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DICHOTOMY OF GLOBAL CAPACITY DENSITY

HIROAKI AIKAWA AND TSUBASA ITOH

Abstract. Let 1 < p < ∞ and letdµ(x) = w(x)dx be a p-admissible weight inRn, n ≥ 2.
By Capp, µ(E,D) we denote the variational (p, µ)-capacity of condenser (E,D). We show a di-
chotomy of the global density with respect to Capp, µ. One of our results is as follows: Letλ > 1
and letB(x, r) stand for the open ball with center atx and radiusr. Then

lim
r→∞

(
inf
x∈Rn

Capp, µ(E ∩ B(x, r), B(x, λr))

Capp, µ(B(x, r), B(x, λr))

)
is equal to either 0 or 1; the first case occurs if and only if

inf
x∈Rn

Capp, µ(E ∩ B(x, r0), B(x, λr))

Capp, µ(B(x, r), B(x, λr))

is identically equal to 0. This provides a sharp contrast between capacity and Lebesgue measure.

1. Introduction

Let φ be a nonnegative set function onRn, n ≥ 2, such that

(i) If E ⊂ F, thenφ(E) ≤ φ(F).
(ii) If U is a nonempty bounded open set, then 0< φ(U) < ∞.

By B(x, r) we denote the open ball with center atx and radiusr. In this note we study densities

D(φ, r,E) = inf
x∈Rn

φ(E ∩ B(x, r))
φ(B(x, r))

, D(φ, r,E) = sup
x∈Rn

φ(E ∩ B(x, r))
φ(B(x, r))

.

By definition 0 ≤ D(φ, r,E) ≤ D(φ, r,E) ≤ 1. We note thatD(φ, r,E) > 0 means thatE
is uniformly distributed inRn in the scaler with respect toφ. A typical example ofφ is the
n-dimensional Lebesgue outer measurem. We have the following property.

Proposition 1.1. If D(m, r0,E) > 0 for somer0 > 0, thenD(m, r,E) > 0 for r ≥ r0. More
precisely, there exists a constantA > 1 depending only onn such that

(1.1) D(m,R,E) ≥ A−1D(m, r,E) for R≥ r.

This proposition means that ifE is uniformly distributed inRn in the scaler0 with respect to
m, then so is in the scaler, r ≥ r0. We note that the density is not improved no matter how large
r is. It is easy to construct a closed setE such that limr→∞D(m, r,E) = limr→∞D(m, r,E) = c
for eachc ∈ (0,1).

Proposition 1.2. Let 0 < ℓ < 1 and letE be the union of all closed cubes with centers running
over allZn and sides of lengthℓ parallel to the coordinate axes. Then

(1.2) lim
r→∞
D(m, r,E) = lim

r→∞
D(m, r,E) = ℓn.
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2 HIROAKI AIKAWA AND TSUBASA ITOH

If φ is a capacity, then the situation is very different. ByCℓ(E) we denote the logarithmic
capacity ofE ⊂ R2. Stegenga [Ste80] proved the following theorem.

Theorem A. LetΩ be an open set inR2 and put

ϕ(r) = inf
z∈Ω

Cℓ(B(z, r) \Ω)
Cℓ(B(z, r))

.

If ϕ(r) > 0 for somer > 0, thenlimr→∞ ϕ(r) = 1.

Let E = R2 \Ω in TheoremA. Thenϕ(r) = D(Cℓ, r,E) since infz∈Ω can be replaced by infz∈R2

in the definition ofϕ(r). Hence TheoremA provides a dichotomy of limr→∞D(Cℓ, r,E), i.e.,
the limit exists and it is equal to either 0 or 1. Note thatD(Cℓ, r,E) need not be monotone inr,
so that even the existence of limr→∞D(Cℓ, r,E) is non-trivial.

In this note we shall show that the same phenomenon holds for other capacities. Hereafter,
let 1 < p < ∞ and letw be a p-admissible weight as in [HKM93, Chapter 1]. We write
dµ(x) = w(x)dx. Let D ⊂ Rn be an open set. For a compact subsetK of D we define

(1.3) Capp, µ(K,D) = inf
{ ∫

D
|∇u|pdµ : u ≥ 1 onK, u ∈ C∞0 (D)

}
.

In the usual way, Capp, µ(K,D) extends to Capp, µ(E,D) for an arbitrary subsetE of D. We call
Capp, µ(E,D) the (variational) (p, µ)-capacity of condenser (E,D) or simply the (p, µ)-capacity
of E in D. By definition Capp, µ(E,D) is increasing with respect toE and decreasing with respect
to D. See [HKM93, Chapter 2].

We shall consider the density over a general set. We writeE(x, r) = {ry + x ∈ Rn : y ∈ E}
for E ⊂ Rn, r > 0 andx ∈ Rn. That isE(x, r) stands for the setE dilated by factorr and
translated byx. If x = 0, then we simply writerE for E(0, r). Note that ifQ is the unit ball
B(0,1), thenQ(x, r) = B(x, r). Another typical example ofQ is an open cube. We allowQ
to be even disconnected. We consider the density overQ(x, r) with Q satisfying the following
interior corkscrew condition.

Definition 1.3. Let U be an open set. We say thatU satisfies the interior corkscrew condition
if there existρ0 > 0 and 0< κ < 1 such that

ξ ∈ ∂U and 0< r ≤ ρ0 =⇒ B(ξ, r) ∩ U contains a ball of radiusκr.

Theorem 1.4. Let Q and Q∗ be bounded open sets such thatQ ⊂ Q∗. Assume thatQ satisfies
the interior corkscrew condition. LetE be a Borel set inRn. For r > 0 define

DQ,Q∗(Capp, µ, r,E) = inf
x∈Rn

Capp, µ(E ∩ Q(x, r),Q∗(x, r))

Capp, µ(Q(x, r),Q∗(x, r))
.

Then limr→∞DQ,Q∗(Capp, µ, r,E) is equal to either 0 or 1; the first case occurs if and only if
DQ,Q∗(Capp, µ, r,E) is identically equal to 0.

Obviously, an open ball enjoys the interior corkscrew condition.

Corollary 1.5. Letλ > 1. LetE be a Borel set inRn. For r > 0 define

DB,λB(Capp, µ, r,E) = inf
x∈Rn

Capp, µ(E ∩ B(x, r), B(x, λr))

Capp, µ(B(x, r), B(x, λr))
.

Then limr→∞DB,λB(Capp, µ, r,E) is equal to either 0 or 1; the first case occurs if and only if
DB,λB(Capp, µ, r,E) is identically equal to 0.
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Remark1.6. We can replaceQ(x, r) and B(x, r) by Q(x, r) and B(x, r) in Theorem1.4 and
Corollary1.5, respectively. See Lemma5.5below.

In the unweighted casew ≡ 1, we write Capp(E,D) for Capp, µ(E,D). Moreover ifD = Rn,
then we simply write Capp(E) for Capp(E,R

n). It is well-known that ifp ≥ n, then Capp(E) = 0
for everyE ⊂ Rn; if 1 < p < n andλ > 1, then

Capp(E) ≤ Capp(E, B(x, λr)) ≤ ACapp(E) for E ⊂ B(x, r),

whereA depends only onλ, n and p ([Maz70, Proposition 4]). If 1< p < n, then we can
takeλ = ∞ in Corollary1.5, and we obtain a counterpart of TheoremA in the (p, µ)-capacity
context.

Corollary 1.7. Let 1 < p < n. Let E be a Borel set inRn. Thenlimr→∞D(Capp, r,E) is equal
to either 0 or 1; the first case occurs if and only ifD(Capp, r,E) is identically equal to 0.

Remark1.8. In this note we study weighted capacity in the Euclidean space along the line of
[HKM93]. See [Maz70] for the classical unweighted case. It may be possible to extend our
arguments to more general metric measure settings (see [BMS01]).

The plan of the paper is as follows. In Section2 we give proofs of Propositions1.1and1.2.
The rest of the paper is devoted to the proof of Theorem1.4. First, we restate the condition
DQ,Q∗(Capp, µ, r,E) > 0 for somer > 0 by using cubes. LetN be a positive integer. We
decomposeRn into the union of closed cubes{QN

j } j of mutually disjoint interior with sides of

lengthN parallel to the coordinate axes and vertices on (NZ)n. Let Q̃N
j be the interior of the

double ofQN
j . Lemma3.3will show that the conditionDQ,Q∗(Capp, µ, r,E) > 0 for somer > 0

implies the condition

(1.4) inf
j

Capp, µ(E ∩ QN
j , Q̃N

j )

Capp, µ(QN
j , Q̃N

j )
> 0 for someN ≥ 1,

and vice versa. We also note that we may assume thatE is closed (Corollary3.4).
Secondly, we consider the limit ofDQ,Q∗(Capp, µ, r,E). We employ a relationship between ca-

pacity and capacitary potential ([HKM93, Lemma 6.19]), which was crucial in the Wiener cri-
terion for thep-harmonic Dirichlet problem, to obtain an estimate of ratios of capacity in terms
of the infimum of the capacitary potential, and then in terms of the supremum ofp-harmonic
measure. The repeated application of the estimate gives a lower bound of a ratio of capacity sim-
ilar to that in Theorem1.4but with a denominator strictly smaller than Capp, µ(Q(x, r),Q∗(x, r))
(Corollary4.5). This is close to the final conclusion of the theorem. In fact, in the unweighted
casew ≡ 1, the explicit calculation of Capp(B(x, r), B(x,R)) is available ([HKM93, Exam-
ple 2.12]), and hence we immediately obtain Corollary1.5 in the unweighted case. Corol-
lary 1.7 is its easy consequence. In the weighted case, however, no explicit calculation of
Capp, µ(Q(x, r),Q∗(x,R)) is available even ifQ andQ∗ are balls.

So, in the third step, we show an approximation of the capacity from inside (Corollary5.6),
which requires the interior corkscrew condition onQ. (However, we do not know whether
the condition is necessary or not.) This, together with Corollary4.5, completes the proof of
Theorem1.4.

We use the following notation. By the symbolA we denote an absolute positive constant
whose value is unimportant and may change from one occurrence to the next. If necessary, we
useA0,A1, . . . , to specify them. We say thatf andg are comparable and writef ≈ g if two
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positive quantitiesf andg satisfiesA−1 ≤ f /g ≤ A with some constantA ≥ 1. The constantA
is referred to as the constant of comparison. We have to pay attention for the dependency of the
constant of comparison.

Acknowledgments.The authors thank the referee for his/her careful reading of the manuscript
and useful suggestions.

2. Proof of Propositions 1.1and 1.2

Proof of Proposition1.1. In view of the 5-covering lemma, we have a family of pairwise dis-
joint balls B(xj , r) such thatB(x,R) ⊂ ∪

j B(xj ,5r). Without loss of generality we may assume
thatE is measurable. Then for everyx ∈ Rn

m(E ∩ B(x,R)) ≥
∑

j

m(E ∩ B(xj , r)) ≥
∑

j

D(m, r,E)m(B(xj , r))

= 5−nD(m, r,E)
∑

j

m(B(x j ,5r)) ≥ 5−nD(m, r,E)m(B(x,R)),

which implies (1.1) with A = 5n. □

Proof of Proposition1.2. First we consider the density ofE with respect to a cube. LetN ≥ 2
be an integer. By geometry we havem(E ∩ [−N,N]n) = (2N)nℓn, so that by translation

(2.1)
m(E ∩ ([−N,N]n + ξ))

m([−N,N]n)
= ℓn uniformly for ξ ∈ (NZ)n.

Let us estimate the density ofE over a ballB(x,R). Let {Q2N
j } j be the enumeration of cubes with

sides of length 2N parallel to the coordinate axes and vertices on (2NZ)n as in the introduction.
Let SR be the union of all cubesQ2N

j contained inB(x,R) and letTR be the union of all cubes
Q2N

j intersectingB(x,R). We havem(SR) ≤ m(B(x,R)) ≤ m(TR) and

lim
R/N→∞

m(SR)
m(B(x,R))

= lim
R/N→∞

m(TR)
m(B(x,R))

= 1.

Let 0< ε < 1 and we can chooseRsuch that

(2.2) 1 ≤ m(TR)
m(SR)

≤ 1+ ε uniformly for x ∈ Rn.

Applying (2.1) to each constituent cube ofSR andTR, and then taking the summation, we obtain

m(E ∩ SR)
m(SR)

=
m(E ∩ TR)

m(TR)
= ℓn.

This, together with (2.2), yields

(1+ ε)−1ℓn ≤ m(SR)
m(TR)

· m(E ∩ SR)
m(SR)

=
m(E ∩ SR)

m(TR)
≤ m(E ∩ B(x,R))

m(B(x,R))

≤ m(E ∩ TR)
m(SR)

=
m(TR)
m(SR)

· m(E ∩ TR)
m(TR)

≤ (1+ ε)ℓn.

Since 0< ε < 1 andx ∈ Rn are arbitrary, we have (1.2). □
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3. Relaxation of the assumption of Theorem 1.4

Let us begin with some elementary properties of Capp, µ(E,D). In our context the estimates
in [HKM93, Lemmas 2.14 and 2.16] read as follows.

Lemma 3.1. Let Q, Q∗ and Q̃ be bounded open set such thatQ ⊂ Q∗ and Q ⊂ Q̃. Then the
following estimates hold uniformly forx ∈ Rn andr > 0:

(i) Capp, µ(Q(x, r),Q∗(x, r)) ≈ Capp, µ(Q(x, r),Q∗(x, r)) ≈ r−pµ(Q(x, r)).

(ii) Capp, µ(E,Q
∗(x, r)) ≈ Capp, µ(E, Q̃(x, r)) for E ⊂ Q(x, r).

Here the constant of comparison depends only onn, p, µ, Q, Q∗ andQ̃.

We compare the density of capacity over an open set and that over a ball.

Lemma 3.2. Let Q and Q∗ be bounded open setQ ⊂ Q∗. SupposeB(x0, τ0) ⊂ Q ⊂ B(x0, τ1)
and Q∗ ⊂ B(x0, λτ1) for somex0 ∈ Q with 0 < τ0 < τ1 andλ > 1. Then there existsA > 1
depending only onn, p, µ, Q, Q∗, τ0, τ1 andλ such that

A−1DB,λB(Capp, µ, τ0r,E) ≤ DQ,Q∗(Capp, µ, r,E) ≤ ADB,λB(Capp, µ, τ1r,E),

wheneverE ⊂ Rn andr > 0.

Proof. By translation, we may assume thatx0 = 0. By definitionB(x, τ0r) ⊂ Q(x, r) ⊂ B(x, τ1r)
andQ∗(x, r) ⊂ B(x, λτ1r). Hence

Capp, µ(E ∩ B(x, τ0r), B(x, λτ1r)) ≤ Capp, µ(E ∩ Q(x, r), B(x, λτ1r))

≤ Capp, µ(E ∩ B(x, τ1r), B(x, λτ1r))

by monotonicity, and so

A−1
Capp, µ(E ∩ B(x, τ0r), B(x, λτ0r))

Capp, µ(B(x, τ0r), B(x, λτ0r))
≤

Capp, µ(E ∩ Q(x, r),Q∗(x, r))

Capp, µ(Q(x, r),Q∗(x, r))

≤ A
Capp, µ(E ∩ B(x, τ1r), B(x, λτ1r))

Capp, µ(B(x, τ1r), B(x, λτ1r))

by Lemma3.1 and the doubling property ofµ. Taking the infima with respect tox ∈ Rn, we
obtain the required inequalities. □

Lemma 3.3. Let Q andQ∗ be bounded open sets withQ ⊂ Q∗. Then the following conditions
are equivalent to each other:

(i) DQ,Q∗(Capp, µ, r,E) > 0 for somer > 0.
(ii) DB,λB(Capp, µ, r,E) > 0 for somer > 0.
(iii) (1.4) holds for someN ≥ 1.

Proof. Lemma3.2gives (i) ⇐⇒ (ii).
(ii) =⇒ (iii): SupposeDB,λB(Capp, µ, r,E) > 0. Let N = 2r. Take an arbitrary closed cube

QN
j as in the introduction. Observe that ifx is the center ofQN

j , thenB(x, r) ⊂ QN
j ⊂ B(x, r

√
n),

so that

Capp, µ(E ∩ B(x, r), B(x, λr)) ≈ Capp, µ(E ∩ B(x, r), B(x, λr
√

n))

≤ Capp, µ(E ∩ QN
j , B(x, λr

√
n)) ≈ Capp, µ(E ∩ QN

j , Q̃N
j )
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by monotonicity and by Lemma3.1(ii). By Lemma3.1(i)

DB,λB(Capp, µ, r,E) ≤
Capp, µ(E ∩ B(x, r), B(x, λr))

Capp, µ(B(x, r), B(x, λr))
≤ A

Capp, µ(E ∩ QN
j , Q̃N

j )

Capp, µ(QN
j , Q̃N

j )
.

Since j is arbitrary, we have (ii).
(iii) =⇒ (ii): Suppose (1.4) holds withN ≥ 1. Chooser > N

√
n, sayr = 2N

√
n. We

claim that, for everyx ∈ Rn, B(x, r) must contain at least oneQN
j . In fact, writex = (x1, . . . , xn).

Then
∏n

i=1[xi − N, xi + N] ⊂ B(x, r). Let ξi ∈ NZ be such thatξi ≤ xi < ξi + N. Then
[ξi , ξi + N] ⊂ [xi − N, xi + N], so that we have the claim withQN

j =
∏n

i=1[ξi , ξi + N]. It follows
from Lemma3.1(ii) and monotonicity that

Capp, µ(E ∩ QN
j , Q̃N

j ) ≈ Capp, µ(E ∩ QN
j , B(x, λr)) ≤ Capp, µ(E ∩ B(x, r), B(x, λr)),

so that
Capp, µ(E ∩ QN

j , Q̃N
j )

Capp, µ(QN
j , Q̃N

j )
≤ A

Capp, µ(E ∩ B(x, r), B(x, λr))

Capp, µ(B(x, r), B(x, λr))
.

by Lemma3.1 (i). Taking the infimum of the left hand side with respect toj, and then taking
the infimum of the right hand side with respect tox ∈ Rn, we obtain (ii). □

We note that we may assume thatE is a closed set in Theorem1.4.

Corollary 3.4. Let Q and Q∗ be bounded open sets withQ ⊂ Q∗. Let E ⊂ Rn be a Borel
set. IfDQ,Q∗(Capp, µ, r,E) > 0 for somer > 0, then E has a closed subsetF such that
DQ,Q∗(Capp, µ,R, F) > 0 for someR> 0.

Proof. Lemma3.3asserts that (1.4) holds for someN ≥ 1. Apply the capacitability to eachE∩
QN

j ([HKM93, Theorem 2.5]). We find a closed subsetF j ⊂ E∩QN
j such that Capp, µ(F j , Q̃N

j ) ≥
1
2 Capp, µ(E ∩ QN

j , Q̃N
j ). We observe thatF =

∪
j F j is a closed subset ofE satisfying (1.4) with

F in place ofE. Lemma3.3again assertsDQ,Q∗(Capp, µ,R, F) > 0 for someR> 0. □

Hereafter, we assume thatE in Theorem1.4 is a closed set.

4. Proof of Corollary 1.5 in the unweighted case

In this section we give a proof of Corollary1.5 in the unweighted case. The arguments until
Corollary 4.5 work for the general case. On the other hand, Lemma4.6 is specific for the
unweighted case, so the proof of Corollary1.5 is restricted in the unweighted case. Although it
is superfluous, it may clarify the arguments. Let us study a capacitary potential of a compact set.
Let K be a compact subset ofD. The minimizer of the infimum in (1.3) belongs to the Sobolev
spaceW1,p

0 (D). It is referred to as the (p, µ)-capacitary potential ofK in D and is denoted by
R(K,D). We see that 0≤ R(K,D) ≤ 1 in D,R(K,D) = 1 onK outside a set of null capacity, and
R(K,D) is p-harmonic inD \ K. By ωx

p(E,D) we denote thep-harmonic measure ofE ⊂ ∂D in
D evaluated atx, i.e.,ωp(E,D) is the Perron solution of the boundary functionχE. We see that
if K is a compact subset ofD, then

(4.1) ωp(∂D,D \ K) = 1− R(K,D) on D.

Strictly speaking, thep-harmonic measure is extended by 0 onK, which coincides with the
right hand side outside a set of null (p, µ)-capacity.

The following relationship between capacity and capacitary potential is useful.
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Lemma 4.1([HKM93, Lemma 6.19 and its remark]). LetuK = R(K,D), whereD is a bounded
open set andK is a compact subset ofD. If 0 < t ≤ 1, then

Capp, µ({uK ≥ t},D) = t1−p Capp, µ(K,D).

As an easy corollary, we have an upper estimate of capacitary potential, which can be restated
with p-harmonic measure with the aid of(4.1).

Lemma 4.2. Let Q and Q∗ be bounded open sets such thatQ ⊂ Q∗. Let r > 0 and x ∈ Rn. If
compact subsetsK andF of Q(x, r) have positive(p, µ)-capacity, then

inf
F
R(K,Q∗(x, r)) ≤

{
Capp, µ(K,Q

∗(x, r))

Capp, µ(F,Q∗(x, r))

}1/(p−1)

.

In other words,

1−
{

Capp, µ(K,Q
∗(x, r))

Capp, µ(F,Q∗(x, r))

}1/(p−1)

≤ sup
F
ωp(∂Q

∗(x, r),Q∗(x, r) \ K).

Proof. Let uK = R(K,Q∗(x, r)) and lett = inf F uK. Observe thatF ⊂ {uK ≥ t}. By Lemma4.1
we have

Capp, µ(F,Q
∗(x, r)) ≤ Capp, µ({uK ≥ t},Q∗(x, r)) = t1−p Capp, µ(K,Q

∗(x, r)),

so that taking the 1/(p−1)-power gives the first inequality. The second inequality follows from
(4.1). □

Lemma4.1 also yields a lower estimate of capacitary potential. We state the estimate only
for concentric balls since it is sufficient in the sequel; it may be possible to give a generalization
with Q andQ∗ under some conditions onQ andQ∗.

Lemma 4.3([HKM93, Lemma 6.21]). For λ > 1 there exists a constantA0 > 1 depending only
on n, p, µ andλ with the following property: Letr > 0 and x ∈ Rn. If K is a compact subset of
B(x, r), then

inf
B(x,r)
R(K, B(x, λr)) ≥ A−1

0

{
Capp, µ(K, B(x, λr))

Capp, µ(B(x, r), B(x, λr))

}1/(p−1)

.

In other words,

(4.2) sup
B(x,r)

ωp(∂B(x, λr), B(x, λr) \ K) ≤ 1− A−1
0

{
Capp, µ(K, B(x, λr))

Capp, µ(B(x, r), B(x, λr))

}1/(p−1)

.

Using Lemma4.3 repeatedly, we obtain the following lemma. The basic idea comes from
[Aik15, Lemma 12.6]. WriteδU(x) = dist(x, ∂U) for an open setU.

Lemma 4.4. Let 0 < r < λr < R and x ∈ Rn. Let Q and Q∗ be bounded open sets such that
Q ⊂ Q∗. For a positive integerk let

Qk(x,R) = {y ∈ Q(x,R) : δQ(x,R)(y) ≥ kλr}.
Suppose a closed setE ⊂ Rn satisfies

(4.3)
Capp, µ(E ∩ B(y, r), B(y, λr))

Capp, µ(B(y, r), B(y, λr))
≥ η
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for y ∈ Q1(x,R) with some0 < η < 1. If Qk(x,R) , ∅, then

(4.4) ωp(∂Q
∗(x,R),Q∗(x,R) \ (E ∩ Q1(x,R))) ≤ (1− A−1

0 η
1/(p−1))k−1 on Qk(x,R),

whereA0 > 1 is as in(4.2).

Proof. Let us prove (4.4) by induction onk. For simplicity we putΩ = ωp(∂Q∗(x,R),Q∗(x,R) \
(E ∩ Q1(x,R))). ThenΩ is a p-subharmonic function inQ∗(x,R) with 0 ≤ Ω ≤ 1. Since
(4.4) trivially holds for k = 1, we assume thatk ≥ 2 and (4.4) holds fork − 1. In view of the
comparison principle, it is sufficient to show that

(4.5) Ω ≤ (1− A−1
0 η

1/(p−1))k−1 on∂Qk(x,R).

Take an arbitrary pointy ∈ ∂Qk(x,R). ObserveB(y, λr) ⊂ Qk−1(x,R). Let K = E∩ B(y, r). Note
K ⊂ E ∩ Q1(x,R). In view of (4.2) and (4.3), we obtain

ωy
p(∂B(y, λr), B(y, λr) \ K) ≤ 1− A−1

0 η
1/(p−1).

It follows from the comparison principle and the induction hypothesis that

Ω(y) ≤ (1− A−1
0 η

1/(p−1))k−2ωy
p(∂B(y, λr), B(y, λr) \ K) ≤ (1− A−1

0 η
1/(p−1))k−1.

Sincey ∈ ∂Qk(x,R) is arbitrary, we have (4.5). The lemma is proved. □

Corollary 4.5. Letλ, r, R, η, E, Q, Q∗, Qk(x,R) andA0 > 1 be as in Lemma4.4. Let0 < c < 1
and choose a positive integerk such that

(1− A−1
0 η

1/(p−1))k−1 ≤ 1− c1/(p−1).

If Capp, µ(Qk(x,R),Q∗(x,R)) > 0, then

(4.6)
Capp, µ(E ∩ Q1(x,R),Q∗(x,R))

Capp, µ(Qk(x,R),Q∗(x,R))
≥ c.

Proof. Let K = E ∩ Q1(x,R). By Lemma4.4we have

sup
Qk(x,R)

ωp(∂Q
∗(x,R),Q∗(x,R) \ K)) ≤ (1− A−1

0 η
1/(p−1))k−1 ≤ 1− c1/(p−1).

Hence Lemma4.2with F = Q1(x,R) implies the required inequality. □

Since 0< c < 1 is arbitrary, we are very close to the conclusion of Theorem1.4. The
problem is thatQk(x,R) in Corollary4.5 is a proper subset ofQ(x,R), so that the denominator
Capp, µ(Qk(x,R),Q∗(x,R)) in (4.6) may be strictly less than Capp, µ(Q(x,R),Q∗(x,R)). We have
to show that Capp, µ(Qk(x,R),Q∗(x,R)) is close to Capp, µ(Q(x,R),Q∗(x,R)), providedR is large.
In the unweighted casew ≡ 1, we can obtain such an approximation by the explicit calculation
of the p-capacity of a ring of concentric balls.

Lemma 4.6([HKM93, Example 2.12]). Letw ≡ 1 and writeCapp for Capp, µ. If 0 < r < R< ∞,

thenCapp(B(x, r), B(x,R)) = Capp(B(x, r), B(x,R)) which is explicitly calculated as
σn

( |n− p|
p− 1

)p−1∣∣∣Rp−n
p−1 − r

p−n
p−1

∣∣∣1−p
if p , n,

σn

(
log

R
r

)1−p
if p = n,

whereσn is the area of the unit sphere∂B(0, 1). If 1 < p < n, thenCapp(B(x, r),Rn) = A1rn−p

with A1 = σn

(n− p
p− 1

)p−1
. If p ≥ n, thenCapp(E,R

n) = 0 for every setE ⊂ Rn.
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We can now prove Corollary1.5 in the unweighted case.

Proof of Corollary1.5 in the unweighted case.It is sufficient to show that ifDB,λB(Capp, r,E) >
0, then limr→∞DB,λB(Capp, r,E) = 1. We assume that (4.3) holds for ally ∈ Rn with somer > 0,
λ > 1 andη > 0. Let 0< c < 1 and choose a positive integerk such that

(4.7) (1− A−1
0 η

1/(p−1))k−1 ≤ 1− c1/2(p−1).

Let R > kλr. Observe that{y ∈ B(x,R) : δB(x,R)(y) ≥ kλr} = B(x,R− kλr). In view of Lemma
4.6we findR0 > 0 such that ifR≥ R0, then

Capp(B(x,R− kλr), B(x, λR))

Capp(B(x,R), B(x, λR))
≥
√

c.

By (4.7) and Corollary4.5with Q = B(0,1), Q∗ = B(0, λ) and
√

c in place ofc we have

Capp(E ∩ B(x,R), B(x, λR))

Capp(B(x,R− kλr), B(x, λR))
≥

Capp(E ∩ B(x,R− λr), B(x, λR))

Capp(B(x,R− kλr), B(x, λR))
≥
√

c.

Multiplying the inequalities, we obtain the corollary, sincex ∈ Rn and 0< c < 1 are arbitrary.
□

5. Approximation of capacity from inside and Proof of Theorem 1.4

In this section we complete the proof of Theorem1.4 in the general case by showing that
Capp, µ(Qk(x,R),Q∗(x,R)) in Corollary 4.5 is close to Capp, µ(Q(x,R),Q∗(x,R)), providedR is
large. Under the interior corkscrew condition onQ, we shall show an estimate from inside
uniform with respect tox ∈ Rn andR> 0 (Corollary5.6). We note that there is a big difference
betweenB(x, r) andQ(x, r).

Remark5.1. For a general open setQ the inclusionQ(x, r) ⊂ Q(x,R) for r < R need not hold,
even if Q is star-shaped with respect to the origin. For instance, ifQ = {x ∈ B(0,2) : x1 >
0} ∪ {x ∈ B(0,1) : x1 ≤ 0}, thenQ is an open set star-shaped with respect to the origin and
Q(x, r) ⊂ Q(x,R) for r < R; and yetQ(x, r) 1 Q(x,R) for r < R< 2r.

Let us begin with an approximation from outside. LetD be an open set and letK be a compact
subset ofD. Forε > 0 the closedε-neighborhood ofK is denoted by

K[ε] = {x ∈ Rn : dist(x,K) ≤ ε}.
By definition Capp, µ(K,D) ≤ Capp, µ(K[ε],D) wheneverK[ε] ⊂ D. Let us estimate Capp, µ(K[ε],D)
in caseK is the closure of an open setU satisfying a condition slightly weaker than the interior
corkscrew condition.

Lemma 5.2. Let U be a bounded open set with closureK = U ⊂ D. Suppose there existr1, r2

andκ > 0 such that0 < r1 < r2 <
1
2 dist(K, ∂D) and

(5.1) ξ ∈ ∂U andr1 ≤ r ≤ r2 =⇒ B(ξ, r) ∩ U contains a ball of radiusκr.

Then there exists a constantκ0, 0 < κ0 < 1, depending only onκ, p, µ andn such that

Capp, µ(K[2− jr2],D)

Capp, µ(K,D)
≤ (1− κ j

0)
−p, whenever2− jr2 ≥ r1.
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In particular, if U satisfies the interior corkscrew condition, then, for eachb > 1, there exists
ε > 0 depending only onb, κ, ρ0, p, µ andn such that

Capp, µ(K[ε],D)

Capp, µ(K,D)
≤ b.

Proof. In view of (5.1) we findκ′ > 0 depending only onκ, p, µ andn such that ifξ ∈ ∂U and
r1 ≤ r ≤ r2, then

Capp, µ(B(ξ, r) ∩ K, B(ξ, 2r))

Capp, µ(B(ξ, r), B(ξ, 2r))
≥ κ′,

which, together with (4.2), yields

(5.2) ωp(∂B(ξ, 2r), B(ξ, 2r) \ (B(ξ, r) ∩ K)) ≤ κ0 on B(ξ, r)

with 0 < κ0 < 1.
Now let uK = R(K,D). SinceK[2r2] ⊂ D by assumption, it follows from (4.1) and the

comparison principle that ifξ ∈ ∂U andr1 ≤ r ≤ r2, then

1− uK ≤ ωp(∂B(ξ, 2r), B(ξ, 2r) \ (B(ξ, r) ∩ K)) on B(ξ,2r),

and hence
1− uK ≤ κ0 on B(ξ, r)

by (5.2). Replacer by 2− jr2 with a nonnegative integerj such that 2− jr2 ≥ r1. By induction we
have

1− uK ≤ κ j
0 on B(ξ, 2− jr2),

whenever 2− jr2 ≥ r1. Sinceξ ∈ ∂U is arbitrary, it follows that

uK ≥ 1− κ j
0 onU[2− jr2] = K[2− jr2].

By definition
Capp, µ(K[2− jr2],D) ≤ (1− κ j

0)
−p Capp, µ(K,D),

as required. Suppose nowU satisfies the interior corkscrew condition. Without loss of general-
ity we may assume thatρ0 <

1
2 dist(K, ∂D). Hence we can taker2 = ρ0 and j arbitrarily large.

Letting j be so large (1− κ j
0)
−p ≤ b, we obtain the second assertion withε = 2− jρ0. □

Next we consider an approximation of capacity from inside. For a bounded open setU and
ε > 0 we writeUε = {x ∈ U : δU(x) > ε}. We observe the following geometric properties ofUε.

Lemma 5.3. Let U be a bounded open set with closureU contained inD. SupposeU satisfies
the interior corkscrew condition with0 < κ < 1 and0 < ρ0 <

1
2 dist(U, ∂D). If 0 < ε < κρ0/2,

then

(i) U ⊂ Uε[(1 + 2/κ)ε];
(ii) Uε enjoys(5.1) with r1 = 2ε/κ, r2 = ρ0 and 1

2κ(1− κ) in place ofκ, i.e.,

ξ ∈ ∂Uε and2ε/κ ≤ r ≤ ρ0 =⇒ B(ξ, r) ∩ Uε contains a ball of radius12κ(1− κ)r.

Proof. Let us begin with the proof of (i). Supposex ∈ U \ Uε. By definition we findξ ∈ ∂U
such that|x− ξ| ≤ ε. By the interior corkscrew condition withr = 2ε/κ we find a ballB(y, 2ε) ⊂
U ∩ B(ξ,2ε/κ). This meansδU(y) ≥ 2ε and hencey ∈ Uε, so that dist(x,Uε) ≤ |x− ξ|+ |ξ − y| ≤
ε + 2ε/κ. HenceU ⊂ Uε[ε + 2ε/κ]. Thus (i) is proved.
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Next we show (ii). Letξ ∈ ∂Uε and 2ε/κ ≤ r ≤ ρ0. By definition we findξ∗ ∈ ∂U with
|ξ − ξ∗| = ε. Sinceε ≤ κr/2, it follows that

B(ξ, r) ⊃ B(ξ∗, r − ε) ⊃ B(ξ∗, (1− 2−1κ)r),

so that we find a ballB(y, κ(1− 2−1κ)r) lying in

U ∩ B(ξ∗, (1− 2−1κ)r) ⊂ U ∩ B(ξ, r)

by the interior corkscrew condition. By definition

δUε(y) ≥ δU(y) − ε ≥ κ(1− 2−1κ)r − ε ≥ κ(1− κ)
2

r,

which implies (ii). □

Remark5.4. In general,Uε need not satisfy the interior corkscrew condition, i.e., 2ε/κ in (ii)
cannot be replaced by 0 even if1

2κ(1− κ) is changed by a smaller value.

Now we show an approximation of capacity from inside, which may be of independent inter-
est.

Lemma 5.5. Let U be a bounded open set with closureU contained inD. SupposeU satisfies
the interior corkscrew condition with0 < κ < 1 and 0 < ρ0 <

1
2 dist(U, ∂D). Then, for each

b > 1, there existsε > 0 depending only onb, κ, ρ0, p, µ, andn such that

Capp, µ(Uε,D)

Capp, µ(U,D)
≥ 1

b
.

In particular, Capp, µ(U,D) = Capp, µ(U,D).

Proof. Let ε > 0 be determined later. In view of Lemma5.3 (ii), we let κ1 be the constant
κ0 in Lemma5.2 with κ(1 − κ)/2 in place ofκ. Note thatκ1 depends only onκ, p, µ andn.
For eachb > 1 we can choosej such that (1− κ j

1)
−p < b. Let ε = 2− j−2ρ0κ. Observe that

2ε/κ < (1 + 2/κ)ε ≤ 2− jρ0. By Lemma5.3 (i), (ii) and Lemma5.2 with Uε in place ofK we
have

Capp, µ(U,D)

Capp, µ(Uε,D)
≤

Capp, µ(Uε[(1 + 2/κ)ε],D)

Capp, µ(Uε,D)
≤

Capp, µ(Uε[2
− jρ0],D)

Capp, µ(Uε,D)
≤ b,

which gives the required estimate. The last assertion follows sinceUε ⊂ U and b > 1 is
arbitrary. □

Since Lemma5.5 and its proof are scale- and translation-invariant, we obtain the following
uniform approximation.

Corollary 5.6. Let Q andQ∗ be bounded open sets such thatQ ⊂ Q∗. SupposeQ satisfies the
interior corkscrew condition. Then for eachb > 1 there exists an open setQ′ such thatQ′ ⊂ Q
and

Capp, µ(Q′(x,R),Q∗(x,R))

Capp, µ(Q(x,R),Q∗(x,R))
≥ 1

b

uniformly forx ∈ Rn andR> 0.
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Proof. Let Q andQ∗ be bounded open sets such thatQ ⊂ Q∗. SupposeQ satisfies the interior
corkscrew condition with 0< κ < 1 and 0< ρ0 <

1
2 dist(Q, ∂Q∗). Then, for everyx ∈ Rn

andR > 0, the open setQ(x,R) satisfies the interior corkscrew condition with the sameκ and
ρ0R. Note that 0< ρ0R < 1

2 dist(Q(x,R), ∂Q∗(x,R)). Let κ1 be as in the proof of Lemma5.5.
For eachb > 1 we choosej such that (1− κ j

1)
−p < b. Let ε = 2− j−2ρ0κ andQ′ = Qε. Since

(1+ 2/κ)εR≤ 2− jρ0Rand

Q′(x,R) = {y ∈ Q(x,R) : δQ(x,R)(y) > εR}
by dilation and translation, the required estimate follows from the proof of Lemma5.5 with
U = Q(x,R) andD = Q∗(x,R). □

Proof of Theorem1.4. It is sufficient to show that ifDQ,Q∗(Capp, µ, r,E) > 0 for somer > 0,
then limr→∞DQ,Q∗(Capp, µ, r,E) = 1. The main idea is the same as in the proof of Corollary
1.5. In view of Lemma3.2, we may assume that (4.3) holds for ally ∈ Rn with somer > 0,
λ > 1 andη > 0. Let 0< c < 1 and choose a positive integerk satisfying (4.7). Let Q′ be as in
Corollary5.6with b = 1/

√
c. ChooseR > 0 such thatRdist(∂Q′, ∂Q) > kλr. For an arbitrary

point x ∈ Rn we have

dist(∂Q′(x,R), ∂Q(x,R)) = Rdist(∂Q′, ∂Q) > kλr,

so thatQ′(x,R) ⊂ Qk(x,R) = {y ∈ Q(x,R) : δQ(x,R)(y) ≥ kλr}. Hence

Capp, µ(Qk(x,R),Q∗(x,R))

Capp, µ(Q(x,R),Q∗(x,R))
≥
√

c

by Corollary5.6. On the other hand, Corollary4.5with
√

c in place ofc gives
Capp, µ(E ∩ Q(x,R),Q∗(x,R))

Capp, µ(Qk(x,R),Q∗(x,R))
≥

Capp, µ(E ∩ Q1(x,R),Q∗(x,R))

Capp, µ(Qk(x,R),Q∗(x,R))
≥
√

c.

Multiplying the inequalities, we obtain the theorem, sincex ∈ Rn and 0< c < 1 are arbitrary.
□
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