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This article, which is largely about the
mathematical aspects of the procedures for
eliciting personal probabilities that are now
often called proper scoring rules (and also
admissible probability measurement proce-
dures), would be misleading and incomplete
without some discussion of their actual and
potential applications. My preparation for
that is inadequate; for I have done no prac-
tical work in the area nor even followed
the practically oriented literature with en-
ergy and care. But it seems incumbent on
me to mention, to the best of my knowl-
edge, the sorts of applications that have
difficulties  that
threaten them, and criteria that might help

been envisaged, some
in selecting among the plethora of proper
scoring rules. The subject is a ramified one,
and even a cursory survey demands consid-

erable space.
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Often, we want to make use of the opin-
ion of a person whom we regard as an ex-
pert. Does the weatherman think that it
will rain, the doctor that we shall soon get

well, the lawyer that it would be better to

settle out of court, or the geologist that
there might be lots of oil at the bottom of
a deep hole? Most of the following subsec-
tions are concerned explicitly with the utili-

zation of experts.
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This domain of application shades into that
of trying to determine which among possi-
ble experts are most valuable for a given
task by means of the relation between

their past opinions and reality.
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Yet scoring rules might be used in training
panelists to assess their own probabilities,
perhaps partly in paid practice sessions
about immediately verifiable predictions.
This would seem less farfetched should
scoring rules come to be widely applied in

the schools.
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One domain of potential application of
proper scoring rules is suggested not so
much by the problem of obtaining the opin-
ions of others as by the difficulty of obtain-
ing our own. For it is by no means easy to
elicit your own probabilities. Vagueness is a
major obstacle, and your first reactions are
often greatly modified when you reflect
upon their implications. Those who have ex-
perimented on themselves and on others
generally feel that frequent practice with
proper scoring rules and with other prob-
ability elicitors helps a person to combat
vagueness and to arrive more promptly and
accurately at his personal probability. This
proposition might be difficult to investigate
experimentally and even seems difficult to
state with precision, but its promise of

benefit is great. (See, for example,[12,59].)
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The importance of a system of communi-
cation in which experts express themselves
in terms of genuine personal probabilities
and in which those who utilize the opinions
of experts—that is, all of us—are trained in
understanding and using such probabilities
was energetically underlined by Grayson
[27]. In recent years, meteorologists have
been announcing forecasts in terms of prob-
ability on some radio and television serv-
ices, but not all who offer these probability
forecasts think in terms of personal prob-
ability, and some seem to be very vague
indeed about what they mean by probabil-

ity in a forecast. The earliest known refer-

ence to proper scoring rules is by the me-
teorological statistician, Brier [5], and much
of the current literature on proper scoring
rules is inspired by meteorology, as in [21,
39, 40, 41, 46, 53, 58, 59, 60] and works

cited in them.
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This same example, which suggests so
vividly how any proper scoring rule might
be applied to elicit from a geologist his
opinions about the yield of a well that is to
be drilled, also serves to illustrate what
seems to be an insurmountable obstacle to
the application of arbitrary scoring rules,
and even of any proper scoring rules to all,
to many situations in which opinion is
sought as a basis for decision. If whether
the well is to be drilled does not depend

on this geologist’s opinion, then any proper

155 (155)

scoring rule concerning its expected yield
can be implemented, in particular by offer-
ing to sell shares in the well at various
prices. But if whether to drill the well de-
pends in part on the opinion of the geolo-
gist, then some of the events about which
his opinion is wanted may never be tested
precisely because of his advice, so the
scoring-rule contract cannot be offered liter-
ally. The phenomenon is ubiquitous. We can
never know what would have happened
had surgery been ventured, had a certain
product been marketed, or had a certain
student been admitted. Business sharing, to
be discussed in Subsection 10.12, seems to
offer some possibility of circumventing this
widespread obstacle to the literal application

of proper scoring rules.
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The interrogator has an interest in mak-
ing the possible fluctuations in the wealth
of the expert large. For this motivates the
expert to reflect hard and well before an-
swering and yet need not add systemati-
cally to his expected fee. The larger the
fluctuations are, however, the more the ex-
pert is motivated to report not his real
probabilities but numbers that reflect in
part the nonlinearity of his utility. The the-
ory of these distortions has been somewhat
explored by Winkler and Murphy [60], and
some possible ways to avoid them or com-
pensate for them were reported on in Sec-
tion 3. My own hope and expectation is that
the skillful use of small, or even purely
symbolic, scoring-rule payments (in addition
to the usual compensations) will enable ex-
perts to know and to communicate their
opinions much more accurately than has

been usual.
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Probabilities corresponding to odds of one
in a million or even less, such as the prob-
abilities of specific disasters are sometimes
important [32]. Any scheme to give an ex-
pert a serious cash incentive to reveal his
personal probabilities for very improbable
events would seem to court insuperable dif-
ficulties with the nonlinearity of utility.
And, even if we do not despair of obtaining
sincere opinions about such matters by en-
gaging sincerely inclined experts in the
right kind of make-believe, the difficulty of

such make-believe, and the special training
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required for it, are in danger of being greatly

underrated.
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Magnification is sometimes possible. For
example, though it would not be practical
to engage me in a meaningful bet that the
birth awaited by the recently married
Smiths will be quadruplets, my expectation
for the number of sets of quadruplets
among the next million American births
(about two, based on a little reading) could
be elicited and might be of some use. But
this relief is largely illusory. For a real ex-
pert on multiple births would be expected
to take into account such data as that Mrs.
Smith is herself a twin and a very young
bride, so there is no practical possibility of
counting the quadruplet births in a large
number of cases similar in the respects

considered pertinent.
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In just what ways can you expect to
profit from the opinions of experts in seri-
ous matters? According to a very broad
model, you have an important decision to

make in the light of all sorts of data at
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your disposal, and this data may include
the behavior of experts. You could, in prin-
ciple, explore all sorts of ways of interro-
gating an expert—not confining yourself to
eliciting his opinions—and study empirically
how his responses can profit your business.
Conceivably, pain in the weatherman’s great
toe would better help you plan picnics than
would his opinion about the weather. Yet I
presume that ordinarily little of importance
would be lost if you could obtain only the
opinion of the expert, that is, his personal
probabilities. What should be done with
such an opinion? The simplest thing, and
sometimes the appropriate thing, would be

to make the expert’s opinion your own.
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This is by no means mandatory. For ex-
ample, an expert who always ascribes very
small probability to what actually occurs
and to nothing else would be as useful as
one who is omniscient, but you would of
course not make the opinions of this per-
fect fool your own. Again, you might dis-
cover with experience that your expert is
optimistic or pessimistic in some respect
and therefore temper his judgments. Should
he suspect you of this, however, you and
he may well be on the escalator to perdi-

tion.
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We often have access to more than one
expert, and what to do when doctors dis-
agree has always been, and will always be,
a quandary. One important thing to do, but
far outside the scope of this paper, is to en-
courage the right kind of communication
between the experts. Exploration of how to
do this is, for example, one of the aims of
the Delphi technique [3;8; 29, Part II]. In
general, good communication is what makes
the experts share factual information and
help each other think their

through thoroughly, and bad communication

opinions

is what encourages various vices such as
exaggeration and excessive deference. Sooner
or later, despite all techniques of communi-
cation, divergent expert opinions will have
to be faced. Perhaps you will make some
composite of one or more expert opinions
and your own opinion. An extreme way to
do that would be to decide, on the basis of
past experience or otherwise, that a par-
ticular one of the experts is the only one
worth listening to and to make his opinion
your own. A more general procedure would
be to average the opinions, that is, to aver-
age the probability distributions associated
with the experts (possibly including your-
self), giving each the weight you think ap-
propriate. Thus, rather than simply choose
one expert among several, you can choose
among the infinite number of synthetic ex-

perts that constitute the convex closure of
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the several. (A few key references bearing
on the subject of this paragraph are [10;
11; 47, Ch.10 ; 52, p.65 ff ; 56].)
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9. BELLTOIFZ/N—F

%5 8 /NHfilE The expert as an instrument

Thb, BHOBKRZIICERTH %,

When is one expert, real or synthetic, to
be preferred to another? An “expert” in
this context is a mechanism, possibly with
human components, generating numbers
that you contemplate instead of your own
personal probabilities (or, more generally,
expectations) in certain contexts. One crude,
practical answer sometimes available and
appropriate, is this: Employ, until you have
further experience, that expert whose past
opinions, applied to your affairs, would have

yielded you the largest average income.
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No rule of this sort can claim absolute or
objective validity, and this one has been
couched especially roughly for the sake of
simplicity. For example, actual past experi-
ence with the experts may be extensive,
moderate, meager, or absolutely lacking.
When past experience is extensive, but not
too extensive, the rule often has much to
recommend it; when direct past experience
with the experts is meager, the rule is silly;
and when such experience is altogether
lacking, the rule results in a tie and is
therefore empty. Actually, if you have little
or no past experience with the experts, you
will have to ponder them in terms of what-
ever information it was that brought you to
regard them as promising in the first place;
this well finder is regarded by the whole
infallible with the

fork; that one is a professor of geology and

neighborhood as hazel
the author of an important treatise on sub-
surface hydrology but has never before
tried to help anyone locate a well. In such
a context, the subjective aspect of your de-
cision is thrown into prominence, but no
matter how much direct past experience
you may have with the experts, the ulti-
mate subjectivity of your choice among
them never disappears, though its effects
may become less agonizing—according to
the personalistic Bayesian theory of statis-

tics, as in [48].
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When your past experience with the ex-
perts is very extensive indeed, it may be-
come profitable for you to refine the origi-
nal rough rule by dividing up -circum-
stances into categories and confiding in dif-
ferent experts for different categories of de-
cisions. Such discussion could continue in-
definitely; for the situations are innumerable
and tend to parallel the whole field of decision

-theoretic statistics.
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A different kind of complication in apply-
ing, or adapting, the rough rule is that the

notion of average income may not be read-
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ily applicable to your affairs. For one thing,
it may be important to measure your own
income in utility rather than in cash. If this
involves only determining your utility for
cash, you may be able to do that reason-
ably well with moderate effort. If, however,
the consequences of your act are not easily
converted into cash but involve values diffi-
cult to weigh against each other such as
beauty, justice, and health, your dilemma
may be especially severe. Raiffa [44] has
recently published a book largely on these
subtle problems of pondering the imponder-
able and evaluating the invaluable that re-
views, and contributes to, a considerable lit-

erature.
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Another difficulty in measuring utility is
seen in this example. You are the person
responsible for choosing which of several
televised meteorological forecasters shall
serve your city. There is, I assume for sim-
plicity, abundant evidence of past perform-
ance, and the members of the community
who use the forecasts will behave in accor-
dance with the probabilities announced in
them. Since yours is a public trust, you
would like to choose the forecaster that in
the past would have maximized the mean

income of members of the community.
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Subtle welfare-economic decisions about
the relative importance of bent-pin anglers
and barn painters could complicate your
problem, but, even more important, rela-
tively little is really known about the uses
to which public weather information is put
and what its economic consequences are.
Thought has been given to the problem of
the economic value of meteorological fore-
casts, both for the general public and for
special purposes, but difficult, important em-
pirical aspects of the question remain to be

explored. (Key references are [36, 40].)
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There are as many proper scoring rules
for a trichotomy, for example, as there are
convex functions over the barycentric trian-
gle, or two dimensional simplex. It would
therefore seem important to study in what
respects one scoring rule is better than an-
other. But this question has thus far proved
surprisingly unproductive. Its elusiveness is
brought out by the consideration that an
ideal subject responds to all proper scoring
rules, including those involving extremely
small payments, in exactly the same way.
Therefore, any criteria for distinguishing
among scoring rules must arise out of de-

partures of actual subjects from the ideal.
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Since we all do depart markedly from
the ideal, it might seem that one proper
scoring rule would be much more effective
with a real person than another, and this
presumably is often so. But if a person is
reasonably sophisticated, though far from
ideal, the form of a proper scoring rule for
eliciting his probabilities, for, say, a trichot-
omy should—provided its amplitude is suffi-
cient to command attention—have little or
no effect on his response. To see this, put
yourself in his place. You are offered a con-
tract that will result in certain cash pay-
ments to you depending on your choice of
three numbers p, ¢, and » and on whether
a certain game ends in win, lose, or tie. If
you know what personal probabilities are
and understand that the contract is so
drawn that it is to your interest to report
your personal probabilities, then the details
of the contract seem unimportant; for no
matter which proper scoring rule it corre-
sponds to, you should ask yourself what
your personal probabilities for the three

events are and report them.
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Yet, the terms of the contract might
make a modest difference to you. Suppose,
for example, that very little money is to
change hands in case of a tie, no matter
what your response is. In this case, you
have little incentive to ask yourself care-
fully the probability of a tie and are thus
left free to focus on the relative probability
of a win given that there is not a tie. In
this case, your questioner will be well
served if he is mainly interested in that
conditional probability, and he will be badly
served if he particularly wants to know the

probability that you attach to a tie.
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Thus, at least a vague criterion applicable
even to sophisticated but human respon-
dents emerges. Insofar as responding is
hard work, the scoring rule should encour-
age the respondent to work hardest at
what the questioner most wants to know. If
this is to be effective, it must not merely
be mathematically true but also plain to the
respondent that he will be rewarded most
for working on the right aspects of his
opinion. This is in part a psychological
question of human communication, subject
to much speculation and experimentation.
To illustrate, you are faintly curious to

know whether the respondent thinks that a
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tie is likely and desperate to know whether
he believes that the home team will win.
You might be best served by entering into
two palpably separate contracts with the
respondent, a small one hinging only on
whether there is a tie and resulting in a
rough casual elicitation of the respondent’s
7, and a larger one, involving no payment
in case of a tie, resulting in a well consid-
ered evaluation of the ratio p to ¢ for the
respondent. Of course the two contracts to-
gether amount to a single scoring rule,
though presenting them separately might
work better psychologically.
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The appropriate incentive for you to offer
a respondent for his opinion depends not
only on the importance for you of obtaining
that opinion with a specified accuracy but
also on the difficulty for the respondent in
obtaining it from himself. This makes the
choice of a scoring rule designed to evoke
the right degree of effort from the respon-
dent on the various components of his task

particularly subtle.
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The respondent will presumably work for
what he regards as an acceptable wage. In
the presence of a scoring rule, he will per-
ceive his wage as random with an expecta-
tion that can be adjusted by adding a con-
stant to the scoring rule. So, within the
linearity approximation, the respondent does
not charge extra for submitting to the scor-
ing rule, and it therefore seems roughly
reasonable to reckon that the questioner is

not charged for it.
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The higher the amplitude of the scoring
rule, the more incentive it gives the respon-
dent to reply with care. On this account,
the respondent might in principle come to
insist on a higher mean wage for facing a
highly fluctuating scoring rule, and this
could tend to deter the questioner from us-
ing high amplitudes. But the important
practical limitation on amplitude would
seem to be the need to avoid the distortion
of response induced by the nonlinearity of

the respondent’s utility.
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#5 12 /i1 Business sharing T 5., B
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In common sense, we feel without any
overt reference to economic models that
some responses are not so wrong as others

and ought not to be so heavily penalized. If
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a respondent is pretty sure that the home
team will win, and there is in fact a tie,
then he is perhaps not so wrong as if it
had lost. Scoring rules reflecting this idea
have been sought and easily found. See, for
example,[21,53]. One interesting way to ad-
just the rewards and penalties of the re-
spondent to the interests of the interroga-
tor, which was brought out in a dramatic
and radical form in McCarthy's [37] pio-
neering note on proper scoring rules, is to
give the respondent a fractional interest in
the business involved. To illustrate with an
overidealized example, an oil prospecting
company could give its geologist a small
fraction of all profits and losses with the
understanding that all decisions in the busi-
ness would be made using the geologist’s
personal probabilities about geological uncer-

tainties.
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(It would be interesting to consider with
some care the respects in which such an
example is realistic and unrealistic, but I
can only go a step or two in that direction
here. Stock in the company would seem to
give the geologist an interest in reporting
his probabilities honestly if he could be as-
sured that they would be adopted as the
personal probabilities of the management
for the events concerned. But this incentive
may not be fully in harmony with the ex-
pert’s incentives to appear worthy, as op-
posed to simply being worthy, of retention
and promotion—a complication that affects
not only business sharing but all applica-
tions of proper scoring rules to a profes-
sional expert. Business sharing does not
present the expert with an explicit scoring
rule in any business complicated enough to
provide a more than mechanical role for
managers, in particular in any business in
which there are other uncertainties than

those about which the expert is consulted,

but an implicit rule is as effective in princi-

ple as an explicit one.)
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Long ago, Gauss [25, Sec.6] proposed that
economic losses (such as those in a game
of chance) provide a good model for the in-
centive to estimate accurately even in the
most academic contexts. Decisively to up-
hold or to overthrow this suggestion does
not seem possible. Personally, it appeals to
me. Correspondingly, when we say that a

tie should not be regarded as so distant
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from a win as a loss would be, I am in-
clined to think that that is because we
have in mind various uses for sport fore-
casts in which the penalty is less for one
kind of error than another. Of course, the
penalty need not be a monetary one; it
might involve, for example, loss of social
prestige. Fortunately, the elusive question of
whether all that is good and bad about a
forecast can ultimately be referred to profit
and loss in economic decisions, sufficiently,
widely interpreted, need not be resolved in
order to show the interest and utility of
viewing proper scoring rules as a share in
a real or a fictional business. For the busi-
ness model is certainly a mathematically
general model for all proper scoring rules
and a fertile point of view for the genera-
tion of proper scoring rules that penalize

some errors more than others.
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The technical point that every proper
scoring rule can be viewed as a share in a
business and that every such share leads to
an at least weakly proper scoring rule
should be appreciated. Section 7 makes these
points clear. Every strictly proper scoring
rule amounts to the possibility of choosing
among acts, only one of which is appropri-
ate to each system of personal probabilities.
Conversely, a person knowing that an act
in a specified economic situation is to be
chosen for him in accordance with his an-
nounced system of personal probabilities
will have no incentive to announce a false

one. However, if the convex function arising
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from the family of acts has flat places—
technically, is not strictly convex—then the
person has no positive incentive to distin-
guish among certain systems of probabili-
ties, and the scoring rule is only weakly

proper.
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Insofar as business sharing is a practical
method of elicitation, it makes possible the
use of a proper scoring rule even in those
situations stressed at the end of Subsection
10.3in which arbitrary proper scoring rules

cannot be implemented because some of

the conditional probabilities to be elicited
will not be tested, depending on the opin-

ions expressed by the expert.
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The parallelism between implementing a
scoring rule by business sharing and the
rough rule for rating experts according to
how their advice would have affected your
business in the past (discussed in Subsec-
tion 10.8) is evident, but the two things
must not be confused. In particular, the rat-
ing rule can be used regardless of what
scoring rule if any is used to elicit the

opinions.
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Consider now a subject quite untrained
in personal probability and the theory of
scoring rules whose only incentives are pro-
vided by the scoring itself. It is question-
able whether, in any serious application,
this ought to be allowed to happen. Though
any strictly proper scoring rule is a suffi-
cient guide for an ideally intelligent Robin-
son Crusoe no matter how uninstructed,
can we expect real people to respond well
with no other coaching than is provided by
the scoring rule itself or even by extended
experience with the scoring rule? And even
if investigation should yield a somewhat af-
firmative reply, is there any point in with-
holding instruction? Whatever the answers,
it does seem stimulating to speculate on
what kinds of scoring rules presented in
what way would most nearly operate on
naive subjects as all strictly proper scoring
rules are supposed to operate on sophisti-
cated ones, and this should lead to ideas of
practical value for subjects of intermediate

sophistication.
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In the first place, the subject must un-
derstand the scoring rule. If it makes ex-
plicit reference to logarithms, or even to
squares, most ordinary people will not un-
derstand it at all; and even those with
mathematical training may not be nearly
apt enough at calculation to use the rule ef-
fectively. This is an important reason to
present the rule through some vivid tabular
or graphic device, which could, for example,
take the elaborate form of conversational-
mode digital computation, or more simply of
some slide-rule device such as those of the
Shuford-Massengill Corporation (Lexington,
Mass.), or perhaps tabulation of the scoring

rule itself possibly very boldly rounded [14].
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Perhaps it is helpful to a subject respond-
ing about a partition of possible events if
the economic consequence of his response
is a function only of the element of the
partition that happens to obtain. This condi-
tion imposes no constraint at all for two-
fold partitions, but for n-fold partitions with
n>2, it leads to the logarithmic scoring
rules of Subsection 9.4. The possible advan-
tages of the simplicity might often be out-
weighed by the inappropriateness of a sym-
metric scoring rule in asymmetric situations
or of a scoring rule that lays emphasis on
the correct elicitation of small probabilities.
I have sometimes heard the possibility that
a subject responding to a logarithmic scor-
ing rule could be subjected to an infinite (or
at any rate, unlimited) penalty raised as an
overwhelming objection. This possibility
does of course imply that the method can-
not be applied literally, but approximate ap-
plications, in which the subject is not al-
lowed to name probabilities less than, say,
10 %suggest themselves. And, as mentioned
in Subsection 10.5, obtaining probabilities
very close to0Oby means of direct incen-
tives does not seem practical by any scor-

ing rule.
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%5 14 /N Proper scoring rules in school
T, BHOBREIRO-XTH 5,

Proper scoring rules hold forth promise
as more sophisticated ways of administering
multiple-choice tests in certain educational
situations [14,49]. The student is invited not
merely to choose one item (or possibly
none) but to show in some way how his
opinion is distributed over the items, sub-
ject to a proper scoring rule or a rough

facsimile thereof.
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Though requiring more student time per
item, these methods should result in more
discrimination per item than ordinary
multiple-choice tests, with a possible net
gain. Also they seem to open a wealth of
opportunities for the educational experi-

menter.
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Above all, the educational advantage of
training people—possibly beginning in early
childhood—to assay the strengths of their
own opinions and to meet risk with judg-
ment seems inestimable. The wusual tests
and the language habits of our culture tend
to promote confusion between certainty and
belief. They encourage both the vice of act-
ing and speaking as though we were cer-
tain when we are only fairly sure and that
of acting and speaking as though the opin-
ions we have were worthless when they

are not very strong.
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Effects of nonlinearity in educational test-
ing deserve some thought, but presumably
nonlinearity is not a severe threat when a
test consists of a large number of items.
One source of nonlinearity that has been
pointed out to me is this. A student com-
peting with others for a single prize is mo-
tivated to respond so as to maximize the
probability that his score will be the high-
est of all. This need not be consistent with
maximizing his expected score, and presum-
ably situations could be devised in which

the difference would be important.
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