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A THEORY OF HOUSEHOLD CONSUMPTION
BEHAVIOR*

Suiceo Kuropa

L

In case of planning over the life span, it is far most important for us
to know the amount of assets which a consumer is to have both for his
own consumption after retirement and for inheritance to his children.

From this point of view, our object is to derive this sum of consump-
tion after retirement and inheritance.

We must in the first place make clear the frameworks for deriving the
sum.

At the same time we have to present relations between specifications of
utility function and portfolio selections for many sorts of assets, and prepare
a model to combine micro-variables to macro-variables.

IL

First we see the simple case of maximizing consumer’s utility under
some constraints. We can usually define the following model based on
a utility function consisting of the rate of consumption at every moment
of time.

Consider a consumer unit and let 7" be its horizen [14].

(1) U= fley, e, v, ¢z)

The quantity U, a real number, is the utility of the consumption plan c.

Next, let ¢, be consumption plan at time #, y, income at time £ x,
saving holdings (net worth) at the end of time # and 7, interest rate. And
for each time, we would have the following relation.

(2) Ct+xt:(1+rt—1)xt—l+yt

Then we extend (2) into the model including portfolio selection in every
moment of time. If we assume that asset, x,, held at time ¢ is distributed

*) 1 am very heavily indebted to Professor R. Iochi, Professor K. Emi and Professor
T. Mizoguchi of Hitotsubashi University whose comments on an early draft form the basis
of this paper.

Professor Y. Hayakawa, Professor A. Nagao, Professor Ohya, Professor T. Tokoro and
Professor Y. Kobayashi of Hokkaido University have made very helpful comments on
intermediate drafts.
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among many types of assets Zy, L, +**, Tms, and each profit from types ry,
Paes 0ty Purs (2) is changed in the following relation
(3) Az =2 (1470 ) Zowa + Yy t=0---T

¢=1
From the above assumption
(4) Xy = L1+ Topp+ 0 Loy

and if U of (1) is maximized moving z;’s when the special values of the
xy’s or zp are given under constraints (3), (4), we could obtain the solutions
of z,’s (¢=1, ---, T—1).

But we cannot solve this by the Lagrange multiplier method. We,
therefore, maximize mathematical expectation of utility [11, 16, 17], i.e.

(5) EU:Ef(CO, Cyy oy c]’)

HI.

It is important to know what 7" is and how =z, is to be determined.
Then we assume the following assumptions ;

Consumer unit refers to consumption plan over his life span. From
this point of view, 7" and x, are the notions including viewpoint of con-
sumer’s life cycle. First we see ¢z as the time of consumer’s life cycle
stages ; =0, present time (he is now at the age 6), the time of retirement
equals F'—@ (he retires at the age F), the time of death equals G—8 (dies
at the age G) [1, 2, 4, 5, 15].

Then we make a simple figure for these relations.

pp e =

time 0 ¢ F-6 G-8

age F &

present retirement death
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According to the budget constraint over the life span, it must be as-
sumed that xy, net worth at the time of retiring, equals the sum of
consumption for his enjoying G—F years after retirement and inheritance
to his children [6, 7], so called the hump-saving [9].

Accordingly, it is very important for us to have xz_,

From this point, we examine some of the way of deriving zz_,.

It is assumed that consumer recieves utility only from present and
prospective consumption, ¢, (¢=0, ---, G—@) and from inheritance to his
children, Ag_,. If we assume further that the price level of consumer goods
is not expected to change appreciably over the balance of the life span, so
that the volume of consumption is uniquely related to its value, than for
a consumer at the age 6, the utility function is given by

( 6 ) U=f(CO7 €y, **s Ca—0s he—o)
And the hump-saving equals to (7).

G-9

(7) Zpo= 2 Citha,

I=F-0+1

On the other hand, from (3), we have

e

(8) c,+x,= Z(l+r¢.,_1)x¢.t-1+'y, t=0, MY F-—ﬁ

=1

Next we write the following form as a new utility function
( 9 ) U=f(co, s Crmos x]«"—d)

This function is a kind of modification of (6).
Now, in the present case it is reasonable to assume that (9) is of the
form

(9 U= T aglel+9[25.(G)]

Where a may be interpreted as a subjective discount function being
a non-negative real valued function on the interval [0, F—@] and having
a continuous first derivative. ¢ is the utility associated with the rate of
consumption at every moment of time and should be a concave real valued
function and has two continuous derivatives the second of which is every-
where negative and the first everywhere non-negative. ¢ is linear function
defined on the entire real line and then, which implies that a positive xp_,
(G) adds to utility while a negative xz,(G) subtracts from utility [13, 19].

Here, we take account of the fact that he does not know how long he
will live. Then 7 is not a fixed number but a random variable with a
known, probability distribution.

If (97 is maximized under constraints (4), (7), (8), we can obtain the
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values of the z,'s. and also, as we noted above ((5)), (9) must be written as

EU = Ef(CO’ “*y Crgs xF——ﬂ)

Then we can rewrite (9) as
-0
(9" EU = E| Zagla) + ol oG]

Iv.

Let us assume that we find x», only in a model of certain macro-
relationships, and this is equal to start the discussion along the lines of
Meade’s model [13].

He consideres first the following notations ;

the rate of growth of the working population, 1
the rate of Harrod-neutral technical progress (i.e. of labor-expanding
progress), 1’
the rate of growth of total output, of total consumption, of total
savings, 1+1’'
the rate of growth of output per head, of consumption per head,
of the wage rate, 1’
the age of consumer unit, ¢
time, ¢
net worth which consumer holds at the age 6, X,
the amount of property which consumer at the age # will inherit
to his children, I,
consumption of person at the age 6, C,
the rate of wage of person at the age 6, W,
the proportion of total national income saved, .S
the proportion of the national income going to profits, R
the rate of interest, 7
and if I, C,, W, X, are written as (here, as a modification of Meade’s
discussion)
1= et H+ @ -4) (E-0)

G--g
C, = Celt-21 3 glo-Dit
=0
W, = W'y, e/
= e\~
=Wz
X,=L+C—W,

(a budget constraint over the life span),

After all, he develops his model at the macroeconomic level in the following
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relations
( i ) K,= NIe(l'l'l/—'t)Hie(i—z—zl)g
f=0
q /G-
+NCY, (Z} e“"”“) glos—1r-0)0
= =0
F (-0
—NWE(X e(”“)‘)
=0 \2=0
(i) Ko R
—18 -
WNEOe
C% (og—2—-21)
ev —1-INe
(111) =0 _ - %_Ig
~19 -
Wﬁgje
(iv) W= We)
(v) R=R()
(vi) 5=l R
(vii) Specification of I

Where the variables of his model are I, C, W, S, R, i, K, and the
parameters, N, 1, 1/, o, F, G, H.

We can, therefore, find the equilibrium levels of all variables as the
solution to a system of simultaneous equations. Finally, we must obtain
the following results.

First, total assets at time F—@ is given by

=0 0

B (BF-§
Kpo= Kot NWE (T )e
—NCZ (Z e(a—l)u) gles-1-10
=0

And the population at time F—@ is defined

B

Z l(F——ﬂ)Ne e ZNeIF'—-lﬂ 17

=N ezuv'—zo)
We can thus establish that total assets at time F—@ per head is

Zp_g = Kp_g/Nﬂz:)el(Fﬂzo)
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V.

Let us consider a specific example for .our problems. We assume to
specify (9) as
(13) U= Zoc,( ——>+,8(aG+b)

This utility function satisfies the general assumptions of the economic
theories, i.e.

&
U _ aq >0
aC, Cy2 =
Y
U _ 2a,q <0
aCtz Cp3 =
oU _
'—aﬁ == aﬁ>0
U _
Flelnt
Z c
And from (9) Z A
(13) EU= Y a(p—qEc;")+ B(aEG+D)

Here, we will use Taylor expansion on ¢;' about Ec,.

C'=(Ec)'~(c.—Ec,) (Ec)?—(c;—Ec,} (Ec,)®
= (EC,)_I—(C,-—EC,) (Ect)_z_(ct_ECt)Z (Ec,)?

As a résult, we can obtain
E(c)=(Ec)'—E(c,—Ec)(Ec,)®

On the other hand, consumption ¢, at each time is from (8)

(14) =Y+ (1 + 7= 1) Ljp 1= Xy

nMs

Then, if we assume the following [8]

Ey,= LY, Er,==#,
E(ra—Ery) (ri—Ery) = 04
E (yt —Hy ) =0y

E(y: Ly ) (rit F‘u) =0Yqs
we have

(15) Ec,=}] (1 ﬂu) Tpp—1t Myr—

=1
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(16) E(C;-EC,)Z =j§§a¢j,x¢.,_1xj.,_l

m
-+ 221 Oyae Xgg-1 +0'1,;
=

And if EG=pg we have

(17) Ep = pape+bB
By substituting (1‘5), (16), (17) into (13) we can see

F—6 m -1
(18) BU= T a[p—af(50-m) 2esst m—)

m m mn
( goijtxi-t-lxj~t—1 +2§0yitxc-t—1+0yz)
= =

~\&
" <§1(1_F‘u) Zppo1 +ﬂw—x,>_3}]
+aPuetbp

Giving the expectations and variances-covariances of income y, and rate
of profit 7, ;

Uys Oyt Oy ' Oyme

th Owt Our **° Ome
U =1, Ve=

Pz Omiz Omat "' Ommt

And the expectation of G; #G, x, or 2y, under constraint
X=Xy
i=1
Zy=0 i=1-m t=0---(F—0—1)

we can determine the z;, (i=1---m, t=0-+-(F—60—1)) so that EU is maximized.

VI

A whole class of the maximization problem, e.g. (18) has, in general as
we pointed out before, severe difficulties for obtaining the solutions. We
note, here, that dynamic programming approach (D.P.} has no procedual
difficulties, i.e. D.P. may, computationally, be easier [3, 18]. And also the
value of D.P. lies, in the insight it supplies concerning optimum strategies
and how, in principle, they could be computed.

Now we assume that (18) can be reduced to the form

)
(19) EU= t;le (xld—l: 20ty Logg 15 xx)
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The manner in which (19) is obtained is as follows [10].

(20) EU: Rl (xl-()’ **s L0y xl)
+R2(.Z'1.1, ct0y Lmals xz)
+RF—0(x1~F~B—1, s Toermt—15 Lpmg)

Where we assume that xp,, hump-saving, has already been given by
Meade’s macrorelationships. From (20), the sum of R, over time (s to F—#6)
is given by

70
(21) Zy= gRt (xu—x, ey Loty Xy)

In this case, we can maximize Z, on x; (i=1---m, t=s--- F—f) when the
special value is given z,, especially, in case that R, is a specific form.
Therefore, taking P,_;(x,) as the value of Z, maximized, we have

(22) P, i(z,)=Max Z,
And when s=F—@, (22) is
(23) Py yr(zpg) =Max Zy_, = Max Rp_y(Z1.5-0-1, **» T-7-0-1> Lr—0)

Accordingly, we can easily obtain each value of x5y 1, ***, Zpn.rg—1 SO
that Ry, is maximized when x5_, was given.
On the other hand, (22) is expanded in the following form.

F-4
(24) Ps—l(xa) = Max Max tee Max Z Rt (xl-t—l, vty Lot -1y xt)
m m m t=s
Zg=Lgs By 1 =L g4t EF—g-1 =IO F g1

= Pa(xs+1)+Max {Rs(xl-s—ly 20y Lmes—1s xs)}

This function equals to “recurrence relation” in D.P..
Finally, we know the values of x;,s so that R, is maximized when x, was
given.

(25) Po(xl) =P (xz) +Max {Rl (x1'07 "t Lm0y xl)}
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