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1. Introduction

When the number of firms in the market, is few, each
competitor mnaturally anticipates the strategies of rival
firms. In this context, it is of great significance to
illustrate the way in which firms form conjectural strate-
gies against rival moves. While there have been several
types of conjectural variations such as Cournot, Bertrand,
and the collusive type, traditional treatment on these has
never seriously made allowance for rational conjecture of
firms. However, Bresnahan(1981) has recently presented an
idea of consistent conjectural variations, which requires
that the conjectural variation be supported by the corre-
sponding competitors' reactions in the market. 1If the
demand function for their commodity is empirically stable
and the cost function of producing them is technologically
given, firms are expected to be able to conjecture rival
moves. In the duopoly case, Bresnahan has shown that tra-
ditional types of conjectural variations do not necessari-
ly hold under general forms of the demand and cost
functions. Perry (1982) has extended it to the case of
symmetric oligopoly and obtained a surprising result that
in the long-run where each firm is engaged in production
at zero profit the fully consistent conjectural wvariation
is competitive. That is, irrespective of the number of
firms in the market (even if it is small), if each firm
behaves rationally, the marginal-cost pricing rule would
result. The implication of this result is that if each
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firm, with the same demand and cost functions, can conjec-
ture rival firms'response rationally, it will realise the
best reasonable conjecture as setting commodity price
equal to marginal cost. An essential factor for this
result is not the number of firms in the market, but ra-
tionality of the behavior of firms which makes the market
competitive. In other words, in symmetric equilibrium
each firm can calculate his rival's moves by supposing it
were a competitor. Since there is no asymmetry of infor-
mation among participators in the market, each firm is
confident that his prediction based on conjectural varia-
tion would be commonly shared. However, the problem that
is still unsolved is why the oligopolistic state implies
the competitive solution in the long-run.

The purpose of this paper is to provide a plausible
answer to the above question. In fact, we can show that
homogeneity of the commodity concerned would cause compet-
itiveness in the oligopolistic market. In the case of
differentiated products where each local monopolist can
exercise his monopolistic power over determination of the
commodity price, we can prove that the marginal-cost pric-
ing rule does not hold in general. In doing so, we employ
the Dixit-Stiglitz-Horn model(hereafter the DSH model, for
short)*. While this model explicitly specifies the form
of the utility function taken there, it can include the
homogeneous commodity example as a special case. There-
fore, we can link our results with Perry's. Furthermore,
we can supply a complete answer to the consistent conjec-
tural variations assumed in the DSH model, which are left
intact. The paper consists of four sections. Section 2
explains the DSH model and the symmetric equilibrium. All
the basic equations will be presented there. Section 3
discusses the short-run consistency in the conjectural
variation. We can extend the Perry thesis to a more
general case for differentiated products. Then Section 4
examines the long-run consistency where zero-profit condi-
tion is imposed on firms in the market. Section 5 briefly

% Horn (1984) introduces the diea of conjectural variations (not
necessarily consistent) into the Dixit-Stiglitz model (1977).
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summarises some of conclusions derived in our paper.
Finally, in the Appendix we shall discuss two types of
stability conditions.

1. The Model 7
~ Consider the DSH model. A typical consumer can choose
two kinds of commodities: differentiated goods(gj, j=1, 2,
., n) and homogeneous goods(Y). Equation (l) specifies
the type of his utility function generated from consump-
tion of the above commodities.

(1) U= (,Izllx_.?)@/B Y% gca<l, 0<p<l
]=

Utility-maximizing behaviour would then result in the
inverse demand function given by equation (2).

Xs_l 1
(2) %""—l— a L, =5 (1L -a) I

Zx@

It should be noted that when B takes unity, differentiated
goods are grouped as composite homogeneous goods. That is,
by imposing the condition of B=1, our inverse demand func-
tion would correspond to a special case of Perry's thesis
where P'(X)<0 and P"(X)>0 for X= Z R Suppose that the
producer of commodlty j knows the 1nverse demand function.

Then he will maximize his profit by manipulating quanti-
ties produced. Equation(3) indicates the profit of commo-
dity j*.

(3) Ty= py %

- Cj(xj) ’
where qi(gj) stands for the cost function in producing X -
Maximizing [I; with respect to Xj yields equation (4).

diy (8 I

(4 —* = p, + x - g~19%i v L

where c¢j(x;) denotes the marginal cost. When competitive-

* Since we assume that each commodity j(j 1, 2, ... , n) is
produced in the region of increasing returns, it is produced by
only one firm.
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ness in the industry is characterised as symmetric, it is
natural to assume that each firm there has the same expec-
tation on conjectural variations about rival response.
Then each firm treats the other competitors as a group,
rather than regarding them as distinct and independent
objectives. Therefore, the conjectural variation about
firm i's response by firm j is identical with the rest of
the group. That is¥*,

dx .
(5) ﬁ=n;—16 i#]
where -1<8<n-1. Substituting equation (5) into equation

(4), we obtain equation (6).

dI; p:&
3 _ i g-1 8 g-1 _ =
(6) dxj Pj [1 I (XJ + n_ligzj x5 )] % (xj ) 0
In the symmetric case where x;=x for all i, equation (6)
would reduce to equation (6)':
dll3 1+6
v ) 1 L - t =

(6) &, Bp( 7) - ¢'(x) =0

At this point, it i1s of significance to note that whatever
firms conjecture their rival's response in changing the

supply equation (7) would hold for a relatively large n.
(7) BR =¢ (%3)

Then, we may predict that the consistent conjectural vari-
ation should be realized at 6§=-B, since in the homogeneous
case(B=1) consistency requires that §=-1. This may suggest
that when product differentiation exists in the market,
the marginal-cost pricing rule would not hold in a strict
sense.

* This form of the conjectural variation is also assumed in Horn
(1984). Our explanation on conjectural variation is the same as
Perry's in essence. However, since each firm produces a differ-
entiated product, we can not specify the inverse demand as a
function of simply added gross output level produced in the
differentiated goods industry.
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2. Short~Run Consistency

Consider the symmetric short-run equilibrium where
each firm possibly earns a positive profit and the number
of firms in the industry is for some reason or other fixed.
Once subjective conjecture is formed, the reaction func-

tion of each firm will be derived by solving equation (6).

xj= hy (x'),

where xj=(xl,..., il s Rypp oaeee x,). Suppose firm k(#3)
changes 1its supply. Then the other firms would show the
same response against it. Therefore, for computational con-

venience, equation (6) might be rewritten as equation (8).

Brio X u8lyn-2g8-1, 8 Bl _. -
J

In fact, the reaction function of firm j(#k) could be rep-
resented by

Xy= gj(xk), for all j#k.

The consistent conjectural variation requires equation (9)
to hold.
dg

3 _ 1
(9) dx, T n-1

In the case of constant marginal cost, we can estab-
lish Theorem 1.

Theorem 1 (c'"'=0)
Suppose product differentiation exist (0<Bg<1l).
(a) When n=2, any conjectural variation is consistent.
(b) When n > 2, the consistent conjectural variation § either
takes a negative value-- §= -g(n-1)/(n-g), or implies a
collusive behavior--6=n-1. However, the latter is ex-

cluded from sufficient conditions for maximizing profits.
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(Proof)

Rewrite equation (8) as follows.

(10) ijT - c'(xj)=0 ,

where
1 3 g-1 § . B-1, n-2 . g1
T=l-— 3 (814 S_ 4 D=2 o8-
B+ (n-1)xB x5 F 5T % n-1 8%5°)
k J
Then
1 dp; 1 dx.j 1 B-1 g-1 dx;
= —L = (g-1)= - . +(n-1)RxE" =——=1 .
Py dx X 4% xB4(n-1)xf (B P dxk]

Under the symmetric equilibrium, X; =X =X.

ay LB g0y 8
P

dxk nx dxk nx

Similarly,

(12) ddT _ BMm-1) + (m-B)$

P R
Ky n2 (n-1) dx, ]

Differentiating equation (10) with respect to x; and using
equations (11) and (12), we obtain:

(13) 2 ((n-1-6) (8-n) - BO-DE(-p)6 | s
n‘x n-1 dxk
dx.
_ g(n-1)+(n-8)$8 _ AN J -
-8(n-1-8)+ — } - ¢ —32; 0

Consistency in conjecture requires the following to hold:

dx
i _ 1
(14)Kk—n_16

Substituting equation (1l4) into (13), we can arrange equa-
tion (13) as follows:
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n-2 wh2X o _
(15)E:T [(n-R)s+B8(n-1)1[s-(n-1)]- é 7&76 =0

When c¢'"=0, it can be seen that any value of § satisfies
equation (15), for n=2.

On the other hand, when the number of firms in the market
is greater than two, we have two distinct conjectural vari-
ations which satisfy equation (15).

§ = - 3%5%, and n - 1

However, in order for the consistent conjectural variation
really to meet the condition for maximizing profit, it is
required that dznj/dx§< 0. The sufficient condition for

profit-maximization is given in Appendix as equation (Al).

&
(A1) deZJ = -, (n-1-8)[L1=E + né((nl_'ﬁ)x + 23:1%;5)] —e"< 0
2
If é=n-1 and c¢"=0, then-7£§}=0, which violates sufficiency
for maximizing profits. J (Q.E.D.)

- It should be mnoted that for sufficiently large n,
8¥-g. When the marginal cost is not necessarily constant,
we obtain Theorem 2.

Theorem 2 (Variable Marginal Cost)
(1) ¢">0 (Increasing Marginal Cost)

The consistent conjectural variation is negative, but
less than éompetitive. That is, - Bgf%~<6<0

(2) ¢" <0 (Declining Marginal Cost)

Consistent conjectural variation either takes a posi-
tive value (6>0) or lies in a negative range (—1<6<—B%§%).
(Proof)

" Rewrite equation (15) as follows:

y D=2 _ nnz
(15)'5T [(@=B)8 + B(-DIS - (n-D]= "5 6
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Suppose n 3. Then, if 8= n+l, the LHS of equation (15)'
vanishes, while the RHS of the equation would take a non-
zero value. Therefore, we can exclude the case of §= n+l.
That is, 8§-(n-1)<0 always.

(1) ¢">0

With the same reasoning, § can not take a specific
value. Suppose
n-1

(n-8)8§ + B(n-1)>0 (>8> - BE:E)‘

Then the RHS of equation(l5)' would take a negative value.
If consistent conjectural variation exists, then § must be
negative from the requirement that RHS in the equation 1is
negative. Therefore,

n-1

-Bﬁ<6 <0

It should be noted that

o]
o

1< -8

=]
™)

On the other hand, suppose

(n-8)6 + B(n-1)< 0 (»5<=- g2}y,
Then the LHS of the equation takes a positive wvalue. In
order for equality in equation(l5)' to hold, § must take a
positive value. Therefore, there are no consistent conjec-

tural variations which satisfy these two requirement simul-
taneously.

(2) e"<0

We can apply the same reasoning as discussed in the
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above. Suppose

(n-8)8 + B(n-1)>0 (83~ B%-lg)

Then, the LHS of the equation becomes negative, which re-
quires 6 be positive. Therefore, the positive wvalue of §
would satisfy equation (15)'.

On the other hand, suppose

(n-g)6 + B(n-1) <0 (-6 <- 220
Then the LHS of the equation becomes positive. This impli-
es that § must be negative. Therefore,
“1< 5<-5%:—é. 3
‘ (Q.E:D.)
It should be noted in the above discussion that when the
number of firms is two(n=2) then the consistent conjectur-
al variation must be of the Cournot type ( § =0). However,
this result seems to have originated from the assumption
on the specific form of the utility function. Therefore,
we implicitly assume away the case.

Let us compare our results with Perry's. Depending on
the form of the marginal cost function, we can classify
the range of consistent conjectural variations as given in
Figure 1. 1It is easily seen in Figure 1 that when the
commodity concerned is homogeneous (i.e., B=1), then
-B(n-1)/(n-Bg) reduces to -1. This implies Region III never
appears for the homogeneous commodity case.. In fact, the
above argument has successfully derived from Perry's Prop-
ositions as a special case in our context. However, when
product differentiation exists in the market, each firm
can exploit the consumer. In particular, the difference
between Perry's result and ours is crucial for the case of
declining marginal cost. In Perry's case, consistent con-

jectural variation must take only a positive value. Since
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each firm can cheaply produce the commodity, it can ration-
ally conjectﬁre that even if every firm in the market in-
creases its output enough demand would be generated due to
the price effect. While this is true in our case, too,
each. firm, as being a local monopolist, can now exploit
consumers. Therefore, some degree of competitiveness can

be compatible with consistent conjectural variation.

3. Long-Run Consistency

In the previous section, we assumed the number of
firms in the differentiated goods sector as being
exogenous. That is, the relationship given by equation (6)
holds for any given n. In the long-run, however, the num-
ber of firms itself would be endogenously determined. The
equation to be added is the one which states any firm maxi-
mising profits can not enjoy positive profits. That is,

o

(16) Iy = - c(xy)

XE + (n—l)x?

By equations (6) and (16), both Xy and n are simultaneous-

ly determined as functions of x, . We can compute the

effects of a change in x; on X, and n.

dx.
41 %12 a‘xik b,
(17) » =
d
81 2 agnk— by
where

a;= —;ﬁ[(n-l—s)(e—n) - B(n-1)+(n-f)8; _ o»
n-x ,

n -1
415 = BP '2(1:;_26)_n'
a1~ E‘Bx - _2"
82 =~ %
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BP e 4 o _ B(n-1) + (n-p)s
b]. nZX {B(n 1 (S) n - 1 }

b, = £

2 nx °*

Since n changes in the long-run, we are interested in the
effect of a change in gross output X,due to a change in X,
rather than that of a change in one firm's output. Note

that using the relation that %%g = H%; {(n—l)xj}
dx; k
xkikl + (n-1) —al, we have the following matrix system:
dx, dxy
apy x dx
ol %27 YUET | | a& by
a X dn B b
A A= ATy ax, 2

Then, we can establish Theorem 3.

Theorem 3(Long-run Consistency)

When product differentiation exists in the market,
consistent conjectural variation is not competitive. Fur-
thermore, if the number of firms is relatively large, then
consistent conjectural variation would take the value of
(-8).

(Proof)
Note that
a
11 X
n-1 2127 3117-7
_ 1
A = = o7 (a1 822 - ajpay;)
a
21 X
n-1 %227 81771

X
by ap- oapgTy

X
by @y - ay gy
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1 an ¥ ap ¥
by + x5 (ap- 527 212- 37
ale 3.21X

1 -
b, + % (8~ 1) 822 p1

1 a)) X 411 g%
by + g apa- T o1 2127 n-T
1 a21x 3.21 321X
by * g ayay- AT n-1 2227 -1
= K - A

It is easily computed that

- apy gp(n-2) (n-1-8) (1-8)
1) b+ 212 - -
(b X . n (n-1)x
a -
(2) by + Xzz _ . (lnXB)
a1 ® _ 146 |, (1-B)(n-1-9¢)
(3) ajy- 777 = 8P { n2 +_ nZ (n-1)

+ n(8+6)-5(l+6) } + X "
n2 (n_l)z n-~-1

4y a., - WX _ (n-1)(B-1)-B(1+8)
22 n-1 n(n-1)

In deriving the fourth relation, we used equilibrium condi-

tions that c¢=1/n, and that c"=8(n-l—6)/n2x. When product

differentiation exists (0<g8<1), then Eldoes not general-

ly vanish. It is seen that in the homogeneous case (B=1),

Zl=0, which implies dxo/dxk=—é§0(5ee Perry, Proposition 3).

In order to prove that T approaches -B for rela-

tively large n, we must expand ﬁeterminants A and Zl.

_ 1
A= =3 (aj585,- aj523,;)
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Y

BB n2. (1+s+@)n + p(1+s) + BM=LIH(n-8)S
o (n-1)x n -1

2
-2 +8[2(1+8)+2+6In-28(1+6) (2+8)+ ZX ¢}

8P xc'" 7 .2
= ——— {([(1-p)+ E 10?2+ ...... }
C {[1-8) TR . ; J
lower degree of order parts
X 8p (n-2) (n-1-8) (1-g) [ (n-1) (B-1)-B(1+s)]
A= {-
nd (n-1)x (n-1)

+ (- [n(B+6) -p (148) ]

n-1

+ (1-8) (n-1) (1+8)+(L1-8)* (n-1-8)

2 1"
+ (1-g) Doxe"
(1-8) 2%

BP xc"' 2
= =4 { (1- 1-8)+ == S R,
P D)= (1-8)[(1-8) ED In L }

lower degree of order parts

Therefore, for large n

(1-8) [(1-p)+ 221
[(1-8) + 56%" 1n?

1. o
s = (1-B8)

Then

d
S - -1 +1-8=-8.
dx,

4. Concluding Remarks

We have examined whether Perry's results could be ex-
tended to the case of differentiated goods. While the mod-
el we used assumes a special type of the utility functionm,
we have derived some important implications from our anal-
ysis.
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1. The surprising result by Perry that fully consistent
conjectural variation in the long-run is competitive
seems mainly to come from homogeneity of the commodity
concerned in the market. As long as consumers do not
change their preference for differentiated commodities,
consistent conjectural variation by firms is directly

related to the degree of product differentiation.

2. When firms employ technology to decrease marginal cost,
consistent conjectural variation takes a positive value
in Perry's case.In our case,$ can take either sign.That
is, each firm can exercise its monopolistic power over
consumers. Therefore, a certain state of competitive-

is consistent.

3. We assumed that the number of firms (n) and the degree
of product differentiation are not directly related to
each other. However, if an increase in n reduces dis-
tinctiveness in product differentiation, then B may
approach wunity. In that case, our result may imply
Perry's thesis in the long-run.

Appendix: Stability Conditions
In the previous sections, we only stated the neces-
sary conditions for maximizing profits. In order to guar-
antee a stable equilibrium, we briefly touch upon two sta-
bility conditions (see Perry (1982)). The first is a suf-
ficient condition for maximizing profits when conjectural

variations are given. That is,
d” I

dx%

<0 .

Since the necessary condition is given in equation (6), we

can compute it as follows:

2
d I

] — l-B <S(]-_B) 26(1+6) - 1"

(A1) 2 (n-l-a)spj{ = T naDx T iy }-c¢

J
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It should be noted that in the collusive case a sufficient
condition totally depends on the property of cost function.

The second stability condition is related to the one
on conjectural variation. Suppose each firm has a conjec-
ture on the behaviour of another firm as 6/(n-1). Using
this conjecture, together with properties of demand and
cost functions empirically known, each firm .may compute
another firm's response when it changes output, i.e.,
dxj/dxk in equation (13). 8Since this wvalue generally
depends on the number of firms existing in the market and

on conjectural variation, we can express it as

dx.
d_J- = L E(n:é) .
X, n-1

Stability condition in the conjectural variation requires
that around the point of equilibrium (that is, the consis-
tent conjectural variation is satisfied at z(n; §)=268), a
displacement from the equilibrium will be forced back to
its original place.

3 z(n:§)
A2 35 &5 |- C(n:6)<0

It turns out that the equivalent condition to equa-
tion(A2) is obtained by differentiating equation (15) with
respect to §. That is,

2
(42) 222 {(n-g)[§-(n-1)1+(n-8)6+B(n-1)}- c" X< .
n-1 BP

It can be seen that when consistent conjectural variation
is approaching a collusive solution, a state of instabili-
ty is likely.

i/////—‘—‘c”<0 C"?Q/Q"’*—‘C">0-\d,/”'——C"<O‘\\i
- - 0 -1
1 Region I (-B%:%) Region II Region ITI &

Figure 1. The Range of Consistent Conjectural Variation
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