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I. Introduction 

In an econometrical production function analysis, It IS more desirable 
to use a data base consisting of a time series of cross-section samples than 
using either time-series or cross-section samples separately. A primary rea
son is that data of combining both types are potentially richer in informa
tion than either one of them. However, the question of whether or not 
it is possible to consider time-series and cross-section factors explicitly in 
production function analysis has for long been a subject of disputes!). 
Unlike other inputs whi~h are measured directly in physical terms, the 
two factors can not be handled in the same manner. Further, general 
methods of direct scaling techniques have not yet been devised. 

Granted that differences in both factors exist in a time series of cross
section samples, difficulties arise in the possibility that different levels of 
both factors are systematically related to variations in inputs of other re
sources. Thus a production function estimated by means of OLS with no 
consideration of both factors is liable to be misinterpreted due to bias in 
the estimated parameter. 

In this studies, an attempt has been made to describe the theoretical 
framework of covariance analysis as a method of handling this problem. 
Covariance analysis was first applied to econometrical production function 
analysis by HOCH (1962) and MUNDLAK (1961) almost at the same time as 
an effective way of combining time-series and cross-section data. Besides, 
other methods of combining time-series and cross-section data have been 
suggested by NERLOVE (1967) and WALLACE and HUSSAIN (1969). However, 
as the results of simulation performed by JOHNSON and LYON (1973) suggest, 
one is well-advised to explore analysis-of-covariance estimator when he is 
accessable to multiple cross-section samples. 

1) MARSCHAK and ANDREWS (1944) discussed this problem for the first time by plac-
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ing emphasis on the differences in managerial ability associated with each firm. 
Besides, HOCH (1958), GRILICHES (1957) and NERLOVE (1965) argued on this problem 
more extensively. 

II. Identification of Production Function 
and Profit Maxim.ization 

For simplicity, we represent Cobb-Douglas production function explicitly 
with one input and this can be extended to a general model of multiple 
inputs. 

(2. 1) 

(i = 1 2 ... I t= 1 2 ... T) 
" " '" 

In (2.1), X Oit is physical output of firm i in year t and Xlit is input. The 
terms K ot and MOi are respectively time-series and cross-section factors and 
UOit is stochastic error term. Further, a l is parameter of input Xl and if 
the size of this parameter is greater than, equal to or less than one, then, 
correspondingly, returns to scale are increasing, constant, or decreasing. 
If we assume that producers are engaged in maximizing profit with respect 
to input under given price, necessary condition for profit maximization can 
be represented as following. 

(2.2) 

(Elit=KltMliUlit, PI=PxdPxo, E(Urit)=O, (r=O, 1)) 
In (2. 2) Klt and Mli are also time-series and cross-section factors which 

can be thought of as indicating the effects of time and firm respectively. 
Equation (2.2) can be interpreted as pointing behavioral pattern peculier to 
firm i in year t. And K and M in (2.1) and (2.2) are assumed to render 
non-negligible influences to the levels of inputs employed. Year effect K 
includes not only institutional or entrepreneurial restrictions imposed upon 
year t but also such effects as price deviations, weather conditions and 
neutral technological changes. Likewise, M is a kind of human factor 
associated with management including levels of knowledge and education, 
experiences and personal response to risk all of which can be construed 
as factors related to technical or price efficiency of firm i 2

). 

Sufficient condition for profit maximization is al < 1 which implies the 
assumption of perfect competition. In behavioral equation (2.2), Elit reduces 
to one and producers can maximize profit completely if there are no dis-
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turbances at all. However, this is too strict a restriction and it is rather 
plausible to take deviations from complete profit maximization into consid
eration. The assumption of disturbance terms K and M may depends on 
characteristics of the industry to which a firm belong. Further, the as
sumption may differ within an industry according to specifications of outputs. 
In agriculture, for instance, the conception of human factor M is not so 
explicit in the case of producing sugar beet or corn whose productions are 
supposed to hinge greatly on such factors as weather condition and tech
nological innovation. However, in the case of milk production which is 
composed of several subactivities such as roughage production, feed reser
vation, maintenance and selection of milk cattle, the difference of M can 
hardly be overlooked. 

2) The definition of these two terms is not unique and somewhat ambiguous. For 
instance, MARSCHAK and ANDREWS (1944) included the luck of a particular year 
into technical efficiency, however, HOCH (1962) thought it as a component of error 
term. In this studies, we will follow the latter regarding this problem. For the 
meanings of both technical and price efficiences, see FARRELL (1957). However, 

the definitions of these two terms suggested by FARRELL are not necessarily 
applicable to other cases where assumptions given there are not satisfied. 

With the conception mentioned in the above in mind, we transform 
(2.1) and (2.2) into logarithm and rewrite in matrix notation as following.-

AX-P+Ao = E (2.3) 

A=I~ =~II, X=IXOitl, 
X lit 1

0

1 l-
a6
1 P = PI' Ao = ai' 

In the above expression, a~=In a r and other small letters mean log
arithm. Again, we simplify (2.3) by rewritting with variables defined as 
deviations from sample means. 

Ay = v (2.4) 

(y=X-X, v=E-E) 

Equation system (2.4) can be represented as following. 

YOit - Ylit = Vlit 

(2.5) 

(2.6) 

In order to get some insights into the implications K and M have on (2.5) 
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and (2.6), we assume that in (2.1) EOit equals UOlt and in (2.2) Ew is one. 
This corresponds to conventional way of defining production function with 
no consideration of disturbance terms. In this case, the equation system 
III (2.5) and (2.6) is given in the following form. 

YOit-Yw = 0 

(ZOit = In U Oit - In U Oit) 

The reduced form of (2.5-a) and (2.6-a) IS expressed as 

YOit = DZOit 

Ylit = YOi' 

likewise, reduced form of (2.5) and (2.6) can be written as 

YOit = D(voit-at vw) 

Ytit = D(voit-vlit) 

where D= (l-at)-t. 

(2.5-a) 

(2.6-a) 

(2.5-b) 

(2.6-b) 

(2.5-c) 

(2.6-c) 

From the above two reduced forms, it is clear that Ylit in (2.6-b) is 
dependent on the dependent variable Y(YOit) while in (2.6-c) it is not true 
since Ylit is expressed as a function of VOit. This hypothesis is fully justified 
so far as VOit in (2.6-c) includes not only the stochastic error term but also 
K and M that are assumed as systematically related to variations in inputs 
of conventional resources.It is trivial to show how the OLS estimator of 
at will be turned out in both cases. For the convenience of explanation to 
be followed, we will show the result of the latter case with following assump
tions. 

E(vr ) = 0, Var(vr ) = Grr (r=O, 1), s= 1,2, "', IT 

With the given assumptions, OLS estimator of at can be expressed as, 

L: Yt8 (at Yt8 + V 08 ) at L: yfs + L: Yts V08 
8 8 8 

L: yf8 
8 

The numerative of the second term on the right side IS a sample 
covariance so that under the general conditions3

) we obtain 
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plim 1: Y18vo8/s=E(Yl.Vo8)=E(YI8VOs)=D(aoo-aOI), similary 
s 

plim 1: yi8/s=E(yi.)=E(yis)=D2(aoo-2dol +(11) 
8 

(2.7) 

In (2.7), if we impose the restriction, E(aOI) = 0, it becomes 

and from (2.1) al is positive, then, together with sufficient condition for 
profit maximization we know that al lies between zero and one. Thus, 
the difference between estimated and true value of parameter al is turned 
out to be positive and its size depends on d rr • It is verified that Xl is no 
more exogenous when disturbance terms M and K enter (2.1) and (2.2). 
This means that we can not estimate unbiased parameter of al by means 
of OLS. 

We illustrated that Yl is an endogenouus variable in equation system 
of (2.5) and (2.6) and we have to satisfy identification condition to estimate 
al. However, there exists no predetermined variable either in the form of 
exogenous or lagged endogenous variable. NERLOVE (1965) suggested some 
implications on this problem. He satisfied the conditions for identification 
by introducing lagged terms of independent variables corresponding to Ylit-l 
in our system. However, a little reflection will suffice to convince one that 
it is highly implausible to assume that Vw in (2.6) is independent of lagged 
variable Ylit-l. In our model, it is assumed that firm factor M is constant 
within the period of our observation and also independent of time. So it 
is natural to imagine that m li which is a component of Vlit determines the 
lagged value of endogenuous variable Ylit-l to exactly the same extent as 
it determines the current value of Ylit. The results implies that method 
of this kind fails to provide a consistent estimator of a l in our simultaneous 
equation system. So far as our specifications of production function in 
(2.1) and behavioral equation in (2.2) are not irrelevant, alternative approach 
is needed to obtain consistent estimator of al. 

3) See GOLDBERGER (1964), Ch. 7. 

III. Constrained Profit Maximization and the Derivation 
of Covariance Analysis Estimator 

Before we proceed, we adopt two additional assumptions suggested by 
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BOCR (1958) in order to derive unbiased estimator of covariance analysis. The 
newly adopted two assumptions are as following. 

1) In behavioral equation (2.2), a producer maximizes profit regarding to 
anticipated output rather than actual output. 

2) The error terms both in production function (2.1) and behavioral equa
tion (2.2) are independent each other. 

By rewritting production function (2.1) in logarithmic form and variables 
defined as deviations from sample means, we obtain 

(3. 1) 

where we substituted y and v in (2.4) by x and e for distinction. And 
by following MUNDLAK (1963) we can define kot and mOi as follows with 
no lost of generality. 

(3.2) 

By the normalization of disturbance terms in (3.2), we can easily verify 
that following intriguing relationships establish between residual term E 
and stochastic error term U. 

e o.t = kot + +Uo.t 

eOi. = + mOi + UOi. 

eo .. = U o .. 

1 
e o.t = 7 ~ eOit , 

1 
eo .. = IT L: L: eOit 

• t i 

(3.3) 

If we simplify (3.3) as 

tiT = uf,T 

the simultaneous equation system (2.3) can be represented as following. 

xlT -a1x[T = UbT (3.4) 

xlT _XfT = U{T (3.5) 

(X;T = Xrit-Xr.t-Xri. +xrJ, (r=O,l) 

The reduced form of (3.4) and (3.5) can be written as following. 

xf/ = D(U&T -a1uiT) 

X[T = D(UbT -ufT) 

(3.6) 

(3.7) 

By adjusting disturbance terms of both time-series and cross-section 
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In (3.3), it was possible to eliminate the effects of both factors from the 
reduced form of (3.6) and (3.7). However, xV in (3.7) is no more inde
pendent of the error term of production function than Ylit in (2.6-c) is. 
By what we have described hitherto, it is clear that the OLS estimator 
in (3.6) and (3.7) is still subject to simultaneous equation bias. 

In order to secure unbiased estimator of aI, we proceed by introducing 
two additional assumptions mentioned in the above. Thus, we derive the 
necessary condition for profit maximization not from (2.1) but from fol
lowing production function of anticipated output. 

(3.8) 

In (3.8) XOit means anticipated output and q corresponds to UOit in (2.1), 
however, it is different from UOit itself, q is rather something of f(Uo) or 
any other function of parameters of f(Uo)4). Necessary condition derived 
from (3.8) can be written as following. 

a1XOit PM K U Xlit = 1 1i It lit (3.9) 

From (2.1) and (3.8), we can easily derive the relationship between anticipated 
and actual outputs. 

X Oit = (XOit/UOit) q (3.10) 

By substituting (3.10) in (3.9), 

a1 (XoitIUoit ) _ P M' K U 
X1it - 1 li It lit· 

(3.11) 

In (3.11) M[i( = Mli/q) can be construed as expressing the extent to which 
a producer is ignorant of perfect information. By rewritting (3.11) in 
logarithm and define variables as deviations from sample means, we obtain 
the following expression. 

XOit - Xlit = UOit + mii + klt + Ulit (3. 12) 

If we put mii + klt + Ulit = eiit' from (3.3) and (3.12) our behavioral equation 
IS represented in the following form": 

(3. 13) 

Thus, from (3.4) and (3. 13), we can derive reduced form that satisfies 
condition for the unbiased estimator of a1' 

(3.14) 
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X[T = - Du? (3. 15) 

Equation (3.15) is different from (2.6-c) and (3.7) in the respect that 
stochastic error term of production function does not appear on the right 
side. 

This means that it is possible to estimate unbiased parameter of al by 
dint of OLS in (3.14) and (3.15). 

~ ~ (_D2)[(1-al)u~Tu{T-al(uiT)2] 

1:: 1:: D 2 (ufT)2 
i t 

plim 1:: 1:: (- D2) (1-all uf U[T 

plim al = al + ~li~ 1:: 1:: D2(uiT)2 
i t 

_D2 plim 1:: .E (l-al) U~TU[T/S 
= al +---C;D=2'--pl'-:-im-,-i~±=;-;01::=;--;-(u-;{=T)"'2/'s--' (s= 1,2, "', IT) (3.16) 

i t 

The numerative of second term on the right side of (3.16) is a sample 
covariance of U o and U l adjusted in (3.3) by two disturbance terms of time
series and cross-section. Thus, under general conditions, 

_D2 plim.E .E(1-al)ufuf/s=-D2(1-al)E(u~Tu[T) 
i t 

= -D2(I-al) E(ui/ufT) = -D2(I-al) (0) = 0 

and from (3.16) we obtain unbiased estimator of al' 

plim al = al (3.17) 

By the exhaustive descriptions up to now, it has become clear that 
the normalization assumption in (3.2) and covariance analysis technique 
applied in (3.3) made it possible to get rid of two disturbance terms in 
(3.7). Again, the introduction of HOCH'S (1958) two additional assumptions 
enabled us to derive unbiased estimator a1 in (3.17). 

Now we reconsider the rationale of two additional assumptions adopted 
in the above whether it is plausible or not. The first one that producers 
in general maximize their profits respect to anticipated output rather than 
actual output has following implications. The nature of production process 
is such that inputs precede output in time and, therefore, at the date when 
inputs are determined the actual output that will be realized is not known 
with full certainty, the reason being the dependence of output on the 
stochastic error term. Thus the firm can base its decision on anticipated 
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output or chooses another criterion such as minimizing the expected loss 
resulting from deviation between anticipated and actual outputs or some 
other criterions peculier to each individual firm. 

The second assumption that stochastic error terms Uo and U1 are 
independent each other seems to be not implausible in the sense that we 
have already eliminated the effects of both disturbance terms in (3.6) and 
(3.7), thus there remains only the stochastic error term. From what have 
been observed hitherto, it should be made clear that the unbiased estimator 
in (3.17) is justified so far as the model specifications in (2.1), (2.2) and 
two additional assumptions are accepted5

). 

4) In this case, the anticipated output KOlt does not equal E (XOit), for details on 
this point, see HOCH (1962). 

5) For empirical analysis of this method, see HOCH (1962) and MUNDLAK (1961). 
And for examples applied to milk production function analysis, see MATSUBARA 
(1972) and CHO (1976). For details of estimation method, see SCHEFFE (1959) and 
MORISHIMA (1960). 

IV. Concluding remarks 

We have seen how a time series of cross-section samples is combined 
in estimating Cobb-Douglas production function. And it has been illustrated 
that under the conventional assumption of production function we are 
subject to simultaneous equation bias so far as firm and year factors are 
not independent of input levels of resources. However, covariance analysis 
method renders unbiased estimator. And this method is fully justified 
within the realm of our approval of the specifications of production func
tion in (2.1) and behavioral equation in (2.2) as such. 

And some points of importance in the context of applying this method 
can be summed up as following. First, it is necessary to secure homogeneity 
of sample data. Especially, is this true so far as the effects of geographical 
or environmental conditions of sample data are concerned. Second, cova
riance analysis method necessitates multiple cross-section sample. This 
means that covariance analysis is rather limited in its range of application 
since it is not always easy to find such a data base. For all the difficulties, 
covariance analysis method provides us with a strong tool of combining 
time-series and cross-section data. 
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