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Savage, Leonard Jimmie, The Foundations
of Statistics, Wiley, New York, 1954(Second
Revised Edition, Dover, New York, 1972)
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feo3NBEED [ UL 2EET 305,
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AR E Lic beiihs, EBMICRESh, o
FHEZ0 (Al ck22EERO (BAN
[MEPSLE) ki) BPFMLE R B, %
1D RET T ERBIEHYLDIEH, D
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270 Al ofF&ED [fTR] &95&, C
nNoo (74l st s (2o TREALI OFEA
LB & 3) FhfkE, 2h b0 [fTR] i
5 (20 [MAA] OEARHERICES )
BAMLRFE X 3FF{kE R, —8T 5] &
SoWEE, oF0, [THREMCER] K61,
zo ALl e ->T laldbk v bFEIFH L
MTHB, EE>bFTRIEV] &, 20 [
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DHKRTHB, LE>bITTREV] &, |
ETHB| LE>WHE BERUKALZLTOL
BLEMELTAHLD, TOEE, ToU%E (£
O MEA] & ->To) MARMAEESEL
THRYTRBOTH A I, EEE, 7= VK
2, BTREPTABALLKI, TOLIA
EBBEELTVAE I EEEHLTOIDREN,
LaL, EAREAD ekl [FE], RU
g —ai] &, P7TBEASN BT,
ERENFTHAPENTVEDTH %,

FFV Y VRIE, BROMELTO [FHR]
OLEPERTH B [1Th] ~LERERET
32ElckoT, ZOXSE [{TA] BoZzo
TMEA] OFIFD, 174 OFETH B [FR]
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X LTZED T4l ti-> THEHEINS,
(37 ck-T [EEB] 2&% Pl1HS
P6 £ TAEHREE LT RTDTHbB, 2&,
OB [1T4) OETH 5% [HER] oL
T, 20 [#ER] 2720 [{7A] #BLTED
TMEAl ~NEdhodedins (HAE] @)
ke | 07 DAeke LTOERY, WIEd 5
OFEM, TOLIBKBEFIHL TR (2hh
WHT ALY 3) 2o [EAl OEAK
WRIBCESENTEY, 20 [HR] o
Lcco [HR] EE2HBEIEELICE-T,
2o [T OETH 5 THER] oxdd 2
(2o A OEARHERIES ) 54
MWEZBHEERY, 2O 5] B—KT3
DOELIE, oD, HELTOH [KER] 6%
1% THER | wwxiind 2 [HER] o —BT 5
DiELIE, Fhoo [TAl & P1AH5P6
TTO [RNEE] D) 20 Al KE-T
REZE (DX E|ER) ERBZDOTHD, -
T, HELTHAH BRI 20 [1T8] &
ko FEEand (HFE]I ©) FEPEIL -
TVWTh, [5F] BP—HIThEEEFETH 5,
COEIBRAEBRICANI LT T = ¥V
Kt 51, gamble] EWHSELEEAT 5,
9, n2 1L EOBRKELT, THR] ©
FHle;, i=1, -0, FRET B, KL, <
OFFITREL [HBR] "EELTEIIEAD
H0E2, —H, FADOERN S LR,
i=1,-,n TINOLDOREOBINL LES
00X BMET B, 2T, [HR] cdidik
bahz THR| fivpThsd [/ (e
p), i=1,n, 2&EZL3, LoL, TO [4
%l BEo Al IKE > TOERRD 434
THLHIbIcR, MER] 0 EOHERA~D)
BETH-TEOEIFHOBER LT HEA
HITER DS c—ET 5 b OMEE LI iF s
BBVWRTTHD, ETAM, P1HroPhK
UP6’ OFTR, IZTOEEDORSIp,i=1,
n, KHLT, TO&IBHENOFEEDL BF
WIIRATE & EBRIR S AFIA L O BRIRE
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IDTHb, FITIOHEDEIBZBHOHESR
LTfic2l3EREEZINE, 0 (BEfE
LTD) 18l RE-THEBE s B (kL
fEc:DEEEZBE AN ETO) 9] 3
(ei, pi), i=1,+n, K—HT B EEK B,
DFD, TITOEED 49 /LT,
Pi»SPERUPE ' OFT, 20t dbidd
[178] B ES—DRFEET I LER
5DTHbB, 22T [HHd (¢, p), i=1
n, 72530k % (741 O2E%2%E
AT, th%E (e, pi), 1=1,,n, BT 3
[Did ] EERCEETEREN, FTERL
feffBic kY, —20 [HiF] KB 3 174
BEFETHEENBEL, 22T i) 0
MICBRICEFE2BATEXLD0THY, 2F
b, =D [rid] KBT255 [1TA] &b
Ho ] KBd255 [174] &EORITHE
VT ARFERICE-T, Thod [(HiF] @
HORFHEFREZERTHLERVOTH 3,

O[] MEFEHVTY V= VKRR
[%hH, utility] #HEOVBHL SKRD LD I
[EE] $20TH5, 250, UK SR
XL CEHEEIGS B ERET B, £
T, & I4%4]) (i, p), i=1,-,1, &
¢ s, qi), j=1, =, J, iRLT, KL
INGIET S [T ] 2BOBOFRUTGE
LT, [FEGLD BEFLLITHEZ, L5
biFTckitw] & XL Ule)piid =L,
UdDgi O dKRTH DB, E55bIFTIREV]
EREAETH E] BHEENBZES, hOFD
BETMR-T, [UdsiHTHs 2], & MEH]
TEDTH B,

i [174] MoOBEF - ERMNICIEET 5 <
ERERLTWVS §5.1,69, DFIHOR% %7
FERTH 5,

The postulates P4-6, introduced in Chapter
3, have already led to simplification of the
relation < in so far as it applies to acts of a
special but important form. Indeed, through
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the introduction of numerical probability,

those special comparisons have been reduced
to ordinary arithmetic comparison of num-
bers in such a way that many relations among
acts are deducible by simple and systematic
arithmetic calculation. In this chapter it will
be shown that the arithmetization of com-
parison among acts can, with the introduc-
tion of one mild new postulate, be extended

to virtually all pairs of acts.

T, BHOXT, MERE L LEER
B EFD#174, acts of a special but im-
portant form| £ E5 Dk, ETEKRLL
Tdib ] BRU T3Fh] BEExzo MR
EFB)IKL) DTETH B, FLROXT
[B4ENHER, numerical probability ] &5
DiF, 20 [MAA] & ->To(HAE] ot
Z)ERHHELRDIETHBE, # LTREDOX
T [H2—>DELPEH LVEHE, one mild
new postulate] EHRXTWVWE DI, ¥ Y
ROPBALLSELTWEG, ETAEPTDCZ
ETHB, BB, [EELELTOD, virtually
all] EWIHIREEAHOTVEN, PTEEAL
BTE, ThiEEB 2T LT
FLRVWDOTH B, F o [HEHifk,
arithmetization] EBXRTWVWBA3, ThliIKR
Fk MEBL] ETHESNEHEHTH 3,

IoICDIRDEFEESIHT 5,

This far-reaching arithmetization of com-
parison among acts is achieved by attaching a
number U(f) to each consequence f in such a
way that £<(g if and only if the expected
value of U(f) is numerically less than or
equal to that of U(g), provided only that the
real-valued functions U(f) and U(g) are es-
sentially bounded. The provision can fail to
be met only if there exist acts that are, so to
speak, distinctly preferable to any fixed
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reward or distinctly worse than any fixed

punishment.

ZITUDRTUER IBOBOERERU
ARVUgD T ETHB, Th, vV
DEBICETER L TV AR, £T
0 EFH| wERLE [$1H) o THE] &
[EBH—EM] P11 HSP6 £ TERFIRE
LTRES>DTHY, SOLRPTENET 3 &,
o [BH] FEREL B DTHY, T,
PTHEAXINAEIE, OFHXPD K
BRIcER] QBN ASNE T E LD
DTHY, F#E, @WELIE, The provisionl]
TORE~NOFREMBETRENWIELERBEDT
5,

Wiz ] OF‘CHET S 8§5.2,7, 0F
MmO REDREETIHT 3,

In this chapter the notation X o:f: will de-
note the class of all acts f for which there
exist partitions B; of S such that P(B)= o
and f(s)=f.for s ¢ B.. Here the f’s are a fi-
nite sequence of consequences(not necessarily
distinct), and the p/s a corresponding se-
quence of nonnegative real numbers such that
Y 0: =1.In view of Conclusion 7 of Theorem3,
3.3, such a class of acts, which will in this
chapter be referred to as a gamble and de-
noted by £, g, h, or the like, always has at
least one element., Theorem 1 says, in effect,
that the person regards all elements of any
gamble as equivalent. To put it differently,
if the events B; of a partition have the prob-
abilities ©:, and if the act f is such that the
consequence f; will befall the person in case
B:occurs, then the value of f is independent

of how the partition B: is chosen.

T T4 o AEESfiEE, B
1honE 8T rb0E LT, FTERL

+ 7 VRERICB Y AiliEworldic oWt (6) H
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fz, 51 (f, 0), i=1,,n, BT 3
(] @i sizn, 4, KBEOX TR
NTWBZ &R, Al k-t 57
BT nid, THRE] ioxfd 2 0his 258
ZEEE LTV 20D IEELTIC, ThooD
(T4l dzo Al K- THE%ELE S,
EEITETH B,

Ebi, [ZH] OE#EBT % §5.3,73, D
BHOBREZ5TIIRTDH 5,

The idea of utility can most conveniently be
introduced in connection with gambles or,
equivalently, acts that with probability one
are confined to a finite number of
consequences, thus: A utility is a function U
associating real numbers with consequences
in such a way that, if f=Xpo fiand g = Z0;
g;: then £<{ g, if and only if 0. U(fLE
0; U(g). Writing U[flforZ 0: U(f), the con-
dition takes the form U[fl<{Ulg]. Similarly,
it is convenient to understand that, for an

act f,
(1) Ulf] =EWUD).

In this notation the following obvious theo-
rem gives a slightly different characteriza-
tion of utility.
TueoremMm 1 A real-valued function of
consequences, U, is a utility;if and only if f

< gisequivalent to U[f] <Ulgl, provided
f and g are both with probability one confined

to a finite set of consequences.

T, BHoXT, [HE1TEREOK
BALEBEN 2, #HiThl LESXEND S
B, Thid, TZo MEALl it -T TEELE
Fufech 5] b E5HEL ORI BEOEEES
nig, REO MER] 0A%EELTEERE
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Rzes (78l ~0EkThH 3, [THE]
1 CHERMEO MER] ~EflRans [Tl
2, TRELEARTiETH 2] OERICLD, &
3 [HRMEO R os%2fEEd 5 [114l]
LEZERY, £, ThH0 T4l 00
MEA] ic&->To MHfFE] 3—HT 52L&
LB, TS RRKIZBVT, EHL
& LTERHESN Ba slightly different charac-
terization of utility»HE> T & &78 5,

3. TRl o TE#E] & TREMN—ER]
§5.3DT3ELLTABIZ AT TOEREK %] <
EIRTH B,

Do the postulates thus far assumed guaran-
tee that any utilities exist at all? Can
Theorem 1 be extended to an even wider class
of acts? Does a great diversity of utilities
exist, or does the relation < practically de-
termine the function U? These questions,
here mentioned in the order in which they
most naturally arise, are manifestly of great
importance in understanding utility. For
technical reasons, they will be answered in a
different order — the third followed by the
first in this section, and the second in the

next section.

Z Z Cthe postulatesE EH DIEP 1 5P 6
FTO [RE] 2BLTVWE0OTHD, Fi:
Theorem 1 & ZFIEHIOKRETER L [EH
1] ozEThd, LL, [$H] &353R
Fi{b% [THEZER] 1 THERMEO R os %
EE LT3 [174al o3 btk pIEn
3 MT8R] ~EWIRT 2RI, ¥V = YR,
BTRNEPTAEATHIELIEBLDTH b,
E7, (1754 BB ($IA) Us B
L#sES B, practically determine| &3, +
v VRPERICER L TV 35Em & OEERIC

BB ¥ R 46—4

BYTE, [EE0 (] URUViEH LT,
HHEDEMaR U H BERbBELEL T,
B [FE] coy LT, V(ie)=aUl)+b] &
WHRREILTVWEDTHD, TOXSHIR
WE, vv=VRKRE, §5.3, 74, 0=FBHDOE
BOXKRET, [EEOZ> 0% 3 SR —
JiHMh T OIS 2 ARTEHIBEE T H 5, any
two utilities are necessarily increasing linear
functions of one another], &FHREL T3,

KB CT [BFH, linear] W5 FHEIR,

EREDOAHTIEL, EHEMRAPHEELED
THbhTWw3, 2%, T[REOEH| &
HIhEzo [EA] © TFH] I—BNkE
$30THY, [FH] © IEEHN—EHE] ¥,
P1#»SP6ETRARE LT, T s L
EIEBDTH B,

L ATUEREIT [E) L TR &
L, akUbRFEETHY, alETHEET S
&, & TR ciest U TERaUC) +b e Stn
¥ BEERaAU+bSE, BRI W& -T,
z0 [HAl © %K) &332, o%b, U%k
(%A ELVEE [HER] ot U cEREH
NS EEERETEE, [THILEOHEK kD
b HEHMOBEALTV=2aU+b] 85 [Vid
(%) Td531] PS>, o [#H &, [TV
Z T3] TH5] BoE T2 E0EHKaKk
UdH2EHHBELELTV=aU+bl] &40,
Ihiz THIHL o TEBER—EW] 23R T
WBHIEERB, §5.3,74, 0 [EH3 ] &
[EEW—FE] 2XRT 2080, Z0H
BIOXT [T, conversely] EEWVWEL TV
50D, TOXIERIICE S,

Wiz o [EH3 | OIS, T TRIT
FIROBEAWSWEE [FH2. 4], oF D §5.
2,73, @ [EHA L, EPFHIHTVWE, £
TIO [FEH2. 4] 7205, ZORRIR, [FRU
Gz [] LLTFPE D BCGoEBZD [
Al e > TRB P ENTHEEL, F1t
[74] fiiz0BFicBE LT, WHEovwFhs
LEER LR ZBAELED T, FRUGOR]
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KHdbDETHE, 0UEIUTOH BHEK
aB—EBHICEEL T, FRUGEKHLTEDE
O [HR] aRt 1 —a2WALTIOh S %
MRET 2] CEIREVRED [T EfEdm
EZRERB], EES5BDTHB, TIT [
] & TiTA] LoMOBITREGSHAVSNT
WA, Thizzo [T/l %20 '] i
BT 2EED [1T4A)] LOMORBIFIZL > T
[E#E] shab0ThHy, RIFITEALELE
S 3] KEdd s 1A ERSTH 3
o, TO[EH] BRILTHTELE05, &
BIOL [EHE] OROhlicoWnWT, +
v VRIEE, 85272, O_HKHOBRET,

In view of Theoreml, it is natural to say
that f<g means that, for every act f in the
class of acts corresponding to f, f<g.
Corresponding definitions are to be under-
stood for f<g, f<g, f<g, etc.

&, BRTWE, ZEL_BHOXT<g,dH
50RI<gETRETREBEMNA I P, T
DORBIKEZE, [THF] FiE M) Gy
SBIFBLAITHZ, EE>DUTRHIEV] &
i, [ThT] Fitd 2E80 [7A) & 'h
1 Gt aEED 741 el T,
AIERBELD bBITFSEENTHE, LD
bOTREVWL EE > ETHBE, [FEHR]
ENBTEERB, 2O ] BEEFD [E
%] BAHIcOTEHEOMNEIRT M, [»
1 b Eb—o0 [174] BEL, *
fehicf@d 5 114 JERETH 50T,
Zoo [BF) QEMELE S, BB [FEH1
Li385.2,70,0 [EHE 1] 0z &2, Th
RIS TER LK, TAREO MRl 0s%
fEE LTHS (T4 KBELTi, #hso
(916 B—Hdhid, *+hoiRAZETH 5]
EVWISHEBOTETH B,

wEC [pid] o MBS, mixture] T2V
TP, EXEHETIESGEbED I R

+ o = VEBEER BT 3B worldic oWt (6)
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OFSe;, 1=1,, I, k¥d;, j=1,--,d, I
45 [ (e po), 1=1,1, KU,
as j=1,-d, &, FETHI]L LI BEHK
akUbEd, BAOSATWBRELT, INo
Ho, Boli LT L] pa%, FiKd;
LT TR qb%k, BHT2—250 [4
il AR T x50, ORI [57H]
B 3 [inid] %, SE0”"o0 [44E] ORI
HWTBAT 3 (] i [HR] a%, EE
B4 3 (i) i THER] b, BEHT5C
Lick-TBONE [BE] LR EETS
DTH 3, £t, ZDoDBETELIFEERED
i) Bl Td, FHikic NEA] = €]
THIEBTE S,

B, NEA] © [ER] BT 3, §5.2,
71, DRROBEEDOTHED X 25| IEIRTH
%o

Gambles can be mixed, in a sense, to make
new gambles, thus:Let f; be a finite sequence

of gambles,
(2 f = ; O fis

and o0, a corresponding sequence of non-
negative real numbers such that Xg; =1. The
mixture of the fis with weights g;, denoted
Xo;f;, is defined by

(3) Yo, F = X0 {Z oifd
i i

= 12] (g; 04) fi

which is meaningful, the f;’s being conse-
quences and the (07 p;)’s being numbers such
thatX (g; 0;) = 1.

I TIRARGO FRRIBABGIRET 2139

oT, R(3)DBIED,, ONFITZDLE

BETANENELTHA D,
ETATELS T4, [EHI] O vy
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Ko X 23F8icid, ETER U7 & D 7R
OREAVTHEMSFHIRTED, Thicd-
THEHHASEEIZ I » TV B O, TOIEHT
AEWE O [EHE2.4) oFHATH L, 75
REEB M & &b THRI] GEHALREA
tech B, EE URUU % [3H] &L, f,
g, RUWE HER] LT, f&bbdgh, =
gk O bhds, BIFBENTHEET B, &
DOIEA, TEE2. 4] wkb, k#FLIKULE
[(hiF] THAHEHCRELT [0XkDKRTI
K O/hDH BER S —BENCELELT, (R
hict L TBOBO THER] r kU1 —r2&Ks5S
THIEIK-TRD RG] Lg& BREF
THBH] D, {5, FITIOriHLT, [
Hl o rE#l kb, U@=ru®+(1 -1
Uh) BRUU (=10 @®+(1 —n)U () #
GESH, v oREricE L THEZOBREE
BORDOricf AT 3 &,

U'(h)—U'(H)
Uh) -0

Um)U'(H) -0 U (h)
U(h)—U)

U'(g) = U(g) +

Lo, T$HH] o TEHR] » 5UE<U)
HoU O<U THs07T, U BUD [
M9 2ETEHER] ThA T EBRITHETERS
TEENB, Eif, g RUhOFFIhoE
&TH, EREORBETHRANIED L LB L,
FhoO [FHI| DRELT, ¥V =VK
A5 85. 3,75, OCoROLLARY 2 THELTWVWA X
3, (220 [#B] B o0EERTIRE
W THER ] i UCHE CEEMANT 501851,
zhold THAL ELT—HKT 3] L5552
BRES, SHIFERIDROBERDOERET, ¥
v VKRR, [$1H] oREH—EBEic>WT
RDEHILELDTWB,

To summarize, if there is a utility at all,

there are an infinite number, but the array
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of utilities is not complicated;for all can be
generated from any one by increaging linear

transformations.

Lol [EEN—EN] cfdsc0k573
Fwmi TA] 2 THEE] LIsvwoils 53N
RENS>TLEITHAD, 720°85.3,75, D
[THA4 | ETEPLTCEHIELP T TOZD [FE
B ik, Zo [FHE W, EZLPLH
LP6ETARFBEELT, RESNBEDTH 5
o [HH] kB0 Tb ETERLE E
P2, 4] DSAEMBEEEZ L TVEDTH
%o

By VRO [EA] X, £27To it
Mo AESETERSN TV, HOSET
i3 oiF] o4& o) hyper-utility & FE L
n3, EREEN2H 2580 [HE] 2R7
TEITE B, [T ] ©4fE EDhyper-utility
LR, & D] CEREMGSE3ERTH -
T, Ld i) BLREFIC & B3R5 Z2AREI
Bh, o0 (] o [BE&] KELT
BN TS B, oFb, —HO ] K
(R | 2%, EicfiFo Tl i THER]
1 —a%, 595 RBAl i 2Z20E4
DR, 20 [—F] x4 220E/KOMIC
a%®Hhy, FThZzo [hl T s20EH
DOffic 1 —aZiF T, ThoEMi&bEL
bDIELLNS, LE5bDTh 5, EIE
COXSBEED THA] BrEand, £0
EEEE (0] ERZLL TR o2k
~NEEHRRT A Lick o, BEEMIC %A
D EE]l BRESTEENE, BB, +9=Y
R, Zoo (] o MRal Lvw38EER
BLTHLTWS ] ofs%E, BEOR
BIchE > T, convex &FETF, convexMEA L
< ([ERE2ETERSNB) hyper-utility %
EZT, &oickBie, (HEOEE:2HE
WT) o0 (] ERRULL [HRD I
BEEFNTVB(ENSD [FR] 28&07)
[hid] o2k sx X[, intervall| &BETS,
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XM] Lco MEE] & TEEN—8 ] &
HRE N Bhyper-utility %, 5171 OL2&E~
CEETBIEIRE-T, [424&] FDhyper-
utility DFAEER L TVWADTH 5,

LIATEDLLT6 OEHOEEEFIL LR
TH b,

If Iis the interval determined by g<lh,
then, according to Theorem?2. 4, there is for
every fin I a unique number, call it V(f),
such that

(6) f = (1 -=V(HHg+V(Hh

By repeated use of Theorem?2. 2, it follows
for any f, ' ¢ I that

(1) of+(1—p)f" = p{(1-V()g+
V(O +(1 =) {(1 =V(f g+
VW= {1 -[pV(H+(1-p)
V() g+ e VIO +(1 =) V(F )]1h

so V is a hyper-utility on the convex set I,

T [EH2. 2] £1385.2,72,0 EHE2 |
DI ETHY, ZONEE, F, G, RKUH%
(i) &L, a2 0L 0O KRTIDTOEHE
T5&, [TFRIGED bBIFM EMNTH S, &
Eo2bdTRIEV] &, TR L T MEX]
a%, HIcH LT MHEER] 1 -a%, BHT 3R
&l TGzl T THE] a%, HRLT
(HER] 1 —a%, 2T 2EE] &0 &EHF
BLENTHE, EEF5HDITREV] &k, H
BThHb), LEHI>DDTH3, BB, +¥7=
VK, Fos|HFO(8)RT(T)H» S5ERV
Hihyper-utility 78 2 EFBRL TWAD, &5
i, TS EVOSVIE ) EREETS 3
PRENRIEE LV, LL, Ihid, §5.
2,72, 0 [EE3 ] POoEHL, £, T
[EE 3] oA, T3] Fid 2] Gk
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D OBEFNTATHY, 1EUTOERal 0L
rtoEHbED b RTHEETELE, [FiTHL
T MHER] a%2Glexf LT THEE] 1 —a%2fy
THRA] 3, [FestlT M#ER] bzGiext
LT [#eR] 1 —bEESTHERE] L0 b,
BIASTANTHE], EEI>SDTH B, Uk,
[EE2. 4] KXV BROEEPTMERC ERS
nN30Thh, Fhigic, EHEH2.4] 13, E
Br—BH] oF&EEMk, I THAREN
BRE G L TOEEHEINEDTH B,

F 7zconvex M EFRIR b Dhyper-utilityds [E
Biic—&] ThsdcLl, THH] o IEH
H—Et] oGS LERkS (EHEH2. 4] ZFH
T3) mELL-THRES>DTHD, o [RE
H—&] & [TRE] LcoFE] L=FH
LT, ] ofE kT Ohyper-utility D&
TEBEREILENRBDTH 5,

kB, TZTCEKkLEL. 20 [EH2
(EHS |, KU [EE4] s d 2 EX%IE
WIKEFIERD LD TH B,

Tarorenm 2 If £, g, and b are gambles,
and 0 <{o<1;then of+ (1 —p)hlpg+ (1 —
©)h, if and only if £<g.

If f<g, and 0 <o<p<1,
then o F+(1 —p)g<<o f+(1 —0a)g.

TI—IEOREM 3

If £ <f2 and i gggfz,
then there is one and only one o such that

ofi+(1—p)f. = g

THEOREM 4

Fr, o [EHE4] O T, (EHo
Mt B 9 5) the principle of the
Dedekind cutSFIH STV 5,

4, [shAIOWERICEE T BiEELE 7T REPT
Ftogofficskli-Loi, +¥2 VKD
W&, 3R] sl TEALl o
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| AZFALT ER] shdo<chd, Ly
ST [$HT I Thd] cxLlT #-7T
[AREOEOAZIS T4l /LT, &
Slckf [ThHER| 1 TEREOEO S EE 5
(741 LT, dTRHONBEDTH 7,
F, LOE3IHTERLALLIIE, P15
PeEcAaEEELT, A1 o TFE] &
[EHH—EE] EBHSIDTH -7,

L L, Kb—@sis 74 Kl <
OS] 25 TROEIENTELETHAD
o 2ED, O [HH] 20U LIXkTUgZk
Mrs) &95&, AL © MEER] o<
HIEMEEU-DROEUg) BHEEL TV 5 &R
FELRLETESR, Mfagkh bEEFSEMATH
5, EE5hIFTREV] & [EU-H)IXE
Ueg) kDb RKTH 3B, LEIDIFTEHITV]
EREMETH 3] PRSI ERUELEBETHAD
Do BBV ER, TRELES] tdicid,
MEAL offgiEgEicdd 3, Whriasd [EH]
WEESNNEFERBEDOTH S D%

EIAT, TOXIREVICEBELT, §5.
4,77, O-ZBBOBREERED X R BWTH]
HInIIRTD 5,

One way to extend the concept of utility to
acts with an infinite number of consequences
would be to postulate:If U[f]and Ulg] both
exist(the values+ o and — % being regarded
as possible); f<g, if and only if Ulf]1<U
[g]. I see no serious objection to making this
though it might be

complained that the assumption is motivated

assumption outright,

more by general mathematical ituition and
experience than by intuitive standards of con-
sistency among decisions, which I have tried
to take as my sole guide thus far. A state-
ment almost as strong as the one in question
can, however, be derived on adjoining a new
postulate, P7, more in the spirit of P1-6.

2

%

coTUfll, EogoficEk Lk
12, EARBRHEEU-HDZ L THb, F 1z,
P7TOBMcL-T, 20 [FHE] UIERE
HoTLES>DT, KEDXDalmost as
strong asld, ¥ L3, asstrong asTRWLO
Thb, BB, +v=VKiE, [P1HSP6
TEEHRE LTZ D [FE] & [FEEN—E
Emand (THER] | cHERECED A %
W5 (1541 oMoRIFEERMICE 5 5)
Ml 28, Xo—iE MRl cfld 5%
HEbEBMNICELZA] ERELTLESC
EIt LT, BEHRBEBERERVWTHAHER
TWBLSED, L3378 KE] i3, 7=
UK OBEHIED» 5ThiE, ZOMHEEsEE
OHFMRE LIRSy, THA] BEE I
LTS3 [EE] THHRETHDTHS, L
»L, BEEOES >0 (HA] © I
£ BT 3) BoEoEas, o [RE]
TEHYKROZ EDL S FHENL TR &%
ZET0E, o MGE] PioBliciRRan
TW3 (A ERICHEBO D TH 5 &#ER
TAHEIERREEBSLETHAD, 2%0, %
O TEA] 5 TR0 TR EE R O]
ERSICEEL TV DR SE, BED [MEE]
%, BEOFEHRNcHd s EE] &L7Y
ROFO LI RZTANEL D LNEVA, L
L, BEO (—BHSHEENEICET 2) 1T
FRERO—BMH, 523VWIHEN FTREDCRE
Sk, BELERE >SNk AL ke -
T, ToxH MKE] %2, HEHICS -
EHS LWERE| k- TEHBS T
LRGN, EHPDHETHA D,
B, vvxVKIE, 8§5.40FHOBRET
HBT6EDI STTEI DT TOBRKT, [ThHER]
1 cHBRMAD Rl 0s2W5 [f7&]1] #
FTRE WX DI (178 ~&, T2IA
BESZB [fTA] 2HET 5 EOE&RICD
WTHRLTVEY, hid, TEREO M
B oaxW5 T4l 20 cEE LK
GO ERDLNTLEIENSEHZPSTBDOTH
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3, PlZiE, BAERLTVWE &I, AL
Dk, 10°430 1 WER/NOHEAE LT,
FRI000ELITELT, &5X 38410,
[ sG] BEMEERTE S L, F/4E
MINAZRIEE T 2881, PIEIOB/NOB
e LORREEZEYICRA T, [HA4E
BINAL REREERBE20TH 5, i,
N, MEOBREDTCE  STTHIC
D TOXEF[HE, More generally, it is
plausible that, no matter what set of conse-
quences is envisaged, each consequence can be
practically identified with some element of a
suitably chosen finite, though possibly
enormous, subset. EIBADTH 5, - T,
bLEmBi LS [BRED] IHER
DB 01E, DL bZEDOYANITE - TH,
MEfRicZ < o [FER) 2MmeE LTla M4l
O [ZA] 2RI ERET 5L, EBLE
&, BEBBWTELEL>TLEIDTH B,
LLl, 2oks% TEREO] BRIHLT,
vv=VRIE, TTHOEHE»I O=FH» 5L
HOXTROL S WEABDTH 5,

If that argument were valid, it could easily
be extended to reach the conclusion that infi-
nite sets are irrelevant to all practical
affairs, and therefore to all parts of applied
mathematics, But it is one of the most pro-
found lessons of mathematical experience
that infinite sets, tactfully handled, can
lead to great simplification of situations
that could, in principle, but only with enor-
mous difficulty, be treated in terms of finite
sets. How difficult it would be to study ge-
ometry if one made at the outset the “simpli-
fying assumption”that to all intents and
purposes at most 10*® points in space can be

discriminated from one another!

2E D, HEOHFHERMGEZ PTICHA

4 = VEERICBIT A iiEworldicoWnwT(6) HEH
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i, BEE LTV BRNERENICER T B
i, TAREO] IFERIOTREL, &
IRESZBUNHIAT 5 2 Lick D ER(LEST
SHH, ZORROAEEBEHM»r PRI LS
ZBTENEBLRTVODOTH B,

LIATY Y= VR, &O—E T4
~O %] ok & 0T, ERHO A
B ZBATBIEERBBDEN, HOKED
SEhud, o [AE] oFEo T, TR
EfE EELTWS MEAl © (BFicL-
TOEBICET 2) Hlnchrirb 3 0TI
NERSBVWRTTH B, D 0iRF, THHH]
OIRE & 12 5T HFNIC R TEHAP B WRE
RlrBicEbHdoTiREL, TEAL #H
BofrgsRie LT s [EHE] & LT
TART] bOEHEELLSRBRLT, TO
Mgz | iR+ 0, BB KR 28
EYELTHHEOENBEES I EERSRY
NERLRBVRTTHSE, €22 T, FTRUEP
THERENS §5.4,77, DRKRBOBRK £
EIRTH %,

Suppose that every possible consequence of
the act g is at least as attractive to the per-
son as the act f considered as a whole;then it
seems to me within the spirit of the sure-
thing principle to conclude that £ < g;the
same might as fairly have been said for the
relations >, and also for the two relations
< given B and > given B. This idea is formal-
ized in the following postulate, which, ac-
cording to the conventions of mathematical
double-talk, is to be interpreted as two
propositions —one having < and the other >
throughout.

P7 Iff < (&)9(s) given B for every s€ B,
then f < (&) g given B.

C T Twithin the spirit of the sure-thing
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principle& WA FHICEERL TH 5 &, Inid,
(EHE | P7TH [HEOKE, sure-thing
principle} @ [¥5#, spirit] IZ & - CTEIHE-
FondDEEEI VY = VROTRICHLD
265D0ThHb, LoL, 'HEORE] Z0b
DiF, TEE®R] O§2LTTHRNLNTVWE LD
FA=ZRIHOFROEEHTER LIcLD
i, TOPT LRBERERCTEIOTHYD, £
Bzhid, Nakvbvx: (MEAl 0f7AE LEXR
ARUBIZ & »T [HR] Bor8lEhb LT3

iz,

E, TOBE, RICABBRHLTWAET BD
BoEED ALl K& ->Thiddi & ba

LEETHY, —HREBSEHLTVWR ET
2oBLEFE0 [HAl kE-THELE D
B EbakBASETHEDOBLIE, BRI
LBAERHSTERICELbHEEE LS, THA]
KERLTWEZO AL i2&-Tid, bid
D Ebald%FETHE] LV HIBRTERE
ANz, (MEAl KL3BLEPORELDIC
Bt s, [RE| SoThh, cild, (MMEA]
RS LTwa R ] wki)2) & NREE]
g 3 (—HO T4l @) THER] 25,
SRR ERINAMMAD [1T4] LokEic
BV, DR LBEAZETHZDHESHE, 2D
[—hHo [fi&l] 3P tbzn THD
(74l CRA%THE, L5, vV VKN
FosIAXhTIRRLTWS, MoK E
B 28835 BRVWDTH B, B8, i,
ZOPT LRBEOYINTHERE, §5.5,83, 0F
BHOD B #%& T &, Strong form of sure-thing
principle L FEA TWB DS, T T TDStrong &
OSBRI EESTOPEFHEL TV,
oib +7 VR, TEFEIPTOHED

Tz THEOHFEE] % oY BAKRKI»
ﬂbé&§5zauomf,mamm,ﬁwb
TWIEWDTH B,

Lrl, [174) 22N EET L0
fE%, (ETEDDH S, 2T hEERRL,
MFER] fAHUHIERLANE, TOXHQ
BAEPEETEEDELTEN, PTO

2

o
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oI THBEOKE] ORI r 05
EHONBHRENRLIDTH B, KK, 114l g
(20 AL PREEE LTS TR
BIF5) & MR sicxtL T, 74l f&d
B EBRETH B, [FEER]Igle) 26T
L95&, (EfERAISRDENS, Hsloxt
LTgls) BB LbfEAELRD, /-T,
WICHE A S EHHITAE (H £T56E, &
sitRLTgle) EARED (HeEEFE
By, [THFE] © MRE] sHERICSZ 5N
TWBDHLIE, TOBEE, MThl g Kbk
59 [HER] g(s) WL b [T78R] PO
Beieod Rl N LEETHL] O
T, T [HEROKE] 05 5EUYEEE
5070, [REE] sick 3EA0 T 2RICH
S, (TR g B Ed 7Rl P
LRETHB] MRS LHBILTRVWTH S D
L, 70 (N LILWEREFTHZOT, [gd
B EBIEEETHE] CHBTLTRVWTH
59, &5,

LIATHYY=VKRPT2EA LI, H
RINEFIFHLT, §5.4DT9HD 580E I
FTOEMT, (Al oBAck-T (A
HHIRFEEFIE L O EEBMICRBITE S (&
i & 3F5I{b] @ % OFFHSEERICHAR T &
BZEERTDOTHB, I LEDOEE, PTOD
BAITE T, S (EARHEROBLEEF A
LOBRcERK INER] Lz T3 H] BER
Ll rc A, HRIZBBRTVRVL, ik
80E ®Doverhk TOMIIE T, Peter Fishburn(l
970, pp. 194, 206-207)and I have since discov-
ered to my surprise that these postulates
imply bounded utility, which puts the next
several paragraphs in a new light, &aB~<XT
W3, %D, OHOKEBORED S82HD §
5. 40KREE ToEmRE, [$H] oBAKKES
DVWTWED > O DTH B, LrL,
FITOYY = VROREE IR d %
W EEASEATVE X Bbhi0TH
%o
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ZZTREMS8IHICh T TOREAR L &
RTH b,

It would be possible to explore unbounded
acts for which expected utility exists to see
whether expected utility governs preferences
among even such acts under postulates P1-7
or under some extension of them.* I do not
think, however, that the question is suffi-
ciently interesting to warrant attention here,
especially since there is some reason, first
stated by Gabriel Cramer in a letter partially
reproduced in [B10], to postulate that there
are upper and lower bounds to utility, in
which case all acts would necessarily be
bounded.

CCTCTRHEOXOKRED E> &+ 13 ETH|
ML 7DoverlR COME A RTHDTH 3, &
7o, TERTROVENTR] LE->TW0aEY, <
D TERTRV] ik, BEELTO [f74]
EPL1POP6ETRAENMRE LT [FEL &
[SEEM—EM] EMBBHRSNTW3) R
EOEERY T2 [MAl © HHE]
BLTAENIERTH S LEH2bTTRE
W] EEHTETHB, FhIITH T2 VEK
@, T3] & TRAl k&> TERTH 3
EFIRT B HOEBNDH 2HIRH18HIED
AR RSN TVLAD T, [ARTHL
FEiTal wET AL X 2R shE
PEHEAICERT 2B LEVESE>TVED
Thb, KOBPTHBICEAINTVEDT,
Yo VKO [ BERERZD, HELRE,
TERTRVETAE]l BEELTOVREVLDOTH
%,

IHIERSIEOMNEHDBEEO=FBELT
DX EFFIERTH %,

Again, it is often said, in effect, that the
utility to a person of immediate death is a

¥ = VEBRIC BT 2 iEworldicoWnwT(6) H
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consequence of minus infinite utility, but
casual observation shows that this is not true
of anyone—at least not of anyone who would
cross the street to greet a friend. In the same
vein, medicine often gives lip service to the
idea that the death of a patient is of minus
infinite utility, and, of course, doctors do
go to great lengths to keep their patients
alive;but a doctor who took the idea too seri-
ously would make a nuisance of himself and
soon find himself with no patients to

treasure.

TCTR, [TAOERK] O%A] 25/:5
TR EE5 L5 BHERIR, SZEo btk
EkshzprbLaind, EED [FEA] @
HYSNITERRNcERTNE, T0kH R
R BboE>26B0VOTHD, THREOD
R ERE-Thd, MERKC TRE]] &
EIDITTRIBVTH A, 55T &HMHEE
RHIRENTOBEDTH B, oE D, [HIEK
FHATLESL &M TER] ~& TEBEKD
BE] 2bbTLEE->Th, EEIE, L
HEE2R g i (KEWBETRI-TD
MfERis]) @Y 2@ -720bbd 5L, £
TEEO] & TERAROEEL]) = [EMl ~
EboTERE-TD, EBE, TBE] o
HoWATTHEZABLEML L>BE L, &
HO [EH] B53EZ 0B LEVOTH 3B,

I, ZOREBEOROBEESIHT %,

If the utility of consequences is unbounded,
say from above, T then, even in the presence
of P1-7, acts (though not gambles) of infi-
nite utility can easily be constructed. My per-
sonal feeling is that, theological questions
aside, there are no acts of infinite or minus
infinite utility, and that one might reasona-
bly so postulate, which would amount to
assuming utility to be bounded.
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TR T BWileyl R COME%E/RT B
DTHY Fhz25|FIERTH %,

t That is, if, for every V, there is a con-
sequence f such that V<_U(f). This manner of
speaking is permissible;because in view of
Theorem3. 3, if one utility is bounded, all

are,

LTCRHLEBETPL-T - TWVWB,
WEER, P1l-6&3R&bDTHB, Efe,
R okBERRTHZ (A BER
Th 50 51E, o $HH] s 250
b TR © TRORMEA] i3 [174]
BEELRWI EERBDT, WEEZELNE,
MERA] 230k [ROERK] HEMH
L33 (174l BEAT OB THH] &
BRTRREW, EE5&E83, T,
Tl DERTREVOESIE, PI1H5P6 &
TARHRE LT, BRFAL THRK] &
30 TEDERK] £125 [f74] OBfE:
BB ROFEAEFRA L OBRGIORT &P
TEXA5D0DTH 5B, P& - T, which would
amount to =5 L EK B, EHEEDTI,
—o® [$IHl BECEERZ L, THHE]
o MFEFEH—&L] cky, fio FA) L
KHEEREBOLIBEBR, EESTEND
BETHbB, BB+ Y VRIE, PTOEAR
X-oT ] BEREB-TLES T LI
FoVWTWIED -2 D7EH, [FhoM AL
U i3, My personal feeling] &I &b
Lo, EAREshE LS TERA] ® B OMEREA ]
L85 (114l BPEELEBZEE I FRERY
TWBDTH B,

LT AB—THIEZ, T3E] oBREER
FICRET 2 EEEBLELD LT HEEZS
RTOTHY, TOIHIBH T = VKD [LO
Ehl 3R S1E D 582HE I i TOBE
KHENLTWA,
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Justifiable though it might be, that as-
sumption would entail a certain mathemati-
cal awkwardness in many practical contexts.

For example, as will be discussed at greater
length in Chapterlb, it sometimes seems rea-
sonable to suppose that the penalty for acting
as though a particular unknown number were
fi instead of its true value, g, is propor-
tional to § *=(u — 4 )*. But, if the possible
values of 1 are unbounded, then so are the
possible values of &, so utility is here taken
to be unbounded. On close scrutiny of such an
example one always finds that it is not really
reasonable to assume the penalty even
roughly proportional to &% for large values
of 6%, but rather that large values are so
improbable that the error made 1in
misappraising the penalty associated with
them is negligible compared to the saving in
simplicity resulting from the misappraisal.
If the assumption of bounded utility were
made part of the theory of personal
probability, then any example in which
unbounded utility is used for mathematical
simplicity would be in contradiction to the
postulates. I propose, therefore, mnot to
assume bounded utility formally, but to
remember that problems involving unbounded

utility are to be handled cautiously.

T Y= VERR, [FHE] YERTH S
Tl (ECETHHIRERL T E0IAHH
7299 AMHBIT-TWw3 (HBRKE-TOHE
DEMThPD5) HERESE RN EST
XB5ThHhAHELENLS, [HEREDCIRE]
B, FEERLE, BENIORVEZERERL SO
LTLEATHESLIEBRRTVEDTH B,
ICHEELICET AR, 2%, [ED] E
L THEsSn) EEOEOBHEY (20 [HE
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Eane | HERHATANRE~NE LSRN
3) BATHZERTLESNBRBITE VT,
[Ho] HLB0BR2E0LEBEATERL
ELTED, HESHh] EEEELTEL
L, TOHFHELEB OB EO2MEIE EICHE
FREG, [FRHORE] PYETRE SR
RIBBDTHbB, SLifHid, BRTHL L
BELEDONTVWA I O(HEBEICLB)A
Ro|ERD U] &, TE0] Er [H#HES
Nl EromEpBIHE-T, HER] &3
FEOEE WERICHBE L D & B EFER LS,
Lal, —h, TED] EsEL RENBI L
itbu {, &7z, ORI EM] b
72 & TS B X 10 & 0 B O S1h e
ROEHShZ0OT, FEOHES ERML K
L THFEBEERBE LEFBBETHAS, &
OBEDHEETEDTH B, SOICE I,
BB s 218 5 - icFERE [HA) %
FIELEBERTH BN E, BB LT
WABBAKIEROERG &2, LA EPETT S
ZEEFEST, [FH) oBREEZ 7+ — <
KIMRELBWEWHINEARAH LT 20T
Hb, 2EDWIF, TITR, EETLIT
VARSI ERE LB ONIB L ARIBE B A
MTOREAZLTVWBEIEEBEIDTHE, L
HL, WOPIHOPT £ TORMELAFHET
5L, T5HA) 3EREBY, 20L& 5 B2
3, @WEERE, B LEBRWT &L BRER
DTH b,

LA T, LTRIHLBEORDBEE, -
0, §5.4,82, O FHDOEBERE EKRT
» 5B,

To take stock of the chapter thus far, util-
ity having been established, it is now super-
fluous to consider that consequences may be
of all sorts, since the postulates imply that
in virtually every context a consequence is
adequately characterized by its utility, some

one utility function having been chosen from

KB BiEworldicoWwT(6) B
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the linear family of possibilities. Therefore,
unless the contrary is clearly indicated, £, g,
and A will henceforth mean not exactly conse-
quences in the sense used to date, but rather
real numbers measuring utility in units to be
called utiles. Correspondingly, an act f will
henceforth be understood to be a real-valued
random variable. The entire theory of
preference, at least for bounded acts, can

now be summarized by the following résumé:

R f<g given B, if and only if P(B)=0
or E(f—g | B)<0.

From now on, though not formulated as a
postulate, it is to be assumed without fur-
ther quibbling that R holds, provided only
that E(f)and E(g)exist and are finite;no at-
tempt will be made to compare acts for which
the expected value does not exist or is

infinite.

IEROBEERIC LT 7  —= VIZRENE,
R 25001, v 7= VEKORHERE
Bz LTWBRY ZORFRIIF T EL > 2id
TIRDKEN, ZTOREREARETEE, [H

J@Fﬁﬁja%wrigm— rJ&#ﬁ

,, kR, & THER] wizo AL
’Cﬁﬂﬂéﬂéiﬁ{ﬁmﬁiéuktméo zZ
T, [BH] 2—2FEEL TBVT, & [FHER]
ik, 20 [#ER] o (Al k& ->ToED
BhroBEEEZZO [FA] Kk-T THIET 5]
ZEitk-ThoEdND, ELT2—-%94
W, utile] EF D BAER - 7o, ERESN
BLTWBERKBLT, COREKEE, &k
EEKD R THE2LOXICHOE-
Td, BNfNLERETY LT’ EERIET

TERB->TERTEHRECBOIELELS
THHd, £tz, TOES T (KRS ITHIE
T5) EHEEEARD HR| THr0kD
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WRELTLESFEEFHRE T 501 5,
& T34 %, THFE] of% DRE] el T
FHHEE NS EIERERLT LD, AR
RITHAD, 2D, [FH] ODEAK K-
T, & [11hA] #FEBEEMAERLEHTH S
POXHCRBTIEN THRICI ES>DTH
%,

L ZATEOBIRXHD TER] Ric>WT
RS, fE L TREMcERRE 741 o
LTRIOROKIEFITRENT W B HiF 7
», ¥z VKR, T2, apostulate] &L
TOEDALIF LIV, (HALl © THEE] i
Bt 2) HROUFBENEEST S (174l MT
S TORBELTBDREE [IRET 5] &k,
7o, HWIRHEMSTEE LV [1T4] ©, BEL
Td TR © TAOHIRA] &85 [fT4
LT, 2hoz KT 5] CERES
BWERxB30DTHS, LrL, PILHEPT
FTAFHRE TN, ) BERETD,
PE- T, BEORELTO 174 o LTk
ST BEIEERD, BHABAEZRATYLS
A% TtV TMEE] 3, wEERE, &
BRI BBEDTH S, £257T, [THAL
O TR BT 5) BROWPHENHEET 5
(14 BTRBBALT 2 & [IET S]] & F
5 &k, HoBARNEE»POTNE, £
MEA] OFFERR~0H2 [BE] 2EAT
BT EThHy, MBHTEFENE [RE] 2F
ETBIEERBELBRTTHD, L, —
H, o ME] % [AE] & LTI #-
TLESTELREELTVWADTHYD, T
o, ZORKET aoBERE IR, (EAL
HEACHFT2HBELTO) [RE] EES
BT 3 (BEED) TLOfENh] SEIEL
TVWBLIICEDNEZDTH %,

5. HSEYBEOHESICEAT3ER
+v = VIKIE TERER] 0 EHE,S104KIC
M TD §5.6 (FKEEiZHistorical and critical
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comments on utility) O®¥ 7T, HEHHO
EEsoBHEicEk 2o, ERELTE, T
HSicxtd 32 BoirEh50) FEREIT-T
WBDTH 5B,

§5.6,91, 0 " EBHOBREOTIHEO =X % 5|
CERTH %o

As was mentioned in §4.5, the earliest
mathematical studies of probability were
largely concerned with gambling, particu-
larly with the question of which of several
available  cash gambles is most,
advantageous. Early probabilists advanced
the maxim that the gamble with the highest
expected winnings is best or, in terms of
utility, that wealth measured in cash is a
utility function. Some sense can be seen in
that maxim, which will here be called by its
traditional though misleading name, the
principle of mathematical expectation.
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% 72 4% 13 % D212 Bernoulli, Daniel, 2 &
3 (IS{HOEREIc s & nt) HERicRo L H i
EL SRR

Second, Danie] Bernoulli, who, in [B10],
was one of the first to introduce a general
idea of utility corresponding to that devel-
oped in the preceding three sections, made
the following analysis of the principle, which
justifies its application in limited but impor-

tant contexts.
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208, EXbEhBIEEBBOTHDB, KB,
NEOEHDOERE T, BENTREORE]
EREHICZTANBRETHELEES LD
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Bernoulli, Daniel, OfERFHLERENTVS
B, T VERRFORBOXTRD &5 I
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None the less, the principle was at first so
categorically accepted that it seemed para-
doxical to mathematicians of the early eight-
eenth century that presumably prudent
individuals reject the principle in certain real

and hypothetical decision situations.

Ao I BRE-ED §5.6,92, 0
ZHOBREAGIC ERTH B,

Daniel Bernoulli(1700-1782), in the paper
[B10], seems to have been the first to point
out that the principle is at best a rule of
thumb, and he there suggested the maximiza-
tion of expected utility as a more valid
principle. Daniel Bernoulli’s paper reproduces
portions of a letter from Gabriel Cramer to
Nicholas which

Cramer’s chronological priority to the idea of

Bernoulli , establishes
utility and most of the other main ideas of
Bernoulli’s paper. But it 1is Bernoulli’s
formulation together with some of the ideas

that were specifically his that became
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popular and have had widespread influence to
the present day. It is therefore appropriate to

review Bernoulli’s paper in some detail.
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Bernoulli, Daniel, MBEHLTVWEELESOD
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%, Cramer, Gabriel, % 5 Bernoulli,
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Many examples show that the principle of
mathematical expectation is not universally
applicable. Daniel  Bernoulli  promptly
presents one: “To justify these remarks, let
us suppose a pauper happens to acquire a lot-
tery ticket by which he may with equal prob-
ability win either nothing or 20, 000 ducats.
Will he have to evaluate the worth of the
ticket as 10, 000 ducats;and would he be act-

ing foolishly, if he sold it for 9, 000 ducats?”
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But the principle is neither obvious nor de-
duced from other principles regarded as
obvious;so it may be challenged, and must
be, because everyone agrees that it is not

really insane to insure,

2% 0, MHENPGEORE] Bz F
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ETAT, TORDEE, oF D §5.6,93,
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Bernoulli cites a third, now very famous,
example illustrating that men of prudence do
not invariably obey the principle of mathe-
matical expectation. This example, known as
the St. Petersburg paradox (because of the
journal in which Bernoulli’s paper was
published) had earlier been publicized by
Nicholas Bernoulli, t and Daniel acknowl-
edges it as the stimulus that led to his inves-
tigation of utility. Suppose, to state the St.
Petersburg paradox succinctly, that a person
could choose between an act leaving his
wealth fixed at its present magnitude or one
that would change his wealth at random, in-
creasing it by (2"—f) dollars with probability
2 " for every positive integer n. No matter
how large the admission fee f may be, the
expected income of the random act is
infinite, as may easily be verified. Therefore,
according to the principle of mathematical
expectation, the random act is to be pre-
ferred to the status quo. Numerical examples,
however, soon convince any sincere person
that he would prefer the status quo if fis at
all large. If fis$128, for example, there is
only 1 chance in 64 that a person choosing the
random act will so much as break even, and
he will otherwise lose at least$64, a
jeopardy for which he can seek compensation
only in the prodigiously improbable winning

of a prodigiously high prize.

LT HBHOXD@PIcWileyhk T @ A 53
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T Daniel refers to this Nicholas Bernoulli
as his uncle, but, in view of dates mentioned
in the last section of Daniel’s paper and the
genealogy in Chapter 8 of [B9 1, I think he
must have meant his elder cousin(1687-1759),

perhaps using “uncle”as a term of deference.
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Appealing to intuition, Bernoulli says that
the cash value of a person’s wealth is not its
true, or moral, worth to him, Thus, accord-
ing to Bernouili, the dollar that might be
precious to a pauper would be nearly worth-
less to a millionaire—or, better, to the pau-
per himself were he to become a millionaire.
Bernoulli then postulates that people do seek
to maximize the expected value of moral
worth, or what has been called moral

expectation.
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Operationally, the moral worth of a per-
son’s wealth, so far as it concerns behavior
in the face of uncertainty, is just what I
would call the utility of the wealth, and
moral expectation is expectation of utility. It
seems mystical, however, to talk about
moral ‘worth apart from probability and,
having done so, doubly mystical to postulate
that this undefined quantity serves as a
utility . These obvious criticisms have
naturally led many to discredit the very idea
of utility, but 8§2-4 show (following von
Neumann and Morgenstern) that there is a
altogether

more cogent , though not

unobjectionable, path to that concept.
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Von Neumann and Morgenstern prove es-
sentially this theorem, as well as the preced-
ing one, in the appendix of [V 4]. The
following proof is theirs, expressed, as the

teacher used to say, in my own words.
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Bernoulli argued, elaborating the example
that a

fixed increment of cash wealth typically re-

of the pauper and the millionaire,

sults in an ever smaller increment of moral
wealth as the basic cash wealth to which the
increment applies is increased. He admitted
the possibility of examples in which this law
of diminishing marginal utility, as it has
come to be called in the literature of
economics, might fail. For example, a
relatively small sum might be precious to a
wealthy prisoner who required it to complete
his ransom. But Bernoulli insisted that such
examples are unusual and that as a general
the

mathematical terms,

rule law may be assumed . In
the law says that
utility as a function of money is a concave
(i.e., the negative of a convex)function. T

It follows the

concerning convex functions (Theorem 1 of

from basic inequality
Appendix 2 )that a person to whom the law
of diminishing marginal utility applies will
always prefer the status quo to any fair
that is,

which the change in his expected wealth is

gamble, to any random act for
zero, and that he will always be willing to
pay something in addition to its actuarial,

or expected, value for insurance against any
loss to himself, The law of diminishing
marginal utility has been very popular, and
since

few who have considered utility

Bernoulli have discarded it, or even realized
that it was not necessarily part and parcel of
the utility idea. Of course, the law has been
embraced eagerly and uncritically by those

who have a moral aversion to gambling.

2

B % 46—4

2%, [$HTREASNIE] BT 5[
EENIEHE, ZOEABNb2T0 (24
TRESNZE] BEMT 21 -T, kb
B CEEAMEOHS | 2603 s &R
%, &E 5 DA, Bernoulli, Daniel, D FIE
DD, i, HAERDEZ—FT, O
FER) AEEIERT2ERETHLITH 5,
LearToo [FEAL & SECEELTES»
WWEALT AR RICMTH B L, o
FoRBIc LichThs %, FELTVLS
ZEENBTEAIN, FOREELT, O
KO AR SSTIRES [HAL &, £
BTREINIE| OXLFHEICET 2 HRHES
BLEB [T, 2Ehvbwd [RIERLH
31 k0, TBIRMR] 028 RT 2L
ERBETTHEL, i, HREFENISEEE
KMAT, WS bhroeiEs [HE] Oewic
FOBEENRDHBRITEOTH 3,

BBy Y= VRIE, o [[RASHBROL
HI] SAANOBICIERICIRE -7 2 &2,
F7, <o [ B850 bFHRBEKOES
DO—IRRTHBPDLS PO FbN TR
EERERL, ZULT, Mo 2 8M0R
BEHEER->TLWEAANRE->T, ¥ROZ &
BHS, Bl o SRrsh TRz &
Kb EkRTEZ0OTHB, &I AT, Bernoulli,
Daniel, i3, BZAILE > TRIBEDH 3—E
BHOEENEREBICE > TRENEFIEMENSH
AHIFTRIEL, LEIEESNBIRNEER
LT, o MR 28AT 2b37205, —H,
T2 VR, TOXIREADOPRY IR
BaER->-TVwW320TH 5, £, §5.6,9,
OZHBHOBEEEF I FIERTH B,

What, then,
guments that led to the notion of diminishing

becomes of the intuitive ar-

marginal utility? To illustrate, consider the
poor man and the rich man in the rain, Those
of us who consider diminishing marginal
utility nonsensical in this context think it
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sufficient to say simply that it is a common
observation that rich men spend money freely
to avoid moderate physical suffering whereas
poor men suffer freely rather than make
corresponding expenditures of money;in other
terms, that the rate of exchange between
circumstances producing physical discomfort
and money depends on the wealth of the

person involved.
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It seems to me that a good argument can also
be adduced for supposing utility to be
bounded from below, for, however wealth
may be interpreted, we all subject our total
wealth to slight jeopardy daily for the sake of
a large probability of avoiding more

moderate losses.
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Ramsey improves on Bernoulli in that he
defines utility operationally in terms of the
behavior of a person constrained by certain
postulates. Ramsey’s essays, though now
much appreciated, seem to have had

relatively little influence.
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The question was answered by the construc-
tion of Ramsey and again by that of von
Neumann and Morgenstern, which has been
slightly extended in §§ 2-4;it is simply a
mathematical fact that, almost any theory
of probability having been adopted and the
sure-thing principle having been suitably
extended, the existence of a function whose
expected value controls choices can be
deduced.

2FD, ¥V VROIEFE,STHE, TOM
frED THEA] OB LHEIT s L e
LD = OFEY, BANEROBMSS [7H
BOFHE] 220 [HER] S LEdDIthrb
BV ohD [RE] »oEEINBEES T
L, BUIHENEFRCEINIESRTVDOTH
%,

Lin LRI COXIEE Z=2 DX TIRD & 5
ITHRNT W B,

That does not mean that as a theory of actual
economic behavior the theory of utility is
established and

absolutely cannot be
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overthrown. Quite the contrary, it is a
theory that makes factual predictions many
of which can easily be observed to be false,
but the theory may have some value in mak-
ing economic predictions in certain contexts
where the departures from it happen not to be
devastating . Moreover, as [ have been
arguing, it may have value as a normative

theory.
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The von Neumann-Morgenstern theory of
utility has produced this reaction, because it
gives strong intuitive grounds for accepting
the Bernoullian utility hypothesis as a conse-

quence of well-accepted maxims of behavior.
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