
 

Instructions for use

Title Short-term flow variations under the control of basal conditions in a temperate valley glacier

Author(s) SUGIYAMA, Shin

Citation 北海道大学. 博士(地球環境科学) 甲第6481号

Issue Date 2003-03-25

DOI 10.14943/doctoral.k6481

Doc URL http://hdl.handle.net/2115/28088

Type theses (doctoral)

File Information thesis.pdf

Hokkaido University Collection of Scholarly and Academic Papers : HUSCAP

https://eprints.lib.hokudai.ac.jp/dspace/about.en.jsp


Short-term 
ow variations under the 
ontrol ofbasal 
onditions in a temperate valley gla
ierSUGIYAMA Shin
Ph. D. dissertationGraduate S
hool of Earth Environmental S
ien
eHokkaido UniversityFebruary, 2003



ABSTRACTThis thesis studies how a temperate valley gla
ier 
ows under the 
ontrol of basal 
onditions.To investigate the in
uen
e of basal 
onditions on the gla
ier 
ow �eld, �eld measurementswere 
arried out with high temporal resolutions at Lauteraarglets
her in the Swiss Alpsduring the ablation season. The measurements and subsequent data analyses fo
us on therelationship between surfa
e velo
ity and subgla
ial water pressure, surfa
e verti
al movement(uplift), and temporal variations in verti
al strain. A gla
ier 
ow model is developed to studygeneral e�e
ts of basal perturbation on the 
ow �eld, and is used to interpret the observedshort-term 
ow variations.Clear diurnal variations in surfa
e velo
ity were observed in the mid ablation season, and thevelo
ity was 
orrelated with subgla
ial water pressure during this period. The gla
ier wasa

elerated signi�
antly when the water pressure raised up 
lose to the overburden pressure.Detailed examination of the relationship showed that the velo
ity is larger when the pressurein
reases than it de
reases under the identi
al water pressure. This hysteresis is understoodas the result of pushing for
e 
onveyed through i
e from a few kilometers upper rea
h of thegla
ier.Diurnal variations were also found in verti
al strain, whi
h was tensile during the daytimeand 
ompressive during the nighttime with an order of 10�4. This observation implies that thegla
ier 
ow regime swit
hed from extending to 
ompressive 
ow in a diurnal manner. Non-uniformly distributed basal lubri
ation and its diurnal evolution 
an 
ause su
h 
hange in the
ow regime. The short-term variations in verti
al strain and the hysteresis in surfa
e velo
ityindi
ate that the gla
ier 
ow is not a lo
al phenomenon, but in
uen
ed by neighbouring 
ow
onditions.Uplifts were frequently observed with surfa
e velo
ity variations. Surfa
e verti
al dis-pla
ement was 
ompared with verti
al strain to determine the me
hanism of the uplifts, andit was 
on
luded that verti
al straining was the major 
ause in most 
ases. However, a sud-den upward movement measured at a motion event 
annot be as
ribed to verti
al strain, andvolume in
rease in subgla
ial water 
avities is a plausible reason of the uplift.General e�e
ts of spatially limited basal perturbation on the 
ow �eld was investigated witha �nite element 
ow model. Transmission of basal motion to the surfa
e through non-lineari



ABSTRACTvis
ous material (i
e) was 
omputed by numeri
al experiments. It was shown that the rate ofthe transmission is dependent on the spatial s
ale of the basal perturbation. The experimentsalso showed that the in
uen
e of lo
al basal motion 
an rea
h a horizontal distan
e of 10 timesi
e thi
kness.The relationship between surfa
e velo
ity and water pressure was simulated in
ludingthe e�e
t of spatially distributed basal lubri
ation. The observed velo
ity hysteresis wasreprodu
ed by allo
ating more lubri
ated bed 
ondition in the upper rea
h of the gla
ier.The diurnal verti
al strain was also reprodu
ed qualitatively by assuming diurnal evolutionof a basal slippery zone.The �eld measurements show that subgla
ial water pressure 
ontrols short-term 
ow vari-ations in temperate valley gla
iers. Furthermore, detailed examinations of the data insistthat the 
ow of a gla
ier is not determined by lo
al water pressure alone, be
ause the in-
uen
e of neighbouring basal 
ondition 
annot be negle
ted. Numeri
al investigations also
on�rm the importan
e of basal lubri
ation in up- and downgla
ier areas to 
ompute a 
ow�eld. Therefore, the me
hani
al intera
tion with surrounding i
e mass should be taken intoa

ount, when gla
ier 
ow variations under the 
ontrol of basal 
onditions are dis
ussed.

ii
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CHAPTER 1GENERAL INTRODUCTION1.1 Gla
ier Flow Me
hanisms and Basal Pro
essesGla
iers 
ow with two me
hanisms, internal i
e deformation and basal motion. Owing to itsvis
ous nature, i
e deforms as a 
onsequen
e of gravity a
ting on itself. On the other side,gla
iers 
ow near the bed by various pro
esses when the bed is lubri
ated with melt water.Here, the term basal 
ow or basal motion is used to represent all the basal pro
esses whi
hmove gla
ier i
e forward. Basal motion takes a dominant role in intra-annual 
ow variationsof a temperate gla
ier. This is be
ause basal 
ow velo
ity is expe
ted to 
u
tuate as a result ofthe 
hanges in the 
onditions at the gla
ier bed su
h as, water pressure variations, 
hanges inproperties of sediments, evolution of the hydrauli
 system. These 
onditions are not spatiallyuniform within a gla
ier and temporally 
u
tuate in a relatively short time when the gla
ieris subje
ted to seasonal ablation. A

ordingly, gla
ier 
ow variations during the ablationseason are not predi
table, and it is not well understood how they are 
ontroled by basal
onditions. Not only in valley gla
iers, basal motion 
ru
ially 
ontribute to the dynami
s ofAntar
ti
 and Greenland i
e sheets as well. Therefore, it is one of the major subje
ts in the
urrent gla
iology to understand the basal 
ow pro
esses and how it in
uen
es the overallgla
ier 
ow.Basal pro
esses have been studied theoreti
ally sin
e Weertman (1957) proposed the �rstmodel of i
e sliding on a temperate bedro
k. He formulated a sliding law by taking pressuremelting and refreezing (regelation) and 
reep enhan
ement as the me
hanisms of sliding overbasal obsta
les. Among the important analyti
al studies on the sliding over a periodi
allywavy bedro
k (Lliboutry, 1968; Nye, 1969; Kamb, 1970), Lliboutry introdu
ed the formationof basal water 
avities. In his theory, i
e sole separates from the bed at the lee side of abedro
k bump when the i
e glides over the bump. Basal stress 
on
entrates on the upstreamside of the bump 
onsequently, and it enhan
es i
e deformation. This pro
ess is furtherstudied by numeri
al modeling (Iken, 1981), and basal sliding laws with taking into a

ountof 
avity formation have been proposed (S
hweizer and Iken, 1992; Tru�er and Iken, 1998).One of the key �ndings in the �eld of gla
ier dynami
s is the deformation of subgla
ial1



CHAPTER 1. GENERAL INTRODUCTIONsediments. Boulton and Hindmarsh (1987) proposed a new pro
ess of gla
ier 
ow based ontheir observation under a gla
ier. When a gla
ier is underlained by an unlithi�ed sedimentlayer, the sediment layer may deform and 
arry the i
e mass on it forward. Iverson and others(1995) measured shear strain rate and strength of the sediment layer under Storgla
i�aren inSweden, and the results showed distin
tive basal 
ow regime whi
h is spe
i�
 to a gla
ier ona soft bed. Sediment deformation drew an attention in 
onne
tion with the i
e streams inthe West Antar
ti
a. After a seismi
 sounding study suggested the existen
e of a thi
k watersaturated sediment layer under Whillans I
e Stream (Blankenship and others, 1986), bed
onditions of i
e streams have been intensively studied. Based on the dire
t observation inbottom rea
hing boreholes (Engelhardt and Kamb, 1997, 1998; Tula
zyk and others, 2000a, b;Kamb, 2001), it has been shown that basal 
ow is dominant in streaming 
ow and me
hani
alproperties of the sediments take a key role in the basal 
ow pro
ess.There are many basal 
ow pro
esses, and most of them are 
ontrolled by subgla
ial waterand its pressure. The most essential example is the redu
tion of the fri
tion at the i
e-bedboundary, whi
h is expe
ted when water submerges small obsta
les on the bed. Water 
avityformation and its sustainability are also 
ontroled by water pressure. On
e a water 
avity isformed, water pressure is 
onsidered to push the i
e sole forward with hydrauli
-ja
k e�e
t(R�othlisberger, 1981). In a water saturated sediment layer, porosity and pore water pressureare important variables to determine me
hani
al properties of the layer (Iverson and others,1998, 1999; Tula
zyk and others, 2000a). Tula
zyk and others (2000a, b) studied the e�e
tsof water on me
hani
al properties of sediments retrieved from the bed of Whillans I
e Stream,and argued that the basal melt rate swit
hes on and o� the streaming 
ow of the i
e stream.In general, basal 
ow is enhan
ed by high water pressure through bed lubri
ation, water
avity formation, hydrauli
-ja
k e�e
t, and weakening of a subgla
ial sediment layer.1.2 Short-term Flow Variations in Temperate Valley Gla
iersBe
ause of the in
uen
e of melt water on basal motion, 
ow velo
ity of temperate gla
iersvaries signi�
antly during the ablation season (summarized in Willis, 1995). More than 100-200% in
rease in the surfa
e velo
ity within a day or less is often observed on temperatevalley gla
iers. Some of them are triggered by sudden water input due to a rainstorm ordrainage of a supragla
ial lake (Nolan and E
helmeyer, 1999), and others are presumably
aused by the surfa
e melt 
ondition most frequently in early spring (Iken and Binds
hadler,1986; Gudmundsson, 2002; Mair and others, 2001, 2002) but also in other times in theablation season (Naruse and others, 1992; Bassi, 1999; Gudmundsson and others, 2000).Su
h speed up is 
alled in di�erent ways as, motion event (Gudmundsson, 2002), speed upevent (Tru�er and others, 2001), spring event, high-velo
ity event (Mair and others, 2001,2002) or mini surges (Kamb and Engelhardt, 1987; Raymond and Malone, 1986). Be
auseall these phenomena are sudden 
hanges in gla
ier motion whi
h are intrinsi
ally originated2



1.2. SHORT-TERM FLOW VARIATIONS IN TEMPERATE VALLEY GLACIERSfrom the 
ommon 
ause (basal water 
ondition), hereafter they are referred to as a motionevent without regard to the season or the sour
e of water input to avoid 
onfusion. Not onlyat motion events, temperate gla
iers 
hange their 
ow velo
ity over various time s
ales froma day to months. These velo
ity 
hanges often have a 
orrelation with surfa
e melt rate orpre
ipitation, and the subgla
ial drainage 
ondition also 
on
erns with the 
ow variations. Ithas been suggested from �eld observations that subgla
ial water pressure takes an importantrole in short-term 
ow variations.The relationship between subgla
ial water pressure and surfa
e velo
ity is studied in sev-eral gla
iers. Iken and Binds
hadler (1986) measured surfa
e velo
ity several times a day withsubgla
ial water pressure at Findelenglets
her in Switzerland. They plotted surfa
e velo
itiesagainst water pressure, and found that the velo
ity in
reases as the pressure rises up. In theirplot, surfa
e velo
ity appears to have an asymptote at the water pressure equal to the i
eoverburden pressure. Jansson (1995) made similar measurements at Storgla
i�aren in Sweden,and also found velo
ity in
rease under high water pressure 
ondition. He applied a powerfun
tion to the data from Findelenglets
her and Storgla
i�aren to get an empiri
al relationshipbetween the velo
ity and pressure. Measurements at Variegated Gla
ier in Alaska by Kamband Engelhardt (1987) have slightly di�erent ba
kground, be
ause they were 
ondu
ted ona surging-type gla
ier within a few years before it surged. Water pressure dependen
e ofthe surfa
e velo
ity at Variegated Gla
ier was similar to those at Findelenglets
her, ex
eptthe water pressure often rose above the overburden pressure. The results obtained in thethree gla
iers agree in terms of two 
hara
teristi
s. Surfa
e velo
ity in
reases nonlinearly assubgla
ial water pressure rises up, and the velo
ity in
rease is signi�
ant when the pressureapproa
hes to the overburden pressure. Although a general feature of the relationship be-tween water pressure and gla
ier 
ow is shown by these studies, detail of the relationshipis not 
lear be
ause the measurement intervals are rather long. Flow velo
ity measurementwith higher temporal resolution for a longer period is needed for further investigation, butsu
h measurement is diÆ
ult to a
hieve with traditional instruments su
h as a theodolite oran ele
tri
 distan
e meter.Another important aspe
t of short-term 
ow variation in temperate gla
iers is verti
almovements of the surfa
e. Iken and others (1983) measured the horizontal and verti
aldispla
ement of stakes on Unteraarglets
her in Switzerland with intervals down to a fewhours. The gla
ier surfa
e moved upward by 150 mm when horizontal velo
ity in
reased, andthis in
iden
e was 
alled uplift. They proposed an idea that the uplift was 
aused by volumein
rease of subgla
ial water 
avities. Detailed examination showed that the highest horizontalvelo
ity was obtained when the rate of elevation in
rease took its maximum rather than theelevation itself. This observation 
onforms to the theoreti
al predi
tion, be
ause Iken's (1981)numeri
al investigation showed that the rate of 
avity volume in
rease is more relevant to thebasal 
ow velo
ity rather than the volume itself. Similar uplift is also observed by Kamb andEngelhardt (1987) at Variegated Gla
ier during motion events. Gla
ier surfa
e motion in the3



CHAPTER 1. GENERAL INTRODUCTIONverti
al dire
tion 
an be understood as a 
onsequen
e of elevation 
hange of the gla
ier soleand/or thi
kness 
hange of the i
e. Among the fa
tors whi
h may indu
e these two 
hanges,substantial 
ontribution is expe
ted from verti
al strain of i
e be
ause strain rate regime 
anbe altered during a motion event. Therefore, verti
al strain over the i
e thi
kness should bemeasured to determine the 
ause of uplift, but very few measurements have been 
arried outwith suÆ
iently high temporal resolution (Gudmundsson, 2002; Harrison and others, 1993).1.3 In
uen
e of Basal Motion on the Gla
ier Flow FieldShort-term 
ow velo
ity variations observed on the surfa
e are 
aused by variations in basalmotion, but one must be aware that the surfa
e observation 
olle
ts information transferedfrom the bed to the surfa
e through i
e. Be
ause i
e 
ows as a vis
ous material, basal motiondi�uses away from the point to the surrounding area and only a part of the motion rea
hesthe surfa
e. Correspondingly, basal velo
ity at a point 
annot be determined from surfa
eobservations even if the basal 
onditions at that point are well spe
i�ed. When the bed ispartly lubri
ated, basal stress at the point is redu
ed and transfered to other regions of the bedto support the total gravitational for
e a
ting on the gla
ier. Consequently, stress in
reasesat some other regions and it enhan
es i
e deformation there. This deformation 
ontrols thebasal 
ow at the lubri
ated region through stress 
oupling of i
e. These pro
esses indi
atethat basal 
ow velo
ity at a point is determined by the enhan
ed deformation nearby andthe stress transfered from the surrounding i
e mass by me
hani
al 
oupling. Therefore, thein
uen
e of basal 
onditions on gla
ier 
ow 
annot be lo
al, but spatial distribution of the
onditions determines the 
ow �eld of a gla
ier.The foregoing idea is well a

epted in gla
iology, but 
lear observation of the internalgla
ier 
ow �eld under the in
uen
e of basal motion are missing, be
ause of the diÆ
ulty of
ow measurements within a gla
ier. Borehole tilt measurement is one of the means to obtaininternal velo
ity (Raymond, 1971; Copland and others, 1997; Harper and others, 1998), buttemporal resolution of the measurement is usually more than a week. Basal 
ow velo
ity hasbeen dire
tly measured in boreholes using a drag spool (Blake and others, 1994; Engelhardtand Kamb, 1998) or a video 
amera (Pohjola, 1993), but su
h measurements are still limitedto a few gla
iers and the interpretation of data taken under a gla
ier is not straightforward.Therefore, short-term 
ow variations have been observed mostly on the surfa
e of gla
iers,and a high resolution measurement within a gla
ier is demanded.Theoreti
al investigation is an alternative approa
h to study the in
uen
e of basal mo-tion on the 
ow �eld. Balise and Raymond (1985) studied two dimensional 
ow �elds withperturbed basal motion in di�erent spatial s
ales. Although their analyti
al solution is re-stri
ted to a Newtonian 
uid, it was 
learly shown that the propagation of basal motion to thesurfa
e is strongly dependent on the length s
ale of the perturbation. Perturbation analysiswas also applied to non-linearly vis
ous gla
iers by Bahr and others (1994) to evaluate the4



1.4. OBJECTIVES OF THIS STUDYa

ura
y of the 
al
ulation of engla
ial velo
ity distribution from surfa
e observations. They
on
luded that the errors in 
al
ulated engla
ial velo
ities in
rease at an exponential ratewith depth, whi
h hinders the 
al
ulation of basal perturbation with wavelength less thanthe i
e thi
kness. It implies that short-length s
ale information at the bed is �ltered out andnot able to appear on the surfa
e. The transmission of slipperiness and topographi
 anomalyfrom the bed to the surfa
e was further studied by Gudmudsson and others (Gudmundssonand others 1998; Gudmundsson, 2003). His method was used to interpret the stripe observedon the surfa
e of an i
e stream in Antar
ti
a, and 
an be a strong tool to dedu
e the bed
ondition from surfa
e observations. Blatter and others (Blatter, 1995; Blatter and others,1998) developed a numeri
al s
heme to introdu
e higher order stress 
omponents into non-Newtonian 
ow, and 
omputed gla
ier 
ow �eld on a partly sliding bed. This s
heme wasutilized to simulate three-dimensional 
ow �eld measured in Haut Gla
ier d'Arolla, Switzer-land (Hubbard and others, 1998), and the pres
ribed basal boundary 
ondition is dis
ussedwith the subgla
ial water pressure distribution. All these previous studies indi
ate that thein
lusion of longitudinal deviatori
 stress 
omponents is ne
essary in gla
ier 
ow modelling todeal with a spatially non-uniform basal 
ondition unless the horizontal length s
ale is mu
hlarger than the i
e thi
kness.1.4 Obje
tives of This StudyThe obje
tive of this study is to �nd the 
ause and the physi
al pro
ess of short-term 
owvariations in temperate valley gla
iers. This obje
tive is a
hieved by �eld measurement andnumeri
al investigation.In the observational part, measurements are 
arried out with high temporal resolutionduring the ablation season at Lauteraarglets
her, a temperate valley gla
ier in Switzerland.Spe
i�
ally, obje
tives of the measurements are to obtain 
lear observational data for thefollowing three items.(1) Relationship between surfa
e 
ow velo
ity and subgla
ial water pressure(2) Verti
al movement of the gla
ier surfa
e (uplift)(3) Temporal variations in the verti
al strain within a gla
ierHourly surfa
e velo
ities are 
ompared with subgla
ial water pressure to obtain their rela-tionship with regard to the overburden pressure. The possibility of subgla
ial water 
avityopening is dis
ussed by 
omparing verti
al strain with surfa
e uplift. From the verti
al strainmeasured at di�erent depths, verti
al distribution of the strain and its temporal variationare 
omputed. The results obtained in the �eld measurements are 
ombined to hypothesiseabout the 
ause and pro
ess of the short-term 
ow variation.5



CHAPTER 1. GENERAL INTRODUCTIONIn the theoreti
al part, 
ow �elds in a longitudinal 
ross se
tion of a 
on
eptional gla
ierare 
omputed with pres
ribed basal boundary 
onditions with a numeri
al 
ow model. Themodel is used to investigate the general pattern of the 
ow �eld under the 
ondition of spa-tially non-uniform basal motion. Then, the measured short-term 
ow variations are simulatedwith the model by pres
ribing spatial distribution and temporal variation of basal lubri
ationin order to test the hypothesis proposed for the �eld data. The numeri
al experiments givean insight into the e�e
ts of spatially distributed basal slipperiness on the 
ow �eld.

6



CHAPTER 2FIELD MEASUREMENTSIn order to study the in
uen
e of the basal 
ondition on the gla
ier 
ow �eld, measurementswere made on (
ow velo
ity), within (verti
al strain), and under (water pressure) a temperatevalley gla
ier. The measurements were performed with high temporal resolution, so that therea
tion of the gla
ier 
ow to rapid 
hanges in water pressure 
an be dete
ted. This �eldstudy mainly fo
uses on intradaily 
ow variations, but the observations made throughoutthe ablation season are expe
ted to show seasonal 
hanges in the 
ow regime and the basal
ondition.2.1 Study SiteThe �eld measurements were 
arried out at Lauteraarglets
her, one of the 
onstituents ofa valley gla
ier system in the Bernese Alps, Switzerland (Fig. 2.1a). Lauteraarglets
heris about 5 km long, 1 km wide, and 
onsidered to be temperate a

ording to temperaturemeasurements in other gla
iers in the Alps. It originates at 3100 m a.s.l., and merges withFinsteraarglets
her at 2400 m a.s.l. into the 
ommon tongue of the gla
ier system, Un-teraarglets
her. From the 
on
uen
e area, Unteraarglets
her des
ends 6 km eastwards andterminates at 2000 m a.s.l.. In
luding the other tributary, Strahleggglets
her, the gla
iersystem has a surfa
e area of 28 km2 in total.The history of gla
iologi
al study in this region goes ba
k to the 19th 
entury. Followingthe pioneering works by Hugi and Agassiz (1840), systemati
 gla
ier measurements have been
arried out sin
e the early 20th 
entury by requests of a hydroele
tri
 power 
ompany. Interms of the dynami
 behaviour of the gla
ier, intra annual variations in the surfa
e velo
itywere already re
ognized in the early measurements with an automati
 
amera (Haefeli, 1970),and re
ent studies on Unteraarglets
her revealed details of subdaily 
ow variations. Iken andothers (1983) 
arefully measured survey poles on the gla
ier several times a day during amotion event in early summer, and studied surfa
e upward movement asso
iated with fast
ow velo
ity. Observations with an automati
 theodolite system showed that motion eventsusually o

ur several times in the ablation season on Unteraar- and Lauteraarglets
her (Bassi,7
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Figure 2.1: (a) Map of Unteraarglets
her and its tributaries. The solid square isthe lo
ation of the meteorologi
al station. (b) The study area on Lauteraarglets
her(smaller square in (a)). Solid and broken 
ontour lines indi
ate the surfa
e and bedtopography, respe
tively. Elevations are in meters above sea level. Solid 
ir
les arepositions of a pair of GPS antennas for 
ontinuous measurement of surfa
e 
ow.Open 
ir
les 
onne
ted with solid lines are the strain array, the open square is thelo
ation of the boreholes, and the solid triangle is the lo
ation of the water pressuremeasurements. Coordinates 
orrespond to the oÆ
ial Swiss 
oordinate system.8



2.2. METHODS1999; Gudmundsson and others, 2000). Gudmundsson and others (1999) estimated the basalmotion at the middle part of Unteraarglets
her as more than 50% of the total forward motionfrom tilt measurements in a borehole.I
e thi
kness and basal 
onditions of the gla
iers have been studied by seismi
 re
e
tionand radio-e
ho soundings (Kne
ht and S�usstrunk, 1952; Funk and others, 1994; Bauder,2001). The results indi
ate that Unteraarglets
her is underlain by a sediment layer. Fis
herand others (2001) performed stress measurements in the sediment layer to dis
uss its hydrauli
and me
hani
al properties. The layer gets thinner in the upgla
ier dire
tion and disappearsat the 
on
uen
e area implying a hard bed 
ondition under Lauteraarglets
her.From June to O
tober 2001, a 
amp was set on Lauteraarglets
her to drill boreholes and
ondu
t gla
ier 
ow measurements. Apart from meteorologi
al observation, all measurementswere made on Lauteraarglets
her at an altitude of 2480 m a.s.l.. Maximum i
e thi
kness atthe measurement site is estimated to be 400 m by radio-e
ho sounding (Funk and others,1994; Bauder and others, 2002), whi
h was 
on�rmed by the drilling down to the bed. In
ontrast to Unteraarglets
her, where a thi
k debris layer 
overs nearly 70% of the surfa
e(Sugiyama, 2003), Lauteraarglets
her has an almost 
lean surfa
e. Crevasses are observedonly near the lateral margins, and the surfa
e is fairly 
at with a slope of 4 Æ at the studysite. The seasonal snow line passed by the 
amp in late July and the snow line altitude atthe end of the ablation season was approximately 2600 m a.s.l. in 2001.2.2 Methods2.2.1 GPS surveyA 6 m long aluminum pole was installed into the gla
ier surfa
e at the site 313 (Fig. 2.1), andthree-dimensional position of the pole was determined using stati
 relative GPS measurements(Hofmann-Wellenhof and others, 2001). One of the GPS re
eivers (TOPCON GP-SX1) was�xed at the top of the pole and the other one on the north 
ank of the gla
ier as a referen
estation. L1 phase signals from GPS satellites were 
ontinuously 
olle
ted by the re
eivers andstored in data loggers to obtain hourly positions of the pole relative to the referen
e stationby using 
ommer
ial software (TOPCON WAVE).Stri
tly speaking, the GPS measurement in this study gives the position of a parti
le ofi
e near the gla
ier surfa
e in a frame �xed outside of the gla
ier. Therefore, surfa
e velo
ityor surfa
e displa
ement refers to the movement of the parti
le near the surfa
e, and surfa
emelting is not relevant to the dis
ussion of the verti
al displa
ement in this study.The distan
e between the two re
eivers was 700 m in horizontal and 100 m in verti
aldire
tion, and this relatively short distan
e was 
ru
ial to obtain the ne
essary a

ura
y ofthe GPS measurement. The a

ura
y was evaluated after the �eld season by using the samesurvey method with two �xed re
eivers standing apart 120 m horizontally and 12 m verti
ally.9
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Figure 2.2: The a

ura
y test of GPS measurement. A �xed re
eiver was surveyedfor 7 days with stati
 relative measurements. Horizontal distan
e (
ross) and verti
aldispla
ement (open 
ir
le) relative to the 7 days mean position are plotted every hour.Continuous test measurements for 7 days gave standard deviations of 1.4 mm and 2.8 mmin horizontal and verti
al dire
tions, respe
tively (Fig. 2.2). On the gla
ier, the survey polefroze in the i
e immediately after the installation be
ause winter 
oldness keeps the subsurfa
ei
e temperature below the melting point throughout the year. In addition, the length of thepole above the surfa
e was maintained to be shorter than 1.5 m. A

ordingly, measurementerrors due to the leaning of the pole by i
e melting or wind blowing are 
onsidered to benegligible.Hourly surfa
e 
ow velo
ity in the horizontal dire
tion was 
al
ulated from a four-hoursrunning mean of the horizontal displa
ement of the pole from its original position on 15June 2001. When the 
ontinuous survey was interrupted for a few hours, the data gaps wereinterpolated by spline interpolation. In addition to the 
ontinuous measurement at the site313, twi
e a day (within 2-hrs of 6:00 and 18:00) from 22 to 27 August, the positions of threeother poles forming a triangle with sides of about 300 m (strain array in Figure 2.1b) weresurveyed. These surveys are used in the se
tion 3.2 to examine the horizontal surfa
e strainpattern. 10
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Figure 2.3: S
hemati
 diagram of the �eld measurements.2.2.2 Borehole depthVerti
al strain was measured by repeated high-a

ura
y borehole depth measurements (Gud-mundsson and others, 1997; Gudmundsson, 2002; Sugiyama and Gudmundsson, 2003). A hotwater te
hnique (Iken, 1988) was used to drill 50, 150, and 300-m deep boreholes of about100-mm diameter with roughly 5-m spa
ings. A 1-m long, 64-mm diameter plasti
 pipe witha 12-mm thi
k ring-shaped magnet on its upper rim was pla
ed at the bottom of ea
h bore-hole. A metal weight was �xed to the plasti
 pipe with a string to lower the equipmentsmoothly down to the bottom of the borehole, and it was removed after the installation by
utting the string to prevent pressure melting due to its own weight at the lower edge of thepipe. The distan
e from the magnets to the referen
e bars drilled into the surfa
e i
e dire
tlyabove ea
h of the boreholes was measured 1-8 times a day with a measuring tape equippedwith a magneti
 sensor on its end. When the magneti
 sensor was lowered into the bottomof the borehole, a signal indi
ates the position of the ring magnet and the distan
e from themagnet to the referen
e bar was read by the measuring tape. The s
hemati
 diagram of theborehole depth measurement is shown in Figure 2.3, and the instruments of the measurementand the way of reading the depth at the referen
e bar are shown in Figure 2.4. Judging fromrepeated measurements, and from daily inspe
tion of the magneti
 sensor using a 1-m deepborehole where no verti
al stret
hing was expe
ted, the measurement error was estimated tobe �3 mm. Elasti
 stret
hing of the measuring tape made of TEFLON is negligibly smalland thermal expansion was ignored based on the stable temperature in the borehole at thei
e melting point. 11
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Magnetic 
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200 mm Figure 2.4: The instruments of the borehole depth measurement. (a) A plasti
 pipewith a ring magnet installed in the borehole. (b) The plasti
 pipe and a measuringtape with magneti
 sensor on its top. (
) The way of reading the depth at thereferen
e bar �xed on the surfa
e.Change in the distan
e between the magneti
 ring in the borehole and the referen
e baris a 
onsequen
e of verti
al normal strain and horizontal shear strain. Assuming a laminar
ow with simple shear and Glen's 
ow law with an exponent parameter n = 3 (Paterson,1994), the length of an originally verti
al borehole deformed after a unit time is;s = Z hz0 s1 + �dudz�2dz = Z hz0 vuut1 + " ddz (us � us �h� zh �4)#2dz; (2.1)where z is the verti
al 
oordinate measured from the bed, u is the horizontal 
ow velo
ity,z0 is the 
oordinate of the borehole bottom, us is the horizontal velo
ity on the surfa
e, andh is the total i
e thi
kness. The spe
i�
 values at the study site of h = 400 m and us = 0:1m day�1 give an extension rate of 4�10�6 m day�1 for 300-m borehole, whi
h is smaller bythree orders of magnitude than measured depth 
hanges. Thus, we negle
t the 
ontributionof shear strain to the 
hange in the borehole depth.The 300-m borehole was 
losed in August at the depth of 170 m below the surfa
e,possibly be
ause the water level in the borehole was too low to 
ountera
t the hydrostati
pressure of i
e. Without signals from the magneti
 ring, borehole depth measurements were
ontinued by feeling the de
reased tension of the measuring tape when the sensor 
onta
tsto the pin
hed-o� point in the borehole. The error of this measurement was estimated to be�5 mm from repeated measurements. 12



2.3. RESULTS2.2.3 Water pressureSubgla
ial water pressure was registered every 15-30 minutes from 30 June to 28 Septemberin 2001 with a vibrating wire pressure transdu
er lowered into a 380-m bottom-rea
hing bore-hole. The borehole was lo
ated about 200 m from the GPS and borehole depth measurementsites (Fig. 2.1b), and the pressure transdu
er was installed 100 m above the bed. Measure-ment a

ura
y of the transdu
er (Geokon Model 4500) is equivalent to the water level of 3.5m. Two more transdu
ers were installed in two other bottom-rea
hing boreholes: one lo
atedat the borehole depth measurement site and the other near the right gla
ier margin. The waterlevels in the three boreholes 
u
tuated in phase, whi
h indi
ates all the boreholes 
onne
tedto a 
ommon subgla
ial drainage system. Be
ause two of the boreholes were dis
onne
tedfrom the drainage system in the early August, the data obtained from the 380-m borehole ispresented here.2.2.4 Air temperature, pre
ipitation, and surfa
e ablationA meteorologi
al station was established on the left bank of Unteraarglets
her at an altitudeof 2400 m a.s.l. (Fig. 2.1a). Air temperature and pre
ipitation were measured at intervals of30 minutes from 12 June to 30 September. A ventilated thermistor sensor (Vaisala T107) anda tipping bu
ket rain gauge (Joss-Tognini) were used for the temperature and pre
ipitationmeasurements, respe
tively. Surfa
e snow or i
e ablation was measured every one or twodays by stake measurements at the GPS measurement site. The densities of 600 kg m�3 forsnow and 900 kg m�3 for i
e were used to obtain daily ablation in water-equivalent from themeasurements.2.3 ResultsContinuous GPS survey and borehole depth measurements were 
arried out for 1-2 weeks inea
h month from June to September 2001. Figure 2.5 shows the movement of the survey stakein a verti
al plane along the 
ow line, and horizontal 
ow velo
ity during the study period.The verti
al motion of the stake was generally downward from June to O
tober, but 
learupward movements were observed in the measurements in June and July. Both of these upliftevents were a

ompanied by sharp in
reases in the 
ow velo
ity. In this study, the details ofthese short-term 
u
tuations in the horizontal velo
ity and the verti
al displa
ement obtainedin the four measurement periods are fo
used on.2.3.1 Period I (from 22 June to 5 July)A series of data taken from 22 June to 5 July is shown in Figure 2.6. The snow line altitudewas approximately 2400 m a.s.l. and the study site was still 
overed with 1 to 2 m of snow13
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28 SepFigure 2.5: Stake movement in a verti
al plane (open 
ir
le) and horizontal surfa
e
ow velo
ity against horizontal displa
ement obtained by GPS measurement from 15June to 2 O
tober 2001.during this period.After the period of �ne weather with snow melt of 30-50 mm w.e. day�1, heavy rainstormstarted at 15:00 on 27 June and the pre
ipitation rea
hed 6.3 mm hr�1 at 18:00 (Fig. 2.6e).Horizontal 
ow velo
ity started to in
rease at 17:00 and the maximum velo
ity of 0.2 m day�1,approximately 200% of the velo
ity before the storm, was re
orded at 22:00 (Fig. 2.6b). Whenthe 
ow velo
ity rea
hed its maximum, the gla
ier surfa
e rapidly moved 20 mm upward (Fig.2.6a). It is inferred that the intense water input by the rainstorm raised subgla
ial waterpressure and triggered a motion event a

ompanied by uplift of the gla
ier surfa
e. On thenext day, 
ow velo
ity returned to the pre-storm level and then remained there until the endof this observation period. Before the motion event, the verti
al displa
ement remained at a
onstant level but in
reased a few 
entimeters around midnight every day. After the event,it started to de
rease without diurnal signals.14



2.3. RESULTS
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al displa
ement (open 
ir
le) of the stake from its original position on 15 June2002. (b) Horizontal surfa
e velo
ity (solid line) and its daily average. (
) Bore-hole depth. (d) Surfa
e ablation and water level (solid line) in the borehole, and thedash-dotted line indi
ates the overburden pressure. (e) Air temperature (solid line)and pre
ipitation. 15



CHAPTER 2. FIELD MEASUREMENTSThe borehole depth de
reased at the motion event following the steady in
rease until 27June (Fig. 2.6
). After the event, it showed irregular 
u
tuations represented by 50 mmdeepening from 30 June to 1 July. This in
ident 
oin
ided with a surfa
e uplift (Fig. 2.6a)and water level in
rease 
lose to the overburden pressure (Fig. 2.6d).2.3.2 Period II (from 18 to 31 July)In the beginning of the se
ond observation period, weather was 
old with o

asional snowfalls.Then on 21 July, daily mean air temperature rose up sharply by about 10 ÆC 
ausing intensesurfa
e melting. The warm weather lasted and the daily ablation of 60-80 mm w.e. day�1took pla
e for ten days until the end of this observation period. The gla
ier surfa
e 
onditionturned from water saturated snow to bare i
e, and many moulins opened in the study area.Clear diurnal variations in the surfa
e velo
ity were established as a result of substantialmelt water input in the daytime (Fig. 2.7b). The maximum velo
ity o

urred in the eveningand the minimum velo
ity in the morning. On 23 and 24 July, the maximum velo
ity of aday was more than twi
e as large as the minimum. The diurnal velo
ity 
u
tuation be
amesmaller on 26 July. Water level showed diurnal variations as well and its daily maximums
oin
ided with 
ow velo
ity peaks. The maximum water pressures were more than the over-burden pressure from 22 to 25 July, when the diurnal signal is 
lear in the velo
ity. These arestrong impli
ations of a 
orrelation between surfa
e velo
ity and subgla
ial water pressure.From 26 July to the end of this observation period, the amplitude of the diurnal signal inwater level gradually in
reased while the daily mean level de
reased. It should be noted thatthis 
hange took pla
e under the nearly 
onstant ablation and meteorologi
al 
ondition.The verti
al displa
ement of the gla
ier surfa
e appears to 
orrelate with the boreholedepth variation until 27 July (Figs. 2.7a and 
). It is implied that the verti
al displa
ementwas predominantly 
aused by verti
al straining. From 22 to 25 July, however, the surfa
e isdiurnally lifted up in the evening and this diurnal signal is not 
learly seen in the boreholedepth 
hange. On 27 July, borehole depth started to show diurnal 
u
tuations by a magnitudeof 10�4 of the i
e thi
kness. This observation indi
ates that the gla
ier was thi
kening in thedaytime and thinning at night.2.3.3 Period III (from 22 to 27 August)In the late August, the seasonal snow line was about 1 km upgla
ier from the study site.Fine weather 
aused steady surfa
e ablation, a rate of 50 mm w.e. day�1, and melt waterwas fed into moulins well developed at the study area.Clear diurnal 
u
tuations in the surfa
e velo
ity were again observed from 22 to 27 (Fig.2.8b), but the amplitude of the 
u
tuation and the daily mean velo
ity were more uniformand at lower level than those observed in July. The water level 
hanged more than 10016
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al displa
ement (open 
ir
le) of the stake from its original position on 15 June2002. (b) Horizontal surfa
e velo
ity (solid line) and its daily average. (
) Boreholedepth. (d) Surfa
e ablation and water level (solid line) in the borehole, and thedash-dotted line indi
ates the overburden pressure. (e) Air temperature (solid line)and pre
ipitation. 17



CHAPTER 2. FIELD MEASUREMENTS
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2.4. SUMMARYm a day in a diurnal manner, but it never ex
eeded the overburden pressure (Fig. 2.8d).Be
ause the borehole for the depth measurement 
losed at 170 m from the surfa
e, themeasurement was 
ontinued by feeling the de
reased tension as des
ribed in the methodse
tion. This measurement 
on�rmed that the depth varied in the same diurnal manner as inJuly (Fig. 2.8
). Diurnal signals were also found in the verti
al displa
ement, in
rease duringthe daytime and de
rease at night (Fig. 2.8a). Surfa
e velo
ity, verti
al displa
ement, waterlevel, and borehole depth, all these appear to os
illate in phase throughout this observationperiod.2.3.4 Period IV (from 28 September to 3 O
tober)A

ording to the re
ords of meteorologi
al station at the gla
ier, air temperature dropped atthe beginning of September and 
old weather with snow pre
ipitation persisted until the endof September. The study site was 
overed with 0.5 m of fresh snow and the surfa
e ablationhad been redu
ed when the measurements were restarted on 28 September.Surfa
e velo
ity was steady at low level and 
lear uplift was not observed during themeasurement period (Figs. 2.9a and b). The depth of the borehole, 
losed at 120 m fromthe surfa
e, was measured and it was in
reasing monotoni
ally (Fig. 2.9
). Water levelmeasurement in a limited period shows little 
u
tuation in the subgla
ial water pressure, andimplies the possibility that the 
onne
tion to the basal drainage system was abandoned (Fig.2.9d).2.4 SummaryGPS survey and borehole depth measurements were 
arried out with 
ontinuous water pres-sure measurement during the ablation season in Lauteraarglets
her. Main observational fa
tsobtained in the �eld measurements are summarized below.� Motion event triggered by a heavy rain storm was observed on 27 June with uplift. Surfa
evelo
ity in
reased by 100% and the surfa
e moved upward by 20 mm within a few hours.Borehole depth turned to de
rease at this event.� Clear diurnal variations in the surfa
e velo
ity were observed in July and August. Surfa
evelo
ity in
reased during the daytime and dropped at night. Water pressure varieddiurnally as well, and the pressure variations were in phase with the surfa
e velo
ity.� The gla
ier surfa
e moved in the verti
al dire
tion over di�erent time s
ales. For example,sudden uplift at motion event on 27 June, diurnal uplift in August, and longer-term upand downward movement in July.� Borehole depths 
hanged signi�
antly. The most 
onspi
uous 
hanges are diurnal variationsin July and August, deepening in the daytime and shortening at night.19
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             Sep  2001                        Oct  2001Figure 2.9: Time series of data taken in Period IV. (a) Horizontal (dot) andverti
al displa
ement (open 
ir
le) of the stake from its original position on 15 June2002. (b) Horizontal surfa
e velo
ity (solid line) and its daily average. (
) Boreholedepth. (d) Surfa
e ablation and water level (solid line) in the borehole, and thedash-dotted line indi
ates the overburden pressure. (e) Air temperature (solid line)and pre
ipitation. 20



2.4. SUMMARYThe surfa
e velo
ity and water pressure variations listed above are basi
ally 
onsistentwith those observed at the other temperate valley gla
iers. However, the measurements
learly depi
ted ea
h of the summer event with high resolutions, and displayed the seasonal
ontrast in the short-term 
ow variations. Moreover, the signi�
ant variations in the boreholedepth have never been obtained. These points are examined in detail in the next 
hapter,and their 
ause-and-e�e
t relationship is dis
ussed.

21





CHAPTER 3FIELD DATA ANALYSES AND INTERPRETATIONSObserved short-term 
ow variations are analyzed in detail and interpreted in this 
hapter.The relationship between surfa
e velo
ity and subgla
ial water pressure is examined with atemporal resolution of 1 hour. Verti
al distribution of the strain rate is derived from theborehole depths data, and the verti
al strain is 
ompared with the verti
al displa
ement ofthe surfa
e to determine the 
ause of the surfa
e uplifts. Based on the seasonal evolutionof the subgla
ial hydrauli
 
ondition whi
h is infered from the water pressure variation, itis proposed that spatially non-uniform basal lubri
ation 
aused the diurnal variations in the
ow velo
ity and verti
al strain rate.3.1 Diurnal Variations in the Surfa
e Velo
ity3.1.1 Relation between water pressure and surfa
e velo
ityHorizontal surfa
e velo
ity 
u
tuated diurnally in July and August when substantial meltwater was produ
ed on the surfa
e. Be
ause the velo
ity os
illated in phase with the boreholewater level, it is implied that high water pressure lubri
ated the bed and enhan
ed basalmotion. In order to examine the e�e
t of subgla
ial water pressure on the surfa
e velo
ity,hourly surfa
e velo
ities measured in the periods of 21-27 July and 22-27 August are plottedagainst the e�e
tive pressure Pe in Figure 3.1. The e�e
tive pressure was obtained frommeasured water pressure Pw and the i
e overburden pressure Pi,Pe = Pi � Pw: (3.1)The overburden pressure was 
al
ulated from the lo
al i
e thi
kness determined from the hotwater drilling re
ords.A s
atter plot of the data points from the two observation periods (Fig. 3.1a) shows thatsurfa
e velo
ity in
reases as e�e
tive pressure approa
hes zero. This relationship is similar tothe observation by Iken and Binds
hadler (1986) at Findelenglets
her, and those by Kamband Engelhardt (1987) at Variegated Gla
ier. Presumably, the basal i
e de
oupled from the23
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ir
les are the data taken when the e�e
tive pressure wasde
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tively. Solid lines are regression 
urves (Equation(3.2))for the e�e
tive pressure de
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3.1. DIURNAL VARIATIONS IN THE SURFACE VELOCITYbed when the overburden pressure is 
an
eled by subgla
ial water pressure. Although thevelo
ity is 
learly 
orrelated to the e�e
tive pressure in Figure 3.1a, the velo
ities s
atter overbroad rage up to �20-30%. This s
attering 
an be attributed partly to GPS measurementerrors, but another plot in Figure 3.1b reveals two distin
t relationships. Figure 3.1b is theplot of the same data set as Figure 3.1a, but the data points are distinguished by the periodswhen the e�e
tive pressure was de
reasing or in
reasing. There is a 
lear di�eren
e betweenthe two data sets, where surfa
e velo
ity is larger when the e�e
tive pressure is de
reasing,i.e. subgla
ial water pressure is in
reasing. This bimodal pressure dependen
e of the velo
ity(hysteresis) has never been reported before, and was observable in this study owing to thehigh temporal resolution in the velo
ity measurement.3.1.2 Cause of the hysteresisOne of the 
lues to interpret the hysteresis in the surfa
e velo
ity is the results of velo
itymeasurements with three GPS's running at the borehole depth measurement site, 1.5 km up-gla
ier and downgla
ier from the study site. These GPS's were operated independently fromthe one at the site 313 with another referen
e station �xed near the meteorologi
al station.
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CHAPTER 3. FIELD DATA ANALYSES AND INTERPRETATIONSPositions were determined 9 times a day and the relative positioning error was larger thanthat in the measurement at 313 be
ause of the method employed for the survey (rapid stati
positioning) and longer distan
e to the referen
e station. Other details of the measurementmethod are des
ribed by Gudmundsson (2002). Figure 3.2 shows surfa
e velo
ity variationsobtained by these GPS measurements. Temporal velo
ity 
hanges are not smooth be
auseof the positioning error, but general features displayed by Figure 3.2 are as follows. Diurnalvariations in the surfa
e velo
ity are observed in all of the three sites, and the rate of velo
ityin
rease in the daytime is larger in the upper rea
h of the gla
ier. A 
lear example is thedata on 24 August. During this period, horizontal strain on the surfa
e and verti
al strainmeasured in the borehole showed strong 
ompressive 
ow during daytime, as des
ribed inthe following se
tion 3.2.2, and su
h strain regime is 
onsistent with the GPS measurementsdes
ribed above. If the 
ow regime during the se
ond observation period is assumed to besimilar to Figure 3.2, following interpretation 
an be made for the hysteresis in the surfa
e ve-lo
ity against subgla
ial water pressure. During the daytime, when subgla
ial water pressurein
reases, the study site is pushed by the upper rea
h be
ause the gla
ier is more a

eleratedin the upper part of the gla
ier. At night, when the pressure de
reases, the upper rea
h hasalready slowed down and no pushing for
e a
ts on the study site. Be
ause of the pushingfor
e 
onveyed from upper rea
h, surfa
e velo
ity at the study site is higher when the waterpressure in
reases.It is not surprising to see the surfa
e velo
ity at one point to be in
uen
ed by otherregions through stress 
oupling. However, not many �eld observations have been reportedin relation to this matter. Hanson and others (1998) studied diurnal variations in surfa
evelo
ity and subgla
ial water pressure at Storgla
i�aren in Sweden, and found that the velo
ityin
reased before the lo
al water pressure started to in
rease. They attributed the observationto the longitudinal stress 
onveyed from the upper rea
hes where velo
ity in
reased earlierof a day than the study site. Mair and others (2001) also dis
ussed the stress 
ouplingwith surrounding i
e during a motion event at Haut Gla
ier d'Arolla in Switzerland. Thein
uen
e of the neighbouring basal 
ondition 
an be determined quantitatively only withthe 
onsideration of length s
ales and vis
ous properties of i
e. If the horizontal s
ale ofthe basal uniformity is mu
h larger than the i
e thi
kness, longitudinal stress 
omponentsare regarded to be negligible. This approximation is su

essfully applied for the Antar
ti
and Greenland i
e sheet modelling (Hutter, 1983), but it is not a realisti
 assumption forvalley gla
iers. The in
uen
e of a spatially distributed basal 
ondition on the 
ow �eld isinvestigated quantitatively with a numeri
al 
ow model in Chapter 4, and the hypothesisproposed for the observed velo
ity hysteresis is evaluated.
26



3.2. VARIATIONS IN THE STRAIN REGIME3.1.3 Comparison with other gla
iersThe relationship between surfa
e velo
ity and subgla
ial water pressure obtained in this studyis 
ompared with those observed at other gla
iers by using a power fun
tion,us = kP 
e : (3.2)us is the surfa
e velo
ity in mm day�1, Pe is the e�e
tive pressure at the bed in MPa, k and
 are �tting parameters. This empiri
al equation was used by Jansson (1995) to �t the �elddata measured in Storgla
i�aren and in Findelenglets
her (Iken and Binds
hadler, 1986). Hefound the identi
al regression parameter 
 = �0:40 for the two gla
iers and suggested thatthe basal motion is 
ontroled by the same basal pro
ess in the gla
iers. The data plotted inFigure 3.1 require two di�erent regression 
urves for the two pressure transient phases. Best�tting to ea
h of the data sets gives, k = 110 and 
 = �0:18 with a 
orrelation 
oeÆ
ient ofr = 0:66 for the e�e
tive pressure de
reasing phase, k = 86 and 
 = �0:20 with r = 0:68 forthe in
reasing phase (Fig. 3.1b). The �tting parameters are summarized in Table 3.1 withthose obtained for Findelenglets
her and Storgla
i�aren.If it is assumed that 
 is relevant to the dominant basal 
ow pro
ess of the gla
ier, thebed 
ondition of Lauteraarglets
her is suggested to be di�erent from those in Storgla
i�arenand Findelenglets
her. As des
ribed in the se
tion 2.1, the subgla
ial sediment layer underUnteraarglets
her gets thinner in the upgla
ier dire
tion and vanishes at the 
on
uen
e area.Thus, Lauteraarglets
her is 
onsidered to be underlain by hard bedro
k, and it 
ontrastswith the study site in Storgla
i�aren where subgla
ial sediment layer exits (Hooke and others,1997). In Findelenglets
her, a subgla
ial sediment layer is expe
ted be
ause two re
e
tinghorizons are observed in seismi
 soundings (Iken and Binds
hadler, 1986).Even if the parameters in Equation (3.2) have relations to the bed 
onditions, however, itis likely that the relationship is not spatially and temporally uniform in a gla
ier. In addition,as dis
ussed in the previous subse
tion, the relationship may be a�e
ted by neighbouring bed
onditions when the bed is inhomogeneous. Therefore, the parameters obtained from ea
hmeasurement 
annot be simply 
ompared, and similar measurements on other gla
iers areneeded for further dis
ussion.3.2 Variations in the Strain Regime3.2.1 Cal
ulation of verti
al and horizontal strain ratesTo dis
uss the observed temporal 
hanges in strain regime, verti
al and horizontal strainrates are 
omputed from the results of the borehole depth measurements and the survey ofthe strain array, respe
tively. The methods of the 
omputations are des
ribed below.27



CHAPTER 3. FIELD DATA ANALYSES AND INTERPRETATIONSTable 3.1: Fitting parameters of the relationship between surfa
e velo
ity and sub-gla
ial water pressure obtained at various gla
iers. (%) and (&) indi
ate the e�e
-tive water pressure in
reasing and de
reasing phases, respe
tively.Gla
ier k 
 Ref.Lauteraarglets
her (%) 86 -0.20 This studyLauteraarglets
her (&) 110 -0.18 This studyFindelenglets
her 371 -0.40 Iken and Binds
hadler, 1986Storgla
i�aren 30 -0.40 Jansson, 1995Su

essive measurements of the borehole depths were used to determine the verti
al strain-rate distribution. The borehole depth 
hanges plotted in Figures 3.3b, 3.4b, and 3.5b rep-resent the sum of verti
al normal strain and horizontal shear strain between the magnetsin the borehole and the surfa
e. However, it 
an be assumed that the depth 
hange equalsthe total verti
al strain over the borehole depth based on the dis
ussion in the se
tion 2.2.2.A

ordingly, the rate of the borehole depth 
hange is the verti
al 
ow velo
ity relative to thesurfa
e at the depth of the ea
h borehole bottom. Verti
al 
ow velo
ities at 50, 150, and 300m were measured at the same time and then linearly interpolated (relative verti
al velo
ityis zero at z = 0 m) to obtain verti
al velo
ity distribution at the measurement time. Theverti
al distribution 
omputed for the every measurement is temporally interpolated to ea
h0.25-day interval, and plotted in Figures 3.3
 and 3.4
. From the spatially interpolated data,verti
al strain rate distribution was 
al
ulated as the derivative of the velo
ity with respe
tto the depth.From 22 to 27 August, two-dimensional horizontal strain rate on the gla
ier surfa
e was
omputed from the displa
ements of three poles surveyed twi
e a day using the method de-s
ribed in Appendix A. Surfa
e strain rate was determined as a fun
tion of 
ompass bearingfor ea
h period of 6:00-18:00 and 18:00-6:00 everyday. Then the strain is temporally interpo-lated and shown in Figure 3.5
. Strain ellipse, representing deformation of a unit 
ir
le dueto horizontal strain �eld on the surfa
e, was obtained for ea
h survey interval and shown ina magni�ed form in Figure 3.6. Parameters of the ellipses determined for the intervals aretabulated in Table 3.2.3.2.2 Spatial and temporal variations in the strain ratesHere, the dis
ussion is fo
used on the measurements during Period I, II and III. The verti
alstrain distribution obtained for Period I shows how the i
e responded to the heavy rainstormon 27 June, whi
h 
aused the 
lear 
hange in surfa
e velo
ity (Fig. 3.3a). Before this event,the depths of the three boreholes in
reased monotoni
ally (Fig. 3.3b), and the verti
al strain28



3.2. VARIATIONS IN THE STRAIN REGIMErates were positive (tensile) and 
onstant with time throughout the depth (Fig. 3.3
). On 28June, the strain rate be
ame negative. The 
ompression started near the surfa
e and thenmoved deeper into the i
e. In the following days, rather 
omplex patterns of temporal andspatial variations in verti
al strain were observed. For example, large temporal variationsin borehole depths were observed with the 300-m borehole be
oming 50-mm deeper over thenight from 30 June to 1 July. Although the surfa
e velo
ity reverted to its pre-storm pattern,the motion event on 27 June left a lasting impa
t on the engla
ial strain-rate distribution.The 50-m borehole 
losed o� by 18 July, but the strain rate distribution is availablefrom the measurements in the other two boreholes. From 27 July to 1 August, large diurnal
u
tuations in verti
al strain were observed with the depths of the boreholes 
hanging by up to30-40 mm a day (Fig. 3.4
). In the daytime, the verti
al strain rate in the shallower region wastensile, on the order of 10�3 day�1, while at night it be
ame 
ompressive. Weaker, but similar,diurnal signals also o

urred throughout most of the period of 18-27 July. Furthermore, thestrain rate was verti
ally non-uniform, parti
ularly from 30 July to 1 August, with the deeperregions being 
ompressive while the shallower regions were tensile.By 22 August, the 150-m borehole was frozen and the 300-m borehole was 
losed at173-m below the surfa
e. Although the verti
al strain is obtained only from upper half ofthe i
e thi
kness, diurnal os
illations in the strain were still 
learly observable (Fig. 3.5b).The horizontal strain rate from 22 to 27 August showed diurnal os
illations in the dire
tionof and perpendi
ular to the gla
ier 
ow ex
ept on 24 August (Figs. 3.5
 and 3.6). Strainellipses in Figures 3.6a and b represent the general surfa
e strain regimes during the daytime(6:00-18:00) and nighttime (18:00-6:00). Their distinguishing features are 
ompressive strainalong the 
ow dire
tion in the daytime and transverse tensile strain at night of about 10�4day�1. Combined with the verti
al strain rate measured in the borehole, the i
e deformationin the upper half of the gla
ier 
an be des
ribed as follows. From morning to evening, i
e
ontra
ts horizontally in the 
ow dire
tion and expands verti
ally. From evening to the nextmorning, it expands horizontally a
ross the 
ow dire
tion and 
ontra
ts verti
ally.3.2.3 Interpretation of the strain rate regimeThe important aspe
t of the verti
al strain measurements in Period I is the temporal reversalin verti
al strain rate at the rainstorm. Similar strain-rate reversal has been observed pre-viously during a motion event in Unteraarglets
her (Gudmundsson, 2002). Until the eventon 27 June, the observed steady and uniformly distributed tensile verti
al strain rate is 
on-sistent with the spatial distribution of annual surfa
e velo
ities that shows 
ompressive 
owat the study site (Gudmundsson and Bauder, 1999). The 
ompressive verti
al strain ratefrom 27 to 28 June is presumably related to spatially uneven a

eleration of the gla
ier as aresponse to the large amount of water input by the rainstorm. This event may have triggered
hanges in subgla
ial hydrology, whi
h 
aused the subsequent verti
al strain rate 
u
tuations.29
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3.2. VARIATIONS IN THE STRAIN REGIME
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a bFigure 3.6: Strain ellipses 
omputed for ea
h survey interval from 22 to 27 August(Period III). Cir
les and ellipses with thi
k line represent the original state andafter the deformation, respe
tively. (a) and (b) show the mean strain rate duringthe daytime (6:00-18:00) and nighttime (18:00-6:00). Strain rate is shown in amagni�ed form by a fa
tor of 2.5�103. The s
ale shows 2�10�4 day�1 of tensilestrain rate in W-E and the equivalent 
ompression in N-S.One of the most important �ndings in this study is the diurnal 
u
tuations in the strainrate at the end of July and in August. Subgla
ial water pressure variation during theseperiods give insight to the 
ause of the strain os
illation. The observed water level is well
orrelated with 
ow velo
ity and borehole depth 
hange (Figs. 3.4a, b, 3.5a, b). Furthermore,during the periods of diurnal strain rate os
illations, water levels 
hanged by more than 100m a day, indi
ating large amount of water drainage overnight in the subgla
ial hydrologi
alsystem. The drainage eÆ
ien
y was expe
ted to in
rease progressively in the upgla
ier di-re
tion through the ablation season as it has been observed in other valley gla
iers (Nienowand others, 1998). Eviden
e for this is seen in the water level trend from 23 July to 2 August(Fig. 3.4a). While surfa
e melt rate remained approximately 
onstant, diurnal peak-to-peakvariation in water level in
reased with time and the daily minimum level de
reased. This ob-servation suggests the following interpretation of the diurnal 
u
tuations in the strain regime.When water pressure in
reases in the daytime, the gla
ier a

elerates. The a

eleration islarger in the upper rea
h be
ause the subgla
ial drainage system there has not developed aswell as that in the study area, and so the water pressure is higher in the upper rea
h. Faster
ow in the upper rea
h 
auses longitudinal 
ompression in the study area, whi
h a�e
ts theverti
al and surfa
e strain regime in the daytime. At night, the 
ow velo
ity in the upperrea
h de
reases to about the same velo
ity as that in the study area and then the longitudinal33



CHAPTER 3. FIELD DATA ANALYSES AND INTERPRETATIONSTable 3.2: Parameters of the strain ellipses obtained for the survey intervals. Aand B are the major and minor axes of the ellipse (A � B), � is the bearing ofthe major axis, and h2� 1 represents the dilatation. � is measured 
ounter
lo
kwisefrom the north. See Appendix A for the details of the parameters.6:00 � 18:00 18:00 � 6:00Date A� 1 B � 1 � h2 � 1 A� 1 B � 1 � h2 � 1Aug. 2001 (10�4) (Æ) (10�4) (10�4) (Æ) (10�4)22 0.29 -0.07 -14.0 0.2223 0.21 -1.28 -31.7 -1.07 0.14 -0.34 -26.1 -0.2024 0.17 0.04 -10.6 0.21 0.44 -0.51 -44.6 -0.0725 -0.34 -0.80 14.1 -1.14 0.68 -0.11 -13.0 0.5626 -0.20 -0.99 -33.7 -1.19 0.71 0.33 39.4 1.0427 0.13 -0.90 -41.4 -0.76mean -0.05 -0.74 -38.9 -0.79 0.36 -0.05 -23.1 0.31
ompression disappears. This interpretation is supported by the GPS measurements alongthe 
ow line (Fig. 3.2). Larger a

eleration in the upper rea
h is now understood as theresult of seasonal evolution in the subgla
ial hydrauli
 eÆ
ien
y. Both of the observations,diurnal variation in the strain regime and the velo
ity hysteresis dis
ussed in the previousse
tion, are originated from the uneven a

eleration along the gla
ier. They �gure out thein
uen
e of spatially non-uniform basal 
ondition on the gla
ier 
ow �eld.Interestingly, the verti
al strain rate was not uniform with depth when the verti
al strainvaried diurnally. This sort of verti
ally non-uniform strain rate has been suggested theoreti-
ally to be asso
iated with short-s
ale spatial variation in basal motion (Balise and Raymond,1985; Vonmoos, 1999). When basal lubri
ation is not uniform along a gla
ier, as we expe
t forthe periods of diurnal strain rate signals at Lauteraarglets
her, predi
ted verti
al strain rateis no longer 
onstant with depth. Be
ause these previous theoreti
al works have been limitedto small amplitude perturbations and linear rheology, non-uniformity in verti
al strain-ratedistribution is further studied in the next 
hapter with a numeri
al 
ow model based on morerealisti
 i
e rheology.3.3 Me
hanism of UpliftFrom June to August, 
onspi
uous surfa
e movements in verti
al dire
tion were observed by
ontinuous GPS measurements. For example, sudden uplift by a few 
entimeters on 27 June,or diurnal up and downward movement in August. The rates of these verti
al displa
ements34



3.3. MECHANISM OF UPLIFTare mu
h larger than the estimated measurement errors. The me
hanism of these uplifts isdis
ussed in this se
tion by 
omparing the GPS data to the borehole depth measurementresult.3.3.1 Causes of surfa
e verti
al movementVerti
al displa
ement of a gla
ier surfa
e 
onsists of three 
omponents, the perpendi
ular
omponent of sliding along the in
lined bed, the verti
al strain averaged over the gla
ierthi
kness, and the volume 
hanges in subgla
ial water 
avities (Hooke and others, 1989).Iken and others (1983) evaluated the 
ontribution of other fa
tors to the surfa
e verti
al dis-pla
ement, su
h as opening of 
revasses, expansion of grain edge veins, or volume 
hange insubgla
ial sediments, but they 
on
luded that the the 
ontribution is not signi�
ant. There-fore, it is assumed that the verti
al 
omponent of surfa
e 
ow velo
ity ws is given as,ws = ub tan �+ < _" > h+ _V (3.3)where � is the bed in
lination, _" is the verti
al strain rate, _V is the verti
al 
omponent ofbasal 
avity opening rate, and the bra
kets indi
ate average over the gla
ier thi
kness.The �rst term of the right hand side of Equation (3.3) 
an be subtra
ted from the measuredverti
al displa
ement as a steady long-term e�e
t. This term does not 
ontribute signi�
antlyto the short-term verti
al movement be
ause it is roughly evaluated as�7:7 mm day�1 at mostwhile the short-term verti
al displa
ements dis
ussed here are more than a few 
entimetersper day. This preliminary evaluation of the �rst term was made with assumptions that thebasal sliding a

ounted for all of the surfa
e velo
ity in summer 2001 (ub = 0:11 m day�1)and the gla
ier bed has the same in
lination as the surfa
e (� = 4Æ). A better estimation wasmade from the verti
al surfa
e velo
ity and the verti
al strain rate averaged from 25 June to1 August. The verti
al strain rate was obtained from the rate of the 300 m borehole depth
hange, and long-term volume 
hanging rate of water 
avity was assumed to be negligible
ompare to the other terms ( _V = 0). Substitution of ws = �6:3 mm day�1, < _" > h = 1:8mm day�1, and _V = 0 in Equation (3.3) yields ub tan� = �8:1 mm day�1 as the long-terme�e
t of the basal sliding on the verti
al movement of the surfa
e. A similar but largervalue than the preliminary rough estimation indi
ates that the basal sliding a

ounts forthe major part of the total gla
ier 
ow in summer. After the subtra
tion of this steadydownward movement, surfa
e elevation 
hange measured by GPS is 
ompared with boreholedepth 
hange, whi
h represents the verti
al strain. If there is a dis
repan
y between them,residual uplift 
an be attributed to the water 
avity opening. It is 
ontroversial whether the300-m borehole depth 
hange well represents the verti
al strain over the gla
ier thi
kness ornot, be
ause measurements in the boreholes of di�erent depths showed that the verti
al strainrate was not always uniform from the bed to the surfa
e. As a better estimate, however, thestrain measured at the upper 300 m is regarded as the total strain over the whole thi
kness35



CHAPTER 3. FIELD DATA ANALYSES AND INTERPRETATIONSin the following interpretation.3.3.2 Interpretations of the upliftsFigures 3.7a-d show the verti
al displa
ement of the surfa
e, from whi
h the basal slidinge�e
t is ex
luded, and the borehole depth 
hange. Before the me
hanism of ea
h uplift isexamined, the possibility of atmospheri
 e�e
t in the diurnal signals of the GPS measurementsis dis
ussed. Suspe
ted are 10-30 mm uplifts at midnight observed from 22 to 27 June, from 22to 25 July, and from 22 to 27 August. Be
ause diurnal variations in atmospheri
 
onditionsmay produ
e diurnal signals in GPS data, one should be 
areful whether they are real orartifa
ts. Judging from the following observations, however, they seem to be a
tual surfa
emovement but not the 
onsequen
es of atmospheri
 
ondition 
hange. First, the diurnalvariations were not always obtained under similar weather 
onditions. From 28 June to 5July, for example, there is no diurnal signal in verti
al displa
ement although the diurnaltemperature variations are similar to those of the period from 22 to 25 June (Fig. 2.6a).Diurnal uplift is also missing from 28 September to 3 O
tober, and surfa
e velo
ity hardly
hanged during these two periods. It suggests that the diurnal signals are more relevant to thegla
ier dynami
s rather than the 
limatologi
al 
onditions. Moreover, verti
al displa
ement
orrelated to the diurnal verti
al strain from 22 to 27 August is 
onvin
ing eviden
e that theGPS measurement is reliable. Therefore, it is plausible that the diurnal signals in the verti
aldispla
ement are not artifa
ts.At the motion event on 27 June, the uplift 
annot be as
ribed to verti
al straining be
ausethe verti
al strain rate was 
ompressive during the upward movement from 27 to 28 June.(Fig. 3.7a). It implies that the uplift was 
aused by the volume in
rease of subgla
ial water
avities. Water 
avity opening is also suggested by the 
oin
iden
e of the horizontal 
owvelo
ity peak with the maximum verti
al velo
ity rather than the maximum displa
ement(Figs. 2.6a and b), be
ause it 
onforms to the theoreti
al predi
tion that the sliding velo
ityis larger when the volume of 
avities is in
reasing rather than the volume is its maximum(Iken, 1981). After the motion event, the surfa
e moved downward probably due to the
losing of the 
avities. The borehole depth in
reased by 50 mm over the night from 30 Juneto 1 July, and the surfa
e moved upward by 20 mm around the midnight. This uplift appearsto be a 
onsequen
e of the tensile verti
al strain.Upward surfa
e movement from 21 to 25 July (Fig. 3.7b) and subsequent lowering are
onsistent with the borehole depth 
hange. Therefore, the surfa
e movement was generally
ontroled by the verti
al straining of i
e during this period, and the regional 
ow regimeturned from 
ompressive to extending 
ow. A possible reason of the 
ompressive 
ow from21 to 25 July is larger a

eleration in the upper rea
h of the gla
ier, be
ause the subgla
ialdrainage is expe
ted to be less eÆ
ient upgla
ier and su
h 
ondition is preferable to in
reasesubgla
ial water pressure. Superimposed on the long-term variation, verti
al displa
ement36



3.3. MECHANISM OF UPLIFT
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CHAPTER 3. FIELD DATA ANALYSES AND INTERPRETATIONSshows upward movement in the nights from 22 to 26 July. They seem to be the results of
avity opening be
ause borehole depth does not show verti
al extension and subgla
ial waterpressure is very high at night during this period (Fig. 2.7d).In August, it is rather diÆ
ult to determine the total verti
al strain from the boreholedepth measurement be
ause the depth of the borehole is shorter than before. However, anapparent 
orrelation between verti
al displa
ement and borehole depth was observed (Fig.3.7
). Therefore, the diurnal signal in the verti
al displa
ement 
an be attributed to thediurnal variation in the verti
al strain. Similar diurnal variation of borehole depth, deepeningduring the daytime and thinning at night, was also found in the latter half of Period II (Fig.2.7
). The diurnal verti
al strain variation 
onforms to the larger a

eleration observed inthe upper rea
h of the gla
ier (Fig. 3.2), be
ause 
ompressive 
ow establishes tensile verti
alstrain during the daytime.In Period IV, from 28 September to 3 O
tober, measured borehole depth is less than onethird of the i
e thi
kness. However, the steady upward movement of the surfa
e is reasonablyinterpreted that the gla
ier was gradually thi
kening owing to 
ompressive 
ow (Fig. 3.7d),be
ause the annual surfa
e velo
ity distribution shows that the 
ow is slightly 
ompressiveat the study site (Gudmundsson and Bauder, 1999). It is suggested that the gla
ier 
owregime was swit
hed to the winter mode as a result of redu
tion in the water supply to thebed. Internal i
e deformation may have a

ounted for the dominant part of the 
ow velo
ityduring this period.3.4 In
uen
e of Subgla
ial Drainage Condition on Water PressureThe �eld measurements demonstrated that the subgla
ial water pressure 
ontrols gla
ier 
owvariation during the ablation season in temperate valley gla
iers. Therefore, it is importantto study the me
hanism of water pressure variations to understand the nature of the 
owregime 
hanges. One of the 
ontrol fa
tors of water pressure is the amount of water suppliedto the bed, and it 
onsists of surfa
e melt water and pre
ipitation on the gla
ier. Anotherimportant fa
tor is the subgla
ial drainage 
ondition, whi
h is 
onsidered to evolve from thebeginning till the end of the ablation season. Due to the 
hange in the drainage 
ondition,water pressure rea
ts di�erently to the surfa
e melt rate and pre
ipitation as the ablationseason progresses. To study the seasonal 
hange in the subgla
ial drainage 
ondition andtheir e�e
t on the water pressure, pressure variation throughout the summer is examinedwith meteorologi
al re
ords in Figure 3.8.Until the observation period in July (Period II), diurnal os
illation in the water pressure isnot signi�
ant. This feature 
an be attributed to the snow whi
h 
overed the study site untilthe late July in 2001, be
ause a snow layer stores melt water and damps the diurnal signal inwater input to the bed. There are sharp in
reases in water pressure up to overburden pressure38



3.4. INFLUENCE OF SUBGLACIAL DRAINAGE CONDITIONon 6 and 15 July, and they 
oin
ided with heavy pre
ipitation. Motion event observed on 27June seems to be a similar in
iden
e as those on 6 and 15 July. Nienow and others (1998)reported the results of dye tra
ing experiments in Haut Gla
ier d'Arolla, and 
on
luded thata hydrauli
ally eÆ
ient basal 
hannel system develops upgla
ier with the snow line over the
ourse of the ablation season. Their 
on
lusion agrees with our observation, be
ause veryhigh pressure indu
ed by pre
ipitation in July suggests poor subgla
ial drainage eÆ
ien
y,while pre
ipitation in August, after the snow layer disappeared, is less in
uential on the waterpressure.In Period II, during the days with high air temperature, water pressure in
reased andkept 
lose to the overburden pressure until 25 July. This observation period 
orrespondsto the 
hange of the surfa
e 
ondition at the study site from snow to i
e. Consequently,surfa
e ablation in
reased be
ause of low albedo on the i
e surfa
e, and melt water startedto drain into the bed dire
tly through moulins and 
revasses. Subsequently, under similarmeteorologi
al 
onditions, the mean water pressure started to de
rease while the amplitudeof the diurnal os
illation in
reased. It is infered that a large amount of water was suppliedto the bed and the basal 
hannel system developed during this period. Subgla
ial drainageeÆ
ien
y in
reased, and it indu
ed the 
hanges in the mean water pressure and the amplitude
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CHAPTER 3. FIELD DATA ANALYSES AND INTERPRETATIONSof the diurnal os
illation.In August, meteorologi
al 
onditions are similar to those in July, but the water pressurevariation is unlike. The amplitude of the diurnal variations is generally large, whereas pressurenever ex
eeds the overburden pressure. In addition, the daily mean pressure is more 
orrelatedwith air temperature than with pre
ipitation. These are indi
ations of high drainage eÆ
ien
yat the bed be
ause of the following reasons. When the drainage 
hannel system develops,water pressure drops rapidly early in the morning as the result of large drainage over thenight, whi
h in
reases the amplitude of the diurnal variation. The maximum pressure, on theother hand, does not rise up to the overburden level under the eÆ
ient drainage 
ondition.Sudden water input by pre
ipitation is less in
uential, and the pressure generally follows theamount of water input whi
h is 
ontroled by the surfa
e melt rate.Diurnal pressure variation disappears soon after the air temperature drops in September.The absen
e of diurnal signal 
an be as
ribed to the redu
tion of the ablation, but anotherpossible reason is that the basal 
onduit system 
ollapsed owing to insuÆ
ient water pressureand the basal hydrologi
al system dis
onne
ted.The observations des
ribed above suggest that there are two distinguishable hydrologi
albasal 
onditions at the study site during the ablation season. One is a poor drainage 
ondition
hara
terized by the high sensitivity of water pressure to sudden water input. The other oneis an eÆ
ient drainage 
ondition 
hara
terized by large amplitude in diurnal water pressurevariations and relatively low mean daily pressure. At the study area, the transition in 2001o

urred in the late July, when the surfa
e snow layer disappeared and a large amount ofmelt water started to drain into the bed.3.5 SummaryGPS measurement with high temporal resolution revealed the detail of short-term variationof horizontal and verti
al surfa
e movement in a temperate valley gla
ier during the ablationseason. Horizontal velo
ity is mainly 
ontroled by subgla
ial water pressure, and the velo
ityin
reases signi�
antly when the pressure rises 
lose to the overburden pressure. Detailedanalysis of the relationship between surfa
e velo
ity and subgla
ial water pressure showedbimodal pressure dependen
e of the velo
ity. This �nding suggests that gla
ier 
ow at apoint is in
uen
ed by the motion of the surrounding i
e mass through stress 
oupling.The in
uen
e of surrounding i
e 
ow 
ondition is also 
on�rmed by the verti
al strainrate variations. The short-term strain rate variations observed from June to August 
annotbe interpreted by 
hanges in lo
al 
ow 
ondition alone. Diurnal strain variations in PeriodII and Period III are understood as the results of spatially distributed basal 
ondition andits temporal evolution. Surfa
e velo
ity variations along the 
ow line, and the surfa
e strainrate analysis support the idea that 
ompressive 
ow is enhan
ed at the study site when the40



3.5. SUMMARYbed is more lubri
ated upgla
ier.Verti
al displa
ement of the surfa
e was 
ompared with verti
al strain measured within thegla
ier to determine the me
hanism of uplift. Two intrinsi
ally di�erent types of uplifts wereobserved, one originates from verti
al straining and the other one is presumably 
aused by thevolume in
rease of subgla
ial 
avities. Therefore, uplift a

ompanied by high water pressure
annot be simply related to subgla
ial 
avities alone, be
ause 
ompressive 
ow establishedby velo
ity in
rease in the upper rea
h may 
ause tensile verti
al strain at the study site.Subgla
ial water pressure variation determines 
ow variations during the ablation seasonin temperate valley gla
iers. The surfa
e melt rate and pre
ipitation a�e
t the water pressure,but the surfa
e snow layer and subgla
ial drainage 
ondition also take a 
ru
ial role in thepressure variation. When the surfa
e is 
overed with snow, diurnal variation is less signi�
antand heavy pre
ipitation raises water pressure up to overburden pressure. After the snowline as
ends upgla
ier, the amplitude of diurnal variation in
reases while the mean pressurede
reases. Water pressure is more dire
tly 
ontroled by surfa
e melt rate and less sensitiveto sudden pre
ipitation in the late ablation season. Absorption of water by a snow layer,development of moulins after the snow disappeared, and in
rease in the subgla
ial drainageeÆ
ien
y are the likely reasons of the 
hanges.

41





CHAPTER 4NUMERICAL INVESTIGATION ON THE FLOW FIELDIn this 
hapter, a numeri
al gla
ier 
ow model is developed and utilized to determine thee�e
t of spatially non-uniform basal lubri
ation on the 
ow �eld. The model 
omputes stressand strain �elds in a longitudinal 
ross se
tion of a gla
ier under pres
ribed basal slipperiness
onditions. This numeri
al work aims to verify the hypotheses proposed for the observedshort-term 
ow variations. Starting from the general investigation on how basal motionspreads into the 
ow �eld, diurnal variations in the velo
ity and strain rate are reprodu
edby pres
ribing temporal evolution of a spatially non-uniform basal slipperiness.4.1 Methods4.1.1 Field equationsThe problem to be solved is the two-dimensional 
ow of in
ompressible vis
ous materialgoverned by Stokes equations: r � u = 0; (4.1)rp� �4u = �g; (4.2)where u=(u, w) is the velo
ity ve
tor, p is the hydrostati
 pressure, � is the vis
osity, � isthe density of i
e, and g = (gx; gz) is the gravity ve
tor. The derivation of the Stokes equa-tion is des
ribed in Appendix A. Parallel sided slab geometry is employed, and a Cartesian
oordinate system is used with the x-axis along the bed pointing downgla
ier, and the z-axisnormal to the bed pointing upward. Glen's 
ow law (Glen, 1952, 1955) in the generalizedform (Nye, 1953) is used as the 
onstitutive relationship:_"ij = 12��nij = A�n�1e �ij ; (4.3)�ij = �ij � pÆij (4.4)�2e = 12(�2xx + �2zz) + �2xz (4.5)43



CHAPTER 4. NUMERICAL INVESTIGATION ON THE FLOW FIELDwhere _"ij and �ij are the 
omponents of the strain rate and deviatori
 stress tensors, respe
-tively, and �e is the e�e
tive stress.The rate fa
tor A and the 
ow-law exponent n are material parameters. The 
ommonlya

epted value of n = 3 is used for the 
ow-law exponent, and a rate fa
tor is taken asA = 10 MPa�3 a�1, whi
h gives modeled surfa
e velo
ities similar to the annual mean velo
ityobserved at the study area. Taking into a

ount the redu
tion in shear stress due to the valleyshape by using a shape fa
tor of 0.5 (Nye, 1965), this value of the rate fa
tor is equivalentto 10�0:5�3 = 80 MPa�3 a�1 in the three dimensional 
ase. It 
ompares favourably with75 MPa�3 a�1 whi
h was used by Gudmundsson (1999) in a three dimensional numeri
almodelling of Unteraarglets
her.
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4.1. METHODS4.1.2 Numeri
al s
heme and model des
riptionEquations (4.1)-(4.3) are solved with the �nite-element method that is 
oded for this study(Sugiyama and others, 2003). Figure 4.1a shows the �nite-element mesh used in the 
om-putation. The geometry of the 6-km 
entral part of the �nite-element grid is a simpli�edlongitudinal 
ross-se
tion of Lauteraarglets
her. The mesh is �ner at the deeper region wherelarger stresses and strain rates are expe
ted, and it is horizontally uniform and symmetri
to prevent the in
uen
e of the mesh irregularity. Based on the �eld observations (Funk andothers, 1994; Bauder, 2001), the i
e thi
kness and surfa
e slope are assumed to be 400 m and4Æ, respe
tively. To minimize boundary e�e
ts, the numeri
al grid was extended an additional6-km upstream and 6-km downstream from this 
entral se
tion. We used Galerkin methodwith quadrati
 shape fun
tions (Zienkiewi
z and Taylor, 2000) to 
ompute velo
ity and pres-sure �elds. The theoreti
al basis and dis
retization s
heme of the �nite-element method aredes
ribed in Appendi
es B and C. Starting from the solution of a linearly vis
ous 
ow, anew e�e
tive vis
osity distribution was 
al
ulated from the previously determined strain-rate�eld, and the 
al
ulation repeated until the horizontal velo
ity �eld 
onverged within 10�5m a�1. The 
ow diagram of the 
omputation is shown in Figure 4.2. After the 
onvergen
e,velo
ity 
omponents are known at ea
h node and mid-point, and the maximum resolution ofthe velo
ity �eld is 250 m longitudinally and 25 m verti
ally.4.1.3 Boundary 
onditionsBasal motion is simulated by introdu
ing a thin deformable sub-basal layer into the �niteelement model. The vis
osity of this layer 
an be regarded as the e�e
tive vis
osity ofsubgla
ial sediments, or, whi
h in the 
ase of Lauteraarglets
her is more appropriate, asbeing related to the form drag generated by sub-grid bed roughness. Spatially varying basalslipperiness is generated by giving di�erent vis
osity values to some of the elements of the sub-basal layer. A non-slip boundary 
ondition is applied for the bottom nodes of the sub-basallayer (Fig. 4.1b).Ignoring the e�e
ts of longitudinal stresses within the sub-basal layer, the deformationalvelo
ity of the layer is determined by the vis
osity of the sub-basal layer, the layer thi
kness,and the shear stress at the top of the layer. This gives rise to a sliding law of the formub = 2dA0�n0b � 
(x)�n0b ; (4.6)where ub is the basal 
ow velo
ity, d is the layer thi
kness, �b is the basal shear tra
tion,A0 and n0 are the parameters of the layer. Basal 
ow velo
ity is established by pres
ribingthe basal 
ow 
oeÆ
ient 
(x). When the basal motion o

urs due to the deformation ofa subgla
ial sediment layer, n0 should be determined by the me
hani
al property of thesediments. When basal i
e slides over a bedro
k, however, it 
an be related to the vis
ousproperty of i
e. Be
ause the basal 
ow pro
ess under the Lauteraarglets
her is not 
ertain and45



CHAPTER 4. NUMERICAL INVESTIGATION ON THE FLOW FIELDthe me
hani
al properties of basal i
e is not well understood, n0 = 1 is assumed for simpli
ity.This assumption de
ides the basal velo
ity distribution, but does not a�e
t how it spreadsinto the gla
ier. This method of introdu
ing basal motion through a sub-basal layer has beenused before (e.g. Vieli and others, 2000). It has an advantage to be able to determine thebasal velo
ity and stress distributions naturally by pres
ribing some kind of slipperiness ofthe bed (
(x)), instead of spe
ifying the velo
ity or stress themselves. Be
ause longitudinalstress gradients will 
ause the thi
kness of the layer to 
hange with time, this method isnot favourable for transient 
al
ulations. In that 
ase, the layer should be maintained at
onstant thi
kness. Here we are interested in obtaining snapshots of the velo
ity �eld for agiven gla
ier geometry and thus we do not allow the surfa
e or other boundaries within the�nite-element mesh to evolve with time.
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Figure 4.2: Flow diagram of the �nite-element gla
ier 
ow model.46



4.1. METHODSStress free 
onditions at the surfa
e boundary is written as�ijnj = 0; (4.7)where nj is a surfa
e normal ve
tor 
omponent and atmospheri
 pressure is negle
ted. Thelower end of the modeled domain (x = 8000 m) was 
onne
ted to the upper end (x = �8000m) so that the gla
ier is assumed to be in�nitely long (periodi
al boundary 
ondition).4.1.4 Model performan
eIn order to test and verify the 
onstru
ted 
ow model, some of the 
omputation results are
ompared with analyti
al solution and another 
ow model using �nite-di�eren
e s
heme.The dis
retization error was evaluated by 
omparing the numeri
al results with the an-alyti
al solution for plane-slab 
ow under the non-slip 
ondition. The largest error of 1.2%o

urred in the horizontal surfa
e velo
ity. By 
omparing the velo
ity pro�les, it was foundthat the main sour
e of the error was near the bed where the largest velo
ity gradient exists.A 
omputation result for the basal 
ondition with a slippery zone was 
ompared withthe �nite-di�eren
e numeri
al 
ow model developed and 
oded by Blatter (personal 
ommu-ni
ation, September 2002), following the method proposed by Colinge and Rappaz (1999).This �nite-di�eren
e model solves two dimensional Stokes problem in a longitudinal se
tionin
luding �rst order stress 
omponents (Blatter, 1995; Blatter and others 1998). Grid sizes of200 m in horizontal and 20 m in verti
al dire
tion are used in the experiment for 
omparison.Basal velo
ity distribution was adjusted similar to that obtained with the presented modelby giving the basal velo
ity as a linear fun
tion of the basal shear stress. Basal and surfa
ehorizontal velo
ities, and basal shear stresses 
omputed with the two models are 
omparedin Figure 4.3. Agreement in the surfa
e velo
ities distribution is reasonably good. Only thedi�eren
e in the surfa
e velo
ities is the bulges at the outside of the slippery zone observedin the �nite-element model. Be
ause the used �nite-element mesh is horizontally uniform inthe 
ompared region, the reason of the bulges are not 
lear. The dis
repan
y in the basalshear stress shows the 
hara
ters of the two numeri
al s
hemes. While the �nite-di�eren
es
heme gives stresses exa
tly at the grid points on the basal boundary, stresses in �nite-element s
heme are obtained for the elements that are fa
ing the bed. A

ordingly, basalstresses obtained in the presented model give di�used information be
ause they are meanvalues of marginal elements. This 
hara
teristi
 feature of the �nite-element method turnsto an advantage when it deals with 
ompli
ated boundary geometry.47
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Figure 4.3: The 
omparison of the results obtained by the presented �nite-elementmodel and the �nite-di�eren
e model developed by Blatter. A slippery zone is setat �1000 < x < 1000 m so as to obtain similar basal velo
ities in the two models.Basal velo
ities (
ir
le), surfa
e velo
ities (square), and basal shear stress (triangle)are 
ompared. Open symbols are the results of the �nite-element model, and solidsymbols are of the �nite-di�eren
e model.4.2 E�e
ts of Basal Lubri
ation on the Flow Field4.2.1 Transmission of basal motion to the surfa
eFigure 4.4 shows model results for whi
h the basal 
ow 
oeÆ
ient 
(x) is set to 50 m a�1MPa�1 for the slippery zone within �1000 < x < 1000 m, and 10�3 m a�1 MPa�1 elsewhere.Introdu
ing this slippery zone in the model in
reased the horizontal velo
ity 
omponent atthe surfa
e dire
tly above the 
enter of the zone by about 30% (Fig. 4.4a). With in
reasingdistan
e up and down gla
ier, the magnitude of the velo
ity perturbation de
reases. Forexample, �ve i
e-thi
knesses away from the boundaries of the slippery zone (x = �3000 and3000 m), the in
rease in surfa
e velo
ities is only 8%. The 
al
ulated verti
al velo
ity 
ompo-nents show extending and 
ompressive 
ows at the upper and lower boundaries of the slipperyzones, respe
tively (Fig. 4.4b). Furthermore, tensile and 
ompressive deviatori
 stresses o
-
ur throughout the entire gla
ier but are strongest near the surfa
e (Fig. 4.4
). Be
ause the48



4.2. EFFECTS OF BASAL LUBRICATION ON THE FLOW FIELD
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ity, (b) verti
al velo
ity, (
) lon-gitudinal deviatori
 stress 
omponent, and (d) verti
al strain rate. Only the 
entraldomain of the modeled �eld (�3000 < x < 3000 m) is shown. Contour lines wereestablished using the method of triangulation with linear interpolation.deviatori
 stress is related to the verti
al strain rate by Equations (4.1) and (4.3), verti
alstrain rate 
an be 
omputed as shown in Figure 4.4d. The fairly large verti
al strain ratenear the surfa
e helps to explain the observed verti
al strain 
u
tuations that are dis
ussedin the se
tion 4.3.2. Analyti
al solutions for small-amplitude slipperiness perturbations alsoshow a similar in
rease in deviatori
 stress and strain with distan
e away from the sour
e ofthe disturban
e (i.e., the slippery zone) (Vonmoos, 1999).Figure 4.5a shows the longitudinal distribution of basal and surfa
e horizontal velo
ities
al
ulated from the same basal 
ondition as used in Figure 4.4 (
 = 50 m a�1 MPa�1 at�1000 < x < 1000 m). To evaluate the transmission of basal velo
ity to the surfa
e, thetransmission fa
tor of horizontal velo
ity is de�ned asfu = 4usub ; (4.8)where4us is the di�eren
e in horizontal surfa
e velo
ity between non-slip and slip 
onditionsand ub is the basal velo
ity at the same position (Fig. 4.5a). Cal
ulations were performed49
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Figure 4.5: (a) Longitudinal distribution of the horizontal velo
ity obtained forthe sliding 
ondition des
ribed in the text. Surfa
e (solid 
ir
le) and basal velo
ities(open 
ir
le) were 
omputed at nodes and mid points of the �nite-element mesh.Solid line indi
ates the surfa
e velo
ity for the non-slip 
ondition. (b) Horizontalsurfa
e velo
ities at x = 0 m plotted against the basal velo
ity ub at x = 0 m and thelength of the slippery zone L. The surfa
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ity is indi
ated for ea
h experimentwith a unit of m a�1 and 
ontoured with solid lines. The shaded 
ontours show thetransmission fa
tor of horizontal velo
ity fu.50



4.3. VERIFICATION OF THE HYPOTHESESfor various sets of vis
osity of the sub-basal layer and di�erent lengths of the slippery zone(L). Results are summarized in Figure 4.5b, whi
h shows the horizontal surfa
e velo
ity usand transmission fa
tor of horizontal velo
ity fu at x = 0 m as fun
tions of L and the basalvelo
ity ub. As expe
ted, the surfa
e velo
ity in
reases with L. The transmission fa
tor ofhorizontal velo
ity fu also in
reases with L, and be
omes larger than 0.75 for ub > 5 m a�1when L = 6000 m. In general, fu varies with L similarly to the analyti
al solution for alinear medium whi
h was reported by Balise and Raymond (1985), although the values of fu
al
ulated in this work are slightly smaller. This dis
repan
y might be 
aused by an e�e
tivematerial softening 
lose to the gla
ier bed that introdu
es non-linearity into the 
ow law.Blatter and others (1998) used the boundary 
ondition of zero basal shear tra
tion (free slip)in their numeri
al model and obtained mu
h larger transmission fa
tor than this study.4.2.2 Transmission of basal strain rate to the surfa
eIn order to examine the transfer of strain rate from the bed to the surfa
e, we assumed therate fa
tor of the sub-basal layer to vary linearly with x within a region of length L in furthernumeri
al experiments. Figure 4.6a shows the longitudinal distribution of the horizontalsurfa
e and basal velo
ities for A0 given by
(x) = �0:02x+ 50 (m a�1 MPa�1) �2500 < x < 2500 (m): (4.9)Both the longitudinal gradients of horizontal basal and surfa
e velo
ities were 
al
ulated atx = 0 m, as well as the transmission fa
tor of longitudinal velo
ity gradient de�ned asfgrad = dusdx =dubdx : (4.10)Figure 4.6b shows a 
ontour plot of the surfa
e velo
ity gradient dus=dx and fgrad for a rangeof lengths L and basal velo
ity gradient dub=dx. The surfa
e velo
ity gradient in
reases asthe basal gradient and L in
rease, but the transmission fa
tor is rather small. In this 
ase, themaximum value of fgrad is about 0.5 and almost no transmission o

urs for L less than 3000m. This result indi
ates that observations on a gla
ier surfa
e 
annot be used to determinea small strain rate perturbation at the bed.4.3 Veri�
ation of the Hypotheses Proposed for the Field Observations4.3.1 Bimodal velo
ity 
hange against water pressureThe interpretation proposed for the observed bimodal velo
ity 
hange (hysteresis) againstwater pressure suggests that i
e 
ow 
onditions intera
t a
ross 1.5 km or more in Lauter-aarglets
her. The 
redibility of this hypothesis depends on how mu
h a 
hange in basalmotion at a point of a gla
ier in
uen
es on surfa
e 
ow velo
ity at a horizontal distan
e offour to �ve i
e thi
kness. This point was tested with the 
onstru
ted gla
ier 
ow model.51
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e (solid 
ir
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ir
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ondition given by Equation (4.9).The solid line is the surfa
e velo
ity for the non-slip 
ondition. (b) Longitudinalgradient of the horizontal surfa
e velo
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4.3. VERIFICATION OF THE HYPOTHESESTo investigate the in
uen
e of basal motion in the upper rea
h of the gla
ier on the surfa
e
ow at the study site (x = 0 m), two di�erent basal 
ow 
oeÆ
ients were set as 
onstantsfor �1000 < x < 1000 m and �3000 < x < �1000 m, and a 
ondition of ub = 0 wasgiven for other regions. These 
onditions simulate the basal slipperiness distribution alongLauteraarglets
her expe
ted during the diurnal velo
ity variation.Figure 4.7a shows surfa
e and basal velo
ity distributions with basal 
onditions of 
(�1000 <x < 1000) = 100 and 
(�3000 < x < �1000) = 50 m a�1 MPa�1. Computations were re-peated with various sets of the two 
 values, and then the 
omputed us(x = 0) are plottedin Figure 4.7b against basal velo
ities, ub(0) and ub(�2000). The numeri
al experimentsindi
ate that the surfa
e velo
ity at a point on the gla
ier is 
onsiderably in
uen
ed by thebasal motion at 2000 m upgla
ier. For example, when ub(0) = 40 and ub(�2000) = 0 m a�1,surfa
e velo
ity is about 50 m a�1 whi
h is nearly equivalent to the mean velo
ity duringthe observation period in July. If ub(�2000) in
reases to 80 m a�1 with the same ub(0),surfa
e velo
ity us(0) is more than 70 m day�1. The almost 50% in
rease in us(0) 
on�rmsthat lo
al surfa
e velo
ity 
an be a�e
ted 
onsiderably by neighbouring basal motion. Toillustrate the e�e
t of neighbouring basal 
ondition, horizontal velo
ity �elds 
omputed for�xed 
(�1000 < x < 1000) = 100 m a�1 MPa�1 and various 
(�3000 < x < �1000) areshown in Figure 4.8.Most of the proposed empiri
al relations between basal velo
ity, basal shear stress, andthe e�e
tive pressure are of the form ub = k �pPeq ; (4.11)where k is an adjustable parameter, p and q are 
onstants (Budd and others, 1979; Bind-s
hadler, 1983). The 
omparison of Equation (4.11) with Equation (4.6) yields the relation-ship between the basal 
ow 
oeÆ
ient 
(x) and the e�e
tive pressure. Be
ause q is usuallytaken as 1, 
 
an be assumed to be dire
tly proportional to Pe�1. Following the foregoingdis
ussion, another plot of the numeri
al experiments was made to reprodu
e the hysteresisin the velo
ity variation. Figure 4.9 shows the dependen
es of the surfa
e velo
ity on thebasal 
ondition dire
tly beneath, whi
h are 
omputed for various basal 
onditions at 2000m upgla
ier. The 
�1 used for abs
issa is referred to the lo
al e�e
tive pressure to 
omparethe plot with Figure 3.1b. The 20-30% of hysteresis is reprodu
ed as an e�e
t of neighbor-ing basal 
ondition in the realisti
 velo
ity range. This result supports the hypothesis thatthe larger a

eleration in the upper rea
h during the daytime 
aused the bimodal velo
ityvariation at the study site.4.3.2 Diurnal variations in the verti
al strainFrom 26 to 31 July and from 22 to 27 August, 
lear diurnal variations are observed in verti
alstrain (Figs. 3.4b and 3.5b). Two-dimensional surfa
e strain rate (Fig. 3.6) also 
on�rms53
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4.3. VERIFICATION OF THE HYPOTHESES
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Figure 4.9: The dependen
es of surfa
e velo
ity on the lo
al basal 
ondition rep-resented by 
�1. The velo
ities are 
omputed with four di�erent basal 
onditions at2000 m upgla
ier, 
 = 0.0 (dot), 100 (square), 200 (
ir
le), and 300 m a�1 MPa�1(triangle).the diurnal 
hanges in the strain regime, and the diurnal verti
al displa
ement of the surfa
e(Fig. 2.8a) is 
onsistent with the measured verti
al strain. Be
ause the amplitude of thediurnal variations in the horizontal surfa
e velo
ity was larger in the upper rea
h (Fig. 3.2),it is hypothesized in the previous 
hapter that 
ompressive 
ow 
aused the verti
al tensilestrain during the daytime. !!The depth 
hanges of the 283-m-deep borehole by 30-50 mm in July and of the 174-m-deep borehole by 30-40 mm in August are equivalent to verti
al strain of 1-2�10�4. Theseare fairly large deformations 
orresponding to strain rate of more than 10�1 a�1. By usingthe 
ow model, the basal 
onditions required to establish the observed verti
al extension and
ompression are estimated in this se
tion.As a primary estimate, one 
an determine the ne
essary basal velo
ity gradient to produ
e56



4.3. VERIFICATION OF THE HYPOTHESESthe observed strain rate near the surfa
e from Figure 4.6b. However, the observed strain rateis too large to be generated by the velo
ity gradients in Figure 4.6b. This suggests that theperturbation of slipperiness during the observation periods was even larger than the one usedto make Figure 4.6b.The observed diurnal variations in horizontal surfa
e velo
ity and its relation to basalpressure variations suggests that the gla
ier be
ame partly de
oupled from the bed duringthe daytime. This may be due to in
reased basal 
avity formation or due to the failure of athin till layer. If su
h a de
oupled zone begins to develop upstream of the measurement siteand subsequently expands downgla
ier with in
reasing sliding velo
ity in the 
ourse of the day,large deviatori
 stresses and verti
al strain rates 
an develop near the surfa
e as observedin Figures 4.4
 and d. Su
h temporal evolution of a de
oupled zone 
an be simulated bypres
ribing 
orresponding basal 
onditions in the 
ow model. The sliding magnitude, spatialsize, and the position of the slippery zone were varied to �t the observed velo
ities and strainrates at the study site as 
lose as possible. Be
ause the observed diurnal 
hanges in thi
knessare only a few 
entimeters at most, 
hanges in thi
kness and surfa
e slopes 
an be ignored inthe modeling 
al
ulations, and the diurnal variations 
an be analyzed without 
hanging themodel geometry.The verti
al strain rate and surfa
e velo
ity variations measured on 25 August 2001are 
hosen as an example, and simulated by numeri
al experiments. A slippery zone isintrodu
ed upstream of the observation site by 
hanging the rate fa
tor of the sub-basallayer. By subsequently 
hanging the slipperiness, size and position of the slippery zone, theobserved spatial and temporal pattern in verti
al strain rate 
ould be reprodu
ed qualitatively.Figures 4.10 and 4.11 show the evolution of horizontal velo
ity and verti
al strain rate �elds
al
ulated for the slippery zones pres
ribed for ea
h time of the day. Surfa
e and basalvelo
ity distribution is summarized in Figures 4.12a and b. The 
ondition of the slipperyzone at ea
h time of the day was determined by adjusting the distribution of 
 to �t theobserved surfa
e velo
ity at the study site. The temporal evolution of the slippery zone isexplained as follows. The slippery zone starts to develop upstream of the observation site atabout 8:00 when the surfa
e melting starts. Then it in
reases in extent and magnitude, andforms a sliding boundary beneath the study site at 15:00. In the evening, when the surfa
e-melting rate de
reases, the basal velo
ity starts to de
rease and the zone moves downgla
ierduring the period of 18:00-0:00. This downgla
ier propagation is due to the subgla
ial waterdrainage towards the gla
ier terminus. Eventually, 
ompressive 
ow at the study site isrepla
ed with a weaker extending 
ow (3:00-6:00).Figure 4.13 
ompares the �eld measurements on 25 August with the 
omputed temporalvariations of horizontal surfa
e velo
ity and verti
al strain rate in the upper 200 m of the i
eat the study site (x = 0 m). Even though the 
omputed strain rates are still 
onsiderablysmaller than the measured ones, they are an order of magnitude larger than those obtained57
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CHAPTER 4. NUMERICAL INVESTIGATION ON THE FLOW FIELDin Figure 4.6b.The fa
t that the 
omputed strain rate a

ounts for only about 10% of the measured bore-hole depth 
hange shows that some important aspe
ts of the 
ow are not des
ribed adequatelyby the model. To obtain larger strain rates, the model 
ould assume higher 
ow velo
ities inthe upper region, but this assumption would 
ontradi
t observed surfa
e velo
ities. Anotherpossibility is that the 
ow law used is in
orre
t. In the present model, stress 
on
entrationnear the surfa
e in Figure 4.4
 does not generate 
lear strain rate 
on
entration in Figure4.4d. This is be
ause Glen's 
ow law (Equation (4.3)) gives mu
h higher e�e
tive vis
osityas the e�e
tive stress de
reases near the gla
ier surfa
e. To assess the in
uen
e of e�e
tivevis
osity near the surfa
e, another experiment was 
arried out with a modi�ed Glen's 
owlaw, _"ij = A(�n�1e + �n�10 )�ij : (4.12)Here, as elsewhere, an arbitrary small 
onstant value �0 has been introdu
ed in the 
ow law toavoid mathemati
al singularity where the e�e
tive vis
osity is in�nite when the e�e
tive stressvanishes (Hutter, 1983; Blatter, 1995). It was 
on�rmed that the in
uen
e of �0 is negligiblewhen �0 � 10�2 MPa, and �0 = 10�2 MPa has been taken in the numeri
al experimentsso far. Now, �0 is set to be 0.1 MPa so that i
e be
omes less vis
ous near the gla
iersurfa
e. In Equation (4.12), strain rate 
omponents are linear fun
tions of 
orrespondingstress 
omponents when the e�e
tive stress is very small, while it obeys Glen's 
ow lawunder a high stress 
ondition. This modi�ed 
ow law was applied to the basal 
onditionsidenti
al to those used for Figure 4.4. Computed �elds of 
ow velo
ities, stress, and strainrate are shown in Figure 4.14 and 
ompared with Figure 4.4. It is interesting to see theverti
al strain in
reases near the surfa
e while the deviatori
 stress de
reases (Fig. 4.14
 andd). The stress near the surfa
e seems to be transfered to the deeper region where i
e be
omesmore vis
ous after the 
ow law was modi�ed. The results suggests that the modeled verti
alstrain is improved by Equation (4.12), but the improvement is still insuÆ
ient owing to theredu
tion in the stress. Further study on the 
ow-law exponent or 
ow law itself is requiredto interpret the �eld data suÆ
iently. The model will be also improved in
luding the averagelongitudinal strain and transverse stresses over the area in question.The studied velo
ity variation a

ompanied by a strain rate anomaly is similar in natureto the mini-surges or propagation of enhan
ed motion waves observed in Variegated Gla
ier(Raymond and Malone, 1986; Kamb and Engelhardt, 1987). Balise and Raymond (1985)applied their analyti
al analysis of a linear vis
ous 
ow to interpret the measurements onthe surfa
e of Variegated Gla
ier by a propagation of basal velo
ity anomaly that was mu
hsharper than the one used in this study for Figure 4.12b. They suggest that the verti
alstraining of i
e might also explain uplift events observed during fast 
ow periods. In orderto apply the 
ow model used in this work to uplift events, quantitative dis
ussion des
ribed62



4.4. SUMMARY
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 stress 
omponent �xx, and (d) verti
al strain rate. Modi�ed
ow law (Equation (4.12)) was used with the basal 
onditions identi
al to those inFigure 4.4.above is 
ru
ial. It is be
ause the uplift rates measured in this study, in Variegated Gla
ier(Kamb and Engelhardt, 1987) and in Unteraarglets
her by Iken and others (1983) are all inthe same order of � 10�4 day�1 if they are 
onverted to the verti
al strain rate over the i
ethi
kness, whi
h is larger than the modelled result in Figure 4.13b.4.4 SummaryA �nite-element non-linear vis
ous 
ow model was developed to simulate two dimensionalgla
ier 
ow �elds under the in
uen
e of spatially distributed basal slipperiness. A basal mo-tion was introdu
ed by a 
on
eptional sub-gla
ial deformable thin layer, and the slipperinesswas pres
ribed with a rate fa
tor of the layer. The model was used to study the e�e
ts oflo
al perturbation in basal slipperiness on the surfa
e velo
ity and the engla
ial strain-ratedistribution.The numeri
al experiments show that the transmission of the basal motion to the surfa
eis strongly dependent on the horizontal spatial s
ale of the basal perturbation. In
uen
e of63



CHAPTER 4. NUMERICAL INVESTIGATION ON THE FLOW FIELDthe basal motion rea
hes out of the slippery zone to approximately 10 times i
e thi
kness.Near the boundary of slip/non-slip 
onditions, a signi�
ant stress �eld is established and thestress is strongest near the gla
ier surfa
e.The model results were 
ompared with the measurements of surfa
e velo
ity and verti
alstrain rate variations at Lauteraarglets
her. It is shown that the surfa
e velo
ity 
annot bedetermined by the lo
al basal slipperiness alone but is 
onsiderably a�e
ted by the neigh-bouring basal 
onditions. The hysteresis of 20-30% observed in the surfa
e velo
ity againstwater pressure was reprodu
ed by assuming di�erent basal slipperiness at 2000 m upper rea
hfrom the study site.The downgla
ier propagation of a slippery zone is able to qualitatively explain the ob-served temporal variations in the surfa
e velo
ity and the verti
al strain rate. However,quantitative 
omparison between the model predi
tion and the �eld measurement show that
al
ulated verti
al strain rates are about an order-of-magnitude too small. The reason for thisdis
repan
y remains un
lear, but a possible reason for the dis
repan
y is that the modeled i
enear the surfa
e is too sti�. This sti�ness may arise from ignoring the average longitudinalstrain whi
h is established by the real gla
ier geometry, or be
ause the 
ow-law exponent ofi
e varies with stress.
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CHAPTER 5CONCLUSION5.1 Field MeasurementsField measurements were 
arried out intensively in a temperate valley gla
ier during theablation season to investigate 
ow variations under the 
ontrol of basal 
onditions. The mea-surements were 
ondu
ted with high temporal resolution fo
using on short-term variationsin horizontal surfa
e velo
ity, surfa
e verti
al displa
ement (uplift), and verti
al strain.Surfa
e velo
ity was well 
orrelated with subgla
ial water pressure in July and August(Figs. 3.4a, 3.5a). It is shown that the water pressure is the most important fa
tor whi
h
ontrols short-term gla
ier 
ow variation in the ablation season. There is a 
lear relationshipbetween surfa
e velo
ity and water pressure, in whi
h the velo
ity in
reases as a powerfun
tion (Equation (3.2)) of the e�e
tive pressure with an asymptote at Pe = 0. This resultagrees with the previously reported �eld observations and theoreti
al predi
tions. Pressuredependen
e of the surfa
e velo
ity was not identi
al in pressure in
reasing and de
reasingphase. This bimodal velo
ity variation suggests that the study site 
ows under the in
uen
eof surrounding basal 
onditions.Surfa
e uplifts of as mu
h as 100 mm were observed from June to August over time s
alesof an hour to a few days. They o

urred in the periods of fast gla
ier 
ow asso
iated withhigh water pressure, and the detail analysis with borehole depth measurement (Fig. 3.7)indi
ates two di�erent me
hanisms of the uplifts. Most of the uplifts were 
aused by verti
alstraining due to a 
ompressive 
ow established by spatially non-uniform basal 
ondition. Inthe 
ase of the motion event observed in June, however, the volume of the basal water 
avitiesin
reased and it lifted the gla
ier upward.Short-term variations in verti
al strain, in
luding diurnal variations, were observed. Dur-ing the observation in the late July and August, verti
al strain was tensile in the daytimeand 
ompressive at night (Figs. 3.4b and 3.5b). Two-dimensional surfa
e strain also showeddiurnal 
hanges in the strain regime, and the horizontal 
ompression along the 
ow line dur-ing the daytime is 
onsistent with the tensile verti
al strain (Fig. 3.6). These observations65



CHAPTER 5. CONCLUSIONare interpreted as the results of 
ompressive 
ow whi
h is enhan
ed by the larger a

elerationin the upper rea
h during the daytime. It is 
on
luded that internal i
e deformation is not a
onstant 
omponent in gla
ier 
ow within time s
ales of hours to days.Subgla
ial water pressure is shown to be the most in
uential fa
tor of 
ow variations dur-ing the ablation season. Short-term water pressure variations at Lauteraarglets
her showedtwo distin
tive manners in the �eld observation operated throughout the summer. Diurnalvariation is not prominent and sudden water input by pre
ipitation raises the pressure up tothe overburden level in the early summer, while the amplitude in the diurnal variation is largeand the pressure is insensitive to pre
ipitation in the late summer. The transition from oneto the other pattern originates from the seasonal evolution in the subgla
ial hydrauli
 
ondi-tion. It is suggested that the subgla
ial drainage eÆ
ien
y in
reases after the seasonal snowline as
ends upgla
ier, and subsequent in
rease in the drainage eÆ
ien
y enhan
es diurnalpressure variation.5.2 Numeri
al InvestigationA gla
ier 
ow model was developed to 
ompute two-dimensional 
ow �elds with various basalboundary 
onditions. Experiments with a basal slippery zone indi
ate that the in
uen
e oflo
al basal motion 
an rea
h as far as 10 times i
e thi
kness. This result veri�es the hypothesisthat the hysteresis of the surfa
e velo
ity against the lo
al water pressure is 
aused by thepushing for
e 
onveyed from a few kilometers upper rea
h, where i
e 
ows faster when waterpressure in
reases at the study site. The e�e
t of the spatial distribution of slipperiness onengla
ial verti
al strain is also investigated with numeri
al experiments. By setting a slipperyzone in the upper rea
h of the gla
ier and shifting it downgla
ier with a diurnal 
y
le, theobserved diurnal variations in verti
al strain rate was reprodu
ed qualitatively (Fig. 4.13).Inspe
tion of the stress and strain �elds shows that signi�
ant deviatori
 stress is generatednear the surfa
e by the slippery zone (Fig. 4.4
), and it takes an important role in the strainregime in a gla
ier.5.3 Future Prospe
ts of the StudyThe methods of high resolution gla
ier 
ow measurements were developed in this work. Asthe next step of the study, it is bene�
ial to 
arry out similar measurements at a number ofsites on a gla
ier. The distan
e between the measurement sites should be determined fromthe obje
tive of the study. A

ording to the results of the presented numeri
al investigation,intervals of about 10 times i
e thi
kness are adequate to view the general 
ow distribution in agla
ier, whereas shorter intervals are required to look into the details of the lo
al 
ow regime.The observations in this study showed that the most dramati
 
hange in the 
ow regimetakes pla
e at the altitude of the seasonal snow line. This is due to the 
hange in the surfa
e66



5.3. FUTURE PROSPECTS OF THE STUDY
ondition from snow to i
e and rapid development of subgla
ial drainage eÆ
ien
y. Thus,measurements 
an be fo
used on su
h region on a gla
ier by setting instruments with shorterspatial intervals near the snow line. This e�ort may reveal the distin
tive 
ow regimes belowand above the snow line altitude, and show the boundary of the regimes as
end upgla
ierwith the snow line.Be
ause it was shown that subgla
ial water pressure takes the most important role inshort-term 
ow variations during the ablation season, hydrologi
al experiments in 
onjun
tionwith 
ow measurements are re
ommended. Measurement of water drainage from the gla
ierand tra
er experiment will give information on the development of the subgla
ial drainagesystem. The spatial distribution of subgla
ial water pressure should be measured to 
on�rmthe di�eren
e in the subgla
ial 
ondition below and above the snow line.The development of a three-dimensional version of the 
ow model is a 
hallenging taskbut worthwhile to be a

omplished. The surfa
e strain regime measured in this study requiresfurther examination of transverse stress and strain 
omponents. Moreover, e�e
t of side dragbe
omes more important for the 
ow regime when the bed is lubri
ated. Tru�er and others(2001) suggested that the basal stress is transfered to the gla
ier side margins when a valleygla
ier is lubri
ated at the bed. The in
uen
e of side drag is also important in i
e streams(Raymond, 1996; Ja
kson and Kamb, 1997; Tula
zyk and others, 2000b). Thus, in
lusion ofthe transverse 
omponents makes the model appli
able not only for valley gla
iers but alsofor the streaming 
ow in i
e sheets.Owing to its 
exibility to deal with uneven boundaries and non-uniform grid spa
ings, the�nite-element method is an ideal tool to solve the 
ow �eld with a realisti
 bed and surfa
etopography. Gudmudsson (1999) developed a three dimensional �nite-element gla
ier 
owmodel with topographi
al information of Unteraarglets
her, and investigated the 
ow featurein the 
on
uen
e area. Combined with the realisti
 basal boundary 
ondition used in thisstudy, a three dimensional �nite-element 
ow model a
quires a potential to solve problemsin a wide range from a mountain gla
ier 
ow in a narrow valley to a streaming 
ow in i
esheets.The simulation of the diurnal verti
al strain rate suggested the possibility that Glen's
ow law is not always the 
orre
t form of the 
onstitutive equation. Stress-strain relationshipshould be further studied under low stress 
ondition to �nd a more adequate 
ow law. Thequality of a gla
ier 
ow modelling will be further improved by in
luding the e�e
t of i
eanisotropy (Azuma, 1995; Thorsteinsson, 2001), water 
on
entration, sediment and impurityin
lusions (Hooke and others, 1972; Lawson 1996).
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APPENDIX AStrain Ellipse Cal
ulationTwo dimensional surfa
e strain on the gla
ier was analysed with the method des
ribed byJaeger (1969). Assuming that the strain on a gla
ier surfa
e is homogeneous within a limitedarea, the surfa
e strain �eld is expressed by a linear transformation written as,x0 = ax+ by; y0 = 
x+ dy: (A.1)(x, y) and (x0, y0) are the 
oordinates before and after the transformation. To determinethe four 
oeÆ
ients in Equation (A.1), three poles should be surveyed twi
e on the gla
ier.Taking a 
oordinate relative to one of the three poles, Equation (A.1) 
an be solved for the
oeÆ
ients,a = x02y1 � x01y2x2y1 � x1y2 b = x01x2 � x1x02x2y1 � x1y2 
 = y1y02 � y01y2x2y1 � x1y2 d = x2y01 � x1y02x2y1 � x1y2 ; (A.2)where (x1, y1) and (x2, y2) are the original positions of two poles relative to the referen
epole, and (x01, y01) and (x02, y02) are the positions after the deformation.Equations (A.1) are solved for x and y to havex = dx0 � by0h2 ; y = �
x0 + ay0h2 (A.3)h2 = ad� b
: (A.4)A 
ir
le of unit radius, x2 + y2 = 1; (A.5)is transformed by Equation (A.1) into an ellipse. The ellipse after the transformation isobtained by the substitutions of Equations (A.3) into Equation (A.5), and it results
2 + d2h4 x02 � 2(a
+ bd)h4 x0y0 + a2 + b2h4 y02 = 1: (A.6)77



APPENDIX A. STRAIN ELLIPSE CALCULATIONWhen the original 
ir
le is deformed under the strain �eld represented by Equation (A.1),the resulting ellipse is 
alled the strain ellipse.The dire
tions of the axes of the ellipse, � and � + �=2, are found fromtan2� = 2(ab+ 
d)a2 + 
2 � b2 � d2 : (A.7)The lengths of the axes are the solutions of the quadrati
 equation,R4 � (a2 + b2 + 
2 + d2)R2 + h4 = 0: (A.8)Writing two positive solutions as A and B (A�B), Equation (A.8) givesA2 + B2 = a2 + b2 + 
2 + d2; (A.9)AB = h2: (A.10)By using Equation (A.4), Equations (A.9) and (A.10) yield(A+B)2 = (a+ b)2 + (b� 
)2; (A.11)(A�B)2 = (a� d)2 + (b+ 
)2: (A.12)The lengths of major and minor axes, A and B of the strain ellipse 
an be 
al
ulated fromEquations (A.11) and (A.12). The 
hange in surfa
e area after the deformation is written as�S = �AB � � = �(h2 � 1): (A.13)The quantity h2 � 1 is 
alled the dilatation, and h2 is equivalent to the fra
tion of the areasbefore and after the deformation.
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APPENDIX BStokes EquationsThe numeri
al 
ow model used in this study is based on the steady state Stokes equations.Stokes equations are derived from the following pro
edure under the assumptions of materialin
ompressibility, negligibly small Reynolds number, and steady state 
ondition.Taking x = (x1; x2) as two dimensional Cartesian 
oordinates, and t as a time variable,the equation of mass 
onservation is, ���t + ��uj�xj = 0: (B.1)� is the density of the material, u = (u1; u2) is the 
ow velo
ity ve
tor, and the summation
onvention is employed. Momentum balan
e equation is,��ui�t + �uiuj�xj � ��ij�xj = �gi; (B.2)where g = (g1; g2) is the gravitational for
e ve
tor and� =  �11 �12�21 �22 ! (B.3)is the stress tensor. When the material is in
ompressible, the �rst term in Equation (B.1)is zero. The �rst term in Equation (B.2) (inertia term) is omitted due to the steady state
ondition, and the se
ond term (adve
tion term) is negligible when the Reynols numberRe = UL=� = �UL=� is small. Here, U and L are the velo
ity and the length s
ales, � and� are the vis
osity and the kinemati
 vis
osity. Consequently, Equations (B.1) and (B.2)redu
e to ���ij�xj = �gi (B.4)�uj�xj = 0: (B.5)79



APPENDIX B. STOKES EQUATIONSEquations (B.4) and (B.5) are Stokes equations in a steady state 
ondition. In the 
ase of anin
ompressible isotropi
 material, stress 
omponents are related to strain rate 
omponentswith Equation (B.6). �ij = �pÆij + 2�Dij (B.6)Here, the material is treated as a Newtonian 
uid by taking a 
onstant �, but non-lineare�e
ts are introdu
ed into the presented 
ow model by taking � as a fun
tion of stress orstrain 
omponents in the numeri
al s
heme. p is the hydrostati
 pressure, and D is the strainrate tensor de�ned by D =  D11 D12D21 D22 ! (B.7)Dij(u) = 12  �ui�xj + �uj�xi! : (B.8)Equation (B.6) is substituted in Equation (B.4) to eliminate the stress 
omponents, and thenthe Stokes equations are expressed with velo
ity 
omponents and pressure as��xj (pÆij � 2�Dij) = �gi (B.9)�uj�xj = 0; (B.10)or in the expli
it forms, �p�x1 � � �2u1�x21 + �2u1�x22 ! = �g1 (B.11)�p�x2 � � �2u2�x21 + �2u2�x22 ! = �g2 (B.12)�u1�x1 + �u2�x2 = 0: (B.13)
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APPENDIX CFinite-Element MethodTo solve the Stokes equations, the �nite-element method was employed. This method hasan advantage to �nite-di�eren
e s
heme for its 
exibility to use nonuniform grid spa
ings tofo
us on key areas, and to �t the mesh to irregular boundaries. There are several di�erentte
hniques in ea
h step of the �nite-element method. In this study, linear and quadrati
fun
tions are used as the shape fun
tions for pressure and velo
ity �elds. Galerkin methodwas employed for dis
retization of the weighting fun
tions. For the dis
retization of the �eld,triangle shaped �nite elements were used. By showing the basis of the �nite-element methodbrie
y, the matrix to be solved is derived in the following.C.1 Weak FormA two dimensional �eld 
 is given and its boundary �
 is divided into two regions, �1 and�2. At the boundary �1, velo
ity u = (u1; u2) satis�es the 
ondition ofui = ûi: (C.1)At the boundary �2, surfa
e stress � = (�1; �2) satis�es�i = �̂i (C.2)where the surfa
e stress is a dot produ
t of the stress tensor and the surfa
e normal unitve
tor n = (n1; n2), �i = �ijnj : (C.3)û = (û1; û2) and �̂ = (�̂1; �̂2) should be pres
ribed. The two types of boundary 
onditions,Equations (C.1) and (C.2), are 
alled essential and natural boundary 
onditions.Then, a steady state Stokes 
ow in the �eld 
 under the 
onditions of Equations (C.1)and (C.2) is 
onsidered. In the �nite-element method, di�erential equations are transformedinto integral forms so 
alled weak forms. Equation (B.4) and (B.5) are integrated within the�eld 
. 81



APPENDIX C. FINITE-ELEMENT METHOD� Z
 u�i ��ij�xj d
 = Z
 giu�i d
 (C.4)Z
 p��uj�xj d
 = 0 (C.5)u�i and p� are weighting fun
tions. For fun
tions f and g, Gauss-Green theorem is denotedas below. Z
 �f�xig d
 = Z�
 fgni d�� Z
 f �g�xid
 (C.6)Equation (C.6) is applied for Equation (C.5) and partial integration is operated.� Z
 u�i ��ij�xj d
 = � Z�
 �ijnju�i d� + Z
 �u�i�xj �ijd
= � Z�2 �̂iu�i d� + Z
 �u�i�xj �ijd
 (C.7)Therefore, Z
 �u�i�xj �ijd
 = Z
 giu�i d
+ Z�2 �̂iu�i d� (C.8)Equation (B.6) is applied for the left hand side of Equation (C.8) to eliminate the stress
omponents, and the equation �ui�xjDij(v) = Dij(u)Dij(v) (C.9)is used to yield2� Z
Dij(u�)Dij(u)d
� Z
 �u�i�xi pd
 = Z
 giu�i d
+ Z�2 �̂iu�i d�: (C.10)Equation (C.10) is the weak form of the original problem of a Stokes 
ow. Equations (C.10)and (C.5) are solved for u and p under the 
onditions of Equations (C.1) and (C.2).C.2 Finite-Element ApproximationDistribution of pressure p in the �eld is approximated with linear shape fun
tions  �,p = p� � (C.11)where p� is the pressure value at ea
h node and  � satis�es the following equation. �(R�) = Æ�� (C.12)82



C.2 FINITE-ELEMENT APPROXIMATIONR1; :::; RNp represent the nodes at the 
orners of all elements in the �eld, and � = 1; :::; Np.For the velo
ity 
omponents, quadrati
 shape fun
tion, ��, satis�es the 
ondition��(Q�) = Æ�� : (C.13)Q1; :::; QNu are all nodes in the �eld in
luding those at the mid sides, and � = 1; :::; Nu. Flowvelo
ity 
omponents are ui = ui���: (C.14)i = 1; 2 in the two dimensional 
ase. Weighting fun
tion u�i and p� are dis
retized by Galerkinmethod. u�i = u�i��� (C.15)p� = p�� � (C.16)Substitutions of Equations (C.11), (C.14), (C.15), and (C.16) in Equations (C.5) and (C.10)yield, 2� Z
Dkl(u�i���ei)Dkl(uj���ej)d
� Z
 �(u�i���)�xi (p� �)d
= Z
 gi(u�i���)d
+ Z�2 �̂i(ui���)d�; (C.17)and Z
(p�� �)�(uj���)�xj d
 = 0: (C.18)ei is a unit ve
tor. Sin
e uj� , p�, u�i�, and p�� are values at nodes but not variables, they 
anbe ex
luded from the di�erentiation and integration.u�i��2�uj� Z
Dkl(��ei)Dkl(��ej)d
� p� Z
 ����xi  �d
� Z
 gi��d
� Z�2 �̂i��d�� = 0(C.19)p�� (uj� Z
  �����xj d
) = 0 (C.20)In order to satisfy Equations (C.19) and (C.20) with any values of u�i� and p��, the inside ofthe bra
kets are zero. Thus,2�uj� Z
Dkl(��ei)Dkl(��ej)d
� p� Z
 ����xi  �d
 = Z
 gi��d
+ Z�2 �̂i��d�(C.21)uj� Z
  �����xj d
 = 0: (C.22)83



APPENDIX C. FINITE-ELEMENT METHODEquations (C.22) and (C.22) are �nite-element equations and they form a set of spontaneouslinear equations. It is written in a matrix form as, Kij�� Ci��Cj�� 0 ! uj�p� ! =  
̂i�0 ! : (C.23)Kij�� = 2� Z
Dkl(��ei)Dkl(��ej)d
 (C.24)Ci�� = � Z
 ����xi  �d
 (C.25)
̂i� = Z
 gi��d
+ Z�2 �̂i��d� (C.26)This matrix (C.23) is solved numeri
ally for the 
ow velo
ity and pressure �elds, uj� and p�.C.3 Cal
ulation of Matrix ComponentsThe 
omponents of the matrix (C.23) are 
al
ulated from Equations (C.24)�(C.26) by usingarea 
oordinates. A point P (x1; x2) in one of the triangular elements P1P2P3 is 
onsidered(Fig. C.1a). P1(x11; x12), P2(x21; x22), and P3(x31; x32) are nodes of the element taken 
ounter-
lo
kwise order. The area 
oordinates of the point P (�1; �2; �3) are de�ned by,�i = 4PPjPk4P1P2P3 (i; j; k) = (1; 2; 3); (2; 3; 1); (3; 1; 2) (C.27)4 indi
ates the area of the triangle. Two basi
 rules are derived from Equation (C.27).�i(Pj) = Æij (C.28)�1 + �2 + �3 = 1 (C.29)
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a b Figure C.1: (a) The area 
oordinate system, and (b) the nodes of a quadrati
triangular element. 84



C.3 CALCULATION OF MATRIX COMPONENTSThere are linear relationships between the area 
oordinates (�1; �2; �3) and the Cartesian
oordinates (x1; x2),�i = ai + bix+ 
iy (i; j; k) = (1; 2; 3); (2; 3; 1); (3; 1; 2): (C.30)Equations (C.28) and (C.30) give a set of simultaneous linear equations for ai, bi, and 
iwhen i is �xed, and the solutions areai = 124 P1P2P3 (xj1xk2 � xk1xj2) (C.31)bi = 124 P1P2P3 (xj2 � xk2) (C.32)
i = 124 P1P2P3 (xk1 � xj1) (C.33)(i; j; k) = (1; 2; 3); (2; 3; 1); (3; 1; 2)The area of the triangular element is 
al
ulated from the 
oordinates of the 
orner nodes.4P1P2P3 = 12f(x21 � x11)(x32 � x12)� (x31 � x11)(x22 � x12)g (C.34)Thus, the area 
oordinates in an element are obtained from the Cartesian 
oordinates of the
orner nodes of the element. From Equation (C.30), the derivatives of the area 
oordinatesare ��i�x1 = bi; ��i�x2 = 
i; (C.35)and the integration of the polynomial of the area 
oordinates 
an be 
arried out with a
onvenient equation, Z
e �i1 �j2 �k3 d
 = 2 i! j!k!4P1P2P3(2 + i+ j + k)! : (C.36)The area 
oordinates are also applied for the shape fun
tions,  � and ��, to 
omputeEquations (C.24)�(C.25). An element 
e and six nodes are taken as shown in Figure C.1b.This type of element is 
alled a quadrati
 element, and the area 
oordinates of the nodesP1 � P6 are, (1; 0; 0), (0; 1; 0), (0; 0; 1), (1; 1=2; 1=2), (1=2; 0; 1=2), (1=2; 1=2; 0), respe
tively.The shape fun
tions give unity at one of the nodes and zero at the others following the
onditions written in Equations (C.13) and (C.12). Linear shape fun
tions for the pressureis given with the area 
oordinates (Fig. C.2a). ei = A1�1 + A2�2 + A3�3 (C.37)85
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a b c Figure C.2: Shape fun
tions used for pressure (a), and velo
ity (b and 
).0BB�  e1 e2 e3 1CCA = 0BB� 1 0 00 1 00 0 1 1CCA0BB� �1�2�3 1CCA : (C.38)Their derivative forms are obtained from Equation (C.30),� e1�x1 = b1; � e2�x1 = b2; � e3�x1 = b3� e1�x2 = 
1; � e2�x2 = 
2; � e3�x2 = 
3 (C.39)Quadrati
 shape fun
tions are taken for velo
ity 
omponents (Figs. C.2b and 
), and thefun
tions and their derivatives are written as follows.�ei = B1�21 +B2�22 + B3�23 +B4�2�3 +B5�3�1 +B6�1�2 (C.40)0BBBBBBBBB� �e1�e2�e3�e4�e5�e6 1CCCCCCCCCA = 0BBBBBBBBB� 1 0 0 0 �1 �11 0 �1 0 �11 �1 �1 04 0 00 4 04 1CCCCCCCCCA0BBBBBBBBB� �21�22�23�2�3�3�1�1�2 1CCCCCCCCCA (C.41)��e1�x1 = (2b1 � b2 � b3)�1 � b1�2 � b1�3; ��e1�x2 = (2
1 � 
2 � 
3)�1 � 
1�2 � 
1�3��e2�x1 = �b2�1 + (�b1 + 2b2 � b3)�2 � b2�3; ��e2�x2 = �
2�1 + (�
1 + 2
2 � 
3)�2 � 
2�3��e3�x1 = �b3�1 � b3�2 + (�b1 � b2 + 2b3)�3; ��e3�x2 = �
3�1 � 
3�2 + (�
1 � 
2 + 2
3)�386



C.3 CALCULATION OF MATRIX COMPONENTS��e4�x1 = 4b3�2 + 4b2�3; ��e5�x1 = 4b3�1 + 4b1�3; ��e6�x1 = 4b2�1 + 4b1�2��e4�x2 = 4
3�2 + 4
2�3; ��e5�x2 = 4
3�1 + 4
1�3; ��e6�x2 = 4
2�1 + 4
1�2 (C.42)All terms in Equations (C.24)�(C.25) are now written with the area 
oordinates �i, andthe integration 
an be 
arried out with Equation (C.36). Consequently, 
omponents of thematrix (C.23) are obtained for ea
h element from the Cartesian 
oordinate of the 
ornernodes.
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