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Weakly nonlinear waves generated by vibration 
of a spherical body 

Takeru Yano and Yoshinori Inoue 

Department of Engineering Science, Faculty of Engineering, Hokkaido University, Sapporo 060, Japan 

(Received 10 October 1990; accepted for publication 12 September 1991 ) 

The nonlinear propagation of directional spherical waves generated in an unbounded inviscid 
ideal gas by vibratory motions with ,.;mall but finite amplitude and moderate frequency of a 
spherical body is considered. Starting with a regular perturbation expansion for a velocity 
potential in the near field, a higher-order problem is investigated in the far field up to the shock 
formation distance. It is thereby shown that, in the far field concerned, a well-known simple 
far-field equation remains valid for tlae radial velocity Ur* including higher-order corrections up 
to O(e'•V/r) (N< -- 1/e In e), where r is a nondimensional radial coordinate and e( • 1 ) is the 
expansion parameter of the expansion. A boundary condition appropriate to the equation, 
which ensures the matching of a far-field solution with a near-field solution, can be determined 
from the near-field solution obtained by the regular perturbation procedure. As an application 
of the theory, the third-order problem is solved for weakly nonlinear acoustic •vaves radiated 
by a pulsating sphere. It is further shown that, for weakly nonlinear cylindrical waves with 
moderate frequency, a similar far-field equation becomes invalid at the third approximation in 
the far field up to the shock formation distance. 

PACS numbers: 43.25.Cb 

INTRODUCTION 

We shall consider the weakly nonlinear propagation of 
directional spherical waves radiated by vibratory motions of 
a spherical body in an inviscid ideal gas. By directional 
spherical waves, we mean spherically diverging waves whose 
amplitude can vary with angles at a distance r * from the 
center of the mean surface of the body (the mean surface is 
supposed to be a sphere of radius R). We shall treat the case 
ofe=a/R • 1 and (a--Rra*/c = O( 1 ), where ß is a normal- 
ized amplitude and w is a normalized frequency (a: the max- 
imum amplitude of vibrations of the body; o•*: a typical an- 
gular frequency of the vibration; c: the speed of sound in an 
undisturbed gas). 1 The radiated sound field is then com- 
posed of the near and far field (see Fig. 1 ). In this case, an 
approximate solution valid in the near field, i.e., a near-field 
solution, can, in principle, be obtained up to arty order ofß by 
a regular perturbation expansion in powers of E for a velocity 
potential in the near field. Starting with the regular perturba- 
tion expansion, we shall investigate a higher-order problem 
up to O(em/r) in the far field up to the shock formation 
distance (N: a positive integer; r= r */R: a normalized dis- 
tance). 

The nonlinear propagation in the far field in the case of 
E• 1 and o• = O( 1 ) has been well examined up to O(ß/r):2-6 
To the propagation of directional spherical waves, Kelly and 
Nayfeh 2'3 applied the method of renormalization, which 
had already been used for cylindrical waves by Ginsberg. 7 
The problem of directional spherical waves is reconsidered 
in the approximation up to O(eaV/r) (N>2), in the present 
paper. Inoue and co-workers •-6 studied problems of a uni- 
formly pulsating sphere 4'6 and that of an oscillating rigid 
sphere, • using a method of strained coordinates to obtain an 

explicit expression of an exact solution of a well-known sim- 
ple far-field equation? 

c•w c•w 
----w ----0, 

r * 

(1) 

w------, z-- Y +1 RrO*ln r* 
R c 2 c R 

q=ro*[t*-- (r*--R)/c], (2) 

where Ur* is the radial component of the fluid velocity, y is 
the ratio of specific heats, and t * is the time. In the approxi- 
mation up to O(e2/r) in the far field, however, very few 
problems have been solved.4'•ø We remark that the directiv- 
ity can cause significant phenomena in the problem con- 
cerned: The acoustic streaming can be induced in the near 
field, •'•ø and in the far field the shock formation distance 
depends upon the polar angle 0 and the azimuthal angle 
•.2.3.5.10 

In this paper, we emphasize that Eq. ( 1 ) can be derived 
even in the framework of the higher-order problem: Strictly 
speaking, Eq. ( 1 ) remains valid in the far field for u•* includ- 
ing corrections up to O(e•V/r) (N< - 1/e In e). In the far 
field the other components of the velocity, uo* and u•, be- 
come very small compared with u•* so that the leading equa- 
tion governing the nonlinear wave motion concerned could 
be reduced to a spatially one-dimensional component, i.e., 
Eq. (1). We shall also prescribe a boundary condition, in 
each order, appropriate to Eq. ( 1 ). This boundary condition 
ensures the'matching of a far-field solution up to O(e'W/r) 
with a near-field solution up to O(e-•). Solving Eq. ( 1 ) under 
the appropriate boundary condition yields a far-field solu- 
tion for Ur* accurate up to O(e•/r). The velocity potential 
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nearfield 

farfield 

(a) 
vibrating spherical ,body 

farfield 

vibrating spherical body 

FIG. 1. The structures of the sound field radiated by a vibrating spherical 
body. • (a) The present case; e,• 1 and to = O( 1 ). The acoustic field is com- 
posed of the near and far field. The near field is a region of which the dis- 
tances from a sound source are comparable with a typical wavelength. (b) 
The high-frequency case; e ,,•1 and to•, 1. A typical wavelength is very 
small compared with the mean radius of the vibrating body. The overall 
acoustic field may be regarded as the far field. 

valid in the far field can be given by integrating the far-field 
solution for u•* with respect to r ,.•.•o By differentiating the 
velocity potential, one can also evaluate the far-field solu- 
tions for u•', u•, and the pressure. 5' •o This paper will there- 
fore establish a systematical method to solve the higher-or- 
der problem concerned. 

Naugol'nykh etal. • and Blackstock 9 studied the propa- 
gation of uniform spherical waves and derived Eq. ( 1 ) in the 
leading approximation, neglecting cubic terms in a basic 
equation for a velocity potential •* and simplifying the re- 
sulting equation by use of the linear relation 
c c)•*/c•r * •. -- t34P*/c2t * in quadratic terms. The problems 
treated in Refs. 8 and 9 however pertain to a case different 
from the present one, i.e., the case ofe (• 1 and co>• 1 (high- 
frequency case). In this case, the near field substantially dis- 
appears (see Fig. 1 ), and hence the wave propagation can, in 
the leading approximation, be examined by solving Eq. ( 1 ) 
under the boundary condition at the mean surface of the 
vibrating body, without considering the near field explicitly, 

as in Refs. 8 and 9. It may be noted that Lockwood et al. • 1 
used the method in Ref. 9 for directional spherical waves and 
again derived Eq. ( 1 ) [ they applied Eq. ( 1 ) to the far-field 
radiation of a circular piston]. 

Our derivation method ofEq. ( 1 ) is an extension of that 
by Marsh et al? and by Inoue et al. 4 to the higher-order 
problem for directional spherical waves. In the first approxi- 
mation, both Marsh et al. and Inoue et al. 4 derived Eq. ( 1 ) 
from Heaps' series solution •3 with a formula that can recur- 
sirely determine the coefficient in the series, i.e., 

p=ye eY+llnr F,(q•), (3) 
r.=l 4 

with 

n--I 

(n•>2), F 1 (•9) =f(q), (4) 

where p is a nondimensional pressure disturbance and 
denotes the normalized pressure fluctuation at the surface of 
a sphere r = 1. Heaps has constructed the series expression 
(3) with (4) by collecting secular terms multiplied by 
ß " (In r) • - •/r in a regular perturbation expansion in ß for 
uniform spherical waves in the high-frequency case. His so- 
lution is accurate up to O(ß/r) in the far field, i.e., the first- 
order far-field solution. The second-order version of formula 

(4) has been given by Inoue et al. 4 who have retained the 
secular terms multiplied by e • (In r) • - 2/r. 

In Sec. I we shall formulate the problem mathematical- 
ly. In Sec. II, the regular perturbation expansion in ß is ap- 
plied to a velocity potential in the near field. We shall extend 
the Heaps' result, Eq. (3) with Eq. (4), up to O(eS/r) for 
directional spherical waves, by keeping all terms multiplied 
by e • (ln r) •- m/r (n•rn• 1) but neglecting terms multi- 
plied by 1/r • (n>•2). As a result, in the far field concerned, 
w is expressed in the form of an asymptotic expansion in e, 
and formulas by Heaps and by Inoue et al. 4 are extended. A 
limitation on N is examined in this section. In Sec. III, we 
shall derive Eq. ( 1 ) from the formula obtained in Sec. II and 
prescribe a boundary condition appropriate to Eq. ( 1 ). In 
Sec. IV, we shall apply the present result to the third-order 
problem for uniform spherical waves radiated by a pulsating 
sphere (see also Ref. 4). An application for directional 
spherical waves can be found in Ref. 10. Section V is devoted 
to a brief discussion of a far-field equation for cylindrical 
waves. We shall demonstrate that the far-field equation, 9'14 
which has the same form as Eq. ( 1 ) with the different defini- 
tions for w and z, becomes invalid at the third approximation 
in the far field up to the distance of shock formation. 

I. FORMULATION OF THE PROBLEM 

We shall consider the propagation of weakly nonlinear 
acoustic waves produced in an unbounded inviscid ideal gas 
by vibratory motions of a spherical body. The mean surface 
of the body is supposed as being a sphere of radius R centered 
at the origin in the spherical coordinates (r *,0db), where r * 
is the distance from the origin, 0 is the polar angle, and •b is 
the azimuthal angle. It is assumed that the wave motion con- 
cerned can be described in terms of a velocity potential 
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ß * (r *,0,½,t *), where t * is the time. The following dimen- 
sionless quantities are introduced: 

ß * t *c r * 
ß -- , t-- , r=--, (5) 

cR R R 

where c denotes the speed of sound in an undisturbed gas. 
The nondimensional velocity components are given by 

u,=-•r r, uo-- , u,------. (6) r 00 r sin 0 
The momentum equations, the equation of mass conti- 

nuity, and the isentropic relation are combined to yield the 
equation governing the nondimensional velocity potential 
q•: 

o (v•)• + (r- 1)aO 8• 

+ y-- I A•(V•) 2 + 1 V•.V(V•)=, (7) 
2 2 

where ?'is the ratio ofspecific heats, V is the nondimensional 
spatial gradient, A is the Laplaeian, and [] is the D'Alember- 
tian operator defined as • 

0 2 

_1 [__8(r 2 0) 1 0 (sinO_8•0) r •LOr\ •rr 4 sinOOO 

I 0•] 02 + sin2• & 2' (8) 
The boundary condition on the surface of the body is 
o• 0s 1 o• 0s 
__ -- ..[_ 
8r Ot r 2 80 00 

I OcbOs 
+ -- at r = s(8,½,t;•). (9) 

r2sin 20 0½ 8½ 
Here, the instantaneous surface of the spherical body is sup- 
posed to be prescribed by the relation ß = s(O,½,t;e), where 
e=a/R is a normalized amplitude of the body's vibratory 
motion (a is the maximum amplitude of the motion). Note 
that e equals the maximum value of ]s(O,½,t;e-) -- 1[. What 
follows is concerned with the wave phenomena character- 
ized by the condition 

e=a/R ,• 1 and co=Rco*/c = O( 1 ), (10) 

where co* signifies a typical angular frequency of the sound 
source and co is a normalized angular frequency. The condi- 
tion (10) means that a typical wavelength of the radiated 
sound, 2rr½/co*, is comparable to the mean radius R and that 
an acoustic Math number M=aco*/c = •co is sufficiently 
small. The present analysis requires no further constraint for 
motions of the body. The radiation condition should be im- 
posed on the velocity potential at infinity. 

II. APPROXIMATE SOLUTION BY A REGULAR 
PERTURBATION EXPANSION 

We shall try to determine the solution of the problem by 
a regular perturbation expansion in powers of •: 

cl>(r,O,½,t) = • •"0• (r, OAb, t). ( l 1 ) 
n=l 

It then follows from Eqs. (6) and ( 11 ) that 

u,(r,O,½,t) = • e "•" (r,O,½,t). (12) n-- I Or 

Substituting expansion ( 11 ) into Eq. (7) and equating coef- 
ficients of like powers oft gives a successive set of equations: 

O(•): UI• = 0, (13a) 

O(e•): I-I• =•tt \-•--1 +k. 0r / 

Ot ,,- • 2 Ot Ot 

+ 
Or Or ß • 00 00 

(13b) 

I o•,. o•. ) + = -- -"' + CQT, r sin • 0 0½ 0tO 
(13n) 

where CQT on the right-hand side of Eq. (13n) signifies 
terms proportional to, at least, l/r •, since •,, has a geomet- 
rical decaying factor 1/r. CQT can therefore be ignored in 
seeking an asymptotic solution at large r. The function 
s(O,½,t;•), which prescribes the instantaneous surface of the 
body, may, in general, be expanded in the form 

s(O,½,t;a) = 1 + • •s,(O,½,t). (14) 

Substituting expansions (11) and (14) into the boundary 
condition (9) and equating coefficients of like powers of 6 
gives the boundary conditions 

O(e): O?•f I r=l = St' (15a) 

l I r = I 8t S• + 

I 0s• I <15b) 
and so forth. 

The system (13) can, in principle, be solved successively 
in conjunction with the boundary conditions (15). How- 
ever, since our purpose is to investigate the acoustic behavior 
in the far field, all that is required are the asymptotic forms of 
the cI>,'s as r• oo. As is readily verified, q• satisfying the 
radiation condition has the asymptotic form 

ß • = (1/r)f•'•(q•,8,½) + O(l/r •) as r•oo. (16) 
The functional form off{" (•,0,½) may immediately be de- 
termined provided that the function s, is explicitly given. 

71 J. Acoust. Soc. Am., Vol. 91, No. 1, January 1992 T. Yano and Y. Inoue: Nonlinear waves generated by a spherical body 71 



According to Refs. 13 and 4, we assume that at large dis- 
tances from the body, 

(I),• 1 7/-3- 1 lnr f(mk)(q,0db) (m=2,3,...), 
r&=• 4 

(17) 

where the functions f•) of O(1) are at present undeter- 
mined. Without loss of generality, one can let ft• •0 for 
m < k. Substituting Eq. (17) into both sides of Eq. (13n) 
and equating the coe•cients of like powers of In r yields 

• • • F(J)F (k+ • -j) 
n--k •t •j=• 

(n =k • 1,k + 2,...;k= 1,2,...), (18) 

where Y• k) ( •,•,•) • - •f•k) /•t. Once the Y•k)'s are expli- 
citly found for all k up to N (N: a positive integer), one can 
recursively determine the F•k)'s, •or any n but for all k up to 
N, by using fo•ula (18) and the F•k)'s. A limitation on N 
will be examined later. It should be emphasized, however, 
that to obtain the explicit form of the function F?, the 
boundary value problem for • needs to be solved exactly. 
Heaps' fo•ula (4) is the simplest version of formula (18), 
i.e., that in the case ofk = 1, which implies the first approxi- 
mation at large r. Inoue et al. 4 have recently extended 
Heaps' formula (4) to the case ofk = 2 corresponding to the 
second approximation at large r. Fo•ula (18) is an exten- 
sion of them to higher-order problems for directional spheri- 
cal waves. 

Consequently, an asymptotic form at large r of the N th- 
order near-field solution for u• can be expressed, from •s. 
(12) and (17), as 

• •(k) ru•= 6 • Y +1 ln,j •.• , (19) n•l k•l 4 

where one may recall that F• k) •0 for • • k. However, at 
very large r such that 6 In r• 1, where a shock wave can be 
formed, 4 the contribution of the secular te•s neglected in 
Eq. (19), namely, • (ln r) • - k(n • N), becomes compara- 
ble to that of 6" (ln r) • k(•N). A representation appro- 
priate for such a region may therefore be 

ru• • e • Y + 1 In r F• •). (20) 
R•I k•l 

We here note that all the F•k)'s appearing in Eq. (20) can 
recursively be determined by means of formula ( 18 ) if only 
the F•k)'s are known up to k • N. 

Introducing a new coordinate Z defined as 

Z•6z/2•[(7 • 1)/4] lnr, (21) 

and interchanging the order of sums in Eq. (20) leads to 
N 

where the function w• is defined as 

(k= ..... N). 
(23) 

Equation (22) may be an asymptotic expansion for • • in the 
far field. In particular, the first term in the expansion (22), 

i.e., EWt, can be transformed into the Fubini solution if the 
body's vibratory motion is sinusoidal in time in O(e). t3.4 An 
expression given by Heaps for the first-order far-field pres- 
sure, Eq. (3), is the counterpart of 7/EW•/r. 

At this point we should remark that an inequality 

6N/r • a/r 2, (24) 

should hold in the far field up to the distance of shock forma- 
tion since the contribution of the terms multiplied by 
1/r •(n•2) to u, is neglected throughout the analysis in this 
section. The inequality (24) may be satisfied for moderately 
large N less than - 1/6 In ß in the region, because the shock 
formation distance r• - exp ( 1/•).4 

Making use of Heaps' formula (4), Marsh et aL 12 and 
Inoue et al. 4 have derived Eq. (1) as an equation which 
governs ewe. In the next section, by developing their ap- 
proach, we shall derive Eq. (1) from formula (18) as an 
equation that governs w given by Eq. (22). It may be noted 
that, ifF(k k) is an analytic function of q, the right-hand side 
of Eq. (23) is a convergent series (Appendix D). 

III. DERIVATION OF A FAR-FIELD EQUATION 

The process of derivation of the far-field equation (1) 
can be divided into two steps. First, we will determine equa- 
tions for the wk's defined by Eq. (23). Multiplying formula 
(18) by Z" - k gives 

C!• n--I k 

Z•_kF(k )_ 1 Z,_k• E • 
(n=k+ 1,k + 2,...;k = 1,2,...). (25) 

It then follows that 

n=k+l n=k+l m=lj=l 

(j) (k+ t -j) XFm F. • dZ 

(k = 1,2,...). (26) 

Adding F(• k) to both sides of Eq. (26) and recalling that 
F(f ) =--0 for n < k, one can obtain 

XF•f_+• - J)dz + F(• k) 

(k= 1,2 .... ), (27) 

where the relations q = oa (t - r q- 1 ) and Z = 6z/2o have 
been used. Substituting Eq. (23) into Eq. (27) yields the 
equations governing the [o k's: 

Wk -- W•Wk + • _ j dz + F(• k) (k= 1,2,...) 
2 8q• • 

(28) 

(see Refs. 4 and 12). In particular, for k = 1, it may immedi- 
ately be recognized from Eq. (28) that ew• is the solution of 
Eq. ( 1 ) satisfying the boundary condition 

ewj (0,•F,0db) = eF•t)(q,0,•/,) at z = 0. (29) 
Next we will construct an equation that governs w given 

by Eq. (22). From Eq. (28) one can readily get 
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Equation (30) can then be rewritten into 

fo I t• [Lo.Z_.l_O(c•,t+.:,)ldz_} - • (31) 

Differentiating Eq. (31 ) with respect to z, one can obtain the 
far-field equation accompanied with permissible error 
terms: 

&o _ w + O(eSv+ 2) = O. (32) 
az 

That is, the nonlinear propagation of spherical acoustic 
waves in the far field is, in the Nth-order problem, described 
by Eq. ( 1 ) and the boundary condition 

N 

w(0,qo,0Ab) = • e•F•n)(qo, 0,•p) at z=0. (33) 

The right-hand side of Eq. (33) denotes the value at z ---- 0 of 
the right-hand side ofEq. (19), namely, the asymptotic form 
at large r of the Nth-order near-field solution for ur. The 
N th-order far-field solution for u r is immediately given from 
to which is the solution of Eq. ( 1 ) satisfying the boundary 
condition (33). It is evident that this N th-order far-field so- 
lution matches with the near-field solution up to O(e•), 
which can, in principle, be constructed by the regular pertur- 
bation procedure in See. II. The far-field solutions for the 
other components of the velocity, u o and ue, and also for the 
pressure can readily be calculated from u r (see Refs. 5 and 
10). Note that Appendix D gives a mathematical justifica- 
tion for the present method of derivation of the far-field 
equation. 

IV. APPLICATION: HARMONICALLY PULSATING 
SPHERE 

A. The third-order solution 

As an application, we shall examine the propagation of 
weakly nonlinear acoustic waves emitted from a sphere 
which pulsates harmonically with amplitude a and frequen- 
cy (0*. The problem is one of fundamental importance in 
nonlinear acoustics and therefore not only the first- but the 
second-order solution has already been obtained and has 
been analyzed in detail. 4 Accordingly, we here concentrate 
on the third-order problem. Another application can be 
found in Ref. 10, where the second-order problem is solved 
for the nonlinear propagation of directional spherical waves 
radiated by an oscillating rigid sphere. 

The function s(t;e) which prescribes the instantaneous 
radius of a harmonically pulsating sphere has, e.g., the form n 

s = 1 + ß cos cot, (34) 

where the condition (10) in Sec. I should be satisfied. The 
boundary value problem for (•3 can be formulated as fol- 
lows: 

[-1(•3 :A3(07[( 3 al a2 a3 ) l \2r6o 6 + r-o + r-7-o + r-o sin 

I 5y + 33 a4 as a6 ) + 2r 7(07 '• -- "[- -- + r'-• 2 

3 07 aa aø } sin Xcos3•+ 2• +rho • +r• +r 

3 r--• + alo all a• • + 2r*o • 8r sos r• + r• + r •o•J 

Xcos•]; (35) 
•3 [ = A 3[b• sin(3•t + 3•) + b z cos(3ot + 3•) 

+ b3 sin(mt + •) + & cos(ot + 6) ], (36) 

where A•o/•+o • and 6•arctan(l/•); the 
( 1 <i< 12) are functions ofr and the b•'s are constants depen- 
dent u•n y and •, whose explicit forms are presented in 
Appendix B. Note that, in this •ction, the definition of a 
phase function • is 4 

•=•(t--r+ 1) +6. (37) 

The exact solution for •, can be obtain• as 

[[•r• 4 + r• + • sin 3• 

( , c4 + 40r •o • + r• + r• + cos 3• 
[ 3 c, . 
[•r • r o ro ] 

( 3 co + •r • + r• + r •o e ro • 
(38) 

where the c•'s ( 1 <i< 10) are functions ofr defined in Appen- 
dix C. •3 consists of the fundamental and third harmonics. 
We here remark that • has not only the second harmonics 
but a term independent of the time t, which implies the exis- 
tence of a steady volume inflow. 4 The explicit forms of 
and • are presented in Appendix A (see Reft 4 for details). 

Now the functions F[ •, F •, and F } • can explicitly be 
written, from •s. (38), (AI), and (A2) in Appendix A, as 

FO• = _ A• sin •, F} •> = A ZwZB sin(2• + a), 
(39) 

F• 3' = -- A 3o3[C• sin(3• + •, ) + G sin(• + • ) ], 

where B, C•, C•, a, ill, and• are constants deandent u•n 
y and o, which are also defined in Appendix C. From Eqs. 
(33) •d (39), the bounda• condition for the third-order 
far-field problem becomes 

w = -- eA• sin • + (•o)ZB sin(2• + a) 

-- (eAo)3[Ct sin(3•+fl•) + G sin(•+&)] 
at z = 0. (40) 

The solution of •. ( 1 ) satisfying the bounda• condition 
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(40) can then be obtained, in implicit form, as 

w = ru, = -- eAco sin • q- (eAw)2B sin(2• q- a) 

-- (eAw)3[C• sin(3• +/3• ) q- C2 sin(• +/32 )], 
•----• + zw. (41) 
We here have used the fact that q + zw = • is a characteris- 
tic curve of Eq. ( 1 ). Solving the equation • = q• + zw(•) 
with the help of the functional form of w(•), we have • as a 
function of q and z, and hence we can determine w as a 
function of q and z. In Reft 4, the far-field solution to the 
second approximation has been constructed by the method 
of renormalization; the result is, up to O(e•/r), equivalent to 
Eq. (41). 

In Fig. 2, a wave profile of the third-order solution is 
depicted and compared with those of the first- and the sec- 
ond-order solutions. Clearly, the third-order correction on 
the waveform distortion is very small. 

B. Shock formation distance 

Beyond the point where 

--= - oc, (42) 
ar 

the radial velocity given by Eq. (41) becomes multiple val- 
ued. Clearly, the determination of the nearest location for a 
shock front amounts to finding the lowest value z s and the 
corresponding value of a phase function •vs satisfying 

3w 
= o•. (43) 

From Eqs. (41) and (43), z s can be determined as 

zs = { -- E,4a• cos •, + 2(E4ro)2B cos(2• + a) 

-- (EAr_,o)3[3C• cos(3•s +/3• ) 

+ G cos(s +/32 )]}-' (44) 

Here, •s should be determined as the value of • that makes 
dw(•)/d• maximum. The distance of shock formation r s 
can thus be given by 

rs = exp[2zs/(7+ 1)co], (45) 
where the relation z = [ (y + 1 )/2 ] • In r has been used. 

Figure 3 shows the shock formation distance for varying 
e. It appears from Fig. 3(a) and (b) that, for very small 
e<0.01, the first-order solution has a tendency to give 
smaller values for the distance of shock formation than the 
higher-order ones. 

V. COMMENT ON CYLINDRICAL WAVES 

In this section, the present theory is applied to cylindri- 
cal waves radiated by an infinite circular cylinder that vi- 
brates uniformly in the axial direction. The problem of the 
propagation of cylindrical waves concerned can be formulat- 
ed in the same manner as in Sec. I. We here again confine 
ourselves to the case of e,• 1 and ro = O( 1 ) [the condition 
(10) ]. The method of analysis employed in Sees. II and III is 
available, accordingly. Consequently, a far-field equation of 

• 1. 
z 

o 

o 

o 

Izl o.• 
0.001 0.01 O. 1 

--1 

0 ;T 2n' 

FIG. 2. Wave profiles at the distance of shock formation z• in the case of 
ß = 0.035, w = 2.5, and y = 1.4; z, = 11.2 in this case. The solid curve de- 
notes the third-order solution, Eq. (41). The broken and dash-dotted 
curves are the second- and the first-order solution, respectively. 

(b) 

1.1 

0.• I i I I I I I1 I I •i 
0.001 0.01 O. I 

FIG. 3. The normalized shock formation distance Z,N/X,• is depicted, where 
z•v denotes the shock formation distance in the Nth-order solution 
(N = 1,2,3 ) [ see Eq. (44) and also Ref. 4 ]. The solid curve and the broken 
curve denote z•/z,t and za/z•, respectively. The dash-dotted line shows 
z,•/z,t = 1. (a) to = 0.8, y = 1.4. (b) to = 2.5, y = 1.4. 
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the same form as Eq. ( 1 ) is obtained, which is identical to the 
equation previously derived in the case of high frequency 
(E <<< 1 and co >> 1 ) by Naugol'nykh et al. •4 (in the inviscid 
limit) and by Blackstock. ø We will, however, demonstrate 
that the far-field equation becomes invalid at the third ap- 
proximation in the far field up to the shock formation dis- 
tance. It should be noted that Ginsberg 7 has constructed the 
first-order far-field solution by the method of renormaliza- 
tion; the solutions for u, and for the pressure p can consis- 
tently be included within the following analysis. •6 

For cylindrical waves, the asymptotic form of q)• that 
satisfies the radiation condition has the form ? 

ß • = (1/x/7)f•"(q•,O) +O(1/rx/7) as r-o•, (46) 
where 0 is the polar angle. Accordingly, instead of Eq. (17), 
we assume that at large distances from the cylinder, 

•f• k=l 

(m =2,3 .... ). (47) 

Calculations similar to those in Sec. II give a recursion for- 
mula of the same form as formula (18). An asymptotic ex- 
pansion for the far-field solution, which is the counterpart of 
Eq. (22) with Eq. (23), can be expressed as 

w----x[•ur= • ekwk, (48) 

with 

wk(Z,q•,O)= •, Zn-•F(,•(qv,O) (k= 1,2 ..... N), (49) 
where F(, •)--- - 8f(,&)/St, and Z is, in this problem, defined 
as 

Z=ez/2o=e[(7/+ 1)/2](•f•- 1). (50) 

That is, we have kept all the secular terms in proportion to 
e"(x• -- 1 )•- k/x[•(n > k> 1 ) but have neglected the terms 
multiplied by 1/r•(n•>2). Now, the process. of derivation 
of a far-field equation in Sec. III can be applied in entirety, 
and hence one can derive the same equation as Eq. (32) with 
the different definitions for w and z (cf. Refs. 9 and 14) and 
obtain the same boundary condition as Eq. (33). 

However, even at the shock formation distance r•, the 
contribution of the neglected terms of O(,•/r•x/-•- • ) and 
O(e2/r•) to u• is comparable to that of the terms of 
O(ea/x/•-• ), since r, • 1/e 2 for cylindrical waves concerned. ? 
Therefore, an integer N must be less than three in the right- 
hand side of Eq. (48). This means that in order to examine 
higher-order nonlinear effects of O(dv/x/•) (N>• 3 ) in the far 
field, one requires not the simple approximate equation ( 1 ) 
but the complicated exact equation (7) or other new far- 
field equations. 
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APPENDIX A: EXACT EXPRESSIONS FOR •b• AND d> 2 
The problem taken up as an application in Sec. IV has 

already been solved by Inoue eta[. 4 up to the second order. 
We here only present the results in the near field (see Ref. 4 
for details): 

d)• = --(A/r)cosq), (p=co(t--r+ l) +& (A1) 

where A = co/x/1 + co2 and •5 = arctan( 1/co); 

(i)2 __ A 2co [( 1 y+lcos(4cor)+D•)sin2q r •r 8 

+lx--•--co[lnr--C(4cor)] -1- D 2 cos2•+ , 
(A2) 

D• -- 1 [ 1 3 7/+ l 1 + 4co • o 2 2 + 3co• + T 

x co[ 2coc( 4co ) + (•-- - 2co:')s( 4cor) ] } , (A3) 
D2 __ • { 7(.0 7/+ 1 I +4o 2 2 4 

Xco[2coS(4w)--(-•---2co•)C(4co)I} , (A4) 
S(x) = si(x) cos x - ci(x) sin x, 

C(x) = ci(x) cosx + si(x) sinx. (AS) 

Here, si(x) and ci(x) are, as usual, the sine integral and the 
cosine integral defined by 

si(x)= _fro sintdt, ci(x)= __f•©costdt. (A6) t t 

APPENDIX B: EXPLICIT FORMS FOR THE FUNCTIONS 
a/AND THE CONSTANTS b/ 

The a/s ( 1 <i< 12) used in Eq. (35) are defined as fol- 
lows: 

3D2 57/+ 23 3(7/4- 1) 
a t -- __ --4- --- 

co 4 8 

9D• 3(7/+ 1) 
- -- 4- S(4cor), 

co 8 

3(7/+ 1)D 2 3(7/-t- 1) 

[In r -- C(4cor) ], 

(B1) 

(B2) 

co 8 

X [(7/+ 1) In r- (7/-3)C(4cor)], (B3) 

3D• 3(7/+ 1) 
a4 -- -- + S(4or), (B4) 

co 8 

9D2 (27/+ 11)(7/+ 1) -• a• -- -- 3(?'+ 1) 
co 8 8 

X [3 In r+ C(4cor) ], (BS) 

a6-- 3(y+ I)D• 3(T+ 1)(T--3) S(4cor), (B6) 
D2 3?'+5 7/+ 1 

a7 = 4- • 4- [ln r -- C(4or) ], (B7) 
co 4 8 
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a 8 • 
D• 3(y+ 1) 

-• S(4cor), 
co 8 

(B8) 

(7+ 1)D2 y+ I 
a0-- + [(7+ 1) lnr 

-- (y-- 3)C(4cor) ], 

D• y+ 1 
a•o - -- + S(4cor), 

co 8 

D2 2•+ 5y+ 11 
a• = q- 

co 8 

(B9) 

(B10) 

y+ 1 [lnr+ 3C(4wr)], (Bll) +-5- 
(y+ 1)D• (y+ 1)(y-- 3) 

a•2 -- Jr S( 4cor), 
co 8 

(B12) 

where constants D• and D 2 are defined by Eqs. (A3) and 
(A4) in Appendix A, respectively. 

The constants bi (1<i<4) that appear in Eq. (36) are 
given by 

b• - 9 + 41co 27'+ 11 co3_(1_4co2)D2 
4co 8 8 

+ (2co 3-- 3co)D• + (7/+ 1)/8 

X [coC(4co) - (co 2 + 2co4)S(4co) ], (B13) 

- 33 + 2r + co: + ( 1 - 
8 40) 2 8 

q- (2093 -- 3CO)D2 - (y+ 1)/8 

X [coS(4co) + (co2 + 2co4)C(4CO)], (B14) 

b3 _ • 3co 2y + 11 co3+ D2 q- (2co3 q- co)D 1 
4co 8 8 

-- [(y+ 1)/8] [ (co-- 4co3)C(4co) 

- (3co 2 -- 2co4)S(4co) ], (B15) 

b4 __ 9 3 2y --_•_•5 0) 2 __ DI q- (2co 3 q- o))D 2 
8 4co 2 8 

q- [(7q- 1)/8] [(co -- 4co3)S(4co) 

q- (3092 -- 2co4) C(4CO) ]. (B16) 

APPENDIX C: EXPLICIT FORMS FOR THE FUNCTIONS 

cl AND THE RELATED FUNCTIONS AND CONSTANTS 

The explicit forms of the ci's ( I </< 10) used in the exact 
solution for (I)3, Eq. (38), are given by 

1 3D2 3(y+ 1) [lnr-- C(4cor)], (C1) c• - 10 t- • + 16 
c2 = [ (Y + 1 )/2col {D• [ C(6cor) -- In r] + D2 S(6cor) } 

+g•S(6cor) + E•/co4 + [(y+ 1)2/16] 

X [S(6cor) In r + L• (4cot) + L7 (6cor) 

+ L 3 (2cot) sin 6cor -- L4 (2cot) cos 6or], (C2) 
c3 = 37/80 + 5y/48, (C3) 

c4 = [3(y + 1)/16]S(4wr) -- 3D•/2co, 

c5 = [+ 1 {D2 [C(6cor) -- In r] -- D•S(6cor)} 
2co 

(C4) 

(:)2 E2 1 y 1 In r + g• C(6cor) + co4 2 
q- (J/q- 1) 2 16 [C(6cor) lnr + L2(4cor ) --L•(6cor) 
-- L3 (2cot) cos 6cot -- La (2cot) sin 6wr], (C5) 

C6 =2-{- •Z D 2 y•6 1 5 -•- + '•w + -- [ln r -- C(4cor) ], (C6) 
c, = -- [ (?' + 1)/2co]{D• [C(2cor) -- In r] + D2S(2cor)} 

-g2S(2cor) + g3/co 4-- [(•rq- 1)2/16] 

X [S(2cor) In r + L• (4cor) + L? (2cor) 

-- L 6 (2cor) cos 2cor + L 5 (2cor) sin 2cor], 
c8 = -- 1/80 -- 57/24, 

c 9 = [ (y + 1 )/16]S(4cor) -- Dt/2co, 

C•o -- Y + 1 {D• [C(2cor) -- In r] -- D•S(2cor)} 
20) 

( E4 1 T+ 1 lnr -- g2 C(2cor) + •- + -•- 4 

(C7) 

(C8) 

(C9) 

(•/q- 1) 2 
[C(2cor) In r + L 2 (4cot) -- L 8 (2cot) 

16 

-- L5 (2cor) cos 2cor -- L 6 (2cot) sin 2cor]. (C10) 
Here, the L/s ( 1 <i•< 8) signify the following integrals 

L• (x) = -- f• S(t) dt, (Cll) t 

L2 (x) = - • C(') d' = •- {[ci(x)]2 + [si(x)]2}, t 

(C12) 

L 3 (x) = -- [ci(2t) cos t -- si(2t) sin t ]dt, (C13) 
• t 

Ln (x) = -- [ci(2t) sin t + si(2t) cos t ] dr, (C14) 
• t 

L5 (x) = -- [ci(2t) cos t + si(2t) sin t ] dr, (C15) 
• t 

L6 (x) = - [si(2t) cos t -- ci(2t) sin t ] dt (C16) 
x t 

L7 (x) = -- -oo ci(t) dt sin x + f•© si(t) dt cos x, (C17) •, t t 

.oo •o si(t) LB(x) = -- ci(t) dtcosx- dtsinx. (C18) 
• t t 

Constants g• and g2 are defined by 

-1 + 7__ •__ 17 5), • (C19) 8 r+ , 

and the constants E• (1<i<4) are defined by Eqs. (C22)- 
(C25) below. The constants B, C•, C 2, a,]•t, and/•2 appear- 
ing in Eq. (39) are defined as follows: 
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B=2(D•+D]) '/:, C, =3(E•+E•)•/:co -z, 

c: = (El q- (C20) 
- D• - E• 

a -- arctan --, • -- arctan --, 

-- E 3 
/32 = arctan --, (C21) 

where D• and D 2 are defined by Eqs. (A3) and (A4), re- 
spectively, and the Ei's ( 1 <i<4) are given by 

E1 = -- sin a[Psin(•t + a) -- HE sin(12• -F q• + tr) ], 
(C22) 

E2 = sin a[Pcos(/• + c) -- HE cos(12• + 
(C23) 

E 3 = -- sin 6 [ Q sin (v + 6) + FA sin (122 + q•2 + 6) ], 
(C24) 

E4 = sin t5 [ Q cos (v + rS) + FA cos (122 + '2 + rS) ]. 
(C25) 

Here, 

p = (p•2 + p} )t/2, Q = (q• q_ q• )1/2, 
D 2 2g• co 

tanfl• =•-•q (•,+ 1)D• ' 
D2 292 co 

tang12 =-•-• -+ (7/+l)D• ' 
tan qg• = 3wC(6co) + S(6co) , 

3coS(6o) - C(6co) 

tan q•2 - wC(2co) + S(2co) ,, 
roS( 2co ) -- C(2w) 

P, /x = arctan ß ' , v = arctan q2 
P• q• 

a=arctan-- 

(C27) 

(C28) 

(C29) 

(C30) 

1 

3co 

(C31) 

Pl -- 

P2 -- 

5-g + + 2 

co2+• - S(4w) -- (co -- 3CO3)C(4co) + (•'q- 1)2094 {Lt (4co) -- 3wL2 (4co) + L7 (6co) 8 16 

-- 3coL8 (6o)) -- cos 6co [L4 (2co) + 3wL 3 (2co) ] + sin 6co [L3 (2co) - 3coL4 (2co) ] ), 

17 k_•w2 + (9_•+ •309)co2__ (1_•_•+ 7y + 7?] co4 +( 13 co3_ 3co)02- (7co2_. 1,O, 4 8 4J 2 

(C32) 

• co2+.•_ C(4CO)+(w_3CO3)S(4w) + (Y+l)2w • {L2(4w)+3COL•(4CO)_Ls(6CO) 16 

- 3wL, (•) -- sin 6w[L 4 (2w) + 3oL 3 (2w) ] -- cos 6w[L3 (2w) - 3oL4 (2•) ]}, (C33) 

q• 4w ' 8 80/ + • w + o D• + (w2+ I)D z + • + 1 3• 2 •4 8 2 

(y + 1 )2W4 {L• (•) -- oL 2 (4W') + L 7 (2w) 
16 

-- wL• (2•) -- cos 2w [L 6 (2w) + wL5 (2w) ] + sin 2• [L• (20) -- oL 6 (20) ] }, (C34) 

3 ,3 ) q2 4 •2 8 80' • + + + + • D2 -- (w2 + 1)D• 

8 16 

- oL7 (20) -- sin 20[L 6 (2w) + w.L• (2w) ] -- cos 2w[L• (20) -- wL 6 (2w) ]}. (C35) 

APPENDIX D: A MATHEMATICAL JUSTIFICATION FOR 
THE DERIVATION OF A FAR-FIELD EQUATION 

The aim of this appendix is to justify the method of deri- 
vation of the far-field equation in Sec. III on the assumption 
that F(• &) is an analytic function of•v. Note thai: this assump- 

tion is actually satisfied in the problems treated in Refs. 2, 4- 
6,10. 

The solution of Eq. ( 1 ) satisfying the boundary condi- 
tion (33) can be written, in implicit form, as 

N 

w= • e•F(•)(q+zw, O,½). (D1) 
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If each F(• k) is an analytic function ofqh then w can be ex- 
panded in powers of z 

w= • z" a • •v •=o (n + 1)! 
(D2) 

(Lagrange's theorem). Applying the multinomial theorem 
to •. (D2) and using the relation Z = •z/2o to the result 
gives 

• N+ n{N-- 1) 
n=0 k=l 

where 

Here, the summation inp• is over all sets (p• ,p: .... ,p• + • ) for 
whichp• +p: +'" +p•+• =n +k andl <p•,p: ..... 
p• + • <N. It then follows Dom Weierstrass' double sedes 
theorem that the series 

• Z"W•,. (k=L2,...), (DS) 
n=O 

converges and that w can be expressed in a power series of • 
as 

k=l 

A justification can be attained by contiming that one 
can trace back the procedure in Sec. III to fomula (18) by 
means of•. (D6). Substituting Eq. (D6) into the far-field 
equation ( 1 ) yields 

e • Z W•, dZ 
E 8t =• .=o ' 

+ • ekW•,o . (D7) 
Since the convergence of series (D6) has been proved, term- 
wise integration and rearrangement of the terms in the 
square of sums are possible. After some calculation, one can 
obtain 

. 

X •rk+ I--j,n- rn- (k+ I --j) 

(k=1,2 ..... N;n=k + l,k + 2,..) (DS) 

[see formula (18) ]. On the other hand, it can readily be seen 
from Eq. (D4) that 

ff"t.o = F(• k) (k = 1,2 ..... N). (D9) 

We here have arrived at the fact that Wk.. _ • and F? can be 
determined by the same formula and that they are equal for 
n = k. We therefore conclude that 

F•) Wk, (k 1,2,...,N;n k,k + 1,...). (D10) 

A justification has thus been accomplished. Now, it is evi- 
dent from Eqs. (DS) and (DI0) that the right-hand side of 
Eq. (23) in Sec. II is a convergent series for each k. 
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