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A numerical approach toward the p-adic Beilinson
conjecture for elliptic curves over QQ

Masanori Asakura, Masataka Chida
with Appendix B by Francgois Brunault

Abstract

Restricting ourselves to elliptic curves over Q, we reformulate the p-adic Beilin-
son conjecture due to Perrin-Riou, which is customized to our computational approach.
We then develop a new algorithm for numerical verifications of the p-adic Beilinson
conjecture, which is based on the theory of rigid cohomology and F'-isocrystals.

1 Introduction

Since Dirichlet proved his famous class number formula in the 19th century, the regulator
has been one of the most important subjects in algebraic number theory. In the 20th century,
several generalizations of Dirichlet’s formula were proposed in the context of higher K-
theory by Lichtenbaum, Borel, etc. In particular, Beilinson’s conjecture on special values of
motivic L-functions ([Bei], [Sch]) is an important milestone, and this mysterious conjecture
is still attracting lots of researchers in arithmetic geometry.

The p-adic analogue of the Beilinson conjecture was formulated by Perrin-Riou [PR]; we
shall call it the p-adic Beilinson conjecture. Roughly speaking, it asserts a certain formula
on p-adic regulators and the special values of p-adic L-functions, which is conceptionally

described as )
p-adic L-value L-value

p-adic regulator  Beilinson regulator’

However, the above involves a serious issue. At the present, there is no general definition
or even candidate of the p-adic counterparts of motivic L-functions. Perrin-Riou needed to
formulate the statement together with the existence of p-adic L-functions simultaneously,
and that leads to a very complicated statement.

On the other hand, restricting ourselves to the case of elliptic curves over QQ, the p-adic
L-functions are defined by the following people.

* Mazur and Swinnerton-Dyer [MS]
¢ Vishik [Vi], Amice and Vélu [AV]

* Pollack and Stevens [PS2], Bellaiche [B] (critical slope p-adic L-functions).



Thus one can re-formulate the p-adic Beilinson conjecture in terms of the above p-adic L-
functions (cf. [PR, 4.2]). However there still remains a problem. In general, the regulators
are only determined up to multiplication by Q*, in other words there is no canonical manner
to remove the ambiguity of Q*. The p-adic Beilinson conjecture is stated by fixing bases of
several cohomology groups, though the choice does not matter by replacing the normaliza-
tion of her p-adic L-functions if necessary. On the other hand, the normalization of the p-adic
L-functions by Mazur and Swinnerton-Dyer et al is fixed and it is a natural one. Therefore,
we need to choose a suitable basis of cohomology groups according to this, and it is not so
obvious to do this.

In this paper we write down the p-adic Beilinson conjecture for elliptic curves over Q in
terms of the p-adic L-functions by Mazur and Swinnerton-Dyer et al. To be precise, let £ be
an elliptic curve E over Q, and -y a root of the characteristic polynomial X? — a,(E)X + p
of the Frobenius. Then, for an element £ € H?,(E,Q(n + 2)) of the motivic cohomology
group, we introduce R, (h'(E)(—n),&) the Beilinson regulator without ambiguity of Q*,
and R, (h'(E)(—n),£) the p-adic regulator without ambiguity of Q*. Our formulation of
the p-adic Beilinson conjecture is described as follows (Conjecture 3.3):

L, (E,w™ —n) _ 4 L'(E,—n)
Ry (hH(E)(—n), ) Roo(hWH(E)(—n),€)’

where w is the Teichmiiller character. We also give a formulation for elliptic modular forms
of weight k£ > 2 with rational Fourier coefficients (Conjecture 3.1). Our statement is more
accessible than the original one, especially with regard to numerical verifications. The latter
half of this paper is devoted to giving numerical verifications of our statement in the case
n = 0O:

n>0 (1.1)

L,~(E,w1,0) _ 4 L'(E,0)
va’Y(hl(E)vg) B ROO(hl(E)ag)

Theorem 1.1 Let f : X — S C IP’}@ be an elliptic fibration over a Zariski open set S which
has at least one split multiplicative fiber. Let X, = f~1(a) be the fiber at a Q-rational point
a € S(Q). Let £ € H*/(X,Q(2)). Then, under some mild assumption on p, there is an
algorithm for computing the p-adic regulator

(1.2)

Rpﬁ(hl(Xa)a ¢lx.) (1.3)
modulo p™ for each n > 1.

In Theorem 1.1, the central role is played by the theory of rigid cohomology and F'-isocrystals.
The precise statement of the algorithm requires lots of notation, which shall be given in §5.
We here give an outline and idea of our algorithm.

Let y? = 413 — gox — g3 be the Weierstrass equation of f with g, g3 € €(S). Let
w = dzx/y and n = zdz/y. We take an inhomogeneous coordinate A of Rb such that f has
a split multiplicative reduction at A = 0. Let ¢ be the p-th Frobenius on Z,((\))" given by



o(\) = a* PN where Z,((\))" denotes the p-adic completion of Z,[[A]][A\"!]. According to
the main result of [AM], one can associate an element

7 Nw + e\ € HiR(X/S) @a(s) O(S)1

to & € H%,(X,Q(2)) where 0(S)' denotes the weak completion of &(S), and its reduction
modulo A — a provides the syntomic regulator

regyn(€lx,) = &7 (a)w + 5 (a)n € Hip(X./Q,).

The p-adic regulator R, (h'(X,),{|x,) is obtained from the syntomic regulator. Since
(o)

e;”’(\) are overconvergent functions, their reduction are rational functions,
@y — Pn(A) n
g (A = mod p
Qn(X)

where P, (), are polynomials. The algorithm is done by exploring the explicit descriptions
of P,,Q,. To do this, we employ the deformation method by Lauder [L]. We take another
basis 0,7 € Hig(X/S) ®a(s) Zy((N))" as in §4.3 (see also Proposition 7.3), and let

e Nw + 7 (N = BT (VD + ES (07,

See (5.5) for the transformation formula between {£”(\)} and { E{”’(A)}. Note that £\”())
are no longer overconvergent. The first step (§5.1 Step 1) is to compute the series expan-
sions of EZ-(U)(/\) except the constant term of Eéa)()\). Thanks to the property of the basis
{@,n}, there are certain simple differential equations for EZ-(U)()\) (see (5.3), (5.4)), which
are determined from the several invariants of the elliptic fibration f (e.g. j-invariant) and

d\

dlog(¢) = ge(A) A w.

One can compute the series expansions of EZ-(U)()\) from the differential equations. The
technical key in our algorithm is Kedlaya-Tuitman [KT, Theorem 2.1], which provides an

explicit bound /V,, such that

deg P, < N,,, deg@, < N,.
This estimate allows us to determine the constant term of Eég)()\) modulo p™ uniquely. See
§5.1 Step 2 (also Remark 5.1) for the detail. This completes the computations of the series
expansions of 550) (A) modulo p™ until the degree N,,. The final step (§5.1 Step 3) is to get
the full descriptions of P, Q,. Firstly, one can take (),,(\) to be a product [[,(A — a;)™
where \ = q; are points of A' \ S, and one has explicit bounds of n;’s by Kedlaya-Tuitman.
Once we have @, (), it follows from the fact deg P, < N,, that we have

Pu(N) =7 () - Qu(N) mod XM,



which completes the computation of P,, ),,. We thus have

Pn(a>
Qn(a)

where the right hand side denotes the evaluation of the rational function.

e (a)

(2

mod p"

In the paper [A2], the first author introduces a new kind of p-adic hypergeometric func-
tions, which we denote by ﬁg(a)()\). For some examples of elliptic curves, the syntomic
regulators can be described in terms of .7, g(a)()\) ([A2, §5]). This provides an alternative
algorithm for computing R, ,(h'(X,),¢|x,) when ord,(a) = 0.

We mainly focus on the numerical verifications of (1.2), while there is an example which
is proven.

Theorem 1.2 (Theorem 6.2) Let E be the elliptic curve defined by an equation y* = x(1 —
z)(1 + 3x) over Q. Let

£ =

{y—l—l—x 4a?

y—1+x’(1—x)2} € Ka(E).

Let p be a prime at which E has a good reduction. Let vy be a root of the eigenpolynomial of
E modulo p such that ord,(y) < 1. Then (1.2) holds.

The proof uses a formula of Rogers-Zudilin for computing the right hand side of (1.2), and
Brunault’s formula for computing the left hand side, together with a comparison between the
symbol ¢ and the Beilinson-Kato element (Appendix B).

There have been several papers concerning the p-adic Beilinson conjecture, Bannai-
Kings [BK], Kings-Loeffler-Zerbes [KLZ], Niklas [N], Brunault [Brl], Bertolini-Darmon
[BD] and probably more. A noteworthy point is that our approach is entirely different from
theirs. For example, many papers rely on Kato’s seminal paper [Ka3] where the Beilinson-
Kato elements are introduced. Ours is less powerful than the method using [Ka3] while ours
allows an approach to new examples such as the Beilinson-Kato elements [Ka3] vanish in
the p-adic cohomology groups H(Gq, H (E,Q,(2))) (Remark 6.1). A number of such
numerical verifications convince us of our reformulation of the p-adic Beilinson conjecture.

The paper is organized as follows. §2 is a review of p-adic L-functions for elliptic mod-
ular forms, which includes the recent development of critical slope L-functions. We give
a precise statement of the p-adic Beilinson conjecture for elliptic curves in §3 (Conjectures
3.1, 3.3). In §4, we provide the algorithm for computing the p-adic regulators (1.3), which
is summed up in §5.1. With use of this algorithm, we give numerical verifications of the p-
adic Beilinson conjecture for explicit examples of elliptic curves in §6 where we use SAGE,
Pari/GP or MAGMA for computing the special values of (p-adic) L-functions. The values
of critical slope p-adic L-functions were kindly provided by Professor Robert Pollack. In §7
Appendix A, we sum up the standard results on the Gauss-Manin connection for elliptic fi-
brations, which are used especially in §4. Most results in Appendix A are probably known to
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experts. However since the authors do not find a suitable literature, we give a comprehensive
exposition for the convenience of the reader. Finally we compare the symbol in Theorem 1.2
with the Beilinson-Kato element in §8 Appendix B.

Acknowledgement. The authors very much appreciate Professor Frangois Brunault for
kindly providing Appendix B. The authors would also express sincere gratitude to Professor
Robert Pollack for providing numerical values of the critical slope p-adic L-functions, and
Professor Shinichi Kobayashi for helpful suggestions and comments.

All data generated or analysed during this study are included in this published article.
The authors declare no conflicts of interest associated with this manuscript.

2 p-adic L-functions for elliptic modular forms

Here we recall some basic facts on the cyclotomic p-adic L-functions for elliptic modular
forms. Let N be a positive integer greater than 3. Fix a prime p > 2 not dividing N and
fix embeddings Q — C and Q — Q,. Let K be a subfield of Q. Let Sy42(T'1(N), K)
be the space of cuspforms of weight k& + 2 for I'; (V) whose Fourier coefficients belong to
K. Let f be a normalized eigenform of weight k& + 2 for I'g(N) with character x;. We
denote the n-th Fourier coefficient of f by a,(f). Let a and 3 be the two roots of X? —
ap ()X + xs(p)p"** with ord,(«) < ord,(B). Then f,(z) = f(z) — Bf(pz) and f5(z) =
f(2) —af(pz) are normalized cuspforms for I'y = I'; (N) N Ty (p) of weight k+ 2. Moreover
they are also eigenforms for U,-operator and satisfy U,f,(z) = af.(z) and U,fs(z) =
B f3(z). The modular forms f, and fj are called p-refinements (or p-stabilizations) of f. If
ord,(8) = k + 1, the p-refinement f5 is called a cuspform of critical slope. If f is non-
ordinary, then « and f satisfy ord,(«) < ord,(5) < k + 1. In this case, we have p-adic
L-functions Ly, ,(f, x, s) and L, s(f, x, s) constructed by Vishik [Vi] and Amice-Vélu [AV]
for any Dirichlet characters' x. If f is ordinary, « satisfies ord,(«) = 0. Therefore we also
have p-adic L-function L, ,(f, x, s). For the critical slope case, Pollack-Stevens [PS1, PS2]
and Bellaiche [B] constructed p-adic L-functions L, 5(f, X, s) under certain assumptions. In
this section, we recall the constructions briefly.

2.1 Preliminaries

Let H = Z[T,(¢ 1 N), U,(q|N)] be the Hecke algebra. For a commutative ring R, let
P (R) denote the space of homogeneous polynomials of degree k in X and Y with R-
coefficients. Let Ay = Div’(P'(Q)) be the degree zero divisors on P*(Q). Then A is a left
GL2(Q)-module by the linear fractional transformation.

Let Y1 (V) be the open modular curve over Q with level I'y (N)-structure and 7 : & —
Y1 (V) the universal elliptic curve. The line bundle w = Q% Jvi (v 18 naturally extended to
the modular curve X; (V). Then we have an identification

Skr2(T1(N), K) = H*(X1(N)k,w* © Qx, (wy)-

'In this paper, we only consider the case that  is a Dirichlet character of p-power conductor.
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For the local system .,?kB = Symk R'7,.7Z, we also have a canonical identification
H(Yi(N)(C), Z) = Hom, (w) (Lo, Zk(2)).
For simplicity, we denote H}(T'1(N), 2(R)) = H!(Y1(N)(C), £B)® R for a commutative

ring R. The element ¢ = _01 (1) defines an involution. If R is a Z[1/2]-module, then we

have a decomposition
H,(T1(N), Z(R)) = H,(T1(N), Z(R))" @ H,(T1(N), Z(R))",

where H}(T1(N), 2x(R))* = {zx € H{(T\(N), Z.(R))|(z) = +x}. It is known that
the action of ¢ coincides w1th the action of the complex conjugation (see [Ka3, Proof of
Lemma 7.19]). For a cuspform g € Si42(I';(N),C), we define a cohomology class &, €
Hcl(rl(N)v ‘@k((c)) = HOHlFl(N)(AC)? ‘@k(C)) by

&z} — {y}) = 2ri / ") (=X 4 Y)de.

Let K be a subfield of @p and ¢ : H — K be an algebra homomorphism and V' a finite
dimensional vector space over K with an action of #. Fora € K and T' € H, let V]o, T
be the eigenspace for 7" acting on V' with the eigenvalue o and we put

— () VI((T), T
TeH

Similarly, let V{, 7 be the generalized eigenspace for 7" acting on V" with the eigenvalue o
and define the ¢-isotypic subspace V|4 of V' by

Vigy = ﬂ Vie),m)
TeH

For a normalized eigenform f(z) in Sy42(T'1(N), Q), we put L = Q({a,(f)}>2,). Itis well-
known that L is a finite extension of Q. Then we can define the homomorphism ¢ : H — L
by ¢¢(Ty) = as(f) for £ { N and ¢¢(U,) = a,(f) for ¢g|N. For simplicity, we denote
VIf1=Vlgsland Vis) = Vig,).

2.2 Result of Amice-Vélu and Vishik

Let f be a normalized newform in S;,_»(I';(N), Q) and denote the complex conjugate cusp-
form ) >° an(f)q" of f by f*. Let v be the valuation induced by the embedding L — Q —»
Q and ﬁ Lo the discrete valuation ring defined by v. We define

H(D1(N), Z(Or0))*[f] = Ho (Tu(N), Zi(L)*[f] NVH (DLN), Pi(OL0))-

Then it is known that H(T'\(N), 2.(01.,))*[f] is a free O ,-module of rank one. We
fix a generator u* in HX(T'\(N), 2.(01,))*[f*]. For 0 # n € Spio(T1(N), L)[f*] and
u = (u*,u”), we define a complex number 0 = Q7 (1, u) by

é-:l: Qi u:t

where £+ is the projection to H}(I'1(N), 2,(C))*[f*] of &,.
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Remark 2.1 1. By multiplicity one, n is a nonzero multiple of f by an element in L*.

2. The generator u* is determined only up to an element in O LXW. Since
H, (Ty(N), Zu(O0))*[f] = Ho(Tu(N), Zi(L))*[f] N H(T1(N), 21(601))

is not a free O'r-module in general, we do not have a canonical choice of u™ to define
the periods. Therefore, our p-adic L-functions will depend on the choice of u™.

Let f be a normalized eigenform of weight k + 2 for I'o(/V) with character y ;. Let a be
aroot of X% — a,(f)X + x;(p)p***. For a,m € Q and P € Z;(C), we put

—a/m

/a/m Ful2)P(=m= +a, 1)dz + /

o0 o0

m
/\ia(a,m)(P) = Q—? { fa(2)P(mz + a, 1)dz} .
Theorem 2.2 (Vishik [Vi], Amice-Vélu [AV]) Let f be a normalized eigenform of weight
k + 2 for To(N) with character x ;. Let o be a root of X* — a,(f)X + x;(p)p**! satisfying
ord,(a) < k + 1. Then there exists a unique p-adic distribution uia on 7, satisfying the
following properties:

. 1 . .
1. / acjd,ufa = —)\fa(a,p”)(Xij*])forV >0and0 < j <k
a+pVZp ) al/ )

2. For(0 <i < ord,(a), sup = o(p" @)= ywhen v tends to

aEZE

[ -,
a+p¥Zyp ’

infinity (i.e. ,ufa is ord, (ov)-admissible).
For x € Z), we write v = w(x)(z) with w(r) € u, 1(Z,) and (v) € 1 + pZ,. Let
X:Zy = Q" be a character of conductor p". Now we set 11 fa = u}fa + 14}, and define the
p-adic L-function Ly, o(f, X, 5) = Lpanu(f, X, s) by

LyalFos) = [ x(@)la) dug

Z

p

for s € Z,. Then we have the following interpolation property.

Theorem 2.3 (Vishik [Vi], Amice-Vélu [AV]) Assume that the root « satisfies ord,(a) <
k + 1. For a primitive character x : (Z/p*Z)* — @X and1 < j < k + 1, we have

G- L)

L 1 1= xspp" a1 - p ™) (—2mi)i " o) x=1,
pal LT = N Go) LA T) ify £ 1
oV (—2mi)i-17(X) Q;(x,j) X ’

1)

where e(x,7) = (=1)U=Y . x(—1) and 7 is the Gauss sum defined by

= Y, X

a€(Z/pZ)*
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2.3 Critical slope p-adic L-functions

If ord,(5) = k + 1, it is said that 3 has a critical slope. Here we briefly recall the construc-
tion of critical slope p-adic L-functions following Pollack-Stevens [PS1, PS2]. Let p be a

prime and N a positive integer satisfying (p, N) = 1. We denote I'y = I'; (V) N ['y(p) and
So(p) = {g = (Z Z) € My(Z)|pta,p|c,detg # O}. For a right Z,[Sy(p)]-module M,

we denote the locally constant sheaf associated to M on the open modular curve Yr, (C) =

H/T'y by M, where H is the upper half plane. For simplicity, we assume that the order of
the torsion elements of I'y are prime to p or M is a Z,-module with p > 3. Recall that
Ay = Div?(P}(Q)) is the degree zero divisors on P'(Q). For ¢ € Hom(Ag, M) and g €
So(p), we put (¢|g)(D) = ¢(gD)|g for D € A,. Define Hecke operators 7 (¢ { N) and U,

¢ 0 _ 1 _ 1
by it = ol (o 1) + S0l (o §) and olt, = Sibee (4. We denore

HX(Ty,M) = H}(Yr,(C), M) as before. Then Ash-Stevens [AS, Proposition 4.6] proved
that there exists a canonical Hecke equivariant isomorphism H! (T, M) = Homr, (Aq, M),
where Homp, (Ao, M) = {¢ € Hom(Ay, M) | plg = ¢ forall g € Iy} is the ['g-invariant
homomorphisms. From now on, we will identify these modules by the above isomorphism.
If M is a Banach module and Iy acts on M as unitary operators, then H!(T'g, M) is also a
Banach space with the norm defined by || V|| = suppca, [|¥(D)|| for U e H (T, M).

For r € |C)|,, we denote

B[Z,,r] = {z € C, | there exists a € Z,, such that |z — a|, < r}.

Then B[Z,, ] is the C,-valued points of a Q,-affinoid variety. Let A[r] be the Q,-Banach

algebra of Q,-affinoid functions on B[Z,, r| with the norm || - ||, on A[r] defined by || f||, =

SUP,epz, s |[(2)]p- If 7 > 7', the restriction map A[r] — A[r'] is injective, completely

continuous and has dense image. Then we define the topological spaces %7 (Z,) = li%A[s]
5>

with the inductive limit topology. Let Z[r] (resp. Z(Z,)) be the space of continuous Q,-
linear functionals on .o/ [r] (resp. </(Z,)) endowed with the strong topology. Fix a positive

integer k£ and denote Yo(p) = {(Z 2) € My(Z,) |pta,p|ec ad—be# 0}. For g =
(CCL 2) € Xo(p) and f € Alr], we set

(9% f)(z) = (a+ex)- f (Ziij) |

For g € ¥y(p) and p € D[r], we also set

(1lrg)(f) = plg & f)-

This action induces the action of ¥y(p) on Z(Z,). To emphasize the role of £ in this action,
we write this module as Z,(Z,).



Let 2, = Z,(Q,) be the space of homogeneous polynomials with Q,-coefficients of
degree k in X and Y. We endow the space &7 with the structure of a right GL2(Q),)-module
by

(Plg)(z) = P(dX — ¢Y,—bX +aY),

where g = (Ocl Z) € GL2(Q,) and P € Z. Then we have a ¥y(p)-equivariant map

Pk - -@k — c@k
given by p — / (Y — 2X)*du(2) and it induces the specialization map

pz : H(}(FO, -@k) — Hcl(r(), @k)
Theorem 2.4 ([PS2, Theorem 6.7]) Let 3 be a critical slope eigenform in Si12(Lo, @p) (i.e.

fs is the critical p-refinement of a p-ordinary eigenform f in Sy.2(I'1(N), @p) ). Assume that
the order of torsion elements in Iy are prime to p. Then the map induced by the specialization
map

(HCI(F(), .@k) ® @p)(fﬁ) L> (Hcl(r(b gk) & @Z’)(fﬁ)

is an isomorphism if and only if fg is non-0-critical (i.e. fg does not belong to the image
of the 0-operator 0% : ST_k(FO,@p) — SZ+2<F07@1)> which acts on the g-expansion by

k+1
(q d_q) , where S1(Tg, @p) is the space of overconvergent cuspforms of weight r).

For a normalized eigenform f3(2) in Sy42(Io, Q,), we put K = Q,({an(f5)}52,). Then it
is known that (H. (Tg, Z)* ® K)(y,) are one dimensional vector spaces over /. We choose
@}tﬁ — W}Z,n,u in (H,}(Fo, gzk)i ® K)(fﬁ) as

ot ({2} — {y}) = ;;—f ( J e Y)kdz)

and put @g, = gp}; + ¢y, Recall that Qf = Q}t(n, w) is the period determined by 7 and
u=(ut,u").

Assume that fz is a critical slope eigenform in Sy (I, @p). Furthermore we suppose
that fs is non-0-critical. Then by Theorem 2.4, there exists a unique element ¢ fs such
that the image of ®;, under the specialization map H!(To, Z)(s,) — H,(To, P)(ss)
is equal to ¢y,. Since we have the identification H,(T'o, Zx) = Homr, (Ao, i), iy, =
Py, ({oo} —{0})|zx defines an element in Z(Z,;). Therefore we can define the critical slope

p-adic L-function L, 5(f, x, ) = Ly gnu(f, X, s) by
Ls(fos) =[xty

for each finite order character y of Z,'. Then the critical slope p-adic L-function L, s(f,xs)
satisfies the same interpolation property of Theorem 2.3. However the p-adic distribution y s,
is not characterized by the interpolation property in the critical slope case.
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3 p-adic Beilinson conjecture for non-critical values of p-
adic L-functions

In this section, we give a reformulation of the p-adic Beilinson conjecture for the special
values of the cyclotomic p-adic L-functions in the case of cuspforms with rational Fourier
coefficients. For the case of elliptic curves over (Q, the conjecture can be simplified. Since
we will focus on the case of elliptic curves over Q later, we also explain the formulation of
the conjecture for the special case. First, we begin with the review of Beilinson regulators
and the syntomic regulators.

For a smooth scheme X over a commutative ring A, let Q% /A denote the algebraic de
Rham complex, and Hjg(X/A) = Hj, (X, Q% ,) the algebraic de Rham cohomology

where H, (X, —) denotes the hypercohomology of the Zariski site of X.

zar

3.1 Deligne-Beilinson cohomology and real regulators

Let X be a smooth quasi-projective variety over C, and X a smooth completion such that
D := X \ X is a normal crossing divisor (abbreviated NCD). Let j : X < X be the open
immersion. Let Q’Tm(log D) denote the analytic de Rham complex with log poles along
D, which is quasi-isomorphic to the de Rham complex j.Q%a.. Let Fil" Q% (log D) =
Q'YZJ; (log D) be the stupid filtration.

For an integer » > 0, the Deligne-Beilinson complex is

Z(T)@,X,Y := Cone[Rj.Zx (r) @ Fil" Q%an (log D) Ly 7% ]

the cone of complexes of sheaves on the analytic site X where Zx (r) := (2mi)"Zx and
€ : Zx(r) — Q% is the natural map, and i : Fil" Q% (log D) — Q% (log D) — .05 is
the composition. The Deligne-Beilinson cohomology is defined to be the cohomology

Hy (X, Z(r)) == H'(X™, Z(r) 5 x x)-

This depends only on X, and functorial with respect to X ([EV, Lemma 2.8]). The Deligne-
Beilinson cohomology H?,(X, A(r)) with coefficients in a ring A C R is defined by replac-
ing Z with A in the above. The distinguished triangle

Cone[Fil" Q% (log D) = Q%] — Z(r)y x x — RjsZx (1)

gives rise to an exact sequence

o= HIZHX/C)/Fil" — HL,(X,Z(r)) — H5(X(C),Z(r)) — Hip(X/C)/Fil" — -

3.1)

where Fil* = Fil* Hyg(X/C) denotes Deligne’s Hodge filtration and H} is the Betti coho-

mology. Here we note that the analytic de Rham cohomology H'(X ™" Q%..) agrees with
the algebraic de Rham cohomology H (X/C).

Let XR be a smooth variety over R, and Xg a smooth compactification such that Dy :=

Xr \ Xg is a NCD. Let X = Xy xp C etc. and denote by X(C) the complex points.
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Then complex conjugation z — Z induces the anti-holomorphic map F, : X (C) — X (C),
which is called the infinite Frobenius. Let w — W denote complex conjugation on smooth
differential forms on X (C). The map

wr— Fi(w), w € Qam(logD)
induces maps
F'Zx(r) — Zx(r), FQ'Z(r)gxx — L(r)gxx

of sheaves on the smooth manifold X(C). We thus have an action on the cohomology
H.(X,Z(r)), Hy(X(C),Z(r)) and so on, which we write by the same notation F,. As
is easily seen, this is an involution (i.e. F2 = id). We write H " to be the F, -fixed part, and
H~ the anti-fixed part. We have

Hy(X(C), Z(r))* = Hy(X(C), Z(s))"V" " @ Z(r - 5).

Define the real Deligne-Beilinson cohomology H:,(Xg/R,R(r)) to be the F.-fixed part
(ISch, §2]) | |
Ho(Xe/R,R(r)) := Ho (X, R(r))".

By the theory of the universal Chern classes, the Beilinson regulator map (the higher
Chern class map)

regl) : Koy i(X) — Hi, (X, Z(r)) (3.2)
is defined ([Sch, §4, p.29-30]). It induces the real regulator map

regt’ : Kop_i(Xg) — HL(Xg /R, R(r)) (3.3)

to the real Deligne-Beilinson cohomology group.

3.2 Syntomic cohomology and syntomic regulators

Let W be the Witt ring of a perfect field k£ of characteristic p > 0, and put K := Frac V.
Let X be a smooth projective W-scheme. We write X, := X Xy kand Xi = X xy K.
Then the syntomic cohomology of Fontaine and Messing

H! (X,Z,(r)), r>0

syn

is defined ([FM], [Kal]). There is an exact sequence

A -2 A .
o= FiVHE L(X /W) =5 HE (X /W) — HE (X, Z,(r)) — Fil"HL, (X /W) — -+

crys crys syn crys
(3.4)

which is a counterpart of (3.1), where ® is the p-th Frobenius on the crystalline cohomol-
ogy H: .(X;/W), and Fil* is the Hodge filtration via the comparison H! _ (X;/W) =

crys crys
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Hx (X/W). If we drop the assumption that X is proper over W, the construction of the
syntomic cohomology in [FM] or [Kal] does not give a “correct cohomology theory”, as
the crystalline cohomology groups may not have finite rank. For a non-proper variety, we
need the rigid syntomic cohomology H} (X, Q,(r)) by Besser [Bel] (see also [NN, 1B]),
which enjoys the expected properties.

Let X be a smooth IW-scheme. Then the syntomic regulator map
regi{;—syn P Koy (X) - Hfig—syn <X7 QP(T)) (3.5)

is defined ([Bel, Theorem 7.5], [NN, Theorem A]). This is compatible with the étale regula-
tor map

regh’ : Kop_i(Xg) — Hi (X5, Qy(r)) (3.6)

via the syntomic period map (loc.cit. Theorem A (7))
¢t Hyy (X, Qp(r) — He(Xic, Qp(r))-

If X is projective over WV, the rigid syntomic cohomology agrees with the syntomic coho-
mology of Fontaine-Messing. In this case we write the subscript “syn” instead of “rig-syn”.
Let X be a smooth projective I1-scheme. The composition p in the following diagram

HIZN (X /W) /(1= p@)Fil" S0 1 (X, Q,(r)) —= Hi, (X, Q,(r))
HZH(X, /W) /Fil”

crys

induces a map . .
Heryo(Xi/W) [Fil" — HY (G, He ' (X7, Qp(1)))-

crys

This agrees with the Bloch-Kato exponential map ([Bel, Proposition 9.11], [NN, Proposition
1.1]).

3.3 p-adic Beilinson conjecture for modular forms

In this section, we assume that the Fourier coefficients of f belong to Q for simplicity.
For a projective smooth variety over Q, let H',,(X,Q(j)) = Kaj_i(X )g) be the motivic
cohomology group and let H',(X,Q(j))z denote the integral part defined by Scholl [Sc2].
Recall that 7 : & — X;(N) is the universal generalized elliptic curve over the modular
curve. Let &% = & x X1(N) * - Xx,(n) & be the k-fold fiber product of & over the modular
curve X(N) and W)}, the canonical desingularization of &*(See [Sc1] or an appendix in
[BDP] by Brian Conrad for details). W, is a smooth projective variety over (Q of dimension
k + 1. Fix a prime p not dividing N. Let W be the integral model over Z,. For a € (Z/
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NZ)k, let o, denote the automorphism on &* obtained from the translation by the sections
of order N, which naturally extends to .. Then we define the projector g,(:) by

1
1
Eé)zm E Og.-

a€(Z/NZ)*

Let & be the symmetric group on k letters. Multiplication by —1 on & and the natural
permutation action of G on &* give rise to an action of the semi-direct product {4-1}* x &,
on &*. This action also extends to W;,. Let pu : {+1}* x &;, — {41} be the character which
is multiplication on {+1}"* and the sign character on &;. Then

81(3) _ ﬁ Z p(o)o € Q[Aut(Wy/X1(N))]

oe{+1}k X6y

defines a projector. The projectors e,(:) and e,(f) commute, and therefore the composition

€k = 51(:)51(62) defines a projector. Then the de Rham realization of the Chow motive M =

(W, ex) is canonically isomorphic to the parabolic de Rham cohomology:
Hig(M/Q) = e Hip(Wi/Q) = erHig' (Wi/Q) = Hy,o(X1(N), Sym* 2, V),

where .Z = R'm, (0 — Op — Q IX2(N) 0) is the relative de Rham cohomology sheaf on
X1(N). The space of cuspforms Sy, 2(I'1(N), Q) = H(X,(N),w* ® Qﬁfl(N)) is naturally
identified with a subspace of the parabolic de Rham cohomology H' (X{(N),Sym"*.Z, V).

par

Moreover, we have Fil° e, H (W;,/Q) = H},.(X1(N), Sym* £, V),
Fil' e, Hjg (W /Q) = - -+ = Fil'"" ey Hip (W, /Q) = HO(X1(N), w"* ® Q, ()

and Fil**? ¢, H, (W, /Q) = 0, where Fil' denotes the i-th step in the Hodge filtration on
e Hir (Wy/Q). For the Betti realization, we have a canonical identification

H(M,Q) = e, Hyy(Wi(C), Q) = e, H ™ (Wi(C),Q) = HL, . (X1(N)(C), L),

par

where 5, = £ @z Q (recall that £F = Sym" R'm,Z as in 2.1) and

Hoor(X1(N)(C), L) = Im [H, (X1(N)(C), L) — H' (X1(N)(C), L]

par

is the parabolic Betti cohomology.

Let f be a normalized newform in Sio(I'1(NV),Q) (note that f = f* in this case).
Then the element u* is determined only up to sign. Also we fix a non-zero element 7 in
Se+2(T1(N), Q)[f] = H(X1(N),w* ® Qx,(v))[f]- As we mentioned above, 7 can be
identified with an element in e, ¥ (W}, /Q)[f] and u* can be viewed as an element in

Hy (M, Q)[f]* = exHz(Wi(C), Q)*[f] = ex HE™ (Wi(C), Q)*[/].
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Let v be an eigenvalue of the Frobenius ¢ on
(e HE Wi /Q,) @ Q)If] = (ex HaTE Wi, [ Zp) @ Q,)[f]

and choose a non-zero eigenvector v,, in (e, Hit ' (W;,/Q,) ® Q,(7))[f] with eigenvalue 1.
Assume that the polynomial X2 —a,(f)X + p¥*1 has distinct roots”. Under this assumption,
the subspace of (e, HX ' (W,,/Q,) @ Q,(v))[f] where ® acts by the multiplication by ~ is
one dimensional. Therefore v., is uniquely determined up to a non-zero scalar. Let

regsyn . €kaIZFQ(Wk, Q(n + k + 2))2 — €kHSkerrl2(Wk, Qp(n + k + 2)) = Engptl(Wk/Qp)
be the syntomic regulator map. Let
Prar.s : exHag (Wie/Qp) — exHyl (Wi /Qp) /]

denote the projection to the f-isotypic subspace. Assume that ) and v, are linearly indepen-
dent® over Q,,. For an element ¢ € £, H*}*(Wy,, Q(n + k + 2))z, we set

Tr(prdR,f © Ilegsyn (5) U ,UW)

-n = T*(=n o ktHl4n -1
Ry M(f) (), €) = T (=m)(1 — #1771 LSS0 € (),
where
(—n —1)! ifn < —1,
F(=n) = (—n1')" ifn > 0.

Note that R, . ,(M(f)(—n),§) is independent of the choice of v, since v, is unique up to a
non-zero scalar. On the other hand, we have the Beilinson regulator map

reg, : e, H 2(Wi, Q(n + k 4+ 2))z — ex HEP2 (Wi g /R, R(n + k + 2))
=~ e Hiy ™ (Wi(C),R(n+ k + 1)) "
~ o HEP (W3(C), R) V"™ @ R(n + k + 1).
We denote the projection to the f-isotypic subspace by
pry ;1 en HE™ (Wi(C),R) V" @ R(m) — e HEM (Wi (C), )TV [f] @ R(m),

where m = n + k + 1. Now we define

Reou(M(f)(—n), &) = ﬁTT(PTB,f oregy(§) U U(fl)wkﬂ) €R.

(2mi
Ll(f: _n)

By the Beilinson conjecture, it is expected that the ratio is a rational

number.

2This is conjectured in general and known for k = 0.

3We exclude the case that 7 and v, are linearly dependent, since Ry, (M (f)(—n),€) is not defined.
However, it is expected that such a case occurs only when f has CM and f, is a critical slope eigenform.
Indeed, if n and v., are linearly dependent, v~ belongs to Fil" e H ar (Wi /Q). This implies that - is divisible
by p**! (hence f is ordinary at p and f~ is a critical slope eigenform). Then it is easy to see that the local
Galois representation attached to f at p is decomposable by the existence of the unit root subspace. In this case,
it is conjectured that f has CM (see [CWE, (CG)]). For the case k = 0, this is known by Zhao [Zh].
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Conjecture 3.1 (p-adic Beilinson conjecture for modular forms [PR]) Assume that the poly-

nomial X* — a,(f)X + p**t has distinct roots. Suppose that one of the following conditions
holds:

1. ordy(y) < k+1,
2. ord,(y) = k + 1 and the p-refinement f., is not f-critical.

Moreover we assume that 1) and v, are linearly independent over Q,,. Then for n > 0, there
exists a non-zero element

€€ e H AW, Q(n+ k +2))z

Lpymulf, w "t —n)
Ryyn(M(f)(=n),§)

Lyymul/f, w " —n) -4 L'(f,—n)
Rp77,77(M(f)(_n>a§) Roo,u(M(fx_n)uf)

Remark 3.2 1. In the original formulation of the p-adic Beilinson conjecture by Perrin-
Riou [PR, 4.2.2 Conjecture (CP(M,T))], it is expected the existence of p-adic L-
function satisfying the interpolation property in the critical range and the p-adic Beilin-
son formula in the non-critical range. For the case of elliptic modular forms, we al-
ready have an appropriate p-adic L-function L, (f, X, s) satisfying the interpolation
property in the critical range. Therefore we can formulate the conjecture as more
accessible form in this case. Moreover, Perrin-Riou used the étale regulator map to
formulate the conjecture. Therefore the formula of the conjecture has a slightly dif-
ferent form. In general, the comparison between the étale regulator and the syntomic
regulator is explained by Besser [Bel]. By [Bel, Remark 8.6.3], the difference is
given by the factor (1 — [%). Using this result, it is easy to see that our formulation is
equivalent to Perrin-Riou’s formulation.

such that the ratio is a non-zero rational number and we have

2. Our normalization of the p-adic L-functions is slightly different from Perrin-Riou’s
normalization. In fact, Perrin-Riou’s p-adic L-functions should be the half of our p-
adic L-function. For details, see [PR, 4.2.2 Conjecture (CP(M, 7)) and 4.3.4].

3. Forc € Q%, itis easy to see

L%’Yﬁnm(ﬁ w_n_l’ _n) =c ' Lp,"/,'r],u<f7 W_n_la _n)

and

Rpyen(M(f)(=n),&) = ¢t Ry (M(f)(=n),§).

LP77777,U(f7 w_n_:l? _n)

Ry n(M(f)(=n),¢)

over, we can show that the conjecture 3.1 is also independent of the choice of u =
+ —
(ut,u™).

Therefore the ratio does not depend on the choice of 1. More-
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4. Bannai-Kings [BK] proved a version of the p-adic Beilinson conjecture for Hecke
motives over imaginary quadratic fields with class number one when ord, () = 0.

5. In this paper, we only consider the case that p does not divide N as in Perrin-Riou’s
book [PR]. If p divides N exactly once, we also have a p-adic L-function [AV, Vi].
More generally, Rodrigues Jacinto [Ro] has constructed a (de Rham cohomology val-
ued) p-adic L-function for the general case (including the case p* divides N). There-
fore it should be interesting to consider the p-adic Beilinson conjecture for the case of
bad reduction using his p-adic L-function.

3.4 p-adic Beilinson conjecture for elliptic curves

Let F be an elliptic curve over Q of conductor N and let wg denote the Néron differential.
Let u™ be the generator of H'(E(C), Z)* satisfying [ , wp > 0andi™' [ wg > 0. Then
we put QO = [ wgand Qp = [ wp. Itis known that

L(E,X,1)
—
Q)é( )

for any Dirichlet character x. Let f = fp be the newform associated to . For a,m € Q,

we put
M (a,m) = g—i {/m f(z)dz:t/ " f(z)dz}.
E o] 00

Assume that E has good reduction at p. Let y be a root of X? — a,(E)X + p. Using the
modular symbol A7, we can construct the p-adic distribution E,y for any choice of the root y

€ Q(x)

and we can define the p-adic L-function L, (E, x, s) = / x(z)(x)* g, for s € Z,. In

P
particular, we have the following interpolation property: For a primitive Dirichlet character

X (Z/p'2)* - Q,

L L(EA _
(1 -7 1)2 (QE ) 1fX =1,
LPN(E7X71) - P v 1 L(E’Y’]_) .
(—) C— = if y # 1.
v/ X)) Qy

For elliptic curves over Q, the statement of the p-adic Beilinson conjecture can be slightly
simplified as follows. Note that 7 is also an eigenvalue of the Frobenius ® on H};(E/
Qp) = Hlyo(Er,/Z,) ® Q,. Choose a non-zero eigenvector v, in Hip(E/Q,) ® Q, with
eigenvalue . Let

regyn + Hiy(E,Q(n +2))z = Hi, (B, Qyn +2)) = Hip(E/Qy)
be the syntomic regulator map. Suppose ®(wg) # ywg. Note that this is equivalent to the
condition that wg and v, are linearly independent. Then we set

Tr(regsyn(g) Uwy)

R (B () (=), ) = T (=m)(1 = "1y ) — B

€ Qp(7)-
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Let

reg, H;[(E, Q(n+2))z — HEJ(E, R(n + 2))
=~ Hp(E(C),R(n+1))*
=~ Hom(H,(E(C), Q)" R(n +1)).

be the Beilinson regulator map and we denote

1 _1\n+1
regg (O ) e R.

Ree(h(E)(—n),&) = @riyr

L'(E,—n)
R (R (E)(—n),€)

By the Beilinson conjecture, it is expected that the ratio is a rational

number.

Conjecture 3.3 (p-adic Beilinson conjecture for elliptic curves over Q) Assume that one
of the following conditions holds:

1. ord,y(v) <1,
2. ord,(y) = 1 and f, is not -critical.

Moreover we suppose that ®(wg) # ~ywg. Then for n > 0, there exists a non-zero element
¢ € H?,(E,Q(n + 2))z such that

Ly~ (E w1 —n) _ 4 L'(E,—n)
Ry, (R (E)(—n),§) Roo(RY(E)(=n), &)

Remark 3.4 1. The assumption ®(wg) # ywg excludes only the case that E has good
ordinary reduction at p, E has complex multiplication and ~y has critical slope.

2. By the rank part of the Beilinson conjecture, it is expected that
dimg H?,(E,Q(n+2))z =

3. Brunault [Brl] gave an explicit formula for étale regulator of Beilinson-Kato elements.

4. Bertolini-Darmon [BD] gave an explicit formula for syntomic regulator and Beilinson
regulator of Beilinson-Kato elements in the case of weight two cuspforms under some
technical assumptions. However, their result does not cover Conjecture 3.3.

5. In [A2], we proposed conjectures on the relation between the special values of p-adic
L-functions L, ,(E,w™',0) and the special values of p-adic hypergeometric functions
([A2, Conjecture 4.30 — 4.35]). Using the results in [A2], it is easy to see that these
conjectures follow from Conjecture 3.3 and the rank part of the Beilinson conjecture.

For n = 0, we will denote R, (F, &) = R, (h*(E),§) and Roo(E,£) = Roo(h'(E),§) for
simplicity.
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4 Syntomic regulators and overconvergent functions

In this section we work over the Witt ring W = W(IF) of a perfect field F of characteristic
p > 0 endowed with the Frobenius F'. Put K := Frac(W) the fractional field. Let A be
a faithfully flat ¥ -algebra. We mean by a p"-th Frobenius on A an endomorphism ¢ such
that o(z) = 2P" mod pA for all z € A and that o is compatible with the p"-th Frobenius
on W. We also write z7 instead of o(x). For a W -algebra A of finite type, we denote by
AT the weak completion. Namely if A = W/[T},...,Ty], then AT = W[T},..., T,] is the
ring of power series > a, 7 such that for some r > 1, |a,|r!®! — 0 as |a| — oo, and if
A=WITy,...,T,)/I, then AT = WI[Ty,....,T,|'/JIWI[Ty,...,T,].

4.1 Setting and Notation
Let C' be a smooth projective scheme over W of relative dimension 1. Let
f:y—~<c

be an elliptic fibration over W, which means that Y is a smooth W-scheme and f is a
projective flat morphism with a section e : C' — Y whose general fiber is an elliptic curve.
Let T' C C be a closed subscheme such that f is smooth over S := C'\ 7. Put X := f~1(5)
and A := ﬁ(S) Write AK = A@WK, YK =Y XwK, AF = A/pA, YF =Y XWW/pW
etc.
We suppose that the following conditions A1, A2 and A3 are satisfied.
A1l T is a disjoint union of W-rational points {P; € S(W)}, and each D; := f~}(P;) is a
relative simple NCD (possibly a smooth fiber) over IV.

A2 H},.(X,Q/,) is a free A-module of rank one.

zar

The condition A2 is equivalent to that /., (O ) is a free A-module of rank one by the Serre
duality. Then Hlz(X/A) is a free A-module of rank 2 by Lemma 7.6.

A3 There is a point F such that f has a split multiplicative reduction at F,. Let A\ be the
uniformizer of the local ring at the point /% and let &y := Y x¢ Spec W([A]] be
the Tate curve over the formal neighborhood of F,. Let

qg=q\) =rAN"(14+amA+--) € \W][[A] 4.1)
be the multiplicative period. Then x € W and n is prime to p.

The multiplicative period ¢ is characterized by the functional j-invariant j(\), namely it is
the unique power series satisfying

1
G\ = = 4 744 + 196884q + - - - .
q

Let 7(A) € AK[[\]] be defined by ¢ = kA" exp(7(A)),
T(A) =log(1 + a1 A+ --+) € AK[[\]] 4.2)
See Proposition 7.4 (7.6) for differential equations of g and 7(\).
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4.2 Category of Filtered ['-isocrystal

Let AT be the weak completion of A. We write Al = A" @ K. Fix a p-th Frobenius o
on A'. In [AM, 2.1] we introduced a category Fil-F-MIC(S) = Fil-F-MIC(S, o), which
consists of collections of datum (Hgg, Hiig, ¢, ©, V, Fil®) such that

* Hgg is a finitely generated A -module,

* H,, 1s a finitely generated AT -module,

* c: Hyy = Hag @4, Al 18 the comparison isomorphism,

e &: 0" H,yig = H,g is an isomorphism of A K-module,

e V: Hjp — le /x @ Hgg is an integrable connection that satisfies PV = V@,

* Fil® is a finite descending filtration on Hgg of locally free Ax-module (i.e. each graded

piece is locally free), that satisfies V(Fil') c Q' ® Fil' ™'

Let Fil* denote the Hodge filtration on the de Rham cohomology, and V the Gauss-Manin
connection. Then one has an object

H'(X/S) = H'(X/A) := (Hig(Xx/Sk), Hijy(Xz/S%), ¢, ®, V, Fil*) (4.3)

in Fil-F-MIC(S). For an integer r, the Tate object Og(r) or A(r) € Fil-F-MIC(S) is
defined as follows,
Os(r) = (Ag, Al e,p™",d, F(r)*)

where ¢ : Al = Ay ®,4, Al is the natural isomorphism, and F(r)* is the filtration such
that F'(r)™"(Ax) = Ax and F(r) "' (Agk) = 0. We define the Tate twist M (r) by

M(r) = M ® Os(r) = (Mgr, Myig, ¢, p~"®, V, Fil**") € Fil-F-MIC(S).

4.3 Tate curve

Let & = &y be the Tate curve as in A3. As is well-known, there is a uniformization

p: Gy = Spec lim (W/p'u,u™']) — &

over W[[A]]. Let R := W((\))" be the p-adic completion of the ring of Laurant power series
W((N) = W[A][A™Y. Write R := R @y K. The de Rham cohomology HjR(éd/R) is
a free R-module of rank 2. Following [AM, §5.1], we define a basis (which we call the de
Rham symplectic basis)

©, 1€ Hp(€/R) = Hig(€ xwin R/R)

in the following way. Firstly W € I'(&, Ql ) is a differential form of first kind such that
p*@ = du/u. Note that this depends on the uniformization p. Let V : Hi(&/ Ry) —
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QL © Hig(8/ Ry) be the Gauss-Manin connection, where QL
K/K R/
of continuous 1-forms. Since Ker(V) = K, one can define the unique element 7 such that
V() = 0and Tr(w U7n) = 1, where Tr : H(?R(@“’/fi;() — Ry is the trace map.

We shall give an explicit description of {&, 7} in case that p > 5 and & is defined by
y? = 423 — gox — g3 (Proposition 7.3, (7.4)).

K denotes the module

Proposition 4.1

(V@) v@) =@ 7) (i 8)

q
Proof. [AM, Proposition 5.1]. O

Let H'(X/A) € Fil-F-MIC(Ak) be the object in (4.3). Suppose that o extends to a p-th
Frobenius on R = W ((A))" (e.g. o(A) = ¢\ with ¢ € 1 + pW). Then, according to [AM,
5.2], it gives rise to an object

H'(6/R) = (Hi(6/R) @w K, V,P)

in the category F-MIC(Ry) = F-MIC(Ry, o) of F-integrable connections of R-modules
(see [AM, Definition 5.2] for the definition of F-MIC(Rf) ).

Proposition 4.2 Define

P 1 P \"
log'? () := p~'log (E) =-—p! ; - (1 — F)
forx € R*. Ifz € W, then we also write log™) () = log'”) (z). Put
7@ (\) == 10g'(¢) = log™) (k) + nlog”(A) + 7(\) — p~ 17 (N7 € W[[\]]. 4.4
Then we have
(‘I)(@) ‘I’(ﬁ)) - (@ 77) (_mfr)()\) (1)> :
Proof. [AM, Theorem 5.6]. O

Let w,n € Hgr(X/A) be a free A-basis such that w € I'(X, Q) = A. Let&,7) €
Hix (&) R) be the de Rham symplectic basis as before. Define F(\) € R and f;(\) € R by

w=FND, 1= FhNG+ HO (4.5)

In case that p > 5 and & is defined by 3> = 423 — gy — g3, we shall give an explicit
description of F'(\) and f;(\) (Proposition 7.3 (7.4) together with (7.3)).
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Proposition 4.3 Let o be a p-th Frobenius on AT such that it extends on R. Let

Fy = EA (1 N T<a><A>f1(A)>

F(X) f2(N)
_ 1 o foN)7 = pr DN AN
_ @ F(A)”
= VL)
[ Jo(N)7 = pr D (X) fr(N)°
22 f2()\) .

Then we have

(o) o) = ) (Ut 7).

Moreover Fj; € A.

Proof. The representation matrix of ® is straightforward from Proposition 4.2 together with
(4.5). Then this implies that F; € Al = Af @y K. We further show Fj; € A'. By a
commutative diagram

p

0 Al Al A/pA——=0
L
0 R—L>R F((\)) —=0

the W-module l?i/AT is p-torsion free, and this implies that AT = Ak N R. Therefore it is
enough to show F;; € R. To do this, it is enough to show that F'(\), fo(\) € R*. However,
since {w, n} is a free A-basis of Hjy(X/A), one has that Tr(w Un) = F(\)f2(\) € A* as
required. O

Corollary 4.4 Let a : SpecW — S be a W-rational point of S, and m C A the corre-
sponding prime id_eal. Let X, be the fiber at a, which is an elliptic curve over W. Put
Xa,Fp := X, Xy F,. Suppose o= (mA") D mATl. Then the representation matrix of the p-th

Frobenius ® on H}, (X, 7, JF,) is

(i) .

where for f € Al we write by f(a) € Al /mAl. = K the reduction modulo mA’..
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4.4 Unit root fomula

Lemma 4.5 Let o, ¢ and F;j be as in Proposition 4.3. Put
B = lim(A/p" AT[F5']) = lim(A/p" A[F3,'])

and By = B @y K. Note that B # {0} as Fyy = fo(\)P~* % 0 mod pR *. Then

FO) ETN A 4
FOOT FO  FO) < OK

Proof. We prove our lemma by the same argument as that of [VdP, Proposition (7.12)]. For
f(\) € B, one has

O(f(Mw +n) = (Fiz +pf(N)7Fi)w + (Faz + pf(A)7 Far)n

by Proposition 4.3. Let V := {f(\)w + 7 | f(\) € B}. Consider a map

Fio+pf(N)7Fiu
S:V—V S(fANw+n) = +
() ) Fy +pf<)‘)gF21w K

This is well-defined as Fos + pf(A\)7 Fy € B* and we have

AN = BNID
(Foo + pfi(N)7 For)(Fag + pfa(N)7Foy)
where D := Fy1Fy — F5 Fs € (AT)X. This shows that S'is a contraction map with respect

to the norm || - || on R = W((A))" which is defined by || > a;\|| := sup{|a;| | i € Z}.
Hence there is a unique fixed point ug = fo(\)w + 7 € V, namely

S(fiNw +n) = S(fo(MNw +1) =

S(Uo) = Ug <~ (I)(’LL()> = (F22 +pf0()\)UF21)'LL0.

Replace B with R and consider the similar map S on V := {f(\)w + 71 | f(\) € R}. Then
one also has a unique fixed point %y = fo(A)w +n € V of S, and then it turns out that
ug = Ug by the uniqueness. From (4.5), we have

_h(Y)

f2()‘)77 = F()\)

w+n.

By Proposition 4.2, one has that ®( fo(A)77) = fo(A\)?7. This means that the above coincides

~

with the unique fixed point ug of .S, and hence

AW
F(V)

= foN) = fo(N).

“Indeed F(X)f2()\) € A* as is in shown in the proof of Proposition 4.3. Note that f,(A\)?~! € R/pR =
k((\)) belongs to A/pA as so does (Faa mod pAT). However this does not imply fo(A\)P~1 € (A/pA)*
because F(\)P~1 & A/pA.
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Moreover,

fa(A)?

O(f2(N) = LA = 2(fo(Mw+n) = 0 (foNw +n)
implies o
f2(N)7 ”
HOY Fyy + pfo(N) Far.

We thus have f1(A\)/F (), f2(A)7/f2()) € B. Moreover since Tr(wUn) = F(A) f2(\) € A
(see the proof of Proposition 4.3), one also has F'(\)/F'(\)? € B. Finally, we have

Te(By7 (NG + By (W) U o) = Te(E” (NG Uwo) = Bi” (A)/F(A) - Tr(w U) € By
from (4.8). This implies E\”(\)/F()\) € By. O
Corollary 4.6 (Unit root formula) Suppose W = Z, for simplicity. Let a : SpecZ, —
Spec A be a Z,-rational point of S, and m C A the prime ideal. Let X, be the fiber at a.

Suppose o~ (mA") D mAl. Suppose further that X, := X, Xz, F, is an ordinary elliptic
curve. Then the unit root of X, is

Proof. We first note that X, , is ordinary if and only if the absolute Frobenius on H' (& Xa,]Fp)
does not vanish, and this is equivalent to that F5(\)|[x—, Z 0 mod p in Proposition 4.3.
Hence a is a point of Spec By and the special value F())/F(\)?|,_, makes sense. As is
shown in the proof of Lemma 4.5, the unit root vector is ug| —, and the unit root is

ROV FO) | dOr| FOY)
L) oo F)7hoe dN) e P72
where d(\) := F(\) fo(\) € A%, O

4.5 Regulator formula for K of elliptic curves

Recall from §4.1 the elliptic fibration f : Y — C and the singular fibers D; = f~!(F;). Let
U C X be an affine open set such that the following condition holds.

B1 There is an open immersion S < S and a finite flat anorphism v: S — S that is
étale over S where S is projE(/:tive curve over I/ and S is a smooth projective curve
over W. Moreover (U’/S’,S") satisfies the following conditions. Put S = v!(S),

T'=5\SandU' =U xg S and f': U — .

e T is finite étale over W.
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* There is a commutative square

where X' is a smooth projective W -scheme and j is an open immersion, that
satisfies the following. Put X’ = (f)~1($") and F' = (f)"Y(T") and Z' :=
X \ U’. Then X' — S’ is projective smooth, 7' is a relative simple NCD over
W, the multiplicity of an arbitrary component of F” is prime to p, and Z'NX'a
relative simple NCD over 5.

Then R’ fhia j;r], O(uy ) 1s a coherent jg, O(s;.)m-module by [AM, Lemma 4.1], and hence

R fig leJ Oyse is a coherent jgﬁg%x—module thanks to the finite flat base change theorem of
rigid cohomology. Thus our setting (U/S, f : Y — () is adapted to the setting in [AM,
§4.1].

Let K (X) (resp. K'(X)) denote the algebraic K -theory of locally free sheaves on X of
finite ranks (resp. coherent sheaves on X). Letd : K3 (0(U)) — K} (Z) be the composition
of the natural map K2/ (0(U)) — K,(U) and the boundary map (tame symbol) Ko(U) —
K{(Z). Write the kernel by K2/ (0/(U))s—o. Foranelement{ € K3 (0(U))a—o, let G¢(\) €
R be defined by

ax
log(£) = Ge(N) 5 A D € I(8,0% )
Since this has at worst log pole and p*© = du/u, we have
Ge(N) =L+ ar A + ap)* + - € W[N] (4.6)

The constant term [ is an integer (possibly zero). Indeed, let ¢ be the composition of the
maps

K(6) 2% K{(D) — K2 Grow) — K1(Gc) = Klu,u '] 222,

where D C & is the central fiber at A\ = 0 which is the Néron n-gon over W, and j :
Gumw < D is the open immersion. Then [ = +0(§). According to [AM, Proposition 4.3],
one can associate a 1-extension

0 — H'(X/9)(2) — Me(X/S) — O5 — 0

in Fil-F-MIC(S, o) to the element . Let e; € Fil’ M (X /Ax)ar be the unique lifting of
1 € Ag. Define £\ (1) € Al by

ee — D(e) = & (Nw + e (M. 4.7)
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Theorem 4.7 Let a : SpecW — Spec A be a W-rational point of S, and m C A the
corresponding prime ideal. Let X, be the fiber at a. Suppose o~ (mA") D mATl. Let

I‘egsyn : KQ(XG) — H2 (Xll?QP(2)) = HéR(‘Xa/K)

syn
be the syntomic regulator map. Then

regan(€lx,) = €17 (@)w + &5 (a)n.

Proof. This is immediate from [AM, Theorem 4.5]. O
Define E7)(\) € Ry by
&7 Nw + 7 (N = E7 (NG + By (A7 (4.8)
or explicitly
E{7(A) = FNel” () + fites” (V) (4.9)
B () = L2Vl (), (4.10)

where F'(\) and f;()\) are as in (4.5).

Theorem 4.8 Let o be a p-th Frobenius on A' such that it extends on R. Define f'(\) by
f'(N)dX\ = df (X\). Then we have

B0y = G5 gy ST @1
w@&wz—ﬂWM%+ﬁ%MM4§L%@@. (4.12)

IF X = P for some ¢ € 1+ pW, then B\ (\), ES”(\) € W[N] @w K 3 and
E(0) = %log(F)(ff) — Ip~"log(c). (4.13)

Proof. Apply V on (4.7) and (4.8). Since ®V = V&, one has
A ) d
Ge(\) 5 AD—@ <G§(A)7 A @) = (B (V)Y dAAG+ (Ef‘f)(A)—q + (Eg’)(A))'dA) AT,
q

where we apply Proposition 4.1 to the right hand side of (4.8). Apply Proposition 4.2 to the
second term in the left hand side. Then we have

Ge(A ~ o A7) —1~ — o ~ o ~ o q/ o ~
oG S oo ouom = (B0 0o+ (BOWE + BN ) 5
This finishes the proof of (4.11) and (4.12). Suppose that A = cA\P with ¢ € 1 + pW.
It is straightforward to see EY)(A) € W[A\]] ®w K from (4.6) and (4.11). By (4.4), the

coefficient of A1 in the right hand side of (4.12) is
—nE{"(0) +p ' - Ip(log™ () —np~log(c)).

Since Eéa)()\) € ﬁK, this must be zero. This shows (4.13). The right hand side of (4.12)
belongs to K [[A]], so that we have ES”(A) € Ry N K[[A]] = W[[A]] @w K. O

SMore precisely, we shall see that £\’ (\) € W[[A]] by Lemma 4.10 below.

K2
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We have a complete description of the constant Efa)(O), while the constant Eég)(()) seems

more delicate.

Conjecture 4.9 Suppose \° = c\ for some c € 1 + pW. Let D C & be the central fiber
at A = 0 which is the Néron n-gon over W, and D, — D the simplicial scheme. Then there
exists a map (specialization map)

Sp = H2) (& xwipny W((N), Q(2)) — H?,(D., Q(2))

which is induced by the “nearby cycle functor with respect to a parameter kw\”, and we

have
[

By (0) = —5 - (10g™) (k) = np~"10g(€))? + Reyu(Sp(€)),

where Ry, is the composition of the following arrows
I"egsyn = n—1
HE//(‘D‘? @(2)) - HSQyn(Dh Qp(z)) D H(}R<D'/W) % w.
In particular, Rgy,,(Sp(€)) is a Q-linear combination of 1n§p )(e) 's with e € W N Q, where
In®(z) = > pyn 2"/ is the p-adic dilogarithm function.

4.6 Bounds on p-adic expansions of 5](:') (A)

In this section we give effective bounds of rational functions 51(:) (A) modulo p™ according to

[KT]. The main results are Theorems 4.13 and 4.14, which play key roles in later sections.
We note that Kedlaya and Tuitman give a theorem in more general situation ([KT, Theorem
2.1]). However, as we need a little more precise statement, we give a self-contained proof
for the sake of completeness.

We assume p > 3. Recall f : Y — C and an affine open set U C Y that satisfies Al,
A2, A3in §4.1 and B1 in §4.5. Let
§ € Kév[(ﬁ(U))a—o

be an arbitrary element. We fix a p-th Frobenius o on Af compatible with the Frobenius
on W. For a W-rational point P; € T, let \; be a uniformizer of the local ring at P;. Put
Y; :=Y x¢ Spec W[[\]] and X; = Y; \ D; where D; := f~(P;). We further assume that
the following condition holds.

B2 Put
H; :=Tm[H,, (Y;, 05, g (log Di)) = Hig (Xi/W((A:)))]
and
Fil'H; := Im[H? (Y}, Q%/W[[/\i]](log D;)) — Hig(Xs/W((A))].

zar

Then, both of Fil' H; and H;/Fil' H; are free W [[\;]]-modules of rank one.
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We endow the log structures on Y; and Spec W[[\;]] arising from the divisors D; and \; = 0
respectively. Since the multiplicity of each component of D; is prime to p (cf. B1), the
morphism (Y;, D;) — (Spec W[[Ai]], (\;)) is a smooth morphism of log schemes in the
sense of [Ka2, §6]. By [Ka2, Theorem (6.4)], there is the natural isomorphism

He(Yim, Dis, ) /(WML (M) = Hy (Vi 93, g (log D)),

where the left hand side is the log crystalline cohomology. In particular, if o();) = cA? with
c € 1+ pWV, then the o-linear Frobenius on the log crystalline cohomology is defined.

Lemma 4.10 Let {w;,n;} be a W[[\]]-basis of H;. Suppose that o satisfies \] = cA\! for
some ¢ € 1 + pW. Define ega)(/\i) e Al (j=1,2) by

ec — ®lee) = &7 Nw; + &5 (\ms € Hi(X/W (M) @wowy WW)",  (4.14)

where W ((\;))" denotes the p-adic completion. Then this element lies in the image of
H,o(Yi, Q% i (log Di)). Hence e (\;) and €Y (\;) belong to the subspace W[[\;]] N

zar

Al = W[N] N AT

Proof. Let X’ = X U D;and S’ = SU{P;} and let Z' C 2" be the closure of Z. Then
(X'/S",S,Z") is adapted to the setting in [AM, 4.1], so that the assertion follows from the
diagram in [AM, Theorem 4.5]. O

Lemma 4.11 (Transformation of Frobenius) Ler o be a p-th Frobenius on A, Let F-MIC(A, o)
be the category of objects (H,V,®), where (H, V) is an integrable connection of free A}(-
module, and ® is a p-th Frobenius on H compatible with 0. Let 0 = V 4,45, be the differential
operator which is defined to be the composition

d\; @u—rw H.

H-—~A-d\oH
Let o be another Frobenius on A'. Thanks to the natural equivalence F-MIC(Al. o)
F—MIC(A%, o') one can associate (H,V,®') € F-MIC(Al., o) to an object (H,V,®)
F-MIC(Aj,0). Then, for v € H we have

m 1R

e o _ o)k
' (z) = B(r) =) %@0%.

k=1
Proof. See [EK, 6.1] or [Ke, 17.3.1]. O

Lemma 4.12 Let {w;,n;} be a W[|\]|-basis of H; such that w; € Fil'H;. Assume that
X7 e pWI[N]] + NWIIN]] so that it naturally induces a p-th Frobenius on W[[\]]. Let

e (\) and e () be defined by (4.14). Put

€ 1= nlax{i € Z> ’ ordp(pi/i!) < n}6. (4.15)

®Notice that e,, < oo as we assumed p > 2.
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Put l; := min{ordy, (A7 — AV),p} € Zso, where ord,, : K((\;)) — Z is the order function
with respect to \;. Then

27 (), 57 () € AR+ p W [ A1)

(2

foranyn > 1.

Proof. Let 0 be the p-th Frobenius on W[[\;]] such that o¢(\;) = A\, and @, the Frobenius
with respect to 0y. By Lemma 4.11, we have

(A7 — M)k
B(eg) — Poleg) = Y “Tl)cboakeg. (4.16)

=1

k
Write the right hand side by G (\;)w; + Ga(A;)7;, so that we have
() — &7 () = Gi(A), e () — 2 () = Ga(M).

It follows from Lemma 4.10 that s§”°) (\;) and 5%"0) (\;) belong to W[[\;]]. Hence it is enough
to show
G1(\), Ga(A) € AW N + p" WA, A7) (4.17)

The differential operator 0 is induced from the connection

d\;
Ai

Moreover since Ve = dlog(&) € % ® I'(Y;, Q%Q/W[[/\i]} (log D;)), we have

@ H' (Y5, Q5w (log Dy))-

Oe € A7 W(illwi,  0ee € NTE(W[NilJw; + W[Ai]m)
for all k > 2. Since ® acts on the cohomology group H'(V;, Q2. swip (log D)), there are
uk()\,),vk(/\z) S W[[)\ZH such that
@08]“65 = )\i—kpp_Q(uk()\i)wi + Uk(Al)T]l) (418)

for each k € Z>1, where “p~2” comes from the Tate twist H'(X/A) ® A(2). Notice that
since Pow; = 0 modulo p, one has

Ddec € N, 'p WA Pow; € A Fp~ (W[AJwi + WIIAm:)

and hence
ur(Ni), vi(Ai) € pWIA]].

Applying (4.18) to (4.16), we have

- (/\f - )‘f)k —kp, —2
Gi(\)wi + Ga(Ni)n; = Z = AT (u (M) wi + vk (Na) )

k!
k=1
k-2 —1/\yo p k
p p <>‘i - )\i)
- Z Ll ( P (ur(Ai)wi + v (Ai)mi).
k=1 7
Now (4.17) is immediate from this on noticing p_l()\‘; — N /NP € )\irpw[[)\z‘”- O
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Theorem 4.13 Suppose that C = Py, Let \ be an inhomogeneous coordinate of P' such
that f has a split multiplicative reduction at A = 0 as in A3. Let {ag,a1,...,a,} C W be
the subset such that D; :== f~(a;) is a singular fiber, and set ag = 0. Put D, := f~'(0)
(possibly a smooth fiber). Put \; :== X — a; fori € {0,1,...,m} and Ay, :== \~'. Suppose
further that the following condition is satisfied.

B3 There are w € F(Q}(/A) and n € H;(X/A) such that for each i € {0,1,...,m, o0},
{\%w, X} is a W[\]]-basis of

H; = Tm [H'(Y;, 5, jyn g (log Dy)) = Hag (Xi/W((A:)))]
for some a;, b; € 7.

Let o be a p-th Frobenius on A" such that \° = c\P with ¢ € 1 + pW. Define &?,(:)()\) e Al
by
e = B(eg) = i (W + 2 (V.

Put l; := min{ordy, (A — X?), p}. Let e, be as in (4.15), and

dl,n = Z(—az + (p — li)6n+2) — Uo, dgm = Z(—bz + (p — li)en—l—Q) — boo (419)
i=0 =0

Then z—:,(:)()\) € A' and there are polynomials fy ,(\) of degree < dy.,, such that

o frn(A) n
e\ = — A_la#(p_li)w mod p" Al (4.20)
1=0 "'
o f2,n()\> n
e (\) = [ b o mod p"A'. 4.21)
i=0 "'

Proof. Put w; := \"w and n; := )\?"77. Then
&7 (N + 87 (W = A7 (Wer + A8 (W,
fori € {0,1,...,m,00}. Now the assertion is immediate from Lemma 4.12. [l

In a similar way to the above, we can obtain an estimate of the p-adic expansion of the

Frobenius matrix on 4}, (Xr/Sr).

Theorem 4.14 Let the notation and assumption be as in Theorem 4.13. Let

@) o) =0 (i £2)

pFo
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Let e, be as in (4.15), and put

(paz Q; + (p - lz)en) + Plo — Qco,

'MS

ﬁ
Il
o

dll,n L=

d21,n L= (paz - bz + (p - lz)en) + Ploo — bom

|

ﬁ
I
o

dign 1 = (pb; — a; + (p — l;)en) + Pboo — oo,

|
.MS

S
Il
o

|
M 3

d22,n =

-
I

“ \ [e=]

Then there are polynomials f;;,,(\) € W[\| of degree < d;; ,, such that

. -1
pFy = (H(Af)“i/\i_“#(p_li)e”) firn(A)  mod p"AT, (4.22)

1=0

m -1

pFy = (H(vm bit{p—ti)en ) forn(A)  mod p"Af, (4.23)
i7—n0 .

Fio = (H(/\") D ) fi2n(A) mod p"Af, (4.24)
imO »

Fp = ( (A;?)M;bﬁ“"li)“’") fo2n(A) mod p"Al. (4.25)
=0

Proof. Put w; := \}"w and 7; := )\?in fori € {0,1,...,m,00}. Let FCE,? be defined by
PEY @i+ pFymi = (i) = (A7) AT pFu - wi + (M)A pFo -,

Fl(;)wz + F2(2)771 = (I)(nz) (/\q)bi)\'ﬁaiFm Cw; + (A?)bi)‘;biFm * Mg

Let 0g(\;) = A, and @, the associated Frobenius on H},(Xo/S;). Since ®q acts on
H\(Y;, Q. winag (log D;)), we have the “integrality”

Po(wi), Po(n:) € WAillw: + WI[A]]m:. (4.26)

It follows from Lemma 4.11 (transformation of Frobenius) that there are u(\;), vk (\;) €
W[A;]] such that

(o] )\U >\p
D) = Bolus) Z A (e (Ni)wi + vi(A)s) (4.27)
k=1
- 10D\
=> % ( (Ap)) (k) + vs (M) ) (4.28)

=
Il

1
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as 0Fw; € \TFWIAJws + A" W[N], where 1(\;) == p (A — AP) € W[A]. By (4.26)
and (4.28), we have “estimates”

pEY, pEy) € AP WA + 0 W [ A Y]

or equivalently

1 . B
PR € o VI W)
1
pFy € WAL+ "W [, A7

()\g)ai )\‘_bi‘i‘(p_li)en

foralli € {0,1,...,m,00}. Now (4.22) and (4.23) follows from this. In the same way, we
have

Fue (Wix;@_li)en WA+ P WA A
Fi € ! WA + WA A7

(7o, P

forall - € {0,1,...,m, 00}, and hence (4.24) and (4.25) follow. This completes the proof.
(l

5 Algorithm for computing p-adic regulators

In this section, we demonstrate how to compute the p-adic regulators of K5 of elliptic curves.
The key is Theorem 4.13. In what follows, p > 3 and W = W (F,-) is the Witt ring of the
finite field IF,» with p" elements. Put K := Frac(IV).

5.1 Computing Syntomic Regulators

For f(\) € K((\)), let f/(\) = L denote the derivative.

(Setting). Let A be an inhomogeneous coordinate of P!. Let gy, g5 € W[\ satisfy that
G293 Z 0mod (p, \). Let f : Y — P! be an elliptic fibration whose generic fiber is defined
by an affine equation
92 = 4a° — g2 — gs-.

We suppose that f satisfies A3 in §4.1 at A = 0. Put n := ordy(A) > 0, where A :=
g5 —27g2. We further assume that f satisfies the conditions A1 and A2 in §4.1, and the mul-
tiplicity of each component of an arbitrary singular fiber is prime to p. Then the conditions
B2 and B3 in §4.6 are satisfied by Proposition 7.7. Put

dx xdx
w=—, n=—"-:.
Yy Yy
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Let U C Y be an affine open set that satisfies B1 in §4.5. Let {ag, a1, ...,a,} C W with
ao = 0 be the subset such that D; := f~1(a;) is a singular fiber (f~!(co) may be a singular
fiber). Put S := Spec WA, [[,(A — a;)"'] and X := f~1(9).

Let ¢ € KM(O(U)). Let o be a p-th Frobenius on W[\, [T(A — a;)~!]" given by
g(A) =cA, cel+pW. (5.1

Let
ee — B(ee) = £ (Nw + 7 (W),

Let s > 1 be an integer, and a € W an element such that a # a; mod p for all ¢. Our goal is
to compute
), £ (a) mod p'W (5.2)

explicitly. In case o(\) = af P )P, this gives the syntomic regulator
reg.n(€lx.) = €17 (@)w + e (a) € 3 (Xa, Qp(2)) = Hip(Xa/K)
for the fiber X, := f~!(a) (see Theorem 4.7).

() Put \; ;= X\ —aq; fori € {0,1,...,m} and A\, := A~ Fori € {0,1,...,m},
put ; ;== min{ord,, (A — ), p}. It follows from Proposition 7.7 that for each i €
{0,1,...,m, 00}, there are integers a;, b; such that

i,  Aip
is a free W[[\;]]-basis of H;, where H; is as in Theorem 4.13, B2.
(ii) (cf. (4.1)). Put J := g3 /A. The j-invariant is 1728.J. Put

[yp— Ain
ST Ty

,  where n := —ord,(J),
A=0

which belongs to V> by A3.

(i11) (cf. Proposition 7.2). We fix a square root

92(0> X
== W=,
0 1845(0)

Here we note that g,(0)g3(0) #Z 0 mod p by the assumption.

(iv) (cf. (4.5) and Proposition 7.2, (7.3)). Let (12g,)~"/* € W/[[)\]] be the power series
with the constant term c,. Put

1l 35
F(\) = (1292)_%2F1 (12’112 : J_l) .
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(v) (cf. (4.2) and Proposition 7.4). Let 7(\) € AK|[\]] be the power series determined by

dr(X)  3(2¢295 — 3¢hg3) n

d\  2AF(\)? A

By Proposition 7.4, ¢ := kA" exp(7(A)) is the multiplicative period of the Tate curve
& = X x4 Spec W(()N)).

(vi) (cf. (4.4)). Put
7@ () =10g'"(q) = log'" () — np~"log(c) +7(A) —p~'7(1)".
(vii) (cf. §4.5). For £ € K»(X), let g¢(\) € A be defined by dlog¢ = g¢(A\)% A df. Put
Ge(\) :== ge(NF(N) =1+ ) + ax)® + -+~ € W[N]
Note that [ is an integer.
(viii) (cf. Proposition 7.3). Put
3(2929; % 39593) (FI(A) ' 1§AF(A)) '

Step 1 (Computing £'”)(\)). According to Theorem 4.8 (4.11), (4.12), let E(\) €
W[A]] be defined by

H(\) =

d o G\ GV o z z
2B = G4 G g0 ) Do g, 53
and
d o wod GV’
B () = B >(A)%+ 5<A> 7)) (5.4)
g / G )\U g
=0 (3 +70) + 5&) 7))

Compute the series expansions

FON) = fot fid+ f2D2 4+ fuAN £ OV,
H\) = ho + ha) + hod? + - -+ hy AN + OOV,
E{U)()\):A0+A1)\+A2)\2+..._|_AN>\N_|_O(/\N+1)’
EO(\) = By + BiA+ BoA? 4 -+ ByAY + OOV

except By. The constant B, shall be computed in the next step. Here we take /V to be a large
integer such that the Step 2 and 3 work. See Remark 5.1 (5.8) for an explicit lower bound of
N.
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Step 2 (Computing E ( ). Let

E7 () (%) (0) (0)
= — HNES'(N), &' (A\):=FAEy (N (5.5)
FA)
(cf. (4.9), (4.10) and (7.4)). We compute the constant Eéa)(()) = By modulo p* (with-
out assuming Conjecture 4.9). We first note that B is uniquely determined by the fact
that £”(A) = F(A\)E{()\) is an overconvergent function (i.e. F(A)EY(A) € Al). In-
deed, if there is another constant Bj(# By) such that F'(A\)(Bj + By + --+) is an over-
convergent function, then F(A\)ES)(A) — F(A)(B: + BiA + ---) = (By — B)F()) is
also overconvergent. This is impossible. Indeed, let ( € W* be a root of unity such that
X¢p, = X xg SpecF,-[t]/(t — () is an ordinary elliptic curve. If F'(\) were overconver-
gent, then the special value of F'(\) at A = ¢ makes sense. Then one has

L PO RO FQ
CTFW) | F() T F(Q)

This contradicts with the fact that +, is the unit root of the p"-th Frobenius of X . (Corol-
lary 4.6). In a practical way, one can use Theorem 4.13 to compute 5. Namely letting e, :=
max{i € Zso | ord,(p'/i!) < s} beasin (4.15) and do s := > 1", (=b; + (p — li)es12) — beo
as in (4.19), one finds the unique

= 1.

By mod p*W
satisfying that for a large s’ > s,

polynomial of degree < d ¢

(@) (V) = s' AT
€2 ()\) - HZO()‘ _ ai)—bi+(l?—li)€s’+2 mod p A
or equivalently, the power series
FA)(Bo + Bid + ) [ [ = a) 7+ 0-eres e (W/p W[N]

=0

modulo p* terminates at least at the degree dy ¢. See Remark 5.1 (5.7) for an explicit lower
bound of s’

Step 3 (Computing 5; (A)). We have the series expansions of E ()\) by Steps 1,2, and

hence

) = AL+ AN+ AN+ AN OV,
eSV(\) = Bl + BIAN+ BLA2 + -+ ByAN + O\

modulo p*W[[A]] by (5.5). We again apply Theorem 4.13. The power series

m m
i+(p—li)es (U) —bi+(p—Lli)es
frs(A) == 51 H —a;+(p—li)e 2 () =e H (p—li)es+2
=0 =0
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modulo p*W[\]] terminate at least at the degree d; s and ds ¢ respectively. They provide the

descriptions of 5,(;) (A\) modulo p° as rational functions,

(o) — f1,5<>\) s
R R e

@)y — fas(N) s
g (A) = [T\ — a;) b o-lewr mod p°W.
(o)

The values ¢, ' (a) are obtained by evaluating the right hand side at A = a.

Remark 5.1 Suppose that there are two constants By, By such that By # B mod p® and

m

FO)(Bo+ BA+) [T = a) 50 € (w/p W)[[a]
and .
FON)(By + Bid+ -+ ) [ (A = ;) ez € (W/p” W)|[A]

1=
terminate at the degree ds y. Since ord,(By — Bj) < s,

F) [T = a) v 0tesse e (W/p" = W) [[N] (5.6)
i=0
terminates at the degree dy y. This implies that the unit root vy of the p"-th Frobenius on
mepr satisfies

=1 mod p* W,

Conversely letting '
Ne:=min{i € Z> | ¢ #1 mod p'W},

for an arbitrary s' > N + s — 1, the power series (5.6) cannot terminate at the degree ds .
Therefore, the constant By mod p® is characterized by the condition that

m

FA)(Bo + Bid+ ) [ [ = a) 7 +0meves e (W/p W[N]

i=0
terminates at least at the degree dy ¢ for all s > N¢ + s — 1.

Summing up the above, we get a bound of N in Step 1 and a bound of s’ in Step 2 as
follows. Choose ¢ € W such that X , is ordinary. Then take s' such that

§>Ne+s—1. (5.7)
Let FON) T o (X — a;) "0t ®=levss = 5% "Cy i, Find an integer M > dy g such that
Cy 20 mod p* *T'W.
Then take N such that
N > max{dLs, d27s, M} (58)
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5.2 Computing the Frobenius matrix on Xr/Sr)

rlg(

We keep the situation and notation in §5.1. Let

@ 000 = ity £)

be the matrix of the p-th Frobenius on
with Proposition 7.3 (7.4) that one has

H},(Xr/Sk). It follows from Proposition 4.3 together

Fu(h) = F(ff (1+ 7@ HNF().
Falh) = 20 = 28 4 O HOH "
Fn()) = —r @) FNFO.

() ﬁ%{—m@mmxww

One can apply Theorem 4.14 to compute

(o) Te)) wor

Namely compute the power series

m

Ji1,s(A) = pFii(A H (A7)™A e ¢ (W/p*W)[[A]

=0

with coefficients in WW/p*WW which terminates at least at the degree d;; s, Where we note
N = (X —a;)? = AP — al (see (5.1)). Then one computes F;(a) by

m

-1
pFu(a) = fis(a) (H(cap — ') (a— ><>> mod pW.

1=0

One can also compute pFio, F5; and F5, in the same way.

6 Numerical Verifications of the p-adic Beilinson conjec-
ture for K,

We apply the algorithm in §5.1 to compute the syntomic regulators, and give numerical ver-
ifications of the p-adic Beilinson conjecture for K, (Conjecture 3.3, n = 0) of the following
two examples

e P =23 - 222+ (1 —a)z with a € Q\ {0,1},
e v =2(1 —2)(1 - (1 —a)z)with a € Q\ {0, 1}.
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61 y?=2°—-222+(1- Nz

We first discuss the elliptic fibration in [A2, Theorem 4.22]. Let p > 5 be a prime. By
a simple replacement of variables, it is a fibration f : Y — P! defined by a Weierstrass

equation
4 8 8

=42’ — gox — =AN+ =, g3 = oA — —
Yy " — G2 — g3, G2 + 3 937 3 57
over the base ring Z,) = Q N Z,. Put S = Spec Z [\, (A — A?) " and X = f~1(S). Put
dx xdx
w=—, n=—
) Y

The functional j-invariant is 64(3\ + 1)3/(A\(1 — A\)?). The fibration f has a multiplicative
reduction of Kodaira type I; at A = 0 which is split over Z,), a multiplicative reduction
of type I, at A = 1, and an additive reduction of type III* at A = oo. One can check that
f satisfies all the conditions A1, A2 and A3 in §4.1 and the multiplicity of any component
of an arbitrary singular fiber is at most 4. Hence B2 and B3 in §4.6 are also satisfied by
Proposition 7.7. Write Xz, = X Xz Lip, Xy, = X Xz, [F, etc. Let o be the p-th Frobenius
on Zy[\, (A — A?)71]T given by o(\) = AP with ¢ € 1 + pZ,. Let Z C X be the union of
sections of {3y = £(6x —2)}, {3z +2=0}, {3z — 1= O} and {z = oo}. Put U = X'\ Z.
Moreover the condition B1 in §4.5 holds by taking S = S =Plandv:S =5 given by
v(A) = A* (note that the elliptic fibration X xg S’ — S’ has multiplicative reductions at
A = 0and \* = 1 and a good reduction at A = co). Let

€= {3y+6x—2 —9IN(3x + 2)

y—6r+2 (3z—1)3 }EKéw(ﬁ(U)) (6.1)

be the symbol in [A2, Theorem 4.22] 7. A direct calculation yields
dlog(§) = 2——. (6.2)

Put

The notation in §5.1 in our case is explicitly given as follows.
(1) (CL(), b[)) = (al,bl) = (0,0) and (aooaboo) = (O, 1)
(i) Since 1728.J = 64(3X+1)3/(A(1 — \)?)), one has n = —ordy(J) = 1 and k = 1/64.

(iii) One has ¢ = —g2(0)/(18¢3(0)) = 1/4. We take ¢y = 1/2.

"The symbol in [A2, Theorem 4.22] is {z;g B (x_fl) } where the Weierstrass equation is y? = 23 —
222 + (1 —t)z.
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(iv) One can show

Fis(A)

NG
W

1 5
F(A) == (1292)%2}71 (127 2 Jl) = %

1

in the following way. Recall from the proof of Proposition 7.2 that F'(\) is character-

ized by
1
F(\) = —
W= am /%w

3A—1  _ 3Mfl
(Or(w) (M) = (w n) (12“1‘ X 36?5?‘?2)) ,

10—=X2) T 1200=X2)

By Theorem 7.1 we have

where 0, := V4/45. Hence one has

(A= A2 + (1 — 2))0y — z)(@ 0. 6.3)
This implies that F'(\) satisfies
2
(A — )\Q)d—F()\) + (1 - zA)iF(A) - §F(A) = 0. (6.4)

d\? dA

This is the hypergeometric differential equation (e.g. [NIST, 15.10]). Hence F'(\) =
cFi s (A) for some constant c. Since the constant term of F'()) is ¢y = 1/2 by defini-

tion, one has ¢ = 1/2.

(v) The multiplicative period is ¢ = 64~ X exp(7(\)) with
L N=-1+(1-XN""'F
d)\T = 1

Explicitly,

5. 269 1939 922253
A) = —2a— 202 A — A
TN =g 0w 12288 3388608

(vi) 7CV(N\) = —p~tlog(647c) + T(\) — p~tT(N)°.
(vii) By (6.2), one has g¢(\) = 2 and G¢(\) = 2F () = Fu

1730‘) (hence [ = 1).
(viii)
1
H) =200 = X)F} 5 () + (1= 30)F1 (V)
474
1 1651
3,_ 8 5 875 165165 ,

6 327 20487  32768° 8388608
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(ix) Let B\ (\) € Z,[[)\]] be defined by

Let Eéa)()\) = C + a1\ + - - - be the power series satisfying

%Eé")()\) = —E7 (V) (% + T’()\)) + %T(ﬂ()\)
(o) )
_ _ElT(A) (=N"Fs)?) + @T(ﬂ()‘)-

This determines Eéa) (A) except the constant term C'. We expect

C = —% (p’l log(64pflc))2

according to Conjecture 4.9. The authors do not know a proof of this, while it does not matter
toward numerical computation thanks to the method in Step 2 in §5.1.

Let a € Z,) such that @ # 0,1 mod p, and X, the fiber at A\ = a. Let 0,(\) = al=P )P,

and
(ga) xdx

o0), AT
regyn(§hea) = &7 (@)= 5™ (@) ==

We use MACAULAY?2 for computing the series expansions of 51(-0“)()\). The following code
(0a)

computes £;”*’(\) mod A\'°! in case that p = 5, a = 2 (¢ = 2'7P) under that the precision of
p~'log(647~1c) is mod p*.

p=5

r=20

aa=2

c=1/aa” (p-1)
n=150

AA=QQ[t]/ideal (t" (n+1))
Pochhammer=(a, i) -—>product (1..1i, J—>(a+j-1))
tIntegral=f->sum(l..n,i->(f_(t™i))+t~1i/1)

modps= (i, m) —> (numerator (i/1) * (gcdCoefficients (m,denominator (i/1)))_2)%m
Log=c—->-sum(l.. (2*r),i->(1-c)"i/1)

HG=sum (0. .n, i—>Pochhammer (1/4, i) xPochhammer (3/4,1i) /1i!"2xt"1)

F=1/2+HG

Gxi=HG

H=2xt* (1-t)+xdiff (t,HG)+1/6+ (1-3*t) xHG
g5=(1-HG) "5

g25=g5"5

gl25=g25"5
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invO=sum(0..4,i->(1-HG) "1i)
invl=sum(0..4,i->g5"1)
inv2=sum(0..4,i->g25"1)
inv3=sum(0..4,i->gl25"1)
invHG=invOxinvlxinv2+inv3

tau=tIntegral (-1+invHG"2xsum(0..n,i->t"1i))
const=modps (-1/p*xLog (64" (p-1) *c) ,p"r)
taus=const+tau-1/p=*sub (tau, t=>c*xt"p)
El=const+tIntegral (Gxi-sub (Gxi, t=>c*xt"p))
E2=-1/2xconst”2+tIntegral (-Elx (1+t+diff (t, tau))+sub (Gxi,t=>c*+t"p) *taus)
vel=2xinvHG+*E1-H*E2

ve2=F+*E2

If a = 2,4, 8, then the symbol ¢ is integral. By Theorem 4.13 (see also §5.1 Step 3), we

can compute the values 51(0“) (a). Here we attach the code of MACAULAY?2 for computing

the values modulo p'® which is a sequel of the above code®.

max select (2..50,1i->(i-sum(l..50,k->floor (i/p"k)))<15+2)
d=(p—-1) xoo0

el=modps (sub (velx (1-t)~d/ (1-aa)"d, t=>aa),p”"15)

e2=modps (sub (ve2x (1-t) ~d/ (1-aa) "d, t=>aa) ,p"15)

(0a) (9a)

p ey " (a) ey ' (a)
5 | 19674787784(p") 14084682764(p"°)
— 7 | 2590802242826(p'®) | 1117519637850(p'®) /. s\» “ s
a=2 (p®)” means “mod p°”.
11| 7965734565(p™) 13678445088(p'?)
13 | 11926785562(p'?) 72813360585 (p'?)
17 278698244 (p®) 3681687094 (p®)
p £\"(a) e (a)
5 | 10899377190(p") 18907289609(p'?)
' 7 | 1079749670299(p'°) | 3800305332560(p"°)

11| 1981716464(p'%) | 23499057595(p')
13| 99992661864(p'%) | 54272943535(p'°)

17 5624041300(p8) 6557787442(p8)
p el (a) e (a)

5 25874535623(]015) 28249557885(])15)

7 bad reduction

11 | 11113392970(p'°) | 10168663913(p™°)
13 | 50210889322(p'0) | 1878713357(p'°)
17 | 4803397460(p%) | 6578109195(p%)

8For computing the values with precision p°, we need to take n to be greater than d; ; and ds ¢ in (4.19), and
7 to be greater than s + max{ord, (i) | 0 < i < n} in the code. Approximately, n ~ (s +2)(p — 1)?/(p — 2)
and r ~ s +log,(n), so the bigger sp is, the computational complexity will increase.
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Next we compute the p-adic regulators

Tr (regsyn (5 ‘ )\:a) U U“{)

Rp,,y(Xa,f) = Rpﬁ(hl(Xa)ag) = (1 _pﬂy_l) TI"(CUX Uwv )
a Y

introduced in §3.4, where 1 is a unit or non-unit root of X,, v, € Hjz(X,/Q,) ® Q, is the
eigenvector of ¢ ® 1@p with eigenvalue v and wx, 1s the Néron differential. To do this, we
first compute the representation matrix

(®(w) @(n) = (w n) (gi;gi; 2283)

of the p-th Frobenius on Hys(Xor,/Z,). The code of MACAULAY2 for computing the
power series [ is as follows,

A=a

Hp=sub (H, t=>c*t"p)

Fll=sub (HG, t=>c*t"p) *invHG* (1+1/2+xtaus+H*HG)
F12=2xp*xHpxinvHG-2+xH*xsub (invHG, t=>c*t"p) tprxtaus+~HxHp
F21=-1/4xtaus+HGxsub (HG, t=>c*t"p)

F22=HGxsub (invHG, t=>c*t"p) -1/2+p*taus+«Hp*HG

Let us see the case p = 5 and a = 4 (the other cases are done in the same way). Let a be
the unit root, and 5 = pa~! the non-unit root. By counting the F;-rational points of X, .,
one has that the trace of the Frobenius is —2, and hence o = —1 + 2v/—1 = 22219310363
mod 5'°. Similarly to the computations of £\”*(a), it follows from Theorem 4.14 (see also
§5.2) that one can compute the matrix

pFu(a) Fio(a)) _ (30465757535 3584355845\
pFy(a) Fyla)) = \ 11560944585 51820588 ‘

(6.5)
Hence the eigenvector v, satisfies

vy = T10786365w +n  mod 5,
and the eigenvector vg for the non-unit root /3 satisfies

vs = w + 284503791807 mod 5'°.

Incases a = 2,4, 8, it follows by computing the minimal Weierstrass equation (e.g. MAGMA
[Magma]) that one has wx, = w. We thus have

Tr(regsyn(fhza) Uva)
Tr(wx, Uuv,)

Tr(wUn)
Tr(wx, Un)

= (17 (a) — 710786365 (a))

= 3956230280 mod 5%,
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Tr(reguyn(€ra) Uvs) 28450379180\ (a) — &7 (a) Tr(wUn)

Tr(wx, Uwvg) - 28450379180 Tr(wx, Un)
=5"1.5576309542 mod 53,

where a = b mod p® for a,b € Q, means that a — b € p°Z,,. Hence

Rs (X4, &) = 5110910605 mod 5,
Rs50-1(Xa, &) =571 - 2495229428  mod 5.

If a =4 and p = 7, then X, has a supersingular reduction. In this case the Frobenius is

pFu(a) Fip(a)) _ (3603314253994 2631033376372 . 15 66)
pFyi(a) Fala)) — \ 899507565369 1144247255949 ’ '

and the eigenvector v, /— for v/ —7 satisfies

&
A\

~

v = = w + (2066673311059 4 1689081159560/ —7)n mod 7'°Z,[v—T7).

Hence

T t=a) U -
Ry y=7(Xa, &) = (1+V-T) r(r;glzz)((au U)ﬁv)ﬁ)

=1+ \/—7)e ' 5§U&)(a>6— ey (a)
= 224156767500 + 771 - 577165355498/ —7

modulo 7'*Z,[v/—7]. Other results are given in the following table’, where o denotes the
unit root or y/—p.

Table of p-adic regulators

p Ryo(Xa: €) Ry (X )
5 | 5162207171(p") | 5 1 - 4698651004(p™)
—— 7 | 1898050197813(p!%) |  47494881888(p'?) o .
a=2] 11| 4688873516(p!0) 4077822(p%) (p*) =mod p
13 | 109756622389(p') | 13~ - 1014980225 (p®)
17| 1874620233(p%) | 17! -239203868(p%)
p Ryo(Xa, €) Ry,5(Xa, )
5 5110910605 (p'™) 51 . 2495229428(p™)
—a 7 224156767500 4+ 771 - 577165355498/ —T7(p'?) (supersingular)
11 23123035879(p') 1171 - 1673260489(p%)
13 131267814396(p'°) 1371 - 8897873775(p%)
17 4659831644(p®) 171 - 401683799(p°%)

°It takes about only a few minutes for computing each value by our implementation. One can raise the
precision as long as “sp” is not too large.
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p RPAI(XG’ 5) Rpﬂ(X&’ 5)
5 | 299743657 + 143977393531/ —5(p'*) (supersingular)

7 bad reduction
1 7356580887 (p'0) 111 - 1944330879(p%)
13 89811548583 (p'?) 1371 . 7256384468(p®)
17 4687529300(p®) 1771270140891 (p°)

We compare the above regulators with the p-adic L-values. One can compute the special
values L, ,(X,,w™",0) by SAGE or Pari/GP. The following is the code of Pari/GP for the
case a = 2 and p = 5 (the other cases are similar):

E = ellinit([0,-2,0,-1,01);
[M,phi] = msfromell (E,-1);
Mp = mspadicinit (M, 5, 10, 0);
mu = mspadicmoments (Mp, phi);
mspadicL (mu, [-1,-1])
L, (X, wl, 0)
p= 3808454(]910)
p="7T 183475467(])10)
o
= 11 | 21248551085(p'?)
p=13 28101869460(]?10)
p=17 5101137208(p8)
a=4 Lyo(Xa,w™,0)
p=295 8021260(p10)
= P= 64290103 + 771 - 107026729/ —7(p'?)
p=11 1407194361(]910)
p=13 72224584651(1710)
p=17 4645841619(1)8)
a=38 Lyo(Xa,w™,0)
p= 3784189 + 64162061/ —5(p'?)
p=11 14713161774(p™)
p=13 41764605317(p™°)
p=17 2399301159(p8)

The values L, 5(X,,w™*,0) of the critical slope p-adic L-function are kindly provided
by Professor Robert Pollack using the theory of overconvergent modular symbols (see [PS1,

Section 8] for the algorithm to compute the critical slope p-adic L-functions). The code is
available in [P]:

| Lys(X,,w™t,0)
p=>5 2208371/5(p'%)
p="7 1125190415157500314434008856467880(p*)
p =11 | 88350501278121136930215849171019600321077(p*°)
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a=4| Ly s(Xaw™,0)

p=>5 19846135286 /5(p™®)
p=11| 312624858906775755190263231723045879608690/11(p>)
p = 13 | 475670741377552429015509835731352129856903404 /13(p*°)

The above indicate the following:
a ‘ Rp,a/Lp,a<Xa, w_l’ 0> ‘ RPHB/LP,B(X&? w_lv 0)

2 —1 —1
4 —2 —2
8 1/2 S

Next we compute the Beilinson regulators. Let X, := f~!()) be the fiber at A € Ry \
{1}, an elliptic curve over R. Let F,, denote the infinite Frobenius on X, (C). Fix generators
ut € H,(X,(C),Z)F==*' =~ 7. Since the elliptic curve X is the rectangle case (i.e.
43 — gox — g3 has 3 distinct real roots), one has Hy (X, (C),Z) = Zu" + Zu~. Let

regp © Ko(X)) — Ho (X, R(2)) & Hom(H,(X,(C),Z),R(1))

be the Beilinson regulator map. Then

1 _
Roo(Xx, €) = 5 (regg(€), u™).
Note that in general

<regR(£)’ u+> € R? <regR(€)v u_> € R(l)
We claim

1 _ 3\ T
%@eg]&({),u ) = +Re —10g64+10g)\+E4F3 29,9 A 6.7)

If 0 < X\ < 1, the equation 42° — gy — g3 has 3 distinct real roots

2 1 1
e W<V
<3 \/_<3+\/_

Hence u™ are the cycles in the z-plane displayed as follows:

Q=3-VAQ:=3+VA0<A<1

If A\ > 1, the equation 42> — g,z — g3 has 3 distinct real roots
1 2 1
S V< S <o+ VA
3 3 3 + ’
and then the generator u™ are as follows,
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Qi=%:-VANQy=3+VAA>1
Let 0, be the vanishing cycle at A = 0. If 0 < A < 1, then «™ is the vanishing cycle d,, and
ut is the vanishing cycle at A = 1. Let Tj (resp. T1) denote the local monodromy at A = 0
(resp. A = 1). Then Tyd, = 0, and 110, = Oy & u™. This shows that the minus-part of J, is
invariant under the monodromy, so that one has a single valued real analytic function

Re (%@egn@(s),w) ~ o {ree(6)u7) (6.8)

on a region {\ > 1, A\ # 1}. By (6.2), one has

d dz dx VA gy
A) = A——(re o) =2( —,0,) =2 ——4/ —
0 = Agyoeme(@).00 =2 (o) =2 [ =a [T

which is a single valued analytic function on 0 < arg(z — 1) < 27. Since 0, is the vanishing
cycle, f(\) is meromorphic at A = 0. By (6.3), it satisfies the hypergeometric differential
equation (6.4). Therefore f(\) = cFi s (A) with some constant c. Since

st 4

f(0) = lim 4/ — = +27i,
A—+0 %7\5 Yy

one concludes f(\) = £27i F1

13 (A). Hence we have

1 ©8)

_ 1 B 3\ 211
e (€)1 e (S rega().01) ) = Re [+ log A+ 20, (351

with some constant C'. Finally, one can determine C' in the following way. Let 7T, denote
the local monodromy at A = oo, One can show (cf. the proof of [A1, Theorem 3.6])

us’ 3mi

(T — € )(Te — €5 ) (regg(€),6,) € R(2) =R
and hence

i 3mi 3\ 5711,1
(Too—e2)(Too—ed2 JRe {C+log)\+E4F3 (42’42 5 ;)\)] —0.

Y

On the other hand, it follows from [A1, Lemma 3.5] that one has
5 7
PTEI!

T 371 3)\
T, —e2 (T, —e2)|—1 4 +1 — F T4
(Too — €2 ) (T 62)|: og 6 +og)\+164 3(2’272

;A)} € Q(1) = 2miQ.

Therefore

st}

(T — €7 )(Too — €2 )(C +10g64) =0 < C = —log64.

45



This completes the proof of (6.7).
We may take

Roo(Xn€) = Re |~ log 64+ log A+ 22 oy (111 Ly
00 A - g g 164 3 2’2’27

by replacing v~ with —u~ if necessary. Here is the table of numerical computations (of
precision 20) by MATHEMATICA for 4F5 and MAGMA for L-values:

Table of Beilinson regulators and L-values

0|  Re(Xe8) | I(X,0) | Re/L'(X,,0)
2 | —3.01582754200021 | 3.01582754200021 —1
4 | —2.47055987085139 | 1.23527993542569 —2
8 | —2.04611026378501 | —4.09222052757003 0.5

We thus have numerical verifications on the p-adic Beilinson conjecture for K5 of the
above elliptic curves.

Remark 6.1 Let zpk € lim K>(Y(Np™))qg be the Beilinson-Kato element. We denote by
28k (2) € Ko(E)q its image for E an elliptic curve of conductor N. Brunault'® showed that
if E does not have CM, then

L(E,1)Q,

Ryo(E,2px(2) = | |(1 — a)(E) —"2~E L, o(E,w™,0). (6.9)
1 i{f.5)

In particular the p-adic regulator vanishes when a,(E) = 1 for some [|N or L(E,1) = 0 (he
further expects 2k (2) = 0, loc.cit. Question 12). Concerning y* = x> — 22% + (1 — a)z,
ifa =4then az(F) = 1 and if a = 8 then L(E,1) = 0. In these cases one cannot use zpg
to discuss the p-adic Beilinson conjecture for K,. Instead we use the symbol & in (6.1), and
obtain the numerical verifications.

6.2 Legendre family > = 2(1 — 2)(1 — (1 — \)2)

Next example is the Legendre family given by a Weierstrass equation y2 = zo(1 — z)(1 —
(1—A)mp). Let p > 5 be a prime. Replace the variables (z,7) = (25" + (A —2)/3, 2yoz,?).
We have a family

f:Yy —P!

19Brunault [Brl, Théoréme 38 (115)] obtains a formula in terms of the composition of the étale regulator
map and the Bloch-Kato exponential map

logreg; Ky(E) — HGlIR(E/Qp)‘

By [Bel, Proposition 9.11], this agrees with the syntomic regulator map, more precisely (1—p~2®) log reg F=
reg,,,.» Where ® is the p-th Frobenius on H}, (E/Q)) = H],, (Er,/7,) ® Q (see also §3.2). Hence one has

Tr(reggy, (z) Uva) = (1 —p~'a~")Tr(logreg;(z) Uw,) and then [Brl, Théorem 38 (115)] reads (6.9).
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of elliptic curves over Z,) = Z, N QQ whose generic fiber is given by a Weierstrass equation

v =42® — gox — g3, ¢o = %()\2 —A+1),g93:= —;7()\ + (A —=2)(2A—1).
Put S := Spec Zg)[A, (A =A%) and X := f~1(S). The functional j-invariant is 256(\* —
A+1)3/(A%(1—X)?). The singular fibers appear at A = 0, 1, oo, and the Kodaira symbols are
I, I and I; respectively. Moreover the fiber at A = 0 is split multiplicative over Z,, while
so is not the fiber at A = 1. One can see that f satisfies all the conditions A1, A2 and A3 in
§4.1 and B2, B3 in §4.6 hold as the multiplicity of any component of an arbitrary singular
fiber is at most 2 (Proposition 7.7). Let

dx dxg xdx ( . A — 2) dxg
w::—:——7 = — = — X _— _—
Y 2yo ! Y ’ 3 2yo
be a 0(S)-basis of Hiz(X/S). Let Z C X be the union of sections {zy = 0}, {zo = 1} and
{zo = oo} and a divisor {yy = +(1 — z0)}. Put U = X \ Z. By taking S = S’ = P! and
v:S =8 given by v(\) = A2, one can see that the condition B1 in §4.5 holds (note that
the elliptic fibration X x g S" — S’ has multiplicative reductions at A = 0, =1 and a good
reduction at A\ = 00). Let

18y A_{_]_ -2 o
17! - — KMo 6.10
: { Ty 2Bz A DBz _r12) (x 3 ) }6 2 (0(U)) (6.10)
be the symbol in [A2, (5.1)]''. One immediately has

d\ dz d\ dz

dl = _ZAT0 o227
0g(§) N N

Put A := g3 — 27¢3 = 16A%(1 — \)?, and

11
() = F) (2’;»)

The notation in §5.1 in our case is explicitly given as follows.
(1) (CL(], bo) = (&1,[)1) = (0,0) and (aoo,boo) = (O, 1)
(ii)) n = —ordy(J) = 2, k = 1/256.

F

2

N

(iii) One has ¢ = —g2(0)/(18¢3(0)) = 1/4. We take ¢y = 1/2.

(iv) One can show

in the same way as in §6.1 (iv).

2
11The symbol in [A2, (5.1)] is {Zﬁﬁf§2> 2 }
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(v) The multiplicative period is ¢ = 256 1¢? exp(7(\)) with

d

—242(1—\)'F

[NIES
N|=

(N2, 7(0)=0.
Fxpheitly 13 23 2701
ﬂm:_A_§5v_§av_ﬂﬁﬁv
(vi) 7 (N\) = —p~tlog(256P1c?) + 7(A) — p~iT(N)7.
(vii) By (6.2), one has g¢(\) = 2 and G¢(\) = 2F(\) = F

11
2°2

(A) (hence I = 1).
(viii)
HO) = (0= A2)FL ,(\) + éu —2FL ()

11, 11, 29, 1315
6 247 384"  1536" 98304

Let Eéa)()\) = C + a1\ + - - - be the power series satisfying

S0 = £ (34 70) + S oy

A
E(U)()\)
—_9 1 (
A

-1 -2 G <)\>0 o
(1=2)"Fy () )-+-—£X——T<>(Ay

This determines E{’()) except the constant term C. We expect

C = —i (p~! log(256p_102))2 = — (10_110g(16p_1c))2

according to Conjecture 4.9, while it does not matter toward numerical computation thanks
to the method in Step 2 in §5.1. Let X, be the fiber at A = a. Let ,(\) = a! 7P\, and

o), \ AT o), \TdT
regn(€aza) = € ’<a>;+e§ J(a)—.

We now discuss a particular case a = 4. In this case, X, is isogenous to X(24) and the
Néron differential wx, is dz/y.

Theorem 6.2 Let p be a prime at which X4 has a good reduction (including a supersingular
reduction). Then Conjecture 3.3 for X, is true in case n = 0 and ord,(y) < 1.
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Proof. Noticing

(1=n"t

. d _ . dxg .
Jim A—r(regg(€), u) = 2 lim 1 P 2mi
one can show that the Beilinson regulator is
Roo(Xo€) = — (roga(€).u”) = Re |~ log 16 + loga + ©.F (2211
oo (Xg, &) = —(re ,u” ) =Re |—1lo oga+ — pa
i R & AT 1 099

in the same way as in §6.1 (the orientation of u~ is chosen suitably). By [Al, Lemma 3.5]
(or [A3, Example 5.3]), this is replaced with

) 1114
—2Re a_§3F2 2’2;2;—
1,5 a

when a € R.(. A formula of Rogers and Zudilin ([RZ, Theorem 2, p.399 and (6), p.386])

yields
2 2

11 1
T s,5,5 1 T
—aFy [ 202722 ) = L(Ey,2) = —L'(Ey, 0).
123 2<%7174> (247) 6 (247)
We thus have

Roo(X4,€) /L (X4,0) = =2, (6.11)

On the other hand, Theorem 8.6 in Appendix B yields that £ agrees with the Beilinson-Kato
element 4zpk x,. Since X, does not have CM, one can apply Brunault’s formula (6.9) ([Brl,
Théoreme 38 (115)]). We thus have

Ry (X4,8) /Ly (Xa,w™,0) = —2. 6.12)

Hence Conjecture 3.3 for the case n = 0 and ord, () < 1 follows. O

Remark 6.3 (6.12) also gives an example of [A2, Conjecture 5.2],

(1 —pa ) F (O)]ima = —Lpa(Xs,w ™, 0)

11
272
for p such that X4 has a good ordinary reduction.

We also discuss the critical slope case (i.e. v = 3, where [ is a non-unit root with
ord,(B) = 1) for the elliptic curve X,. In the same way as in §6.1, one has the table:

17 (0)]0-s e (a)o—s
14203707162(p") 2689502325 (p'?)
3834481697564(p'®) | 1564968189963 (p'°)
11| 19820018884 (p'?) 8395655104(p*?)
13 | 114689392802(p'%) | 107876860898 (p'?)
17 159074202(p®) 5132326047 (p%)

- O3
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The p-adic regulators

Tr(reg.. (£]h
Bypp(Xa€) = (1= p6™) r<reTngZf|Lz)g;J S

are as follows:

p Rpﬂ (X4 ) 5)
> 276342201 (p'?)
7 (supersingular)

11 | 1171 114484571(p%)
13 | 1371 12923433(p%)
17 | 1771 23698690(p°)

On the other hand, L5 5(X,,w™',0) = 305462 mod 5% and L, s(E,w,0) = 1453013467/11
mod 11® (computed by Robert Pollack). This indicates

Ry 5(X4,8)/Lps(Xy,w™',0) = =2 (6.13)

as desired.

7 Appendix A: Gauss-Manin connection for elliptic fibra-
tions

7.1 Gauss-Manin connection for elliptic fibrations

Let S be a smooth affine curve and f : U — S a projective smooth family of elliptic
curves whose affine form is given by a Weierstrass equation y> = 423 — gz — g3 with
A = g3 — 27932 € Os(S)*. We fix a description of elements of the de Rham cohomology
H3:(U/S) in the following way. Let Uy = Spec O(S)[z,y]/(y* — 423 + gox + g3) and
Us = Spec O(S)[z,u]/(u? — 42 + g22° + g32*) be affine open sets of U with z = 1/x and
u = y/x?. Put
CUF) :=T(Uy,F) DUy, .F), CHF):=T(UyNUs,F)

a Cech complex for a (Zariski) sheaf .%. The double complex

CO(Oy) —= C*(Qy5) (20, Zoo) —% (dazg, ditso)

.

CHOy) 1= C' Q) 20— 7
gives rise to the total complex
C*(U/S) : CO6u) 24 CH(0y) x CO(5) 5" CHQs)
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of 0(S)-modules starting from degree 0, and the cohomology provides the de Rham coho-
mology H3, (U/S): )
Hip(U/S) = HY(C*(U/S)), q=0.

Elements of H}(U/S) are represented by cocycles
(f) % (@0, T)  With df = 2o — T
The following formula is well-known.

Theorem 7.1 Suppose that QY is a free Os-module with a base d\ € I'(S,QL). For f €
Os(S), we define f' € Os(S) by df = f'd\. Let

v = 0 (=) (.1)
1= () x (M 12 20,770 (12
be elements in Hi; (U/S). Then we have
Vo — é’ACM Dwt 3(29295,2; 39298) 1\ @)
Vi = —gQ@gQgéA_ 3993) 13 @ o + 12/Ad)\ ©1).

Proposition 7.2 Let g2, g3 € K|[[)]] be power series such that g2(0) # 0, g3(0) # 0 and
A = g3 —27g2 € AK[[\]]. Let f : U — S = Spec K[[\]] be the family of elliptic curves
given by an affine equation

y? =42’ — gox — g3
with semistable reduction at A\ = 0. Let (12g5)""* = ¢y + )\ + --- € K[[\]] denote

the power series such that the initial term satisfies c¢§ = —18 'g5(0)g3(0)~'. Let F()\) be
defined by
du
w=F\)—.
prw=FRX)-—
Then L s
F(X\) = (12g2) "5, F (E’lﬁ, J_1> ., where J = g3 /(g5 — 27g3). (7.3)

Proof. We may assume K = C. Denote by U{" = f~!()) the analytic torus for [\| < 1.
Let 6, € H,(UJ", Z) be the vanishing cycle. Then

1

This is the unique solution of the Picard-Fuchs equation [SB, (1.3)], and then (7.3) is proven
in [SB, (1.5)]. O
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Proposition 7.3 Let the notation be as in Proposition 7.2. Put

2A A’
H(\) = F'(\ F(A
W 3(29295 — 39593) ( W ))
and
~ 1 N
W= mw, nN:i=—HMNw+ F(\)n (7.4)

(<:> W= PG, n—HNG + ﬁﬁ) |

Then {0, N} forms a de Rham symplectic basis which satisfies
where ¢ = kA" + - - - € AK[[\]] is the multiplicative period.

Proof. By (7.1) and (7.2), it is straightforward to see that

~ . 3(20:44 — 34! _
V(@) =0, V@)= <92223F(A>g293>dmn.

Since
VwUn) =V(w)Un+wUV(n) =0,

W Un = C # 0is anonzero constant. Hence {&, C~'7)} forms a de Rham symplectic basis.
It follows from Proposition 4.1 that one has

dg 1 3(29295 — 39593) 39293 95 95
aq _ A\ = —C—29293 (992 993 g 75
q CF(A)Z’ 2A CQF(A)QA 392 g3 (75)

Recall the formula (7.3)

1 5

F()\) = (1292)_i2F1 (Eiﬁ, J_1> =y + Cl)\ + e J = gg/(gg - 279%)
with 2 = —1871g5(0)g3(0)~*. Take the residue of (7.5) at A = 0. Since

3 / / —92
dlog(g3 2A +27) = dlogg—g = ( %2 _ 2%> d\ = (m)\"_l + (higher terms)) d\
93 92 g3 27

where A = c\" + - -+ with ¢ # 0, one has
392(0)g3(0) ngs(0)

—C — C =
23 o7 " T
U
In the above proof, we showed the following.
Proposition 7.4 Let 7(\) € AK|[[\]] be defined by ¢ = kA" exp(7(X)). Then
dq _ 3(29295 — 39593)dA7 dr(\) _ 3(29205 —39593) n (7.6)

q 2AF())?2 X 2AF())2 )
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7.2 Deligne’s canonical extension

Let S be a smooth curve over C, and j : S := S — {P} — S an inclusion. Let (J#,V)
be a vector bundle with integrable connection over S. Then there is unique subbundle 7, C
Jjar A satisfying the following conditions (cf. [Zu] (17)):

* The connection extends to a map V : 5, — Q¢(log P) ® J2,
* each eigenvalue o of Resp(V) satisfies 0 < Re(«) < 1.

The extended bundle (.77, V) is called Deligne’s canonical extension. The inclusion map
(7 % QL(log P) @ Al — [j. A 5 Q% @ j. )

is a quasi-isomorphism of complexes of sheaves. Besides exp(—2miResp(V)) coincides
with the monodromy operator on H¢ = Ker(V®") around P (cf. [S], (2.21)).

Let f : U — S be a projective flat morphism of ' nonsingular algebraic varieties such that

f is smooth over S and D = f~!(P)isaNCD in U. Let U = f~!(S). Let (4, V) be the

higher direct image (R’ f.€2F, /s> V). Then all eigenvalues of Resp(V) are rational numbers.
There is the natural isomorphism

Rif*Q'U/g(log D) = ;. (7.7)

In particular, the left hand side is a locally free O'5-module. If f is a morphism of smooth

K-schemes, then Deligne’s extension (R’ f,Q2- /g(log D), V) can be obviously defined over
K.

We have seen how to compute a connection matrix of the Gauss-Manin connection for
a family of hyperelliptic curves. In case of an elliptic fibration, they are simply given as
follows.

Proposition 7.5 Let f : & — Spec K[[A]] be an elliptic fibration defined by a minimal
Weierstrass equation y? = 41° — gox — g3 with g2, 93 € K[[\]], A := g5 — 2793 # 0.
Then S, has a basis {w,n} (resp. {\w,n}) if f has a semistable or smooth reduction (resp.
additive reduction).

Proof. Since we have Theorem 7.1, we can show the above by case-by-case analysis based
on (ord(gs), ord(gs)). The detail is left to the reader. O

7.3 The de Rham cohomology of elliptic curves over a ring

Let U be a smooth scheme over a commutative ring A. For a point s of Spec A, we denote
the residue field by k(s), and write Us := U x4 k(s). We define the de Rham cohomology
H3:(U/A) in the same way as before:

HZiR(U/A) = H;ar(Ua Q.U/A>7 { € ZZO-
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Lemma 7.6 Let A be a noetherian integral domain. Let U — Spec A be a smooth pro-
Jjective morphism of relative dimension one with geometrically connected fibers. Then, for

any i,7,1 > 0, H(U, Q{]/A) and Hlz (U/A) are locally free A-modules and there are the
canonical isomorphisms

H'(U,9,,) ©a k(s) — H'(U,, %, (s (7.8)

Hig(U/A) @4 k(s) — Hig(Us/k(s)) (7.9)

for all points s € Spec A. Moreover there is a (non-canonical) isomorphism

Hyp(U/A) = H Q) ® H' (O). (7.10)

Proof. Since dimy,;) H l(Q{] /k(s)) is constant with respect to s, one can apply [Hal, 111,12.9],
so that H'(U, ), / 1) is a locally free A-module and the isomorphism (7.8) follows. The
natural map H'(Q,,) — Hig(U/A) is sutjective as H*(0y) = 0. There are the trace
maps Tr : H'(Q; ) — k(s) (cf. [Ha2, VIL4.1]) and Tr = Hig (Us/k(s)) — k(s) (cf.
[Ha3, Proposition (2. 2)]) which are compatible. This implies that the map 1(QIU Jk(s ) —

H3r(Us/k(s)) is a non-zero surjective map, and hence bijective as dimys) H' (€}, Ji(s )) L.
Let

surj.

Hl<Q[l]/A) ®a k( ) H§R<U/A> ®a ( )

w |

o (Qlljs/k )) - Hip (Us/k(s))

be a commutative diagram. Hence all arrows are bijective and all terms are one-dimensional
for all points s € Spec A. We thus have (7.9) in case | = 2 and that H3;(U/A) is locally
free of rank 1, since A is a noetherian integral domain ([Hal, II, 8.9]). Moreover we have

an isomorphism H' () 5 HZ2,(U/A) by Nakayama’s lemma, so that we have an exact
sequence

0—= HO(Q},),) —= Hip(U/A) —= H'(6y) — 0. (7.11)

Since the right term is a projective A-module, the sequence splits. Hence one has a (non-
canonical) isomorphism (7.10), and also that H (U/A) is a locally free A-module. Finally,
the isomorphism (7.9) in case [ = 1 follows from a commutative diagram

00— H(QY,,) ® k(s) — Hig(U/A) @ k(s) —> H'(6y) ® k(s) —0

|

H(Qp, jxs))

IR

0

Hip (Us/k(s)) H(0y,) 0,

where the right and left isomorphisms follow from (7.8). 0
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Let W be a commutative ring of characteristic zero, and let f : U — S be a projective
smooth morphism of smooth 1//-schemes. Then one can define the Gauss-Manin connection

V:HRU/S) — Q@ Hix(U/S)

in the same way as before, where Qg = Q% W Moreover if f extends to a projective flat
family f : U — S = S U {P} such that P is a W-rational point and D = f~!(P)is a
relative NCD, then one can also define Deligne’s canonical extension

(R'1.% 5(log D), V).
The sheaf R J82% /g(log D) is a coherent Og-module, but not necessarily a locally free O5-

module. It seems difficult to ask whether it is locally free or not in a general situation. The
following gives a partial answer in case of elliptic fibrations.

Proposition 7.7 Suppose that W' is a noetherian integral domain of characteristic zero such
that 2 is invertible in W. Put K := FracW. Let f : & — Spec W[[A]] be an elliptic fibration
given by a Weierstrass equation y* = 4x°* — gox — g3 with go, g3 € W[[N]], A := g5 —27g2 €
W (X)), such that the central fiber D = f~(0) is a relative NCD. Suppose that 1> =
42® — gow — g3 is minimal as a Weierstrass equation over K|[[N]]. Let E := & xy ) W((N))
and put w := dx/y and n := xdz/y. Then

Hag (E/W (X)) = W((A))w + W ((N)n (7.12)
is a free W ((\))-module of rank 2. Put
H i Tl (8,92 08 D)) — Hin (E/W(()))].

Let wg = w = dx [y (resp. wo = A\w) if f has a smooth or multiplicative reduction (resp. an
additive reduction). Then

H C W[[A]]wo + WI[A]]n. (7.13)
The equality holds if the multiplicity of any component of D is invertible in W'.

Proof. Write E; := E Xy ) k(s) for s € Spec W(())). Then {dx/y|g,,xdz/y|p,} is a
k(s)-basis of Hi;(F,/k(s)). Therefore it follows from Lemma 7.6 (7.9) and Nakayama’s
lemma that Hi; (E/W((\))) is a free W((\))-module with basis {w,n}. Next we show
(7.13). Write & .= & XWIN] K[[)\”, Erx =F XWIN] K[[)\H etc. Put

Hy == Tm[H" (6¥, Ok (log D)) — Hip(Ex/K((N)))-

By Proposition 7.5, H is a free K[[\]]-module with basis {wy, n}. Hence

HC@WW%+WWM)ﬂ&=MWM+th
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as required. The last statement is more delicate. Recall the descriptions (7.1) and (7.2)

dx dz Y xdr (g2z + 2g32%)dz
—0) x X, 2Dy = (L
o= O x O x ),y (L (L

) € Hag(6/W((N))

in terms of Cech cocycles, where we put e = 0 if D is multiplicative and e = 1 if additive.
Let Uf := Spec W([[\][z,y]/(y* — 42® + gox + g3) and UX, := Spec W|[\]][z,u]/(u* —
4z + g2z + g32t), and p : & — &* := U} U UZ the blow-ups. Let Uy := p~}(U;) and
Uy = p~ 1 (UZ). To prove wy,n € H, we show that the above cocycles belong to

Since y/2z € I'(Uy N Uy, Of), it is enough to show that

dx dz
)\e? € I'(Uo, Qg jyy (log D)), A € I'(Us, Qe (log D)), (7.14)
and
xdx (g2z + 2g32%)d=
We first show (7.14). We know that
LAz 1 LAz 1

by Proposition 7.5. On the other hand, since I'(&, Q% /w((n)) 1s a free W((A))-module with
basis dz/y = —dz/u, one has

dz dz
)\e+m? & F(UO’Q}D@/W[[)\H(IOg D))? AE-‘rm; € F<UOO7QéE/W[[)\]](IOg D)) (717)
for some large integer m. By the assumption, the multiplicity of any component of D is
invertible in 1V. One sees that (0 JWIA] (log D) is locally free as f is locally given by A —
xi'z5?, where r; denotes the multiplicity. One can check that the map a in the following
diagram is injective:

PN m

| | )

™ m
0——=Q k108 D) = Qe ey (log D) —— Qe (log D) /A™ —— 0.

Now the diagram chase with use of (7.16) and (7.17) implies (7.14).
Next we show (7.15). It follows from (7.14) that

Lrdr o (
A S I (Uo, Qg (log D)), A

2g32%)d
922+ ggZ) Z€F<
u

Usos QE/W[[A}](log D)).
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If we show

xdx (922 + 2932?)d=
Y € I'(Uo.x, s ey (log D)), "

€ I'(Uso,ic, Qs ey (108 D)),

then, in the same way as above, one can show (7.15) by the diagram chase, which com-
pletes the proof of Proposition 7.7. Since U,, — Spec W][)]] is smooth, one has dz/u €
I'(Us, Q2 Jw(py)» and hence the latter follows. The rest is to show

xdx

7 € F(UO,K7Q}5"K/K[[)\]]<IOg DK)) (718)
If e = 0, there is nothing to prove. Suppose e = 1, namely Dy is additive. Let T be the
singular points of Dy and put &% := &% \ Tk. It is enough to show

rdx
Y € I'(Uox \ Tre, s i (log D) (7.19)

as codim(Tx) = 2. Let Spec K[[Ao]] — Spec K[[\]] be given by A\ = A and consider a
cartesian diagram

@0 J o o
@@0 K 50 K éaK

Nl oo b
K[[Ao]] — KT[A]]
with j the normalization. The morphism f is locally given by (u,v) — A\ = u™ around a
component of the central fiber, where n; is the multiplicity. Take n = lem(n;);. Then &
is locally defined by u™* = A" in (u, v, \)-space, and hence &7  is regular and fis smooth.
Let (NJO, K C & i be the inverse image of Uy f, and Dy the central fiber of fv Then, to show
(7.19), it is enough to show

xdx ~ 1 ~

7 S F(UO,Ka Q%K/K[[Ao]](log DK))
Let 7o = /AT, yo = y/Ny, 920 = g2/A2™ and g3 = g3/A3™ with 3m = 21 such that
ys = 43 — g2010 — g3, is minimal over K[[)\o]]. Since the Kodaira type of f is I; with
s > 0, one has

xdx 9m—1 LodTo ~ 1 ~ ) ~
T T P, ¥, o) © T Woikes g, gy 108 D)
as 2m — [ > 0. This completes the proof. U
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8 Appendix B : Comparing elements in /&5 of elliptic curves

by Francois Brunault

In this appendix, we use results of Goncharov and Levin [GL] to compare two elements
in K, of the elliptic curve X(24): the element & in (6.10) and the Beilinson—Kato element.
This comparison is used in the proof of Theorem 6.2.

The proof of this relation builds on PARI/GP scripts freely available at [Br2]. More pre-
cisely, launching the PARI/GP file compareK2E . gp will run all the computations involved
in the proof.

8.1 Describing K, of elliptic curves

Goncharov and Levin gave an explicit description of K5 of an elliptic curve using the so-
called elliptic Bloch group. In this section we recall this construction and state the result
needed later to compare the two elements in K5 (see Theorem 8.5).

Let £ be an elliptic curve defined over a number field k. To describe Quillen’s K -group
K, (F), our starting point is the localisation map K>(E) — Ks(k(F)), where k(FE) is the
function field of E. The group K»(k(E)) can be described using Matsumoto’s theorem: for
any field £, we have an isomorphism

F><®ZF><
(r@(1—z):xe F\{0,1})

Ky(F) =

The class of x®y in Ky(F') is denoted by {x, y} and is called a Milnor symbol. The relations
{z,1 — x} = 0 are called the Steinberg relations.

Let Z|E (k)] be the group algebra of E(k). Consider the Bloch map
B:k(E)* x k(E) — Z[E(k)]
(f,9) — mej(pi —qj),
]

where div(f) = >, m;(p;) and div(g) = >, n;(q;) are the divisors of f and g. The map /3
is bilinear, so it induces a map

k(E)* @z k(E)* —Z[E(K)],

which we still denote by f. B _
Let [ be the augmentation ideal of Z[FE/(k)|. The group P of principal divisors on E/k is
generated by the divisors

(p+4a) = (p) = (@) +(0) = ((p) = (0) - ((a) = (0))  withp,q € E(k),

so we have P = I? and I/1? = E(k). It follows that 3 takes values in /%, and the image of
/3 generates I*. Following Goncharov and Levin, we now define the elliptic Bloch group of
E.
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Definition 8.1 Let 3(E/ k) be the subgroup of Z|E (k)] generated by the divisors B(f,1 —
[y with f € k(E), f # 0, 1. The elliptic Bloch group of E/k is

* 7. I4
R;(E/k)
The elliptic Bloch group of E/k is

Bj(E) = B3 (E/k) S/,

By Matsumoto’s theorem and the definition of the elliptic Bloch group, the map [ gives
rise to a commutative diagram

Ky (k(E)) —= Bi(E/k)

T T

Ky (k(E)) —— B3(E).
Goncharov and Levin [GL] proved the following fundamental result.
Theorem 8.2 The composite map
Ky E)@Q—Ky(k(E) @ Q—=Bj(F)®Q
is injective.

In fact, Goncharov and Levin showed that modulo torsion, K5(F) is isomorphic to the
kernel of an explicit map

55 : By(B) — (" @ B(R)) /.

Proof of Theorem 8.2. By Quillen’s localisation theorem, there is a long exact sequence

=@,y Ko(k(p)) — Ka(E) — Ka(k(E)) — 2 @, k(p)* — -+,

where p runs over the closed points of F; see the exact sequence in the proof of [Q, Theorem
5.4], with ¢ = 2 and p = 0. Tensoring with QQ and using the fact that K, of a number field is
a torsion group [Ga], we get an isomorphism K5(F) @ Q = Ker(0) ® Q.

By [GL, Theorem 3.8], the natural map K5 (k(E)) — Bj(E) induces an isomorphism

( H(E,Ky)
Tor(k*, E(k)) + Ky(k)

) ® Q = Ker(d3) ® Q,

where H(E,Ky) = Ker(d). Since Tor(k*, E(k)) is a torsion group [W, Proposition
3.1.2(a)] and K5 (k) is also torsion, we get the result. O
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We will need to work with the full group of divisors Z[E(k)], using (a modification
of) the group B3(FE) introduced in [GL, Definition 3.1]. The difference is that we use the
m-distribution relations only for m = —1.

Definition 8.3 Let R3(E/k) be the subgroup of Z|E(k)] generated by the divisors 3(f, 1 —
_|_

f)with f € k(E), f # 0,1 as well as the divisors (p) + (—p) with p € E(k). We define

— Z[E(k o
By(E/k) = M and  Bs(E) = Bs(E/[k)Sa*/k),
Ry(E/k)
Goncharov and Levin proved the following result (compare [GL, Proposition 3.19(a)]).

Proposition 8.4 The canonical map B}(E) @ Q — Bs;(E) @ Q is injective.

Proof. It suffices to establish the result for £ Jk. Let D = >-nilps] € I' be a divisor
belonging to R3(E/k). Write D = D'+ D" with D" € R3(E/k) and D" = . m;((q;) +
(—q;)). The divisor D" belongs to I* and is invariant under the elliptic involution o : p
—pon E. Thus we can write

2D" = D" 4+ o(D") = ﬂ(Z(fz R ge) + o (fe ® ge))
V4

for some rational functions fy, g,. By [GL, Lemma 3.21], for any rational functions f, g on
E/k, we have o*{f, g} = —{f, g} in Ko(k(E))/{k",k(E)*}. It follows that (f ® g) +
o*(f ® g) is a linear combination of Steinberg relations and of elements A ® h with \ € E
and h € k(E)*. Applying the map [ and noting that 5(A ® h) = 0, we get 2D" € R}(E/k)
as desired. O

Putting together Theorem 8.2 and Proposition 8.4, we get the following result.
Theorem 8.5 The composite map
B Ky(E)®Q—Kyk(E) ®Q— B3(E)®Q,
sending an element ) { f;, g;} to the class of the divisor ), B(fi, gi), is injective.
_ Thanks to Theorem 8.5, any equality in K& 2(F) ® Q can be proved by applying the map
[ and comparing the divisors. Of course, the difficult part is to find the necessary Steinberg

relations. In the following sections, we use this strategy to compare an “elliptic” and a
“modular” element in K of the elliptic curve X, (24).
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8.2 Special elements in K, of X(24)
8.2.1 The minimal model

The curve E, in the Legendre family is given by the equation y? = z(1 — z)(1 + 3x). A
minimal Weierstrass equation is

E:Y?=X%—X?—-4X +4,

obtained with the change of variables (X,Y") = (1 — 3z, —3y). This is the curve 24al in the
Cremona database [Cr]. The Néron differential is (up to sign)
dX dx
W= — = —.
7oy Ty
The torsion subgroup of F is isomorphic to Z /47 x 7./ 27, generated by the points p; = (0, 2)
of order 4, and p; = (1, 0) of order 2.

8.2.2 The modular parametrisation

The curve E is in fact isomorphic to the modular curve X,(24). We denote by

the modular parametrisation, normalised so that ¢(c0) = 0 and p*(wg) = ws = 2mif(2)dz,
where f is the unique newform of weight 2 and level I'y(24).

The modular curve X(24) has 8 cusps: o0,0,2, 2 L L 1L They are all rational,
and therefore correspond via ¢ to the 8 rationals points on /. We now make explicit this
bijection. Let A C C be the lattice of periods of wg = dX/(2Y). We have a canonical
isomorphism

v:C/A S E(C)

such that v*(wg) = dz (so that v~ (p) = [ wp). The idea is the following: given a point
7 € HUPYQ), we have

([ [ )

The last integral, as well as the map ~, can be computed using PARI/GP [PARI]. Note that
although the computation is numerical, we know that if 7 is a cusp, then f; wy belongs to the
lattice %A, hence its value can be ascertained. Using the PARI/GP code in [Br2], we obtain
the following table for the images by ¢ of the cusps of X(24) by .

1 1 1 1 1 1
¢ 00 0 2 3 i 5 8 i)
¢(c) 0 3p1+p2 | pr+pe| 3p1 | 2p1+p2| M P2 2p

(X,Y) | (0:1:0) | (4,-6) | (4,6) | (0,—2)| (=2,0) | (0,2) | (1,0) | (2,0)
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The sign of the functional equation of the L-function L(FE, s) is 41, hence the Atkin-
Lehner involution Wy, : 7 +— —1/(247) satisfies Way(f) = —f. This implies that the map
Ws4 : EE — E has the form p — py — p for some rational point py on £, and the table above
gives po = 3p1 + po.

8.2.3 The Beilinson—Kato element

Recall the definition of the Beilinson—Kato element zg in K5(F) ® Q (see [Brl, Définition
9.3)):

1 ,
ZE = 90*(5{1@4, W24(U24)} >,

where uy is the following product of Siegel units

uny = H Ga,bs

a€(Z/NZ)*
bEZ/NZ
and the superscript ' means addition of Milnor symbols {\,v} with A\ € Q* and v €
O(Y5(24))* in order to obtain an element of K5(X((24)) ® Q. Since the symbols {\, v}
are killed by 3, we can safely ignore them in the computation.

We wish to compute the divisor of the modular unit uy4. Let us work more generally
with uy. From the definition of Siegel units as infinite products, we know that the order
of vanishing of g,; at the cusp oo of X (V) is equal to NBs({+})/2, where By(x) =
x? — x +1/6 is the second Bernoulli polynomial and {t} = t — |¢] is the fractional part of ¢.
Moreover, we have the transformation formula g, © & = g(gp)a in O(Y (N))* ® Q for any
a € SLy(Z). Using this, we can compute the order of vanishing of g, at any cusp.

Since we are working with X,(N) instead of X (/N), we need to take into account the
widths of the cusps of X (V). The width of the cusp 1/d € Xy(N) is

N
wl/d) = A N )

Since 1/d = (1 9)oo, we have

ordy /q(un) = Z ordy /q(gas)

a€(Z/NZ)*
beEZ/NZ
— Z w(1/d)orde(gatan,s)
a€(Z/NZ)*
beZ/NZ
w(1/d) a—+db
a€(Z/NZ)*
bEZ/NZ
do(N) ¢
p— B i :
2gcd(d, N/d)p(d) ae(;;‘z)x 2({d})
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Here we used the distribution relation for the periodic Bernoulli polynomials,

m—1

B,({mt})=m" Y B,({t+— } (m > 1).

We deduce the order of vanishing of wus, at each cusp of Xy(24), and therefore its divisor:

1 2 1 2 1 1 1 1
di = = -(0) —=(1/2) — =(1/3) — =(1/4) + =(1/6) — =(1/8) + =(1/12).
i¥(u2s) = (00) + 2(0) = 3(1/2) = 2(1/3) = <(1/4) + 5(1/6) — £(1/8) + £(1/12)
The fractions appearing here mean that w4 is only an element of O(Y((24))* ® Q, in other

words some power of w4 is a modular unit.
Applying the modular parametrisation ¢, we get

div(ug) = é((O)+4(3p1+p2)—2(p1+p2)—4(3pl)+2(p1)—(2p1+p2)—(272)+(2p1))- 8.1

Applying the Atkin-Lehner involution, we also have

. 1
24\ W24 = = 1 2 - 1) 2 1 2) \WMW1)— 1 1 2))-
div(Was(uz)) = & ((3p1+p2)+4(0) =2(2p1) = 4(p2) +2(2p1+p2) = (p1) = (3p1) + (pr+12)
(8.2)
8.2.4 The symbol ¢ in (6.10)
Recall
y—xz+1 (x —1)?
- € Ky(E) ® =2 - = 8.3
6 {fag} 2( 4) Q? f y+x_17 g 41:2 ( )
Using MAGMA,we can find the divisors of f and g. Here is the code:
A2<x,y> := AffinePlane (Rationals());
C := Curve (A2, y"2-x*(1-x)*(1l+3%x));
Cbar := ProjectiveClosure (C);
E, phi := EllipticCurve (Cbar);
Emin, psi := MinimalModel (E);
F<x,y> := FunctionField(Cbar);
f = (y-x+1)/(y+x-1);
g := —(x-1)"2/(4%x"2);
div_f := Decomposition(Divisor (f));
div_g := Decomposition (Divisor(g));
print "div(f) =", [<p[2], psi(phi(RepresentativePoint (p[1l])))> : p in div_=f];
print "div(g) =", [<pl[2], psi(phi(RepresentativePoint (p[l])))> : p in div_gl;
We obtain
div(f) = —(3p1) + (p1) — (3p1 + p2) + (p1 + p2) (8.4)

div(g) = 4(2p1 + p2) — 4(p2)-
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8.3 Comparing the divisors

We are now going to apply 3 to the two elements in K5(FE) ® Q, and compare the results.
For the Beilinson—Kato element, we find using (8.1) and (8.2) that

ﬁ(u24, W24(U24)) = =

56 (8(0) = 8(p2) +28(p1) — 28(p1 + p2)

+ 8(2p1) — 8(2p1 + p2) — 44(3p1) + 44(3p1 + p2))-

In the group B3(E) ® Q, we have the relation (p) + (—p) = 0 for any point p, hence
(p) = 0if p is 2-torsion. So we can remove the 2-torsion points from the above divisor. In
fact, we can express everything in terms of p; and p; + p, alone. We find

B ({uza, Was(uz4)}) = 2(p1) — 2(p1 + p2),

and thus B
Bze) = (p1) = (p1 + p2)- (8.5)
We proceed similarly for the element & in (6.10). Using (8.4), we compute

B(f,9) = —8(p1) — 8(p1 + p2) + 8(3p1) + 8(3p1 + p2),

which gives B
B(§) = —16(p1) — 16(p1 + p2). (8.6)

The divisors 3(zz) and 5(&) are not proportional, which suggests a non-trivial Steinberg
relation involving p; and p; + po. We can determine it experimentally by computing the
elliptic dilogarithm of these points. Let us denote by Dy : E(C) — R the Bloch elliptic
dilogarithm. Using the PARI/GP code in [Br2], we find numerically

5Dg(p1) +3Dg(p1 + p2) = 0. (8.7)

This means that we should have 5(p;) + 3(p1 + p2) = 0 in the group B;(F) ® Q. We will
prove that this is indeed the case, by exhibiting a Steinberg relation.

We search for a rational function / on E such that the zeros and poles of both hand 1 —h
are among the 8 torsion points of . To do this, we use Mellit’s technique of incident lines
[Me]; see also [GL, Proof of Lemma 3.29].

We view FE as a non-singular plane cubic. We generate all the lines passing only through
the 8 torsion points of £. Say we have found three such lines /1, {5, /5 which, moreover,
meet at a point py of P2. If the lines are pairwise distinct, we may choose equations fi, f2, f3
for these lines satisfying f; + fo = f3. Then h = f;/ f5 has the property that the divisors of h
and 1 — h are supported at the torsion points of £. In particular S(h, 1 — h) is also supported
at the torsion points, which gives a relation in B3(E) ® Q.

If the intersection point pg lies on the curve, then the above relation is trivial: it is con-
tained in the subgroup generated by the divisors (p) + (—p). If, however, py does not lie on
the curve, then we usually get something interesting.
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It turns out that this method of incident lines works very well in practice. We imple-
mented it in PARI/GP [Br2]. The idea is to search for triples of incident lines, and determine
the associated Steinberg relations. More precisely, a line ¢ is encoded by the effective divisor
¢ N E, which has degree 3 and is supported in the finite group £(Q) generated by p; and
p2. There are finitely many such divisors. Moreover, we check whether lines /1, (5, {3 with
equations ¢; : ;X + b;Y + ¢; = 0 are incident by computing the determinant of the vectors
(@i, b;, c;) with i = 1,2,3. Also, we keep only those triples for which the intersection point
po does not lie on E. In the present situation, running through all possibilities, the computer
finds for example the following triple of incident lines:

ONE=2(p1)+ (2p1) LNE=(03p)+ 2p1+p2)+ @Bpr+p2) €3N E=3(0).

The line /3 is just the line at infinity, so that the lines ¢, and /5 are parallel. They are defined
respectively by the equations

flz—i(XnLY—Q) fgzi(X+Y+2).

Note that /1 N ¢y = (1: —1:0) & E. We have f; + fo = 1, and the divisors of f; and f, are
given by

div(f1) = 2(p1) + (2p1) — 3(0),
div(f2) = (3p1) + (2p1 + p2) + (3p1 + p2) — 3(0).

The associated Steinberg relation is

B(f1, f2) = 9(0) + (p2) — 9(p1) — 3(p1 + p2) — (2p1) — (2p1 + p2) + (3p1) + 3(3p1 + p2)
= —10(]?1) - 6(])1 +p2) in Bg(E) & Q

So we get the non-trivial relation 5(p;) + 3(p1 + p2) = 0 in B3(E) ® Q. As a consequence,
(8.5) and (8.6) simplify:

— 5 8

B(ze) = (p1) + g(pl) = §(p1)

and
F&) = ~16(m) = 16 x 3 () = 5 ()

Using Theorem 8.5, we deduce:

Theorem 8.6 &£ = 4zp in Ky(F) @ Q.
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