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Savage, Leonard Jimmie, The Foundations
of Statistics, Wiley, New York, 1954 (Sec-
ond Revised Edition, Dover, New York,
1972)
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With the construction of utility, the theory
of decision in the face of uncertainty is, in a
sense, complete, I have no furhter postulates
to propose, and those I have proposed have
been shown to be equivalent to the assump-
tion that the person always decides in favor
of an act the expected utility of which is as
large as possible, supposing for simplicity
that only a finite number of acts are open to
him. At the level of generality that has led
to this conclusion there seems to be little or
nothing left to say. To go further now means
to go into more detail, to investigate special
types of decision problems. One type of deci-
sion problem of central importance is that in
which the person is called upon to make an
observation and then to choose some act in

the light of the outcome of the observation.
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The consideration of such observational deci-
sion problems is a step toward those prob-
lems of great interest for statistics in which
the person must decide what observation to
make, that is, of course, what to look at,
not what to see. They are the problems of
designing experiments and other observational

programs.
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Observation is a concept essential to the
study of statistics proper, most of what has
been said thus far being preliminary to, but
not really part of,

chapter and the next one,

statistics, even after this
on observation,
there will still remain a major transition. One
important feature of much of what is ordinar-
ily called statistics is, according to my analy-
sis, concerned with the behavior not of an
isolated person, but of a group of persons

acting, for example, in concert. In later

chapters 1 will deal, so far as I am able,
with the problem of group action, but pre-
liminary considerations bearing on it will be
made and pointed out from time to time in

this chapter and the next.
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Though the details of these two chapters
may seem mathematically forbidding, drastic
simplifying assumptions are made in them to
keep extraneous difficulties to a minimum.
These typically take the form of assuming
that certain sets of acts, events, and values
of random variables are finite. Even in ele-
mentary applications of the theory, these sim-
plifying assumptions seldom actually hold. In
some contexts, it is quite elementary to relax
them sufficiently; in others, serious mathe-
matical effort has been required; and some
are still at the frontier of research. Relaxa-
tions of the assumptions will be touched on
from time to time, sometimes explicitly but
sometimes only implicitly in the choice of

suggestive notation and nomenclature.
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To begin with an informal survey of obser-
vation, consider a decision problem, that is,
a person faced with a decision among several
acts. Calling it the basic decision problem
and the acts associated with it the basic acts,
a new decision problem would arise, if the
person were informed before he made his de-
cision that a particular event, say B, ob-
tained. The new decision problem is related
to the basic decision problem in a simple
way, for the acts associated with it are also
the basic acts, and the decision is to be
made by computing the expected utility given
B of the basic acts and deciding on one that
maximizes the conditional expected utility .
The basic problem may be modified in still
another, though closely related, way. Let the
person say in advance, for each possible B;,
which of the basic acts he will decide on

when he is informed, as he is to be, which
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element B; of a given partition obtains. This
will be called the derived decision problem
arising from the basic decision problem and
will be

speaking, the

and its acts
called derived acts. Technically

derived acts are determined by arbitrarily as-

the observation of i,

signing one basic act to each element of the
partition. For any state s, the consequence of
a derived act is the consequence for s of the
basic act associated with the particular B; in
which s lies. The terms informally introduced
in this paragraph are defined formalily later in

the section.
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A derived decision problem is not necessary
different in kind from the basic problem; in-
deed it is quite possible that the basic prob-
lem can itself be viewed as derived from

some other basic problem and observation.
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Formidable though the description of a de-
rived problem may seem at first reading, its
solution is,in a sense, easy and has already
almost been given, for it is clear that, if
P(B:) >0, the person will decide to associate
with B; a basic act the expected utility of
which given B; is as high as possible, and,
if P(B;)=0, it is immaterial to the person

which basic act is associated with B,.
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It is almost obvious that the value of a de-
rived problem cannot be less, and typically is
greater, than the value of the basic problem
from which it is derived. After all, any basic
act is among the derived acts, so that any ex-
pected utility that can be attained by deciding
on a basic act can be attained by deciding on
the same basic act considered as a derived
act. In short, the person is free to ignore the
observation. That obvious fact is the theory’s

expression of the commonplace that knowl-
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edge is not disadvantageous.

[EHENn | MED [MHE] 13, 2o/E
BEIHPOE SN L EBMED [HifE] X
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It sometimes happens that a real person
avoids finding something out or that his
friends feel duty bound to keep something
from him, saying that what he doesn’t know
can’t hurt him; the jealous spouse and the
hypochondriac are familiar tragic examples.
Such apparent exceptions to the principle that
forewarned is forearmed call for analysis. At
first sight, one might be inclined to say that
the person who refuses freely proffered infor-
mation is behaving irrationally and in violation
of the postulates. But perhaps it is better to
admit that information that seems free may

prove expensive by doing psychological harm
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to its recipient. Consider, for example, a
sick person who is certain that he has the
best of medical care and is in a position to
find out whether his sickness is mortal. He
may decide that his own personality is such
that, though he can continue with some cheer
to live in the fear that he may possibly die
soon, what is left of his life would be ag-
ony, if he knew that death were imminent.
Under such circumstances, far from calling
him irrational, we might extol the person’s
rationality, if he abstained from the informa-
tion. On the other hand, such an interpreta-
tion may seem forced, (Cf. Criticism (f) of

§ 5.6.)

[HEOEN] Ed5FRHONAELRHET
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4. [BZ] EWSZE ((ZOTRT] Of)
§6.2,107, DUFEH DEEZFIC LR TH b,

Examples of decisions based on observation
are on every hand, but it will be worth while
to examine one in some detail before under-
taking an abstract mathematical analysis of
such decisions. Any example would have to
be highly idealized for simplicity, because the
complexity of any real decision problem defies
complete explicit description, but particular

simplicity is in order here.

[Big2] IcERD{EL V) BRI PDLo
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The person in the example is considering
whether to buy some of the grapes he sees in
a grocery store and, if so, in what quantity.
To his taste, the grapes may be of any of
three qualities, poor, fair, and excellent. Call
the qualities @ generically and 1,2,and 3 in-
dividually. From what the person knows at
the moment, including of course the appear-
ance of the grapes, he cannot be certain of
their quality, but he attaches personal probabil-
ity to each of the three possibilities according
to Table 1.

TaBLE 1. P(Q)
Q (uality) | 1 2 3

P (robability) | 1/4 1/2 1/4

ZITHELTS [FofA] 3d 55
BIECTRYRRTEY, [207F Y] 2H
ADER, FLEI EThEEDL 5oL
EEIONPT, ZHORUATHELDLET S, &
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The person can decide to buy 0,1,2, or 3
pounds of grapes; these are the basic acts of
the example. Taking one consideration with
another, he finds the consequences of each
act, measured in utiles, in each of the three
possible events to be those given in the body
of Table 2. The expected utilities in the right
margin of Table 2 follow, of course, from
Table 1 and the body of Table 2.

TABLE 2. UTIITY f(Q) FOR EACH f AND EACH Q

Q
f 1 2 3 | E(
0 0 0 010
1] -1 1 311
2|1 —3 0 5|12
3| —6 —2 6| —1

[ZO@ANZ[FoT Ky oD 0, 1, 2,
HEVIIRVFEE)ZLERETEDLDLO
T D, ZOEE, TRLEMEODBFFEARZ D
BITOEBMITH L 2B, 22T [ZOMEA]
i, NP INREELTC, [F0OT7FY] @
REETRTZODOWEEL [BE] oBoBOL
MBI THENED 2L AN [H
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The entries in Table 2 have not been chosen
haphazardly, but with an attempt at verisi-
militude. Thus it is supposed that if the per-
son buys grapes of poor quality his dissatis-
faction with the bargain will accelerate rapidly
with the amount bought, which seems rea-
sonable, especially if the keeping quality of
poor grapes is low. He is, of course, unaf-
fected by the quality if he buys none. Again,
buying a few fair grapes may be mildly de-
sirable, but overbuying is not. Finally, ex-
cellent grapes are worth buying, even in
but the utility of the pur-

chase increases less than proportionally to the

large quantities,
amount bought,
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The correct solution of the basic decision
problem is to buy 1 pound of grapes; for
that act has, according to the right margin of
Table 2, an expected utility of 1, which is

the largest that can be attained.

EENEEEDE LYy, correctf# i [#
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TR B, 0% D 108E 2 H109E 12
T TOEERFIC ERTH B,
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Now, suppose the person is free to make an
observation, that is, a new observation in
addition to those that may have contributed to
the determination of the probabilities in the
basic problem. It may be, for example, that
the grocer invites him to eat a few of the
grapes or that the person is going to ask the
woman beside him how they look to her. Let
there be five possible outcomes of his obser-
vation, call them x generically and 1, 2, 3,
4, and 5 individually. I assume, though this
feature is rather incidental to the example,
that low values of x tend to be suggestive of
low quality. The joint distribution of x and
Q, that is, the probability that x and @Q si-
multaneously have any given pair of values,
Those
probabilities, each multiplied by 128 for sim-

is of central technical importance.

plicity of presentation, are given in the body
of Table 3. The right-hand and bottom mar-
gins of the table give, also multiplied by
128, the probability of each value of x and
each value of Q. The marginal entries are, of
course, obtained by adding rows and columns.
As indicated in the lower right-hand corner of
the table, the probabilities assumed do indeed
add up to 1, and the bottom margin recapitu-
lates Table 1.

TABLE 3. 128P(xNQ)

Q
x| 1 2 3 | 128P(x)
1] 15 5 1 21
2110 15 2 27
3| 4 24 4 32
41 2 15 10 27
5| 1 5 15 21

32 64 32 | 128
128P(Q)

[ZO7Fy] KEBLTWS [FO@EA]
EHIC [HE] T2 207E LTHALY,
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7272L, 2o [HE] L, ERERyHErEc
BIE ([F0FEAN] 1ICEoTD) [HE] 2%
DEBICEFEETLTHSI L)% [BE] o
LT, 86ICMALNBEZ EELn (B
DDOTHALETLEDTH L, Bl2IE, FOEH
MEEOEAN, [Z0@AL LT, [0
Y] A LETKRET S L) I8 500
Livzwl, 72 [#0FEA] 25, izbhbbd
TR LT, 207 Fy ] dfgkicizro
FORRZBOPEFZRI)ETHENLD LIE
WDTHbBE, 22T, [FOBAICIAE
8| ONELRERFEHTHE2HLbDE L
T, #N0b %, — &I i3x, 508 1212
1, 2, 3, 4, RUSLIERZ L TR, F
72, sDEPFEL RBENVHIZLIE [FOTF
Y| OREFENDLDTHBEAH L v EH
ERTODET D, FIT, xRUQOEES
MEEZDDEDN, Ihid, xRUQIVEEIC
B2oNTwS(lEISR D) ITEMEE LTHRS
LD [HER] #E2B5L0HITETHY, =
noo [REE] X, 37 = VEKOBEARHRS
IZHED) EBEENRTWAE [FOMA] 12XoT
EDOLNDEDTHD, €T, ZhbdD[HER]
&, BIDEHEFTHELONE LT L, 1277
LZIDFKR3TIE, EROBREBHHICT -0
12, [HEER] oFEICx L T128(=2") 2501 &
NTWBEDTHE, T2, TORDEARVE
DIFITIX, BOBOD, xR UQ DEIZHT 5
| PRRENTVBDED, b bEED
(W] EIZ128% 72D Th b, 2385,
INODORAD [#HR] HiX, ZhrmiAsh
TWAERICHDT 217H 5 WIdFIICBIT 54
BRETLEDEEL—F LT 2IThiE%:
LRWDTHE, 2B, TOEDTDIEHOH
BOHDEIRLTVE LI, ZOEORE
HATEAINTVE [HR] HE3ITEL
Ebhb¥bLIELBDOTHY, T/, ZOFED
EOBOEMIEL AL, 32(=2), 64(=
2°), RUB(=2) LV HIEERLTVAED, &
NERIDONBERBELTWEDTH 5,
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INICHESEE, 2F D §6.2,100, 0 "FH
DEHEZFICERTH S,

Conditional probabilities can easily be read
from Table 3. Thus, for example, the condi-
tional probability that x is 2, given that Q is

3, is 2/32, and the conditional probability
that Q is 2, given that x is 4,is 15/27. It
will be seen in later sections that the distribu-
tion of x given Q 1is, in a sense, even more
fundamental than the joint distribution of x
and Q.

W OPD &2 EHEE] FRIDPOLES
CHABMBZENTELZ LIIEETRETH
o BlziE, [QIE3THAE] &) &ihrs
ABENTWABED, [xiZ2THa] L)
LD &Moo EHE] E, [QE3THA]
twH ko (Rl #aREL, Q3T
HY, PoxiE2THE] LI LD [HER]
EOTETH, DRICLoTEENSEHY, Th
132/3212% L. 5D THY, 7, [xl34
Thb] LV)FHEIFIOENTRIHED,
[QIZ2THBEH 2 L D&MD R
&, [xi34THB] EndHZ e [HE| %
FEEL, 2134 THY, »2QIE2TH5]
LI ko [#E| #5183 5, 58BICE
STEENDLD, ZNIEFIS2TICELLZBD
Thb, L2B5T, [QFF20NTWEEE
O, xWEATEEEOES] A, HEERI
BWT, LW EBNLEEST O L ELS
&, T2 VRESZTRELTWSD, Zh
1, HERNRBICBVTIE, QEVvbYw s
BERL, TOEBOEFHIETVDLO B BER
Wb bOMOEHEZDTHEDIL, FD
CORBIIEERIREICES ) b0 TELW
DIFTHB, Pl D IOEPTITI, Ao
WEFFWEB BN TR, RTQDOEAS
il kDD ZOEBEOEFROTTH LY KRN
ThHsre, Y72 VRIFHEHLTWEDTH

2

o
%,

NS BEE, 2 D109E 51108 1CHh
T TOBREZFICERTH B,

48—4

There are 4°=1,024 derived acts, since one
of the four basic acts can be assigned arbi-
trarily to each of the five possible outcomes
of the observation. It is an easy exercise,
to verify Table 4,

which shows the conditional expectation of

using Tables 2 and 3,

the utility of each basic act given each possi-
ble outcome of the observation. For each x,
the highest expected utility, given that value
of x, has been italicized. Thus, for example,
only if x is 1 will the person refrain from
buying grapes altogether, and only if x is 5
In full, the
best derived act, call it g, is to buy 0, 1,

will he risk buying 3 pounds.

1, 2, or 3 pounds, if x is 1, 2, 3, 4, or
5, respectively. The wvalue of the derived
problem is the expected value of g, which is

computed thus:

(1) E(g)=XE (gh)P (x)

X

= (0 +11+32+44+74)/128
=161/128=1.26 utiles.

Since the value of the basic problem is 1
utile, the envisaged observation is worth 0.26
utile; that is, the person would if necessary
pay up to 0.26 utile for the observation.
[ZDER| DEODWREFEROBOBD

TABLE 4. E(f | x)

x
f 1 2 3 4 5
0 021 0/27 0/32 0/27 0/21
1 -7/21  11/97 3232 43/27 49/21
2 | -40/21 -20/27 8/32 427 72/21
3 |-94/21 -78/27 -48/32 18/27 7
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W23 LG, WoDEBHITEDOHND—DFEE
KEFTHILPTELOTHERLS, [EBE
ENBITE] L TL=1, 24EIEET S =
Eehb, LPL, INLTRTERZITN
B bhnen ) biFTiREeR L2V, [F0H
Z| OMELEROBOBONES 25N TS
BE0, SEENITEICETS [FH] o, &
HoSHHEZRTEAN, K2RUEI2H
WT, BBHIIBRTEXLD0THE, 20k
4T, B2l LT, xDFDEFEZL LN
TWHBEDRRDEH> EHHFENHE, 14
o ZHRTRRLTBLZEET S, 5T,
BIZAE, xOENFLIELBEE R T, [#
DAL &, [F07Fy] 28y t%F-
e ELEZBILERDLDTHY, LT,
xDMENFS EZBBAEIZR-T, Kk 207
FY] 23RV FEHIEWHIZ DY A7 %4
ITELELBDTHE, REWLCKBETLORS
X, REO [EHRINE4758] 3, 22TR%
NEgtELTHOPH, x4 MEL, 2,3, 4,5
PRHIHE-T, BoBD, 0, 1,1, 2, 3
RYFREI LWL ERBZDOTHB, &2
AT, BHENLEED [F0fEA] 1I2koT
o [MfifE] iFgo AR EE (g) TERB S
NE2OTHY, FhiztoX)n X 3 1cEtET
&C, ERPL6I—F A NVERD, FERER
o il 212—3 A NTHEDERS,
ITHEINTWDS [2082] &, [0
Al I2&EoTid, 0.262—% A VITHYT 5

[fifE] 2oL ResNb0THY, Zhix
%, [20@A] &, LI 2 EFTBE
ok, [#08%] 0-0120.262—% 1 )V
FTRIHHIZETHAIE VI L RDTH
5,

LRYY I VREBZOBREICHEVWTERD LY
LlzZ—DDEYMELERLTCVWLINTD
5o (HXTREEICES 1 XA Tw BT
DEFLZ VD TERT S ,)

Suppose that the person could directly ob-
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serve the quality of the grapes. Show that
his best derived act would then yield 2
utiles, and show that it could not possibly
lead him to buy 2 pounds of the grapes.

[ZOfA] 28 207 FY ]| ORBE*ES
Bz (8] TE5075L, RIZTIED A,
BELTALDTH D, ThHE, RIZESTO
BEL [EHSNTEIE 225100 (%
& ->To) [ifEl 2ozt ey, F7-
O 18] I, B [Fo7Fy] %
2R PFEHIZLERVEBLLLZDBDTH B,
£, CoShIE[EBENRESE I LT,
F2lZIng, [£9w] 2 [BE] shso
o, [T207FI |2 Bbiv] ORI
DEAN] W&o TORED [17h5] THY, =
ML >TO2—F AL [FDEAL ~ED
b, [BTHa!| 2 [BHE] shrok
LI, [ENEIRY FE | OADPRRTH Y,
CNECEoTla—s A Db z68h,
[EHL T3] »° (858 shb0ksid,
[#1% 3RV FESH ]| OAFRERTHY, =
NICEoTEL—FANNDb2HENE, Lwn
DK DTHY, T, K1 TRENT
W ([#07FY ] OREIZTT3) [0
Al o [HEE] 2FHETE, 0X1/4+ 1 X1
/246 X1/4=22—F A NVEZDORERD [T
Bl o [ZofA] o TOBMEMELS
CEDPANEDTHE, B, TOHE—DRER
T (4781 %, [Zn%2 2RV FES] tw)
BREMTIEEBHVBLEVDOTHE, LI5
T, REHREHED [F0fA] KEoTO
(BN 12— 5 ANV THEPE, EHOHE
BRI ko T, ERED [ME] 4
Rlzhbzblzh, 2o [FHENZEE| ©
[FDOMA] IT& > TOEbITHERIZ, 12—
FANIICHEADTH A,

5. BlErw3 & (BFRXME)
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§6.2,110, DIEBHEDOTOHDDEE %5
L ERTH B,

The notion of a decision problem based on
an observation will now be formally de-
scribed, with special reference to mathemati-
cal notation and other technical details.

1. There is a set of basic acts, F with
elements f,f , etc.

In the example of the grapes F consisted of
the four envisaged acts of buying 0, 1, 2,
or 3 pounds of grapes.

The convention laid down at the end of §
5.4, requiring that the consequences of acts
will be adhered to,
and it will be supposed that v (F) is finite.

be measured in utiles,

2. The observation is a (not necessarily

real) random variable x associating with each
state s an observed value x (s) in some
set X of possible observed values x, x~,

etc.

HEN L RRELMOBMBN L EREFA L
T, [THE] CEIREME] LvwI)lar
TA—TNIRBLTAL S EWVWIDIFTH
5o FZTET, HEMITADEKE LTOE
AFZEAL, COEGDOERTHH [1T4H]
2 f, BELERETHIELET B, [FDT
Foloflcid Fi, (207 8 9] %
0, 1, 2, BBWVIF3RYFEHI EWHED
OBEEENTVS [1TA] PLRYIL->Tw b
DTHb, TTT, —f&iz 478l 767267
[FER] 3 Tl KIosTHIESNEDTH
B0, [HH] ELBA [1TA] OAEEZ
B EEL, £/, Fo (il v ®IZHER
ThbETh, 2B, §5.4,82, THEALENT
W5 X, v@BFCET A [1748] 0o
FHHOLRTH Y,

v (F)=sup{E(f)| fcF}

2

HE %R 484
ZroTEEEIND, LIATIHEE|D «,
', ZEOWEELR [BE] BEOEEX0ER
% [HFR] 0f [RE] sicm s 5 E@H
ZETHY, OB EERT L, BIIK
Rl s\Tx LC [ flix () 2 In &€ 2 (b
FTLOIERMEAS RS 2v) BRERE
(Blg] LRI ELETHDTHL, DFD,
WEEZ (B8] EOLBXPEZ 5N TWwAEY
A, TOXFVrREbOTHN, XOE
RrEELTHA, R SETERENT
WHEKE, FORENEVLLEELDOTHA,
(2] LIFEOTH 5,
INIELEE, 23 VINEDREDRE
2G| LRTH B,

In the example of the grapes, the states s
(of which the postulates require that there be
an infinite number) were never fully de-
scribed, and consequently the random variable
x was not fully described either. In the same
sense it may be said that the basic acts,
which are also really random variables,

not fully described either,

were
All that is really
important, however, is to know the simulta-
neous distribution of the consequences of the
In the ex-
ample of the grapes that information was im-
plicit in Tables 2 and 3.

acts in F and of the values of x.

MR So [IREE] sid, v = VRO
AR RBIZHED) 0% 6, |RMEELEL T
LIl EBDEN, FAE 20T 7] ©
BHIBWT, 20 [RE] 2505k LA
FEIERT LI EEIARTELZOTHY, 0F
H, HsIZHLT, 2ORABZEZEAERL
DT ZERARAELZDOTHY, #£oT, sl
BELTHEIER T2 ([B£] L LTo) #
EERx T EEICHRT S I L id—RICIITE
BNDTHA, TR, EBEICHERERT
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bDHHEFENTETELIIHER TS Lk —
WIEERLZOTH L, LPLEYS, HECCSB
WCEELRDIE, FICBiTs (78] O [#HER]
EXDEL TP ARG EMD Z LI2IE
POV, [ZOTF7] ofITik, ZOMR
RO T 51555, K2 RUEI KIS
INTVEDTH 5,

IRICKRCERE, 2FVILEOEHEORRE
25 ERTH 5,

For mathematical simplicity in the formal
work to follow, it will generally be assumed
that X has only a finite number of elements,
though the assumption can and must be re-
laxed in many practical situations. When X
is assumed finite, the random variable x is,
for all purposes of the present context, sim-
ply a partition of S, namely, the partition
into the sets on which x is constant. Indeed,
earlier in this section, the notion of observa-
tion was described in terms of a partition,
but the description in terms of a random vari-
able is more familiar in statistics and may
have technical advantages, especially when
the restriction that X be finite is relaxed.

T VRIL, 7oA REEORM R %
BRAEDPREDIDIZ, EREOBHRORGE D
P RTLTEO, WEEh [BE] Eos
BETHAXEERHTHL L, 2F W ARED
HREOLZEOIE, —HIKELTBLL W)
RETHRATAOTHS, LELJROZ LR
o, i, ZLOEBNZRIICBNT, &
DHEREDREDPBOLNBERETHAI L%
ARHALTHWA2DTHL, 7205, XPERHTH
BERESNBBEITIE, FOHELILHEEYE
BxwEBTHEVI T EIE, THRE] S04
EEBRTDLEN)ZLIEDPEL RV, OF
D, xBPFOLTIIERELLEEGPSEDH (S
T ) FEEELINT IO TH B, 2B,
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ZD86.20MEHDHF O, B SN BPEM
Bl EATIECI, B8] o4 it
Fl OBEELTELZONTWAEDTH B,
L2 L, FEEEHICL A[EE HE0RiE,
FHERPEIIBWC I D R LADD LR ) 72Th
D, FRCEREORE KD 5B,
W LEREEFLRLE, ¥y VRIEET
BEDTH 5,
NI ZODEFEEFIC LRTH B,

3. The set of strategy functions is the set
of all functions associating an element of F
with each element x of X. Let the values of
the generic strategy function be denoted by
f(x) and the function itself by £(x).

The notion of strategy function was not in-
troduced in the informal description of obser-
vation, nor .in the example of the grapes, be-
cause it is but a mathematical intermediary to
the definition of derived acts and did not
seem to call for explicit expression in the less

formal contexts.

Y VRIZZ T [, strategy
function] &\ ) EEXEA LTV 5 D77,
I, XOREZx I LTFOEEY —>
FTOFILEED, XPOLF~OEBOZ LD
THY, K, oLk LT
HEZBHBLTVDIOTH L, T-0kE, —
BRI B DEEZE(x) L) LI, ZLT
FOMKEEZEE) VD LI ICEET L LT
BLTwa, LaL, 2o (EMEED) AR
[BE2] ClTAA4 Y 74— RERICBW
T, #LTC #2007 F7] oflicsnTd,
BEICIEEBEASIN T 2O THE, 2F 1,
ZOMmalE, ERINLTE] ITHTE 7 %
— IV REREIT) 2ODEDLITEEN LA
WlEPL62vOTHY, BFEHEREORE
EXRL 0L RIZBNTE, ZoMES%H
BB CTERTAZ LIS ETEVWES IR
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bhEDTHL,
TRIHE ZODBERFI ERTH L,

L

4. To each strategy function f(x) corre-
sponds a derived act g, in the set of all
derived acts F(x), defined by

(2) gls)=f(s;x(s)) for all seS.

It was explained that in the example of the
grapes there are 4° derived acts. In the same
way, it can be seen in genaral that if X has
& and F has ¢ elements there are ¢* derived

acts.

ZEMEEICHID LT, BRI, EHSh
BITE] REDBIENTELDTHA, OF
D, fx) 2 FEEOEMEKE T 5 &, [H5]
SOEZED TIRE] s12i LT, BREHxD
flix (s)DPEFTY, 5T Dx ()X LT (#
DORBEEICL > TEE %) (175 £lx(s)) "
EEY, E5FLID (7Bl 1CXoT (s
WHET %) Rl fxs)) )P ETH, &
B, THSH] ogREEs 123 LT[R £(x (s))
)& ED (fTh] PERSNDEDTH
D, TOXHIRLTEREING [174] % [E
HMENBITE] LRI LETEOTHE, &
BT VRE, [HBRIfkG) ok %,
LoR@cBWTE, fls;x(s)) & RELLTW
LA, ThixBws e, [HR] EoBEg)
EWHITEOEARFRT B8] xp b8l &
Wb [1Th] THHEZ, »5HEEHE(x)H
FELT, MER] oF [HRE] st LTgls)
=f(s;x(s)), LWVWIHATLTHIEEHZREN
by TV VRIR, 0k h [BHREN
5174) OEFEF(x) ERE LTS, &
5C, [#07 K] ofF)Tidd4(=1,024) &
O [EHENLITTE] FHLOTHolz, i
i, FRoZFEIZI T, WREE g E
DEBRXVEMOER*FH L, ERWTHEOLE

%

o
BFROFENEEZELHODOLHIE, [BHER2
758 OLEKIPBOEZDIL LR LD TH 5,
ChICES ZODEEL, ZhiL§6.20%K
B2, 5 &Kk TH 5D,

48—4

5. The value of F given =x,
3) v(Flx) =nsup E(f|x).
feF

This is the function of x indicated, for the

example of the grapes, by italics in Table 4.

M| ExPG5 25N TWEERED, 17
HEAFOME] &, THE| Er55261T
WBHIBEED ([20fEA] Itk oTh) &Hho
EPFEEZFBELT, LoRBICL>TERS
NEDTH 5L, THEEFO [MifE] v (F)iT,
COHDEETHHAL-EHRCEHICERENT
WBY, [BEIEFSZIONTWEBED([F
DEA] ICEoTD) &BE2& [HER| 2 EE
T2, LOBICLZEHITHBATH
%, £z, TO&KEOEO [l FxD B
ERBETILENTELOTHY, TOEKMII,
[#07 Fy] OfITiE, FUIBWTL5Y
v JETRENTVBDTH 5,

6. FEHEL, B8] RUITAERDIR
§6.3ND1IIEASI2E T TOREZ5(L
ERTH D,

If several random variables x;, -, X,, as-
sociating elements of S with elements of sets
Xy, -,

sion,

X,, are simultaneously under discus-
it is natural to form the new random
variable, denoted x={xi, -**, X.},that associ-
ates with each element of S an ordered n-tu-
ple of elements of X;, .-+, X,, respectively.
If the context is such that x;, -, x, are

thought of as observations, then x can also
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be thought of as an observation and will
sometimes be called a multiple observa-
tion—to emphasize the manner of its forma-
tion. To illustrate, any item such as profes-
sion or body temperature that might be en-
tered on a patient’s history can be thought of
as an observation; but the whole history,or a
filing cabinet of histories, can also be thought
of as an observation, the history being a mul-
tiple observation of items, and the cabinet a

multiple observation of histories.

W ODDERIZER SN L EEE X, i
=L n,¥H), ExXIEAGXOEZT (it
Bl SOZBERIEUS2T250THLLT 5
L, X, X OBERE,LRBIEFESIT SN0
BN ESOREZIZHETDIT5, x=[x), -, X,}
ERELEND, FLOHEREEx R T 5 2
LIIERLZZLETHD, 2T, ExH—DOD
(B THELEZOLNTVWEDZSIFxD
F:—00 [BE] THrLEIBBLTHAS
w, 0Lk [HE] £, FoREoIhy
oL T, [£EREE, multiple observa-
tion| LFPRZ L ELTEBLDTH B, fled
T3, BEORBE~NETEASNEL[ B
¥l L MR &) &) 2EBE, BD
BO—o0 [BE] ThrLEZBLI, L
LIBEOERE D, WHAWARFELEEL T
WRTHBEFAT S AFM RS, —2 D[
2] THhHrLARZLBLIOTHY, oFh, £
BRIV OPORASNLIERE PSR H—D
DEEWNBETH Y, FOMFIEY I AFMHIE
WAHWBLRREN L 2B —DNEENEREL &
BELDTHb, B LEDEIHDEETDele-
ments of S &elements of sets X, -, X, &
X, S0BIEANBEZBERETH 5B,
INICHECERE, 2F D §6.3,112, D _F%FH
DEFERTICERTH B,

Consider two observations x and y. It is an
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interesting possibility that x and y are so re-
lated to each other that knowledge of the
value of x would (almost certainly) imply
(almost certain) knowledge of y. In that
case, observation of x implies essentially the
observation of y and generally something. be-
sides, which suggests the following three
definitions,

Zon [HE] xR0y EEZ5BAZ, xO
fEICBES % M5, LA CHENI, yicH
THIILAEHENLRMHBEDI-0T L0,
ADBLESIKCTHS ) &9 RIRAAHED 1B 5
DTHh, 20D [BEE] 2D L) BRI
DB, xICET L [HE] Bylcly
5 [BIE] 2REMIZEATBY, #FE, x
Byl 0D 3LIMrEbhoTDTH B, &
BT = VKiZalmost certainly & V2 9 FIH F
WTWEH, ZRIESERL T A AR
BOMEESBEICBVW ELTOSEFNTDH
D, 7205, Zo [HEE] F, (2] 8T 5
LALPLOHOHBDOT T, Z&IMENE 4
LEFHEESNTEVEVDTH S,

NI SCEEITRTH S,

If and only if x and y are observations such
that, for all s and s” in some B of prob-
ability one, x(s)=x(s") implies y(s) = y
(s”);then x is an extension of y, and y is
a contraction of x. If x is an extension of
y, and y is an extension of x, x and y are

equivalent.

C TR, THRER], [, RO A% &
vy (Zoo [BZ] ofTn) Zo0BERss
BAZSNTWE, 2F 0, sBEUy% [#0OMHE
Al CkoTo B L2548, [TF0M/
AN TOTHER] P12 bd b [F4]
BFHFRELT, BUBTAHEEDERs LU’
WL Cxls)=x(s") oI yls)=y(s")]
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rwiy ik, [xidyn#EThH L] &, 12
[yiixOf#HTchsb] &, RETHOTHY,
B, [xByDIETH Y, »oyidxOLE
THL| EvI Lk [xbyL A% TH 5]
LEHTBLDOTHD, TITTBD [HEE] 491
THbH L, ¥z VKOMAGREICRED
O%HLE, [BlEdHoT] L) [HL] »
[ZDOEANCE > TR EBRERTEETSH B,
virtually impossible| &9 Z & THh b,

IR CE®, 2E 0 §6.3,112, OUFEFH
DEFERTICLRTH B,

Strictly speaking, one should say not that x
and y are equivalent, but rather that they are
equivalent regarded as observations, for this
would not be a good concept of equivalence
to apply to random variables regarded as
such. For example, a pair of equivalent ob-
servations can obviously be a pair of real
random variables with different expected val-
ues., Some properties of the relations of ex-
tension, contraction, and equivalence between
observations are given by the following easy
but important exercises. Throughout this set
of exercises it is unnecessary to suppose the
observations confined to a finite set of val-
ues; in the case of Exercise 3b, it is impos-

sible to do so.

Ak, Ixbyb RS THL] LFEHIDT
L, Ixbyeid, #ho % [BHE| LR%
TORLIE, FETHE] EERBATRELDOT
bbb, Ei THE] LIesk LTz Uy
MERERICEPrR0T, 2hod [HE] &L
CTIA%ETHH]E LTH, BREHLE LT,
LR, Rl o B AWIIFEL N OEHRE L
LHMEEERELRVZEDLIDTH 5,

BTV LVRE, ZHICREWTIMEOETS
MELZETRLTEY, 2ORT3ak ) IEEL
DIFHLNTWAMET [EBIZE, null observa-
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tion] L WVWIHISELEALTWDLDTH 5B,
ThiEdsr—onHEOAE [FEFR] 1 THA &
BZloZLThh, 2F0, lyd([Z2DEA]
i2eoT) BEETHAH] LT, [H 5 Hydd
HFELT, [Z0@A) O [HE] PIIFLT,
Ply=y)=1] w2t %nThsb, 7z,
RED %] 3 1588 ok Thy, [F
BZ| IEWCHRETHY, ¥R, (B8]
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BAENTWVWEDTHDE, 231, FLUG?
(TP LR 2EEETHEGE, [TEDOMEA]
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[FEGridxmAETH 2] LEHRTLOTH
b BHBEXTRFRUGIERIEIZ[ETE V]
CIREENTWBEDED, (Ll b —F»
ETHE] L VIBEEEFOTHHIIAERER
HTnEHITHS,

ZOBY Y L VRIEIBED S L4, T
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V9 NEZ SO 6 TV 5 BV T 0 o) R 28 2
BEDT->TWBEDTH D, 2T, [E1%)
XCH LTI BELCF» BN SN AITEES
FF(x) &, “EMBZEKX, yWELTF»5
BHENLITHEEEDPF(x, v, BEly
KELIFE) »LEH SN ATAEESHTF(X;
y) &, RRENTEY, BFEROMETH, F(x,
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GOWETH L0 % 5%, £ED [8£] xic
HLUTF ) BGE) DIEETH S| LEELT
W3, TRREOMVIE, I TE§6.305Kb
BHDIEDS,

v(F(x))=E[(F | x)]

:/U(F | x(s))dP(s)>v(F),

EVIERRURERERTZIETH L, 2B
T VREERL TR WD Z), [T
BEEOESRIIERNTH L] LW RELE
HERWORLIE, INOEDOMWIIEL B
WIEBIRAEIDOLATLEZERES S,

7. BEMRURHFEEEM
§6.4,114, DEHEDOEEEFI LR TH %,

According to Exercise 3.14, if one set of
acts, regarded as basic, extends another, the
first is at least as valuable as the second in
the light of any observation whatever. This

section explores a relation, dominance, which

has the same property but is not so strict as’

extension, Dominance is of some importance
for the theory of personal probability as it has
been developed thus far. But its importance
will be even greater in the study of statistics
proper, where interpersonal agreement is of
particular interest; for,as the definition shortly
to be given will make clear, two people hav-
ing different personal probabilities will agree
as to whether one of two sets of acts domi-
nates another, if only they agree which
events have probability zero—a condition gen-
erally met in practice, and one that could if
desired be dispensed with by a slight change

in the definition of dominance.

THBEETEZDEEC, —HiMFONE
ThbHEThHE, Whisd [BE| L TT

201 (655)

b, =0 [BIF] CHLTZED [—FH] »#5
BHEINIITAEAELFORT (82 1CEL
TED Mbh] »oEBENBITHBEEOYR
THb, L) Zoid, BICEEMEICBNT
EEESNTWEY, ChrbEAEND [HF
1, dominance| & MFiXN 2 E4R1E, o [
RIEVIBRLY D20 THY, LD,
(%] LT 2ABOMEERFH->TWBEDT
bbb, BBT Y VR, MEBE] ZEOME
AHHERIZL > THHIBEEDEEMN - T
Bw5d, 2nid, BABOESERBRIZE,
POLPETFEAICH LTI Y RELEENZ
ROZLITRBTHA) Lk, BhozEA
MRz RO ZADEANZ>0iTBEEDOH
O [EERE] CHLTEETLILY, £45
HATHDH LIEBTHEDTH A,

INIZHECEREEZFICERTH D,

It will be seen that dominance and notions
related to it are intimately associated with the
sure-thing principle, Indeed, probability being
taken for granted, the basic facts about domi-
nance seem to give a complete expression of
the sure-thing principle. Dominance and re-
lated concepts were much stressed by Wald,
in [W3] for example,

[BRME] & ZR2h bbb v Or0lEs
i3 [HEDEM, sure-thing principle | 17 %542
IHETDIToNALIICRZ DD, EE,
[FER] EWV ) BHONF 2 EAICRIEL T
TERBITC, AL CYROBERDOL S IZE
BEMMBEZROIEI> L eTED% 5L, [HE
W] ST 20 o oRBHEER, [F
BEOFRH| T AEELRREL 52 TwA X
INCEBNTLEIDTH S, PSR ED
W2 VROVH D TIUE, HEHEOERS
T EENICH D 0% 6, [FEXR] oM %1
LALBEBHETLARELE) Z LRI
DTHb. wBhiE, [BEEME] & ZFRhrd
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b bW DDA D Wald, Abraham, {2 X
STIEICHASINAZ e EELTBY, £
7z, [W31] iZ19504E 12 AR S h7z, Waldiz X
b, METHRERBZZMEL LTV IBI0EH
GEYTH S,

INITHEC B, 2% §6.4,115, DEHED
BELIICERTH B,
Two or three notions, the logical connec-
tions among them, and those between them
and extension, are to be treated. The logical
I think
that the material lends itself better to formal

connections being many but simple,
than to expository treatment, for in such a
context the reader who looks for the motivat-
ing ideas sees them himself more easily than
he comprehends someone else’ s verbalization
of them. This section will therefore consist
primarily of a group of formal definitions and

several exercises.

ZITH Y2 VRITHFORBHERICH 2T
ERLTWwWLDOTHD, 2Fh, [ERE] &
FND Db B CITAEEEOWRE &2
WTABICHENS (FExHD) HRIHTLE)
BT, o VRKOREN, LT E, LK
MEE L BI85, 220 [ERE] 12D
DIERTIE, 2OERLBEOSIHCHHEN
WCRBETH LD, LLAFNEZEZENLTN
RREBMICHE - TRRET 51394, BEOBHHE
DHFEIDEB LRI ARETHAI) L IO
Thb, 250, TIOBRKTIE, BFUER
ADPE LT BRAZFHEPPIFTEICL o THY
TLOREETHIND, FRHOEERNER
THSTFRALFELTL BRI EFRET L
EDIEINBERHTHAELENIDTH L,

ZHIHELCBRERFIC ERTH B,

If and only if P(f(s) > g(s)) = 1, £
dominates g. If and only if some (every)

2

%
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element of F dominates (is dominated by) g,
F dominates (is dominated by) g. If
and only if F dominates every element of G,
F dominates G. If and only if f dominates
g, but g does not dominate f, £ strictly
dominates g. If and only if fe F, and f is
not strictly dominated by any element of F, f

is admissible (with respect to F).

[fidgloxt L CERT 5] & 1E, P({seSlg(s)
<fEP=1twI 2L Thb, [FTHEAFIX
gl LTEMTS] L3, [FOdrEENg
CHLTERT 5] L) ETHbB, [giEF
W LTERT A L3, [giFoREFIIH
LTEBRTAE] W) LTHb, [FIIGIZ
FLUTERT ] &id, [FIGHEEE I
LTEBTA] Vw2 EThb, [fidgliaxd
LTHRBIERT S| L, [fidgiiid LTE
L, Poglfiixd LTERLERV] 2nH Z
ETHD, [TRFCELCHERTRTH L] &
X, FeFP ORI LERIZL-TYH
[(PeZICBER] Shiwn] Lnw)ZeThb,

CRICH S BERTIC LRTH B,

Involving as they do acts as well as sets of

acts, the definitions, strictly speaking, intro-

duce four different kinds of dominance. How-
ever, this complexity can be alleviated, with
a slight lapse of logic, by identifying each
act f with the set of acts of which f is the
only element, for it is easily seen that this
identification is in such harmony with the
definition that,

once it is made, the four

kinds of dominance collapse into one.

M—H1 & Mmoo LTE-ERT 5] &
v BtRE TA] RUTTREE I L TEA
TEOTHY, [~ RO MbF] i [475]
RUTBESLRVZLOTHEDL, [ER
B BT AMONRLZ o zEHENBASND
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v(@<v(F) | LwITERTHY, 6iF, [F
PG L TERT D% 513, #E0[8H5]
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Often, especially in statistics, a decision
problem can be seen as the problem of decid-
ing which of several experiments—or which
of several observational programs, if that is

really a more general term—to undertake.

WMETE RIS 2D ) OB B RERIEORER
ELT, W 2hhB[EE|DHD AL,
HHWIE, TBE] L) B8N (£ v
IBEIDIRECHEECI YR THLD%
BiX, w{ohdHs [HE] OO Lh~E,
BEFTHEOPERET S L0V BHEOKRD
5DTH5b, BB THY = VRIL, [EER]
Db THE] 03IV LY)—BULESELD
PEICUMETAI L2 BIITVAEDTS
b

NI CEERTIC LRTH B,

In this section the notion of the decision
problem derived from a basic decision problem
and an observation must be elaborated a lit-
tle, because, as derived acts have been
treated thus far, they correspond to the possi-
bility of making an observation free of
charge., Though observations are sometimes
free, there is typically a cost associated with
making them, information must typically be
bought either from other people or, more
often from nature, so to speak. The cost of
information may be money, trouble, one’s
own life, that of another, or any of innumer-
able possibilities, but all can in principle be
measured in terms of utility. The cost of an
observation in utility may be negative as well
as zero or positive; witness the cook that
tastes the broth,

ST T VRIE, [HBeriE L [
B EDLEHMINBREME] L V) %,
WEITEINBIDLIYFELCBRRBLEND
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In principle, if a number of experiments are
available to a person, he has but to choose
one whose set of derived acts has the great-
est value to him, due account being taken of
the cost of observation. That simple formula-
tion, like some others in this book, is, in a
sense, oversimple, it abstracts from the enor-
into
The

possibility of so abstracting from variety does

mous variety of considerations that enter

the careful design of any experiment.

not remove the ultimate necessity of studying

2

B

some aspects of that variety in detail. R. A.
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Fisher’s The Design of Experiments [F4],
for example, is concerned almost exclusively
with experiments based on a special technique
called the analysis of variance, and it is but
an introduction to even that important facet of
statistics. Again, there is a growing litera-
ture (in which the work of A. Wald is out-
standing) on sequential analysis, which is
concerned in principle with all experiments in
which later parts of the experiment are con-
ducted in the light of what happens in earlier
parts, but this literature has, by necessity,
been confined to a relatively tiny part of that

domain.
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Before turning to a more formal recapitula-
tion of the outline of the design of experi-
ments, this may be a good place for a few
speculative words about the difference, if

any, between experiment and observation.

[EE] & B8] L oiRIEEE LT
DEDPRBIZHLO%61E, FRiTVnhrisd
DTHBEDODPEPLEELTHI I EWIDTH
Bo RV T VERE, TER] RoO° 8]
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RIS, 74—V aER25]<{ 2 &R

TH»H EHBLTWBEDTH 5B,
IHICHECER%E, 2% D §6.5,117, D _FH

DEEZTICERTH D,

Some sciences are commonly called experi-
mental as opposed to others that are called
observational. Aerodynamics, the psychology
of rote learning, and the genetics of fruit flies
would typically be called experimental sci-
ences, and, to take parallel examples, mete-
orology, the psychology of dreams, and hu-
man genetics would be called observational.
But it is widely agreed, and the most casual
consideration makes it clear, that any basic
difference that may really be present resides

not in the sciences themselves but in the
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methods typical of each. To illustrate the role
of observation in sciences ordinarily consid-
ered experimental and vice versa, observa-
tions of wild populations of fruit flies have
been useful in the study of the genetics of
fruit flies; the effects of fatigue, for example,
on dream content may well be the subject of
an experiment, and, except for the atom, no
topic in science is more popular today than
experimental rain making. The illustrations
could be extended indefinitely, and there is
also a less direct sort exemplified by the dis-
cipline called experimental medicine, which
typically studies experiments on animals with
the hope, often justified, that the findings

thus obtained can be extrapolated to humans.

BENEFIND WL ODPORZFIH L LT
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The problem, then, is to distinguish an ex-
periment from an observation. Except for
brevity, it might be better to say mere obser-
vation, for, in genereal usage, an experiment
would be considered a special sort of obser-

vation.

[852] LIFEN 5 FW> 551 [FER] &
IEN 2 HHEZ VI LTRET 5 000 &
ROPEL, YT VRIIEETLDTH S, £
TfNE, R AERCBW TR [ER] &
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A0 E TobservationAS11LFETH 5 = L 2%
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ZRABDTH 5B,

IR R, 0% §86.5,117, DUEH
DEFE=BILLKTH D,

The first apparent contrast that comes to
mind is that experimentation is generally

thought of as active and observation as pas-
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sive. But, upon examination, it is seen that
observation is also active, for observations
are typically made by going somewhere to
observe, or waiting attentively till something
happens. Often it is not only the observer
himself who must be transported and put in
readiness to make an observation, but also a
considerable body of apparatus. What de-
mands more activity than the modern obser-

vation of solar eclipse?

LICEVEPRTHAIRMOHBR LS &
B, [EERETH] dvw) T oid—#kici
BEMNZZ LX) IBbhTnaDs, —34,
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TR BEETIC L RTH B,

Another apparent contrast is that the experi-
menter acts on the thing he observes,
whereas the observer acts only on himself
and on instruments of observation that may
be regarded as extensions of his own sense
organs. If this criterion were accepted alto-
gether naively, there would be no such thing
as a physiological experiment on one’s self;

even sophisticated interpretations might find it
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difficult to embrace psychological experiments

on one’s self,
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Finally, experiments as opposed to observa-
tions are commomly supposed to be character-
ized by reproducibility and repeatability. But
the observation of the angle between two
stars is easily repeatable and with highly re-
producible results in double contrast to an ex-
periment to determine the effect of exploding
an atomic bomb near a battleship. All in all,
however useful the distinction between obser-
vation and experiment may be in ordinary
practice, I do not yet see that it admits of
any solid analysis. At any rate, no formal
use of the distinction will be attempted in this
book.

EBHIER, TBE] L) FEMedasn
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Return now to the notion of observation sub-
ject to cost. It may be that the value of the
random variable x is observable but only at a
cost ¢, a real-valued random variable meas-
ured in utiles. If, as heretofore, F(x) de-
notes the set of acts derived from F on cost-
free observation of x, let F(x) — ¢ denote
the set of derived acts subject to the random
cost ¢. This notation is interpreted to mean
that, if f is the generic element of F(x),
then £ — ¢ (which, being a utility-valued
function of s, is an act) is the generic act of
the set F(x) — e. Very often the cost of an
observation is independent of s, but not, for
example, for him that tests the sharpness of
a thorn with his finger. Since observations
are typically paid for before, or simultane-

ously with, making the observation, the cost
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is typically observed along with the observa-
tion proper. Put differently, the cost ¢ is
typically a contraction of the observation x.
Thus, if in some special context any advan-
tage were to be gained by so doing, it
would not be drastic to assume the cost of
observing x to be a function of the form
¢’ (x); but, as a matter of fact, no such ad-
vantage has come to my attention. It is not
difficult to think of experiments to which the
assumption does not apply. For example, in
the present state of uncertainty about the long
-term effects of x-rays, anyone conducting a
short-term experiment in which young human
beings were subjected to large doses of x-ra-
diation would risk costs that might not
overtly manifest themselves for half a cen-

tury, or even for generations.
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Much that would ordinarily be called obser-
vation cannot be described by saying that the
random cost is simply to be subtracted from
each derived act of the corresponding obser-
vation thought of as free of cost. Allowing
that it may be legendary, the form of trial by
ordeal in which the guilty floated safely to be
hanged and the innocent drowned to be exon-
erated epitomizes such a situation; except in
point of absurdity, ordinary industrial destruc-
tive testing of electric fuses and other prod-

ucts is much the same. Strictly speaking,
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discrepancy occurs even in the ordinary con-
text in which the cost of observation is a
fixed sum of money; for the utility of money
is not strictly linear, so the cost of observation
typically affects different derived acts some-
what differently. This sort of situation is in-
deed so common as to introduce at least a
slight error into almost every application of
the notion of cost as a subtractive term. It
would therefore be desirable to extend consid-
erably the notion of cost of observation, but,
thus far,I see no way to do so that does not
destroy the mathematical advantage of sin-
gling problems of observation out of the class

of decison problems generally.
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It is convenient now to analyze the appropri-
ateness of regarding the number v (F) as a
measure of the value of F. As must already
be clear to the reader, if a person is to make
a preliminary decision limiting his next deci-
sion to one or another of several sets of acts,
say, F, G, and H, then his preliminary de-
cision will select a set that has the highest
value of v, and the preliminary and secon-
dary decisions, regarded as a single grand
decision, amount to the problem of deciding
on an act from F U G U H. So far as this
use of v is concerned, any increasing mo-
notonic function of v such as v® or 3 would
be equally satisfactory, but v has an advan-
tage in arithmetic simplicity when costs of
observation are involved. Consider, for ex-
ample, the problem of whether to make a
particular observation at the random cost e or
to make no observation at all. The two sets
of acts involved may then be symbolized by
(F(x) — ¢)and F, respectively. The peculiar

simplicity of v as a measure of the value of
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a set of acts, in this context, is exhibited by
the almost obvious fact that v (F(x) — ¢)
= p(F(x)) — E(e). It may be remarked in
passing that v is a particularly good measure
in any problem where F, G, or H is, so to
speak, made available by lot, a possibility

realized in (7.3.2), for example.
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Finally, if one among several observations is
to be chosen, each with its own random cost
the

person will choose an observation for which

(possibly including the null observation),

v(F(x)) — E(e) is as large as possible, If
the number of observations among which de-
cision is to be made is infinite, that function
but the

value of the situation to the person can rea-

may not attain a maximum value,

sonably be regarded as the supremum of the

function; there are, of course, observations

among those available for which the supre-

mum is arbitrarily nearly attained.
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