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1. FLBIC
F7 e VRO [HEH), %0,

Savage, Leonard Jimmie, The Foundations
of Statistics, Wiley, New York, 1954,
Second Revised Edition, Dover, New York,
1972,

i3, BER LSOO, L L, Dover
BR, TE- THE RO, —BIE %EE
HI&sElrctREBEE,THD, EE

o [RE] OrDdOERN, KEOD Yale K
FRIERE,
Manuscripts and Archives @, Leonard J.
Savage Papers DHFICHEEINTVWEDTH %,
FrcHEHEE, CoERAEERbETEzDOIY—
EAFLAOER, ZITHR, ZOEBOHRE
RUOBRETS & &ET 5,

COERIZEEEIC June 1, 1966& HETASHT 72
nTEY, F7: Draft of Afterword for re-
printing of the Foundations of Statistics &
BEBHH, s4 7T TEEOLKE
EXxTEESMASNTEY, TREHEHA~O
RS ER IS BB LIERRIE S, Lrdblo
BREIIRERTH B, 2T TR, V7= VERD
BIEETRSW - o L TXEEHERL, 708
RV BRI ER L TV 2002 HERIY
BT EICk - TXBEAIER LT, TOXEE
ELTORCHICHERLTEL L ET 5,

Sterling Memorial Library @,
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2. BARSOXE
Introduction EEMBEIF o T AE 1 H
DD DBEEEF| EIRTH 5,

The Foundations of Statistics, here briefly
called F. of S., 1s already an old book. For
since its appearance in 1954, there has been,
it seems to me, more activity in most of the
fields to which it pertains than in all the
I have not the

abilities or catholicity of interest that would

years before that date.

be required to review all the literature now
closely pertaining to F. of S., but I can do
something, with the counsel of friends, to
lead readers to the various sections of the
literature that may interest them. That is
one of the main purposes of this Afterword,
as it is of some of the new footnotes and of
the “New Bibliographic Material”.

Yo VKRBT [HLOXEE] 25
LTwads, Thid [HEEER] 3B i 4
E L T & h T v 5 Bibliographic
Supplement IXIHET B 6D TH A9, &b
& TEEER] WM& 3 & LTHITOCEE »
5% % Bibliographic Material 25 fin& 1 ¢
WBDEH, HIZHIB0DIEE 2 SRk 5 X HkE
REICHE o TVWAEDTH B, MBHIE, 1954
Fio TEER] PHRs ik, THRiFEo
EE wBord s LEbNEE IS OHE

MR PBENTELI EAED T, [ElERE
% an old book EFEA TWB DM, L LK
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i, —ATR, TEER] cs028808%
DABHRBA~DOHBEEHYICEDTH VS
DTH b, #ITHIE, TOBEEHROYTE
LT, [HEWHR Do [HetroER ]
BzER~ 0RO, HLEEOED»S
D, WHIZERNE, KALLOMELREEGE
BIZANT, BAEHPEALIEVIDTDH 5,
TN BELESI ERTH B,

For me, the most exciting development
since the publication of F. of S. has been the
development of a point of view about
statistical theory which is coming to be
known as Bayesian statistics, or more fully,
as subjectivistic Bayesian statistics. This
point of view existed before 1954; de Finetti,
if no one else, has held it for a long time.
What is new is the relative wealth of activity
recently inspired by Bayesian statistics
leading to a considerable body of new
technical material. This includes new
derivations of the main tenets of Bayesian
statistics, applications to  statistical
practice, and a much clearer understanding of
the relationship between the subjectivistic
and objectivistic viewpoints in statistics.
Though expositions of Bayesian statistics are
not lacking, and I myself have written more
than one, a short exposition of Bayesian
statistics especially designed for readers of F.
of S. should be useful and that is the main

objective of this Afterword.

v VR [ERES] DBRTESBBHLT
WAHET R OEE W, 58 [~4 I#HEE,
Bayesian statistics| SEEN TV A EHBRTO
BROBBISHER L DM, hidkic, MEH
78, subjectivistic] ~N4 XEEHFEE WD
bOEFEEHLTCVWBEDTH B, EZHHKE, &
Bl Dlaid o, 1< &b de Finetti,

H 7 VRORANEFEOBREICD>VWT H
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Bruno, 7% [FEERNT ] HEtEE2EEL TV
BIEENEREHLTVWADOTHS, 0F D,
[FEROE BEEEER T A5’ ED
VIR o BEAELTWB DD, [HERm] Lk
&, A XBEHEOHEXRER~NOIGHE D
B T, BNRIREROERPBEL R -#D
THY, FLIOEITFEBICBLT, 4 X
MET OB BT BERORELT
X12DTHB, FTTIOLHINRNERE L
T, B, <A XEHENOEETHOL Y PT
WIS ERA LS ELTVWBEDTH R, HBY
7 = YK, Harold Jeffreys, E. T. Jaynes,
George E. P. Box, G. C. Tiao &V 5 k51,
Whw 3 [RERA, objectivistic] N4 X
BEEABRL TV b TRRLTRVWDE
B, L L, [EARYS&BM:, personalistic
rationality | #BW| T 2 WOTEH» 53 nid,
[ FERI S| MEF 2 BB ROBELELD
THbo

3. EAMERESH

General theory of personal probability and
utility EWHEBFEIHcRFMToshTwa
B, TOEHEOREETI LIRTH %,

The first five chapters of F. of S. are a
critical discussion of the concepts of personal
probability and of probabilistic utility.
These concepts pertain to the behavior of a
coherent person in the face of uncertainty,
and an important part of the chapters is the
development of a formal theory of the
behavior of such a person. The present
section discusses briefly developments that
would be discussed in those early chapters of
F. of S. were they to be rewritten today.

72 VRE, TEER] ovoH->0E
TEANHEROEREZEAL TW23015, %
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T THIE, TRBAE, tentativel EWAER
HERHOWRNES S, ERE, BETEVER
ZEBLTVWADTH 5, i, FHEEMRCHE
HLTHFE LRI TR0 RECE»
nTwa Al #EELT TZ0BAL
HEOTEIcBWT [AENTHE] L%,
SF D ZOFENCBVWT TZofAl 8 THH
LTl 2&%, H-T [—EBLTWw3,
coherent] T &%, TZ @A Iowt L TEE
LTWBDTHD, COEH3B [—BLTWA]
BEAOITERRCE S VT, &3, FEAKER
DHRAWBELTVWEDOTH B, 2% bikid,
[&Ewi] BACITEIET 27 + —<w 7
HHEEET AL LT, HEEICBY 3
RS, Biczo [HE] %, BRS04k
DTH 5B, BWBWIILOFGHEHOX T, Fo K
VA2F 4 v 275 T3, utility] 0 HIRBE%E
HOTWLaH, IhiE, Bhso [EEl 28
Woucna #5308, HoBAAN
BERIESOWTEBASNTOELSHBOTHA
Yo EEERME, COBAMRERE [EH]
Lk, [ZofALl &, BEOBEANER
SHRAEBRET B L5 10178 [HE 328730
EWS, TEANHRDHORKRILORE] %=
BLDTH 5,
Zhick BEEFIC ERTH B,

Even where there is complete agreement
about the logical content of a formal theory,
the choice of a system of postulates for it is
very much a question of design. The latitude
of choice goes vastly beyond the little shift of
idiom between the presentation of the
postulates in the body of F. of S. and their
condensation on the end papers. The design of
the system for F. of S. was guided by various
considerations. Special weight was given to
the controversial status of personal
probability. Since there were many colleagues

who regarded the concept as nonsensical, it

B % 50—3

was vital that the postulates have a clear
operational meaning and that, as thus
interpreted, they be highly appealing. This
put some premium on parsimony of
assumptions. The mathematical workman-
ship had to be rigorous and particularly
thorough, because there seemed to be abroad
an unjustified feeling that earlier mathemati-
cal formulations might not be susceptible of
full rigorization. Though mathematical rigor
is but a small aspect of the foundation of
such a concept as personal probabilities, it
therefore seemed necessary to be rigorous,
even at the cost of considerable tedium to
readers and to myself. Utterly subjective
feelings of harmony also naturally play a
part in the design of a system of postulates.
It is therefore no wonder, and no cause for
tension, if a variety of technical formula-
tions of the same general idea come to be put
forward. The postulates in F. of S. can
themselves be regarded as a modest
reformulation of the system proposed by
Ramsey [R1] or equally as a pasting to-
gether of one of the foundations of person-
al probability proposed by de Finetti in [D2]
(now available in translation in (Kyburg
and Smokler 1964)) with the system for
utility proposed by von Neumann and
Morgenstern in [V4]. And formal variants
of the system in F. of S. have now appeared

for one reason and another.

v VIR TERER] BT, BAKE
R [$E] 2BES 32100 [RER,
postulates| ZERLTVBDED, KiIZ [E
W#H oAXERENIHERD, L LREN
CRESTH 5, BHohORERVEREZOD
BRLEERLTVWEDTH D, 2ED, »h
DREREBNBRIEEACEETRS-TH,
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BRI B [RRDOFR] BEE LGS DN,
Lir LG, BEOBGHVEINTO RS
ERLT, TEB®R] cB ) 2O N RO
REEDBLEENS1DTH B, M
AR E WS XS BHEARIL L OHmFES]
FRITHEREH -TVEOTHD, EE %
DESBMEREED & AhEBBVOTIR
OO LIRS VIELTS, BTAS
FEBTRRIVWOTH S, 2 THICE-TIE,
WOREZRNHALBRENERZRD, Lrd
COEWRTIN, TEREELLDAANTHLT,
BMOBMEBHEEETALIICTEIEN, R
BOBFEBELU-1OTH B, —H, HOANER
F [2ofAl PEE~NLRTHEERTHD,
CORERITE-T [#0EA] © [HR] &
U T8 o TEE] PEBSITSh20TH
356, TOANERICHET ARBOAENE
HBOTE, FICRITEOBECBVTE, K
FHREEsSERSWTYRTH Y, W1
OBENERILE, LELEEES RIS
D] EWH XS NRAFERERLRY, £
AESAZTDESEZPE LNV, LTkl
BELERE, WIBHEL 2BV OTH
%o

ETAT, YU VEKOREZ L Ramsey
(1926) 0 [AEFR] OFESMERLBT LB
TEBZTHAI L, de Finetti(1937) O FE1Hk
RIcBlT 5EmO—H &, von Neumann and
Morgenstern(1947) @ %A B4 5 [AHE
Bl EE, HASELLDELENLBEDT
b3, Lrl, HoNERE, HAFOBEAR
FIEEEDE» S, TZ0fAl KE->To
BEiRE LT, B, Lrd8ic, ¥8sh
lebOTHY, KITT HER RO ZENT
ETRRLTBLOTH B, KB, [R1],
[D2], #LTIV4]lE v kol cxXE %
ARLTWBER, Thid TEER] o
E~DERTH B, T/, (Kyburg and
Smokler 1964) WA EEXE THEBER ] IR
TEHNSWAXRENDERTH A 545, Mk

Y7 VROKRAROBREIL>VWT B
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FERECTO NEMOXERE] F5EKL TV
f:@f% 50
T BEEEI EIRTH B,

One reason for preferring other system is
didactic. For example, the derivation of
quantitative personal probability in Section
3. 31is much easier, and to that extent more
swiftly convincing, if one is willing to
assume that S can be partitioned into
arbitrarily many equally probable events (see
page 33). For certain critics, and for
mathematical interest, there seemed to be
merit in showing that the seemingly weaker
P6, or for this purpose equivalent P6”, can be
made to lead to the same conclusion. Since,
however, the existence even of equal
partitions can be defended, as on page 33,
certain authors, such as Fellner (1965), pre-
fer to lead their readers only over the easier

path.

FV e VRONERERBER S [RELOR]
2RIRNT 2541, TORROBRETA TH
HSTELRRLUTERTRDE TV, FlIZHE,
B OFE3EFEIHTE, EBMUEHEA
HHEROBEASTHE LTV DR, THEA]
SH, BRI OBARKIZHLT, 20
BREDERKOMEE D, FIREICE»SL
We [20fAl ItE->THEEN3ER D
~NEREIRNBE, By TIRELTLES
D155, MEO ERNEROEEIH] &
HYEELb0LREDTH B, H-T, +
7= VIKEEY [HEER] 0BETERLTL
x5, TaMEALl #, L&A [RAER]
—HRoEED [HEl %2, 20, [FOoEH]
ZEABT T3 LItk oThOENES
ZEORIIE, ZORFORIB—HTIDN
oiF, BHICE » T THERIC) LS L
W, ELEBIEMBTES [20EE] ©
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(A %2, DS TRELTLES] O
5, 20 [HBHEAL IKE->TH, TEEN
HEOFE] PHhB0BEBRILENRED
THb, LdrL, Cox>7% [EBEkshi]
WEo [FE] %, BHOTHOAEMEZRST
BHRTBic, BENEHIT LB
s THE ] o—o& LT, s BEAL
TLERBHIET DRI, BohiihDAAN
B, BHCERIMIERI A ORI R B, T
O [#»r] CHLTRBERLHEIETHA
3, E 0, THR] Sictd 2 (BT W)
—RERENED [HE) 2EHhS TRELTL
FH] EVSXIUFEER, VY= VIROHE
BN ER D ST NIRRT 5 2 EPRE RO
Thd, vy VRE, THEBER! 0F3
BEEIMT, FACKHT S [HE S LTog
B nhiR D IES(E 6 NP6 ORIF T
HBYNEPABALT, THAR| Sitwd
3 [EEABREOER I b~O—BENEORE
Fl AB2HLTWEDTH B, E-T, [t
R Skextd z(BHETRW)—HELAEO [#F
], FAR TEbs ] BEO TEE]
BEERRELBHTCERLIIE, ¥ VROEA
A E, S, BEALESShT
LES>DTH B, 58, FT|HLELBEDORK
BT Fellner (1965) & W ks Bl T W
55, chid TER:R] © NEMOXEME] i«
REINTVRVDOTHD, —HZOXBER
{2 Daniel Ellsberg, William Fellner, and
Howard Raiffa (1961 25E/Ra TV 5,
Thicki BEETIC EIRTH 5,

Though one of my main purposes was
incompatible with attempting to derive
personal probability and utility with the aid
of some other, presumably unformulated,
notion of probability, it is natural in
presenting these ideas to certain audiences to
take for granted such things as roulette
official

wheels, operating with their

BB ¥ B % 503

probabilities, independently of the events in
some problem of interest. Anscombe and
Auman recognized and took advantage of this
to present a formulation that avoids P4,
which they regard as unconvincing. A
particularly vivid derivation of personal
probability and utility derived from official
probabilities, namely the distribution of a
point chosen at random in a square, is given
by Pratt, Raiffa and Schlaifer (1964).

YU VR TERER] KBV T, Ho@A
RUAMBICESVT, BANEROESE I3
Al E2ER-STTVE0THD, Hic, H
B OREBESE L TOMROEAIH] 25
ATVWEDTH 20, EHEEOHRICEHE
THBEBVICBVT, 2O [ 74 v+l
WHER| O [HE] 250 h LDIEDHTENT,
AL ->To [HEE] & THHE) L28EH
TEVIRDFHER, BRREETERVRTT
b, EBE [ANGER] S TEEVWALHKS
EHREBBAEENTVS [HBR] L0
HISDEEDTLEIORSHE, EBARNAE
HicEsSwT—8B LT R 2HITITCS
ETEH Y VROVIGE, BESGSESCT
EEBBZDOTH B, LoLEER LhIEEEE
LT (47 4v v WEHER] 1T L 2R
SHNCHEB T B3R EERE >TORVLDTH B,
SF DL, [Z0fA] PREEELTHWEE
FEF MHyoRnw KicsT, [AiE%]
Wby b AR MRS E22EIKEL-
T, TOMEOBERD [HE] 2RE-7,
[EEME | EAEBOREPS [5 v Fai]
—gAkkEd [ER] KBEJuT, o [#E
Bl 3 TERo] $R0 R 2AE-
DFTBEEVIELIBPENELED, 58
D[b-&db6LE] ZVEETHEDLIOTH
HBM, Lrl, 474 vy ViiiEigsEo,
(HeR | 2RIET2Hp0ORE ] © [HE] I3,
WoIE, b, BARNSTORE TR
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H-Th, MEMICEMTRHRTETRELT
BODTHD, DL BHOBROLERE
E2RETHOBLE, [ElHR] OB IEES
HicBi 3 [BEAE—HENE]) BT 58
WA, BEEmSMAmEE 528 h - i Ohbs,
THRLPRBEIETHES I, BB, TOBRED
ZEHODX T Anscombe and Auman D ER I
ERLTOVEY, InRESIGIFEAESN
b0 Thy, Ft, KREODXXT Pratt,
Raiffa and Schlaifer DI TV 2 58,
BRETRESNE->TI06EE > TVBEDTSH
b, £z, INLOXHEIE, THEBEHR] © 8
HOSGR] CiREEN TRV,

Thick BEEFIC LIRTH B,

Sometimes one is willing to take for
granted that the utility of money or some
other quantitative prize, taken in small
amounts, is linear. Then a subject’s personal
probabilities for the elements of a partition
B; can, in principle, be elicited by inviting
him to list a sequence of numbers p; in the
presence of one of many rules that assign a
certain score to his list depending on which
element of the partition in fact obtains. If,
for example, the player is to receive the
(negative ) payment log (p/ 2p;) if B; is
the event that actually obtains, then it is to
his interest to name numbers p; that are
proportional to  his  own
probabilities P(B;) ,
Appendix 2 implies. Another example is to
pay the subject 2p,— pr. Here it is to his
interest to set p; = P(B;) ; proportionality

personal

as Exercise 8 of

is now not good enough. This mode of
eliciting personal probabilities can be useful
in deriving the theory of personal
probability, which is why it is mentioned
here. It is also promising for applications: as

a device for eliciting more sensitive responses

YU e PRORBEROBREILOVT
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to multiple choice questionnaires, for
training people in the appraisal of their own
personal probabilities, in the sensitive
interrogation of experts, and so on. See (de
Finett119627), (de Finetti and Savage
19627, p. 7), (Toda1963), (7). [T DY

> OEERIFF? JHERIKR AR Z KT

KU REBELTVAEARZLENE
5 TH] DM SBENSAB L - Tl
EHZDEAICE->TRNETH B LB &
NBRATHE, 20 TH] 1odT 5 20HAD

TR & LISLIEERIMcEIETH B 2R

EINLDTEOTHE, TOLIHERET,
FOBAMERLTVWS [HE] cWd 33—
DHEI T 2ERb B, BHEEsNLTY
5ELT, T UL oREEY, & B, ol
TEDOBADPRIRT 5T & &> TV BERHE
D HORBEFICEELTVWE, LrdbED
B, WEBIIEHTA O HIREL TV B,
ZOfANE L END [E] OFHEED 3
—DDN=NE, HoLhUDFOHALKLT
BHRIRT b DET B, 2T, o [ L]
DN, FOMANE B, L THED
(COBZRO) AR LERM p, L LT
KT BER, FLTOBEBKRE-T, ZofA
W& - TOHFPREBERLENE LS, &
HOLNTVWEHDETHDRLIE, TD—L
k-7, ZOEAOREARNER. [l
51 TEENBBTHAIHLITT, TOI—
VEDLEMLT, TEH5 0B AR LA
TE55 p, ] EZOBAPRRT LKL
THERVWTHAIM, LrLIOBATH, ¥
| p, ORI 1 LB EEZOFAIHL
TEFT 0NLE, & p BZOMEAO(E
e BV EANERIC—BTE0TH B, <
DA L) oN—LoflBETc H>ER
ENTVBEDEN, o [IELvw) v—u%,
b M, BANEROBEGEENT S
HIEFETEILETELOTHY, i,
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050 N— V%, ZEERXOEMORTIC
SLTEBEES L DS, - THEEBS
T, BIGT22&% LAY, BHOEAN
HERALABREA DO L—=2 v AT 0D,
BRI T 5 L DSBS EBAEBRLIZD T
iz, PIHT B EBEFEINL0TH B,
REYY 2 VKR, COBREORETE>HOD
XBMCERLTWED, ZO0REDHOES
BRUESHRELTVWEDOTH B, %1,
ME#®R] o MEmoxXE] t&FhTws,
HosHBIcARIN L EHRAEIETH S
Savage (1971) %, HREMTNETH b, &
fz, T OWHENEEER, de Finetti & DHkF &
LTRARSNBFETH » 121969FE D EFE A 7]
WELTWBOEN, FRILEY Y2 VROE
MABERTH-720 LT, ERHOBMELLT
REINIZOTH B, SHIcEBEF, HES
D DM & Winkler and Murphy (1968) &
A, RELTERCEEALTWE T EEREL
2B LTWB,

4, 4T DROAERICETHESLIHH

AT Y VERE, ETIELEED
BICEADITEANT, H2&wa i Lic
XEEFEITITVWE, TOBHOREE &R
¥Th 3,

Though the system in F. of S. is intended
to be, and presumably is, up to professional
standards of mathematical rigor, there may
be in it great room for improvement in
philosophical rigor. The discussion of “small
world” in Sectionb5.5is particularly sug-
gestive of room for improvement. Weak-
ness is even more likely to lie in the choice
of undefined terms than in the choice of
postulates. In particular, the technical notion
of a consequence may be an important weak-
ness. For the sort of things that are ordi-

BB ¥ B R 503

narily regarded as consequences such as a
cash payment, a book, a meal, or a trip are
in effect lottery tickets, or better, tickets
entitling their possessors to admission to a
wide variety of games. A particularly
stimulating reformulation avoiding the
notion of consequence 1s offered by Richard
Jeffrey (1965), who instead of trying to keep
events or propositions ethically neutral by
holding consequences and events apart,

allows the events to be full of import for the
person and makes no effort to distinguish
between event and consequence. In his system
the subject’s preferences are not among acts,
which are meaningless without consequences,
but among the events themselves. Would you,
for example, rather hear that 1t will not rain
tomorrow or that $5 has been bet in your
name on the bob-tailed nag? Personal prob-
abilities and utilities emerge from Jeffrey
system with an unanticipated, but appar-

ently not very important indeterminacy.

+o: VROAERICE S, TERR <
FEECIERINTV BRI, EEOR¥
BOTERINTOIEESE DI LT
WBDTHD, Lrd, EENCERD TERY
REROAEHAWT, RENLTHE2ER
Loo, BahTVw3DTH5, LhrL—H,
B2, BEOBRB T 10V T 4 AN T
] KBLTHBORMS S50 LN
EEBEELTVWAOTHD, s5ikkiR, HEO
NEZDEHREE LTV A [ERXbDBE] 1ch
AEimaE TEHELTLEDS] SVWH LS
RFEBRIS e, THlER] OB 5 EELH
o NESREREL] KBIFBLSIL, TOM
HE%, HEOVEDLSRAEMHBICHA X
5ERATVWBEDTH B, 70K, HONER
BOTE, FRELTE, WbWw3 [EER
el ELTHOHEbhTWE [HE,
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consequence] DHELSONRB L -TL 3
DTHY, o THER] &iE, TZ2o0MAL
Lo [EBREEHV] VW3 L5807
Hb, TIA, income! ODEESOBEAFZHX—
fMbE b EBEsM, Lo [BER] &g,
WhWwaA THES] boTirEL, Ebd
FlzofAl © [KEOBELRE] BOTH 3,
Sy Y= VRE, FEEHICETBLTYS
[ZoMA] OITEZ2EETLDOLEN, O
FH78)) 2 [2ofAl k3 (T4, act] ©
BIRELTHA, Co (114l », THE] o
[iKRE, state! LOBEDIKBVT, TZDOEAL
ANESESTTEERD [ERNIEHN] 28
FELT, 50k, oAl PEEDOAHL
FBIRO TT) /) T &5 [HElRNG
REE| ZMEELT, <o [8M] 2303 MK
B % (#ER] LFBATVWEOTHD, FH
&, o [HER] wEBLT [Z0o@ALl ©
(14 %2, THR] oK% NRE] LT [
Bl 2ntibs €2l E LTERLT 20TH
%, LinL, TBEORKE] vt MER)
DESRLRRENTVEDE, OV Y= VK
DERTO TR BETIRIEL, 84, #lz
i, Zo ({120 3l o [E] EL
To, 20 [£8] 220 [F¥) %, 50
BZo [RiTHl wETthh, o [BEOD
R TO [HR] &3, EREFY—2~0F5
MEREZOMAEENE BT ELENLE
b TFry bl iochdy, [ZofA] »
ERLTORREEEE OB 2ZET 201
i, 20 [F4 v b Bblcod [EBHAR
o] &, WERCAEERDOTH S, 2FD
o VROVSHS» 5T 0iE, T@EEORE]
S TzofAl 2 /SR wERERLT
WBRREDOTHD, o [/hakitR] ©
TR tERxhTwa [F4y b ik, TZ
DAL ~&E [EBHUTHV | 26459 TdH
A5 EBESNTVEY Y =2 VDROBERTO
[f7%4] sochY, BEORNE] 4Ty
Ko (R EoicidhrBRon TRzl »

¥ VROKRLEROBEIC>VWT H
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HBDTH b2, PE-T, [BEORI] OEBE
A HLETHIRETHOUOE, ¥ T2V
ROBW®TO TR @00 #EdnirgicE
P LD THy, FhER Ko
PHAIc B2 [FER] offt&s, HoBERI
BIFE (588 L LTHA OGNS I EAHERL
FDBERLTWEVLDEY, LirLERE, B
SHEA L TR OllSE2ERO L A%
BLTBY, asicEk MfTa] oEbeo
HET (R oS RTETH S S HML
THD, T LTENHEBORBREERE CE
DWT, Lo THR] oEEES D [EE]
EBWITHELTWADTH S, EIAT, &
ZHASE, v VEOBRIE, o TR
OBEBHBMLOIZ [BHLAV] OTHD,
TH%E, decision] EWVWHEWIcHT a0 H
EHOBWERD, THR] LvS>HERICKBL
TVW3LESOTH B, BB, LOBFET,
MR v A i km LS FBEAD
[3®4F, preference) 2FERILL T, o [E
] 255k LT W5 Jeffrey (1965) DFHBICE
BLTWw3,

IITY Y = VEN, [BEATES] 20
bWw3 [BE, instrument] BB LTLE
IPDHITHLT, BEVEEEN->-THWaEC
LREBETNETH S, 20, BHEOR
BZIcBIT B, FIZE TRE] W EEE,
ZTOREREF LTRYEBVT [EEQ] F
WThEblRnworZeLTLEw, 20 [HEE
O %, ThZhoRHEVWbw3 [HI
LT, [EE] L LTRBETRIEEAT
BuorZinws ke hs, HELBIT
WBDTH B, EEE, cokHk [EE] HE
BAERHLTLES ORI, A, THEA
e ->TO [HR] ERARRMPEZHDTH
EREBOM] LV XD, BEAWTAER
R b8, B, T IR &, 40
ECAHBIE ST, XHEAABT DD [HE
Bl o—o2Bok] w3 k5L T, NEMM
BIFICEAELTVE EE| EWHEEITL-
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T, ITEhsnTlEzES] BOBHE0TH
Bo Sl Yy VKIS, THER) ZHH]
ZLTHR] Ewox257%, THRE] B3
EANEHSONREEEICHVWVELTVWSOD
Thy, zhigic, XEN M) 20T 5
HRENEEEDPTOHRESE, ERELERLT
WIEWDTH 5,
CRICE L BEEE| ERTH B,

A criticism that is sometimes raised
against any such system as thatin F, of S. 1s
that it ascribes, in many applications, a vast
number of preference to the subject, for more
than he might be able to express in a lifetime.
Actually, it need not be understood that the
subject has actively made all these choices but
only that such choices as he has expressed are
mathematically consistent with some
complete system of choices. It might be
possible and worthwhile to reformulate the
whole of F. of S. in terms of partial
ordering, requiring only sufficient numbers
of preferences to be expressed so that the acts
actually important in a given application can
be evaluated in terms of personal probability
and utility. Certainly, in applied problems,
such as those of statistics, it is often found
that relatively little data about a person’s
preferences are sufficient to determine what
is optimal, or near optimal, for him. One
book that goes particularly far in exploring
such economies is that of Fishburn (1964).

LIAT, [EfSG] ORNBRPLZHICED
T3 [(FEhoRl LT, #hdsovy s
L3, THRE] #BZ5ELTVWEEALXL
T, —HEhhr-ThEHITORRELELERL
BEEOERBHKIcOIE S EHEGD RIROHR
A2FHLTAHL L ERERLTWEDTHD,
BREhoOY 27413, EEOHAICE-T

17 50—-3

REANLOLALLEZ%2B1L, 0oy
BELHENZ I EBHEDOTH B, 1245, +
7 VRONEZREFRAT 2EA I L TEK
shaZiid, B EROER 0X< %
RELRL G ERETEREL, HEPHEE
LTwaE-H»0 BIROKES] 25, REOHK
Tk s EF] EFEN 2 (T4 OF0)
TIHBRRICH LT, THENCEAN] 13
LEThB, ¥oicEl, FAMVERLTVS
REIEBOVT(FOHEACL - OEETHZ &
s h a0 0 [7h] BEANEERSE
($H] Stk -~ THMETEAICELZ L VIR
BieswWTod, +o5HTH? L HEizns
[EROBR] %2, 2OFEABEHATELEVS
TEE, BROFERE LTERLoD, FIEF
OREF - T, [HEiER] OV 27 452 HE
KT AIEBTEELBLABLVDTH S, &
SITE f, BERICBY RO X S IEH
roEcBvTE, LIFLIE, BAO ET
KET 3P RBODREVWF -9 TH-Th, T
AL ->T [BREE], 50 TREAL
BEL] BRERETE DR, +AROT
bb, BTV VEKE, KEBBLT, TH#
El AFS5FEADRFICETZF— 5 OfiEE
FHLTVBEYE LT, Fishburn (1964) i<
ERLTWA,
ThICEE BEAETIC LIRTH B,

Somewhat related are attempts to allow
for the phenomenon of vagueness by ascribing
intervals of values, rather than single values
to personal probabilities. See, for example,
(Good 1962, 1965), ( Smith 1961, 1965), and
(Dempster 1968). Such schemes seem to have
merit for certain practical applications, but
they have usually been put forward in a form
that overlooks an important practical
phenomenon. Often, though each of several
probabilities is vague, there 1is some
relatively sharp relation among them. For
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example, you may find yourself quite vague
in your opinion about whether my car has a
right front seat belt and equally vague about
whether it has a left front seat belt, but if
you would be quite surprised to learn that it
had only one front seat belt, the two vaguely
determined probabilities must be nearly
equal. Again, to take an example of great
importance for applied statistics, I am very
vague about the probability for me that your
weight to the nearest pound is 152 pounds or
153 pounds, but it is vividly clear that these
two probabilities are for me practically
equal. Any system that defines probabilities
only within intervals and cannot express the
phenomena just mentioned, will be of little
practical use. One way is to recognize that
probabilities  are  special cases  of

expectations, namely expectations of
characteristic functions (which are these days
more wisely called indicator functions). So
that a vague system of opinions can be
described by associating an interval with the
expected value of every bounded function
rather than only with the expected values of
indicator functions. This approach amounts
to much the same thing as saying that though
the person cannot identify the function P, he
can locate P within some specified convex set

of possibilities.

YU VRE, BAVREOMANEREE
Bt HEAREICBVWTIE, i) HIFLBER
LT AEEERTIE, BEREOMEL [BE
Kl DB ERENCKETEY, - TH
D RO 1, EBRORRITBVTI,
PROERE LR wTosiEELES
VST %, FRCEALTHWEDOTHY,
Eoifkid, THEOME] &L cH—0EHE
EIEETHDOTRIEL, EM» OS5 5XH

+ 7 VKORAEROEEI>VWT B
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2l ELTEDBTEICE-T, T [
SRMEDIS, the phenomenon of vagueness ]
EHAAL I EARAEPREATHS, #ob
O [HEER] OFESMPSREI N TV S LK
HLTWBDTHB, L L, RO
[—oofEl = TRE) tk--TEXHLZ &
WHZORPHEE, HEOFRESE LTIIEEL
TWIRWOTHY, Lrdbifid, o [HERE
OXMIIc L 2BEEHA M, ZoxE T, »
RoHySht:, LrLEER EBLOHEK
KT AR EHEA G AN B L%
BT 50THD, 2ED, —D0—20D KR
OfE] i TERE ] BESNIDATIES-T
b, zhoo [E! oflicid»iy TE-%0
& Utz, sharp| BARRA [HEE] $52 &%,
zhood [ME] ORBED B> T 2 HEAS,
PRYOOHEZE > THETE 3 &5 Wk
EBICHEDTH B, P, [F] OFEHE
DOEORPOREFIT > — b Nk 23k 2 0hED
EWHZERDVWTO Bk HEOERD,
(B3] BRICE-THED [ERELTL
B3] &L, a6k, BUEHEORIOLEMOE
JEDY — bR BBEBELENTOVT D,
(] BROBREFERIC BEREL T
5] LT [20FHEORIOEREICIE—>
Pl y—1 XAV rRBREV] E0nWHTEx
FTES BB IZEBDE L, THA] 2N
KEBLTHAESE, Bzl BESEIL O
BoE, TOEAICE, BEREDAED SNE
ZEENTVBHEO >0 [HE] 11, [H
el BHBICE->TiR, BEAEZLVLELE
SITFNERLSBVWIETROTH D, SS5ICE
7o, BOAVEY FOlck-THEINE [H
i) OEENB2E Y FpIESE Y FhD W
NrThHds 0 TR e -To TR 13
R k- TidEE TEERELTVE ] ©
THBH, oL, INOOERNTEZ >0
(R | S TR ICE - THEBREZLALE
LLWoTHsEnd T &, BHICHSHRED
Thy, T/, TOXHLREIEZ, FTEHAEA
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4 XBREICBY 5 [REWMTE, stable
estimation| & OB THETHOIEH L EE
BOTH 2, #F, [HEER] OZEEXEICS
N5 [fahr) LLIBRKBVWTOLHEL 2
POFIE, COXIUEANTHED [iH- X
D& Ut HERMRD TEE] LVIEHEES
ICERBELEBERVWOTH 200, FOEEHEIC
FIENH 5 LI 2BUNVOTHE, &I 5
T, MAREERL VWS b0%E, BFRO [EHMY
#, indicator function] OEANMBE LR
BE oo, THER] &k THHEE] of5)
BBETH B, Fhikic, BAOWARWLAL
[ R, opinion) IKfg9 % [EARE L] v R
Foid, MASBERERLTWS [HR] o LTE
FINTLVLEABMOBRHEOREIC, Th
EFET 5D OXEEHE T E0IRY
MT, BBRLBEILETHAIN, TDLS
BHRER, zoMAR, BHO [HEE] £EH
TAHEEBIL T—DIKEDBEIERTER
WA, ZoEOREE, BHO [HE]
EHRBELEZ»S LA OEREL S L8
EDOMESICEBT O LTRELBS LT
BHAE~NE, BULBDOTH B,
Thicki BE AR LIRTH B,

With the possible exception of the idea of

bracketing  personal  probabilities by
intervals, the modifications of the theory of
personal probability and utility as presented
in F. of S. thus far mentioned may be
regarded as modifications of expression but
not of content. Modifications of content
have of course also been suggested. One of
these, emphasized by Ellsberg (1961) and by
Fellner (1961), is concerned with a reaction
that many subjects undoubtedly exhibit in
situations involving vagueness. Imagine that
a prize of $100 is offered to you for naming
correctly the winner of a two-candidate

election about which you know quite a bit.

L5 50—3
You may find yourself indifferent between
the prospects of the two candidates or, more
accurately, unable to make your choice with
comfort. Suppose now that someone offers
you in exchange for this uncomfortable
choice an opportunity to win $95 by correctly
naming heads or tails in an ordinary coin-
toss. Many, sometimes including me, feel a
temptation to accept this opportunity to buy
an escape from vagueness to clarity. There
are, however, strong arguments that the
benefit is illusory only. Of course, the
“escape” 18 not compatible with the full-
fledged theory of personal probability and
utility. The source of this contradiction is
not very deep. It appears in Exercise 3.2.3,
which depends only on P1-P4, with very mild
use of P4. An informal, but strong and
striking argument that the “escape” is not
worth paying for is that if you are so
frustrated in your attempt to choose which
political event to attach a $100prize to
that you prefer to attach a $95 prize to the
toss of a coin, then you should be better off
flipping your own coin and letting the coin
make the political choice for you, directly or
possibly through a silent agent.

BAKHERORELEOBRME D SRS XH
K- TEEB|ATLEI LV X I LERE
Biid, ST, THEEER] oMRo THE]
T zoREBERICH T 2B O REME I
SWITERLTELDTH B, 7248, B
BT EBEANBERCHHICET 2HG{O
TRE] %2, BELOMYIcEWT [EIE] ¢
NERWOLEVIRMERINTVEDTH 5,
ZITH Y = YKIE, Elsberg (1961) R U
Fellner (1961) OFEIRICER T 2 DN, [HHE
Wl oo TBmoxX#Ex! Tid,
Ellsberg, William Fellner,

Daniel
and Howard
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Hb, 2F 0, RiZ THl] M, ZACESHH
HEOHNDOWTNOBRI~NE, Tl ik] ~&&E
LiBashTwa, I0FLVOBEH LEE%FD
BrEUOMHT 20020 T, BEORRER
HHERTED, HSEHEITVWEDIE LI,
FOEE Tk 3, #0X578 [D50]
HicBEa L0 iE, LA, —KRoOBEHEO®RYS
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0 B LO#ER] ofepicid Ui LTl
FHTLOHEN, FVEERTHLEITHRDOTH
b, Lird, TOEEOHRTEFIcEs [Hi]
%, BooferE@oic(FRERLTOR-TH
WTKNARBAZBUTEITT R L5
HREROTH B, 2E0H Y = VEE, [25
W] oo NkEE] EVWSERNGST
[Flgs] &L E VI bR, BETHILIE, &
Fix ThoBRV] BELEEERT0TH 5,

LaLlyyeVKRIE, <o TE#E] o0t
DEBESORBTEOTHD, Tk
EEGIQERTH B,

The arguments just cited have great appeal
for me, but they are of course known to those
who advocate the escape as a unormative
reality and there are subtle factors like
recrimination, possibly, self-recrimination,
that these arguments may not properly take
into account. If, for example, you make the
political bet and lose it, you may then have
the bitter feeling that you could have won had
you thought more carefully. On the other
hand, you really have the same basis for self-
recrimination if you bet on the coin, whether
you win or lose. Perhaps the “escape” really
would provide an escape from certain kinds of
social recrimination. Certainly, there are

many situations in which a person is only
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influenced by the opinions of family, friends,

44(396)

rational to allow his behavior
employers and the like. Some aspects of the
problem, such as the analysis of self-
recrimination, might seem different if the
role of the political event is played by some
event the outcome of which need never be
known if “escape” is elected. [T DFEKEIT,

For elaboration of arguments or both sides

see ELWOTFEZOEEND L, ]

(D60 Bl oD [k BRALHD
(RISl 20T VWS RBR, vV YK
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oz, o [HE] oA, THD
wXtd 2k E 0 IEH, self-recrimination] &
WA KB SRFPBATLBDTH %,
BiziE, LoflTrs, Teiik] » TBEW
Bt OKERAT, LbbiERIE T8I
ThrELTHEE, TOBEE (B 1,
FOEBRECEERZES Lo ol THS
BESNAELELNEVWERY, D oER
AEZBEDOLNBVDTH B, XH—H,
(&) 2 [EERT ] OFEBAKLLELT
b, EEO THSkd 2EDE] DB S
OThy, KB, EEERT] oES [R7]
Thh (bl toh, MEOEEOEELH-»
= Tdit] 1, =0 TBIKRHIE] B’EL S
(k@] €99, KOBECBEEERESLTOR
DOELIEE- SEEEHO [BE | BELhE
AL, [%BE] LEESEZHBLEDES
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b0 VbW [ IEH] B E
ZLRBTE0THY, EBE REZHZI &
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AEHOBR» CEEEZIELDTHD, it
ZDEAR, BLORBEICBEVT, ECAEN
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1w AN, BEOTEICEVWT, ABOER
ERMEELLICEEETZCELDTH B,
Sk, ToLHE, THoiXT 3kE
CE | OBFEEL (o260 ] Bl 50
(ks | B9 2EERREI, RO TEIRWIS ]
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A system of postulates fully as formal as,
and much more elaborate than, thatin F. of
S. has been proposed by Dréze (1961). He
emphasizes the philosophical difficulties in
the concept of consequence and contends that
the ambiguity, or lack of determinism,
thereby implied is far greater than that which
is mentioned in Section 5.5, “Small Worlds.”
He contends also that it is not possible so to
separate acts from events that a person
cannot influence the outcome of an event.
This is of course true in one sense, but the
point of view adopted in F. of S. is that the
desired state of affairs can always be brought
about by a suitable choice of linguistic
conventions without doing any violence to the
actual facts. Dréze’s system is difficult to
appraise but certainly deserves further study.

ZITY Y = PRKid Dréze (1961 It BV T
ERENTWBARRILERLTVWEDTH 5,
Dréze ld, 7= VRO [#E] OEEMH7 1
074 ANRESEREOIEEEHAL, O
(R oL s [dvEuns], »E0,
ZOEEICBE 3 THERNEE ORI 25,
MBS o VhaniERicb] VO EED
EH5EESHTRROATLARRLD b, &
D—BEEXLVWbDTHEE, M FERTSD
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THbd, £/ Dréze ld, BEEH O 5THE
KREEATDBADR EEEE5LR00OR
LWIE LRSI, HEERHSHEADETS
AT A EBER, TERTERVLWRTLE

BTL0THB, —FHY Y = VKL, Dréze
DIDEINFENSHLZEURTEETHEIE
MR DBDIH, UL, HH [EER
THRALTVWA [$00RF] kv Tiy,
EERECHET 5 EHBHEINTVWADT
23, BEL - TLB VAW ARERICN
TEEREM B EURESL, EBOFEEEL
BT s Lz, SBLOWYERDEHEY
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A number of books on the philosophy of
probability and induction have recently
appeared which are beyond my capacity to
review here but which should be mentioned
because they contain interesting critical
material about the concept of personal
~ probability: (Brown 1957), ( Hacking 1965),
(Kyburg 1961), (R.T.Cox1961), (Le Blanc
1962), and (Harrod 1956). [Z ©#%iz, Edit
this list and get it in chronological order.
EVSHEERSATENTVS, ]

Yo VKR, THE] RUBRWECET 2
74807 4 ANVBEBRTERELEH 207
B, FFic, BARRERICET 220005
REEBELTVWAEDOTEHY, KETAMOEY
EFFELTVWE, BE, TDONT (Le Blanc
1962) &V HIEYRONLILE DL D), FE
BESBFETERVTL S,

+ 72 VRORAFEOREIL>VT B
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5, BEOBERICEINE

H = VR I CHIRR® T, Manageri-
al theory E WHEBTEIHOXEEZE X
HHOTHD, TOEFROEEESI LIRTH
5,

Literature on normative aspects of practi-
cal decision making is growing rapidly, and a
considerable part of it is coming to involve
the concepts of personal probability and
utility. Pertinent materials are likely to
appear under such rubrics as management
research, systems

science, operational

analysis, engineering psychology, pattern

recognition, and artificial intelligence.
Statistics itself might logically appear in this
list, but it 1s the special subject of later
sections. Some key references are the
annotated bibliographies of Wasserman and
Silander (1958, 1964), the symposium
volume edited by Shelly and Bryan (1964),
and. . . [EQLHIR=Z2E Y & FBF
#iz, XELEHRI TV, SHEHEN

SNBRTTHE-1DIEH S, ]

EEER2 [BEHE, decision making | |
%T5EQWQ§M%W0&aTm5Xﬁﬂ%
BcHEML TV 3N bIBOWEETHD,
ZNoDFBOL L, MR BEANKERRU
SO b0 TH B, ¥/, Ih
OB B2 REM I, HETFEREBAADT
L, BERY, OR, ¥ RF L5, L¥HL
B, Ny — VERE, ATHREE VWS XOBE
KDORFicbl-TRHEZDTH 3, 1B,
COBENSIPMBEI B LI, VY= VKR,
BEARHERICE D N XET R OMH 2% T
79260 TH-tkk51ED, HOERRIZET
FTITLTREHMEA TWEDTH B,
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THICHSBEETICERTH 5,

A vparticularly vigorous and thorough
exploration of applications of personal
probability and utility to business has been
lodged by Robert Schlaifer and his colleagues
at the Harvard School of Business. Important
examples of their work are: ( Schlaifer 1959,
1961), (Raiffa and Schlaifer, 1961), (Pratt,
Raiffa, and Schlaifer, 1965), and ( Grayson
1960). The latter is a particularly well-
written, many-sided account, of a business in
which

namely oil exploration.

risk is particularly conspicuous,

EANERRUCHABEEE FoERIZS
HLTITCEAAD, the Harvard School of
Business @ Robert Schlaifer & # O B
LItk -T, AL SBENICBREINTE
el ity = VRBEHL TV 3D, &
Iikid, (Grayson 1960) i & 2 HimEEA 1B
TEERE, EFMIBOTEIFML TS
DTH 5,

SOIBEESED ONT, RO—HHEME
nTwa,

of

whether in business activities or in portfolio,

Problems investment  allocation,
are likely to involve questions of personal

probability and of utility.

IITHY = VROEREIHiNHE - TH 4
L1 > TWBDEY, ZOFICIIEENTE
nNTBLY, FhLENE, R —DORE
DHTHD->TWE,

Psychologist, sociologist, and others
continue to study how people do behave in the
face of uncertainty, whether in experimental

gituations or otherwise. [J Z CHEEMSETH

&

B % 503
EH-ThEY, AOLSiwav=iT-acun
5,17,

detection are some of the pertinent rubrics of

gambling, preference, and signal
these empirical studies. The line that I have

drawn between managerial theory and
empirical study is not a very precise one, and
many managerial studies have an empirical
component. In particular, the works offered
as key references for managerial theory are
also key references for the empirical study of
personal probability and utility. Additional
ones are { Edwards 1969), ( Luce, Bush, and

Gallanter 1963, and 1965).

KB, H50REZED EEBSE ORI
BOLT, FEEHICEHEBLTVSAAN, Ei
WL LTHBIT 200, BiolEy
FPHEFEN, TLTHOSBHBOAAS, #
BEPHRARITI TELOTH B, TNODER
ISR, FlAE, BUHECET 3 AAD
TERESP, X0 —BACiZAADEBITICEY
BEWY, 2LTNY - vEBEVS LS5
BicB-TWb0TH b, T, BREOHRE
BRI S OMIcERICR 25 T &%
SREgroThHy, EE BECETIEL0
WE, BBRNSEELEATVEIDTHD,
#-T, FhooPER, EANEZRRUHA
BT ARBRANHIEICEMT 3 b0 L REE
BDTH B,

CITHY = VIKOERBIRGERETITRb -
THY, —H, 23May1966& HEBFT T
W3, # LT AFTERWORD & EEMM T S
nNTWa, FESOALREESUEKREA €
PEESNLTVWE, 22T, IhEUTIRERL
TH<L,
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AFTERWORD
Introduction
Function
Method Milnor
General theory of personal probability and utility
Smith Good Pfanzagl
Dréze Anscombe and Aumann, Pratt et al.
Ellsberg Fellner Fishburn
Elicitation Franchy
de Finetti Savage . Jeffrey
Toda (Miser) Hacking
Kyburg
Managerial theory
Markowitz on porfolios
Grayson Sequential analysis

Schlaifer and Raiffa gap.
The Louisiana man
Military projects
Pert Borel
Empirical study
Many of the preceding. Quite a bit beside
Shelly and Bryan
The likelihood principle
Derivations: Lindley Savage (Wolfowitz), Birnbaum, Pratt
Implications: optional stopping, confidence intervals, tail areas

unbiased estimation, minimax

How far from Bayes? Miss Patit[ 72 &8 5]
Critique? Le Cam? B. M. Hill
Dempster

Mosteller Wallace
Bayesian statistics
Credo Jaynes
Tribus

Examples
Borel in Bibli[ A<HH]
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Random list for afterword

See new references

Mises Bayes and Robbins Bayes
Behavior-science

Lindley Savage

Wolfowitz and Barnard

Likelihood principle Barnard, Fisher, Birnbaum, Stein

Stein paradoxes

Nonparametric Bayesian statistics

The vague alternative jazz

Testing

Stable estimation, conjugate distributions

Dréze, Fishburn, Fellner, Ellsberg

Behrens Fisher
Stein two sample
Borel

Fiducial probability
Subjective-objective
Minimax theories

Dictatorship: Dantzig, Berkson, Neyman v. Birnbaum.

Odds

Jeffreys, Schlaifer  Grayson

6. XEROERK

¥ VROERICIEESST oATY
RWOT, FOEREALICIITHERT DR
25, TEMER o NEMoX#EE] c#rsh
TVWIELH DI, #RE, oRXPEYEHE
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TEELEDTH B, KM, FNTHHE Le
Blanc Kz & 2 Y2 BERBOBETE -
fDTHY, FLEFOHHICHEENEATS
LEBEZONEDTHY, HUOLEEHEOH
BREFEIRBETH S, 58, BHELHZLHE
ORI B E OBl TB WV,
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