can now be optimized by varying the pulse shape Aerpret the transmittance as a linear optics effect, where each
and the delay between the input and the output. It is then photon has the same probability of being lost. In particular,
possible to determine optimized conditions for the single-this condition greatly simplifies the calculation of total losses
mode operation on an arbitrary input state. in complicated networks. Note that the condition of linear
transmittance can always be fulfilled by adjusting the delay
time | of the output filter at a fixed pulse length The
optimization of the transmittance can then be accomplished

We can now find the optimal efficiency of the nonlinear PY varying the only remaining parameter

operation by selecting the delay tinheand the input pulse _ 1he maximal tran;mittanc;e_ 0f{=0.78, under the condi-
length. In the following, we consider Gaussian input pulsedion Of linear transmittancey; = 7,, has been obtained nu-

scribes nonlinear losses. This means that the transmittance

IV. OPTIMIZATION OF THE NONLINEAR SHIFT GATE

with varying pulse lengths given by merically in the vicinity of a pulse duration af=1.3/T" and
_ a delay time of =0.9/T" by varying the input pulse duration
W, (x) = e X7C N, T and the delay time of the filtdr The dependence of the
transmittancesﬁ and », on the pulse duratiom at the delay
where time of I=0.9/T" is shown in Fig. 2a). The thin line and the
N = \W (10) solid line correspond to the one-photon transmittani:and

the two-photon transmittancey,, respectively. The one-
The transmittances depend strongly on the input pulse lengtphoton transmittance’ increases rapidly until up to a pulse
and the delay time of the filter, since photon absorption andiuration of T=0.5/T" and then slowly approaches 1. For in-
reemission processes are sensitive to the spatiotemporal codt pulse durations much smaller than the dipole relaxation
herence of the light field. In general, the loss operator detime 1/T", the input pulse suffers almost no delay by absorp-
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tion and reemission. The low one-photon transmittanée means that a successful nonlinear phase shift can be
shown in Fig. 2a) for such short pulses therefore originatesachieved, where 78% of the input photons are transmitted in
from the difference between the delay tit®e0.9/T of the  single mode by the nonlinear device. Our result shows how
filter and the actual arrival time of the output pulse, corre-the choice of the pulse length and the output delay time
sponding to a delay df=0. For long pulses, the one-photon affects the nonlinear operation of the single-atom device. The
output component becomes almost identical to the oneefficiency of 78% is the maximal efficiency achieved with
photon input component in terms of pulse length and puls€saussian input pulses when there are no additional losses in
shape, and the delay in the arrival time is now much smallethe device. In the presence of losses, induced e.g., by imper-
than the input pulse length. The one-photon transmittance fect mode matching of the input beam and the cavity mode,
7 therefore approaches 1, as shown in Figa).20n the  or by spontaneous emission into noncavity modes, the effi-
other hand, the two-photon transmittangehas a maximum  ciency will be reduced accordingly. While a detailed analysis
near a pulse duration df=1/T", and then begins to decrease, of such losses is beyond the scope of this paper, it may be
eventually approaching -1, where the output two-photonyorth noting that linear losses could be included in the
wave function at the atom is identical with the input two- model by applying an additional linear loss operator. A
photon wave function, except for the delay tirheThis is  simple estimate of the total efficiency can then be obtained
because the nonlinear effect only occurs if the two photongy multiplying the idealized efficiency with the actual linear
are within about 11" of each othef7]. Therefore, the non- transmittivity of the device at resonance.
linear response of the atom is maximal near a pulse duration
of T=1/I' and the linear response is dominant for input V. CONCLUSIONS
pulses much longer thah=1/T.

The dependence of the transmittanegsand 7, on the
delay timel at the pulse duration of=1.3/T is shown in
Fig. 2(b). The thin line and the solid line correspond to the

one-photon transmittance; and the two-photon transmit maximal transmittance of;r‘{:O.?B under the condition of

tance 7,, respectively. The maxima of the one- and two- : . . .
72 b y Igear transmﬂtance/f: 1, has been obtained numerically in

photon transmittance are delayed due to absorption at th{ icinity of lsé duration of=1 3/T and a delav fi
atom. The difference of the delay time of the two maxima is € Y'C'n' y ot a pulse duration or=L. and a defay time
of 1=0.9/T" by varying the input pulse duratioh and the

hi | to the dipole rel ion ti ificall . ; : :
trﬁggon)(/ai)qhuoatlo;o rtn aex(ijrlr?fnf Irse SZ?;;%%IQE%SESC;&C; g ‘wodelaytime of the filted. The numerical results for Gaussian
photon maximum. This difference between the two-case qu pulses indicate that the efficiency is Very sensitive to
suggests that the reemission from the atom occurs sooner e Input pulse length a_nd to the de_lay time of the pu_Ise
ode filter. Our analysis for the single-mode operation

the two-photon case. It can therefore be interpreted as ac early shows theimportance of the input pulse length and the
effect of stimulated emissiofil0]. This delay between the y P putp 9

one- and two-photon output appears to be one of the reasoﬁgla.y timg for the r_eaIizqtion of sucp_essful single—_mpde op-

why we cannot get beyond a linear transmittance of 0.78. ergtlon using %tomlc dgwces. Specn‘lcally', thg optlmlzed ef-
The optimal linear transmittance is given by the crossingﬂlc'ency of 78./0 for single-mode operation mthates th‘."‘t

points of the one-and two-photon transmittances in Fig) 2 onlinear devices based on at0m|c_ nonllneantl_es qould in-

and 2b). Note that, in Fig. ), there are two crossing points deed be useful for quantu_m-lnformatlon processing, if proper

at a pulse duration of=1.0/T" and 1.31", respectively. The pulse lengths and delay lines are used.

change of transmittance in the region between the two points ACKNOWLEDGMENTS
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We have investigated the efficiency for the single-mode
operation of a nonlineatr phase shift implemented using an
atom-cavity system by analyzing the multimode property of
the output photons from the one-dimensional atom. The
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