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50 H. Mizutani 

First we examined the distribut;ion of chain elements of high polymer melecules 

and arrived at the conclusion that the distribution must be such that the mean square 
end-to-end distance of high polymer molecule calculated from this distribution is ex

pressed, within a narrow range of the degree of polymerization N, by 

<r2> = CN' 

with r which satisfies the relation 

dr , 
dT ~ 0, 

where C is an appropriate constant and T the temperature. Next we inquired into 

the methods of obtaining the extension of high polymer from empirical data by 

making use of such a distribution of elements, and, following one of those methods, 

we determined experimentally the extension of high polymer in various solutions. 

Finally, we carried out the theoretical treatment of the extension of high polymer 

in solution. It has been found that there is a critical value of mixing heat dD 

between the' chain elements and solvent molecules, which corresponds to the precipi

tation" of the high polymer from the solution. This critical vale of dD is inversely 

proportional'to the degree of polymerization of the high polymer. 

Chapter I. Introduction 

§ 1. Developments of the Theory as to the Extensio,fi 

of High Polymer Molecules 

The problem pertaining to the extension of high polymer mole
cules received its first theoretical treatment at the same time as 
the first success in theory of rubber elastiCity was attained. Since 
both theories were based upon the same distribution function of 
the chain elements of high polymer, it was a natural consequence 
that they were developed keeping step with each other. ',In the 
following we shall briefly retrace the progress in the theory of 
exfention of high polymer molecules. 

I. Free Rotation, Arbitrary Bond Angle 

In the theory of rubber elasticity one assumes as the s'implest 
model of a rubber molecule a chain consisting of C-atoms, fn which 
free rotation about C-C bond can take place and the angles between 
neighboring C-C bonds are arbitrarily distributed. It is further 
taken .for granted that the chain elements constituting the high 
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polymer molecule have no volume and there exist neither inter
nor intramol~cular interaction between them. As in this model 
no element other than those of rubber molecules are taken into 
account, the properties of the molecule deduced therefrom are 
nothing but those to be expected- in vacuum. The initial theory 
as to the extension of high polymer molecules was founded lik.ewise 
on. this model, so that the results obtained must be considered 
to hold only in vacuum. (The model consisting of volumeless 
elements will be called in the following a mathematical model.) 

For this model the mean square end-to-end distance of the 
chain is given by 

(1. 1) 

where bo is the bond length of chain elements ane N the number of 
elements. 

II. Free Rotation, Constant Bond Angle 

If one assumes that while the rotation about C-C bonds is free, 
the angle between neighboring C-C bonds is not arbitrary but has 
a definite value which represents a tetrahedral angle e, then after 
a simple calculation the mean square end-to-end distance of chains 
comes out to be 

(r) = bg I+cos eN. 
I-cos e (1. 2) 

III. Hindered Rotation, Constant Bond Angle 

Assume that the rotation about C-C bond is hindered and the 
angle between neighboring C~C bonds is a constant equal to e. 
The theoretical formula for (r2) can then be written as 

1 +cos e (1'2) = bg ___ _ 
I-cos e 

1-( cos <J!)N , 
1 + (cos <J!) 

where <J! is the rotation angle about C-C bond. 

(1. 3) 

It is to be noted that all the above formulas can be represented 
in the form 

(1. 4) 
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IV. Consideration of Excluded Volume 

Since the constituent elements of high polymer have their own 
volume and cannot be regarded ·as mathematical point, it was 
naturally required to introduce a correction ensuing from the 
volume-exclusion effect into the theory of extension. Later develop
ments of the theory in which this effect was taken into account 
were achieved by a number of authors independently of the theory 
of rubber elasticity. The results, however, differ with the authors: 
Some authors gave for the mean square end-to-end distance of 
chains 

(1. 5) 

which coincides with that for the mathematical model, as far as 
the proportionality is concerned; the others obtained the formulas 
having one or more additional terms, all of which reduce, within 
a narrow range of N, to 

(r > 1). (1. 6) 

It is therefore particularly interesting from the theoretical 
point of view to determine whether the formula for <r2

) is actually 
given by (1. 5) or by (1. 6) and, in case (1. 6) holds, to find out the 
value of r. 

§ 2. Peculiarity of the Problem of Extension 

if we wish to work out a physical solution for the problem of 
extension of high polymer, we are driven to have recourse to 
experiments. In view of the impossibility of vaporizing a high 
polymer without causing any decomposition of molecules, however, 
a state in which separate high polymer molecules exist in vacuum 
cannot be the object of experimental study. The feasibleexperi
ments are confined to systems consisting of high polymer in solid 
state or ill solution, so that, in order to treat about high polymer 
molecules in separate state, which is of importance .to theoretical 
treatment, the only measure to be taken is to experiment with 
a system of sufficiently dilute solution. In this lies the peculiarity 
of the problem of extension. Needless to say, it is necessary 
along with the experiment to establish a theory as to the extension 
of high polymer in dilute solution, which is to be compared with 
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experiment. (The various theories hitherto advanced concerning 
the extension of high polymeJ;'s in vacuum possesses .by themselves 
nothing beyond mathematical interest.) The investigation along 
this line has been performed by the present author as will be 
fully described in the following. 

Chapter II. Determination of the Extension 

§ 1. Consistent* Distribution of Chain Elements 

For determining the extension of high polymer we have to 
assume, as a working basis, a function representing the distribution 
of chain elements which should naturally be compatible with 
experiment. 

To begin with, let us examine whether or not the distribution 
function hitherto employed for obtaining the extension is consistent. 
It has usually been assumed. that the distribution of chain elements 
is such that it gives the probability of finding the mean square 
end-to-end distance (r) of a chain between rand r+dr expressed 
by 

by aid of which the extension is to be obtained from the measure
ment of intrinsic viscosity [7J] or angular intensity distribution of 
scattered light I (0) of high polymer solution.1

)2)a) In this expression 
b is the effective bond length given by 

b2 = b
o 

1 + cos (H) 
1- cos (H) 

l-(cos (JJ) 
l+(cos(JJ) , 

(2.2) 

(H) being the bond angle and (cos (JJ) the mean cosine of the angle 
between two neighboring bond planes. For this distribution it 
holds that 

<r2
) = r r2 W(r) dr = b2N, (2.3) 

* By "consistent" is meant here "in accord with the experimental result". 
** It is to be noticed that here the effects of volume exclusion and of the existence 

of solvent molecules are disregarded. 
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or 

r = bN J
/
z , (2.4) 

r being defined by 

if = (r2)y/2 • (2.5) 

Taking logarithm of Eq. (2.4) and differentiating it with respect 
to temperature T, one get the thermal expansion coefficient of r: 

~logr =~logb 
dT dT' 

(2.6) 

which is independent of N. 
Thus, if <r2) be experimentally proved to be proportional 

to N and its expansion coefficient to be independent of N, the 
distribution function (2.1) is to be regarded as significant and 
consistent. In case, on the contrary, Eq. (2.6) proves to be invalid, 
we must conclude that the distribution function (2.1) is inconsist
ent and should be discarded. We carried out the investigation 
to see if the Eq. (2.6) holds for several solutions of high polymer, 
the procedure and the results of which will be discribed below . 

. § 2. Decision as Regards the Consistency of 
a Distribution Func.tion 

As the criterion upon which to test the consistency of a dis
tribution function of chain elements, it is convenient to examine 
the N-dependency of the thermal expansion coefficient (3 of r, 
inasmuch as, as will be shown below, (3 can easily be derived from 
the measurement of intrinsic viscosity [1J, whilst the procedure 
of obtaining r from [1J is somewhat too complicated. For the 
intrinsic viscosity we assume the formula given by DEBYE and 
BUECHEl) : 

(2.7) 

where R is the radius of a sphere equivalent to the high polymer· 
molecule, M is the molecular weight,and <p (6) is a function of the 
shielding r~tio 6: 
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1 + 3/a2 -(3/a) coth a 
1+(10/a2){1+.3/a~-(3/a)c-otha}- . 

55 

(2.8) 

This formqla was deduced by summing up the .contributions from 
each chain element to viscosity with due consideration for the 
condition that when a high polymer molecule is put in a solvent 
having velocity gradient, the velocity of the solvent through the 
high polymer diminishes from surface toward inside of the high 
polymer. 

It. is true, the function ¢ (a) must come out different according 
as different distribution of the chain elements is assumed. But, 
since the above formula is in accord with the experimental facts, 
we may use it, as an approximation, for any kind of· distribution 
of elements. 

Between a and the shielding length L there holds the relation 

a = R/L, (2.9) 

with 

I/L = /l)f , 
TJo 

(2.10) 

where I is the frictional constant of chain elements, 1}o the viscosity 
of the solvent, and l) the mean density of the chain element, i. e. 

(2.11) 

Substitution of Eqs. (2.10) and (2.11) in Eq. (2.9) yields 

a = / 3IN . 
1 47TTJoR· 

(2.12) 

For a narrow range of N where a varies only insignificantly, ¢ (a) 
which is otherwise a complicated function can be expressed in a 
simple form: 

. (2.13) 

in which ¢o is the proportionality constant. 
Since, as can be inferred from Eqs. (2.9), (2.10) and (2.11), a is 
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independent of temperature T, x is a constant like~ise independent 
of T. Substituting Eqs. (2.12) and (2.13) in Eq. (2.7), there results 

[ ] = 4rr .,{. (3f N )"'/2 R~-X/2 
YJ 3M '1'0 4rrYJo ' 

(2.14) 

and further by taking logarithm of Eq. (2.14) and differentiating 
it with respect to T, we obtain the equation for the thermal 
expansion coefficient of R: 

1 dR 1 ~lo [J 
3-xj2 dT g YJ • 

(2.15) 
R dT 

1" IS a function of R. a function which does not explicitly involve 
N, so that in order to examine whether (d/dT) log if depends on N or 
not it is sufficient to inquire into the N-dependency of (djdT) log R, 
or of (djdT) log [YJJ as can be seen from Eq. (2.15). Thus we have 
studied the N-dependency of (djdT) log [YJJ experimentally for several 
solutions of high polymer. 

§ 3. Experimental Results 

The temperature dependency of intrinsic viscosity was measured 
for benzene- and toluene-solutions of fractionated polystyrenes 
(whose molecular weights were 930,000 for fraction I, 543,000 for 
fraction II and 342,000 for fraction III) by the use of a rotary 
type of viscometer kept in a thermostat. Each solution was 
subjected to heat treatment over six hours. Experimental values 
of intrinsic viscosity [r;J and calculated values of (djdT) log [YJJ are 
given in Tables 1-3. 

TABLE 1. Intrinsic Viscosity of Polystyrene-Benzene Solutions 

[11] g-l cm~ 
M.W. 

I I I 20°C. 30°C 40°C 50°C 

930,000 244.7 240.0 234.0 225.3 

543,000 171.6 169.0 165.7 162.1 

342,000 1265 
I 

125.1 
I 

123.4 122.1 
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TABLE 2. Intrinsic Viscosity of Polystyrene-Toluene Solutions 

[1J] g-l em3 

M.W. 

I I I 20°C 30°C 40°C 

930,000 317.5 303.4 287.0 

543,000 220.0 210.0 201.0 

342,000 160.0 153.0 148.4 

TABLE 3. Differential Coefficient of log [1J] of 
Polystyrene Solutions 

(d!dT) log [1J] 

50°C 

278.0 

195.0 

143.8 

M.W. 
Polystyrene-Benzene I Polystyrene:Toluene 

930,000 

. 543,000 

342;000 

- 0.0028 

- 0.0019 

- 0.0012 

- 0.0044 

- 0.0040 

- 0.0038 
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From the experimental results described above it is evident 
that the values of (d/dT) log ['7J, which is proportional to the thermal 
expansion coefficient' of high polymer in solution, do depend on 
the number of elements N. T.hismeans that Eq. (2.6) proves to 
be invalid, so that the hitherto used distribution function (2.1) of 
chain elements, which gives Eq. (2.3) as an expression for (r2), is 
inadequate for the purpose 'of obtaining the extension of high 
polymer. 

Now the question arises what sort of distribution function is 
compatible with the experimental results. It is not easy to treat 
the problem in a general way, but now that, as' we have seen, 
the N-dependency of (r2) serves as a criterion for the reliability 
of the function, we are now in a position to be able to set up 
a distribution function which conforms at least to the observational 
facts with respect to the N-dependency of (r2

). , 

Assume that when we calculate (r2) theoretically we obtain 
an equation 

(2.16) 
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For a narrow range of N this can be r:ewritten, with a proper 
choice of C and r, in the from 

r = (CNY)l/2, ,(2.17) 

where'r is a functio'n of T in gene1al. We take logarithm of Eq. 
(2. 17) and differentiate it with respect· to T, obtaining 

(d/dT) log r =.; {(Ii/dT) log C +log .IV. ~;}. (2,.18) 

Thus we arrive at a conclusion that (d/dT) log r, which represents 
the thermal expansion coefficient, depends on N,' in so far as r is 
a function of T, or 

dr :'!;: 0 . 
dT/ . 

(2,19) 

In other words, if r in the formula for (r2) represented by Eq. 
(2.17) satisfies Eq. (2.19), the distribution function of chain elements 
from which the formula can be derived must be consistent one. 

§ 4. Method of Determining the Extension of High 
Polymer Corresponding to the Consistent. Dis
tribution of Chain elements •. 

In the preceding section we have seen that the consistent 
distribution must be such that if = «r)y/2 <;alculated from this dis~ 
tribution is expressed, .withina narrow range of N, by 

r = (CN7 /2 (2. 17) 

with r that satisfies the relation 

dr::,;::O. 
dT ' 

(2.19) 

Now it/is intended to consider a method of obtaining the 
extension of high polymer by making use of such a consistent 
distribution of elements. 

AsS'umptian: The consistent distribution is of Gaussian type such 
. as to give (r2) that satisfies Eqs. (2.17) ond (2.19). 

As such a distribution function we may take the expression for 
the probability of finding the end-to-enddistance between rand 
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r+dr given by 

( 
3 )3/2 ( 3rll W (r) dr = exp - ) 4rrr2 dr . 

2rrCN'Y 2CNr 
(2.20) 

By making use of this distribution function we are able to obtain 
the extension of high polymer from the measurement of. intrinsic 
viscosity [1)] or of angular intensity distribution of scattei'ed light 
1(0) . 

The quantities C and r can be determined in the process of 
experimental determination of <r2

); if .the value of r, which can 
for the moment be either 

r:;;: 1 or r = 1, (2.21) 

comes. out equal to unity, it will correspond to the mathematical 
model, which however has been rejected as was evidenced in § 2 
and §3. 

§ 5. Method of Determining the Extension of 
High Polymer from ['1)] 

The determination of the extension of high polymer from [r;] 
calls for a relation connecting the extension and [7)]. 

For this we use the relation given by DEBYE and BUECHEl): 

(2.7) 

with 

5 1 + 3/172 -(3/17) coth a 
~ (a) = 2 1-.(10/a2){1+3/a3-(3/a)coth a} 

(2.8) 

Eq. (2.7) is based on the assumption that the high polymer molecule 
considered as a sphere has a uniform distribution of chain elements. 
To apply this equation to our case involves taking for granted 
that the relation (2. 7) remains approximately valid for Rand ¢ (a) 
to be expected from the distribution (2.20), notwithstanding that 
these quantities ought to be different from those expected from 
uniform distribution of elements. 

For the distribution function (2.20) R is related to r by 

(2.22) 



60 H. Mizutani 

so that the value of R obtained from [r;] gives the required extension. 
The procedure of obtaining R from [r;] will be described in the next 
section. 

(I) Determination of R from [n]:

Eq. (2.17) can be rewritten as 

r = abN1/2 

where b is the effective bond length represented by the relation 

b2 = b~ 1 + cos e 
I-cos e 

1-(cos (JJ) 
1+(cosiP) 

and IX is a function of Nand T: 

IX = a(N, T) 

(2.2) 

(2.24) 

meaning the ratio of the extension of a real high polymer molecule 
to that corresponding to an ideal distribution of mathematical 
elements having no volume. From Eqs. (2.7), (2.22) and (2.23) we 
have 

with 

47rb~ 
Ko = ----:---::-:c-

3 (6m)3/2 

(2.25) 

(2.26) 

where m is the mass of element. Provided the value of Ko~ is 
known, a can be obtained by the help of Eq. (2.25). In order to 
obtain Ko~, a relation(4) which holds thermodynamically is used, 
namely, 

(2.27) 

Here Cf is the proportionality constant depending on the kind of 
solvent, and p is a f1,lnction of B,. a measure of the interaction 
energy between a high polymer molecule and the solvent and v, 
the molar volume of solvent: 

2Bv 
fl=~ , (2.28) 

where R is the gas constant. 
Thus we get, from Eqs~ (2.25) and (2.27), 
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1 [1)J5/3 __ 1_ [1)J = C' (I-piT). 
(KO¢)"/3 M 4n Ko¢ M 

(2.29) 

If Ko¢ is not sharply dependent on M, remaining nearly constant 
within a narrow range of M, then we· obtain 

d ([7J~/M) {[1)T/:l/M4
/3} = (KO¢)2/3 , (2.30) 

whereby to determine Ko¢. As will be seen later from the ex
perimental results, Korp actually proves to be a constant independent 
of M, so that substitution of Ko¢ thus determined in Eq. (2.25) 
yields significant value of a. 

Within a narrow range of N, the N-dependency of a can be 
expressed in the form 

and accordingly r is given by 

r/2 = 1/2+a . 

,(2.31) 

(2.32) 

Since from Eqs. (2.17) and (2.22) R appearing iIi Eq. (2. 7) can be 
written as 

Eq. (2.7) turns out to be 

[1)J ~ C"'N3y/z-I¢(a). 

(2.33) 

(2.34) 

C" and C'" are suitably selected proportionality constants, and a 

is, according to Eqs. (2.12) and (2.33), given by 

(2.35) 

An empirical formula for [1)J can be written in the form 

[1)J = ANe , . (2. 36) 

so that, by aid of Eqs. (2.34) and (2.35), we obtain 

8= dlog[7JJ = (~-I)+(~-~)~!:i.. (2.37) 
d log N2 2 4 rp da 

This equation enables one to determine the value of (a/¢) x (drp/da) 
for given values of c and r, hence the corresponding value of rp 
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from Eq. (2.8), and finally the reqllired extension R from Eq. (2. 7). 

(II) Determination of r from [n]:-

The values of Ko~ and ~ determined by the method described 
above yield at OIice the value of Ko; we therefore get b by the 
use of Eq. (2.26): 

( 
3 

)
1/3 

b = 4rr KOl/3 (6m )1/2 , (2.38) 

and consequently obtain r from Eq. (2.23). 

§ 6. Method of Determining the Extension of. 
High Polymers from I((}) 

Recently DEBYE2
) showed that the extension of high polymer 

can be determined from the angular intensity distribution I (0) of 
the scattered light from the high polymer solution irradiated with 
parallel beam of light. Following this, ZIMM3

) developed a more 
elaborate method to be applied to chain-like high polymers. But, 
his method has proved to be still unsatisfactory on account of the 
inconsistency of the underlying distribution function. We now 
succeeded in establishing a method involving a consistent dis
tribution function. 

The basic distribution function is 

W (r) dr = ( 3 )
3/2

ex p (I -~) 4rrr2 dr , 
2rrCNr 2CN' 

(2.20) 

and the mean square end-to-end distance of the chains is given by 

(2.17) 

so that, in order to determine the extension, it is sllfficient to 
obtain the values of rand C. 

We apply the same procedure as adopted by Zn.ny[3) to our 
case of consistent distribution: 

Consider that a parallel beam of light be incident upon a dilute 
solution of high polymer, where lJ. lllolecules each consisting of N 
elements are contained in volum V of the solution. We define 
a distribution function p (r) such that for a pair of arbitrarily chosen 
elements the probability of finding the center of one element 



On the Extension of H?:gh Polymer Molecules 63 

within the volume element dT ata distance r from the other is 
p (r) dr. Further, let ,the w:ave-1enght of light be;(, the unit vector 
in the directions bf incident and, scattered 'light be 8 11 and S2 

respectively, ~nd their diffel'e,nce be S~Sl-S2' then we have for 
the intensity of :the scattered liiht 

I«()) = K~2V J per) exp ( 2rri/<;. T) dT , ,(2. 39) 

where ~ IS a constant factor. According to ZIMM:, this equation 
can be transformed into 

(2.40) 

with 

c = vMjV, 

K= kN2jMZ, 

Az = -NoN2Xj2M2 , (2. 4~) 

X = J it (r" a) dT . 

Here k is Boltzmann's constant, No Avogadro's number, X(r. a) the 
function of the I.>otential energy between the li:th and the Hh 
element and 

pee) = -. LJ LJ W ij r exp T , 1 J ( ) ( 2rri s·r ) d 
N- i j, ;( 

" (2.42) 

where Wij(r) is a function such that Wij(r)dr gives the probability 
of finding jth element within the volume element dT at a distance 
r from'ith element. 

The function Wij(r) must take a form different from,'tb,at 
given by Znn~, inasmuch as it is to be based upon the consistent 
distribution of elements.' Let the ith and jth elements 'be taken 
for the end elements, then Wij(r) which in this case reduces to 
W(r) comes out, according to Eq. (2.20), ,to be 

f 3 }3/Z f '3r2) 
Wij(r) dr = l2rrCli-jl y exp l- 2CI~-jl Y J dT. (2.43) 

Through substitution in Eq. (2.42), this leads 'to 

pee) - 1 '" '" r f 3 13
/
2 f 3r'l) (271is.r) d 

. - NZT T J 12nCli-jr J exp 1-2Cli-jl" Jexp 
-;{- r. 

(2.44) 
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We replace the summation by integration and put Z=i-j, obtaining 

P(fJ) = ~JJN(N _Z)(_3 _)
3/2

exp (-~) exp (2ni S.1') x 
. ~. o. 2nCZY . . 2CZY ,{ 

x dZr2drd~d (cos q;) , (2.45) 

where r, ~ and (fJ are polar coordinates and dr=r2drd~d(cos (fJ), which 
after integration with respect to spatial coordinates, yields 

pee) = ~2 r (N _Z)e-uczY dZ , (2.46) 

with 

(2.47) 

where e is the angle between incident and scattered directions. 
Substitute this in Eq. (2. 40) and take the limit for infinite dilution, 
then there results 

(2.48) 

which is the equation to be used for obtaining the parameters r 
and C from the measurement of I(e), and hence the extension of 
the chain by aid of Eq. (2.17). . 

In practice rand C are determined according to the following 
procedure. Expanding exp (-uCZY) in power series: 

exp (-uCZY) = 1-uCZY + U
2

C2Z2
r 

_ U
3
C3ZS

r +"', (2.49) 
21 3! 

we rewriteEq. (2.46) as 

P(O) = ~J(N-Z){l-c-uczr + U
2
C2Z2Y _ U

3
C3Z31' + .. .ldZ 

N 2 21 3! f 
2uCNr 2U2C2N 21' = 1- + ---,--,--------

11(r+1)(r+2) 2!(2r+1)(2r+2) 
2U3C3N31' . 

-----~+ .... 
3! (3r+ 1)(3r+ 2) 

Thus, in Fmiting case u-+O, we have 

lim dP (fJ) __ 
u->O du 

2CNY '------- =. - G , 
(r + l)(r + 2) 

(2.49) 

(2.50) 
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which expresses the gradient of the initial slope of the curve 
representing P (8) as a function of u. 

So long as u, and consequently 8, remains small, P(8) can be 
represented with sufficient accuracy by the first three terms of 
Eq. (2.49), so that, if the ratio of the two values of I-P(8) corre'" . 
sponding to 81 and (}2 be denoted by D, it follows 

2u1CNr 
(1'+1)(1'+2) 2!(2r+1)(2r+2) 

2ut CNr 
(1'+1)(1'+2) 

= 8(2r+1)u1-(r+1)(r+2)2uiG 
8(21'+ 1) u 2-(r + 1)(1' + 2)2u~G 

This reduces to 

2!(2r+1)(2r+2) 

fr 3 +5fr2 +(8f-2g)r+4f-g = 0 , 

where f and g represent, as functions of u, 

. f = DGU3-Gui 1 
g = 8Du.2~8ul . f' 

(2.51) 

(2.52) 

(2.53) 

Thus, in virtue of Eqs. (2. 50) and (2.51) we can determine G and 
D by making use of P(8) to be obtained from the measurement 
of 1(8), and consequently I' from Eqs. (2.52) and (2.53) and C as 
well as the extension of high polymers from Eq. (2.50). 

§ 7. Remarks 

We have described two methods. of determining the extension, 
one from the .measurement of [r;] and the other from the measure
mentof 1(8). In the former case it was necessary to assume DEBYE

BUECHE'S formula as the relation connecting [r;] with the extension 
and furthermore to attribute a special property to ¢ and a; namely 
that a satisfies Eq. (2.27) and Ko¢ is a slowly varying function of 
M. In the latter case, on the other hand, only very few such 
arbitrary assumptions were involved, which means that from a 
purely theoretical standpoint the latter method is more preferable 
to the former. 

In both of these methods we took Gaussian type distribution 
of chain elements for the basis of our argument. Originally,it is 
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true, this was derived for mathematical elements in vacuum, but 
not for the elements having volume in solution. But inasmuch as 
the experimental evidence has shown that the distribution of real 
chain elements is nearly Gaussian i. e. r is not--far different from 
unity, it is not unreasonable to promise a distribution function 
represented by Eq. (2.20). 

§ 8. Experimental Results 

1. Determination of Extension from en] 

We prepared benzene solutions of fractionated polystyrenes 
with six different molecular weights, the concentration of each 
polystyrene being varied as 0.1%, 0.2%, 0.3% and 0.4%. These 
solutions were subjected to heat-treatment at 65°C for about fifty 
hours. We measured their viscosities at various temperatures 20°, 
30°, 40° and 50°C by the use of a capillary viscometer kept in a 
thermostat, of which the capillary had a length of 17 cm and 
inside diameter of 0.02 cm. Through extrapolation of the values 
of viscosities thus obtained to zero concentration, we obtained [7JJ. 
The molecular weights of fractionated polystyrenes were deter
mined by making use of PEPPER'S formula 5) : 

[7J] = 2.7 X 10-2 
MO.66 , (2.54) 

in which the unit of [7J] is g-l cm3
• The results are given III 

Table 4. 

TABLE' 4. Intrinsic Viscosity of Polystyrene-Benzene Solutions 

[1)] g-l cm~ 
M.W. 

I I I 20°C 30"C 40°C 50°C 

742,000 202.0 181.0 159.0 137.0 

668,000 189.0 169.5 150.5 131.5 

560,000 168.0 151.5 135.5 119.0 

327,000 118.0 108.5 99.0 89.0 

208,000 87.5 80.5 73.5 66.5 

50,600 37.0 36.5 36.0 35.0 

In Fig. 1 are illustrated the curves of [7JJ5/3/M4/3 versus [7J]/M. 
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Fig. 1. Relation between ['lJ]5/3/M4i~ and ['lJ]/M. 

As can be seen from this figure, there holds nearly perfect linearity 
between these quantities, which fact shows that Ko¢ is independent 
of M and that the gradient of the lines directly gives Ko¢. 

Thus, if Ko¢ is assumed to be independent of M, the calculation 
of a in Eq. (2.31) becomes very simple; namely we get, from Eqs. 
(2.25) and (2.31) 

a= dloga =.l... dlog[1J] -.l.... 
d log N 3· d log N 6 

(2.55) 

r is then given by 

r/2 = 1/2+a , (2.37) 

and by aid of this value of rand Eqs. (2.37), (2.36), (2.8) and (2.37) 
¢ can be calculated. Values of K o¢, r, ¢ and a at various tempera
tures are given in Tables 5 and 6. 
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TABLE 5. 

Temp. 20°C 30°C 40°C 50°C 

Ko,/> 1.472 x 100 1.146 x 100 1.225 x 10° 1.196 x 100 

r/2 0.548 0.541 0.527 0.513 

'/> 2:31 2.32 2.35 2.34 

TABLE 6. 

(l 

M.W. 
20°C 30°C 40°C 50°C 

742,000 1.298 1.216 1.138 1.074 

668,000 1.290 1.210 1.138 1.078 

560,000 1.278 1.175 1.135 1.072 

327,000 1.242 1.175 1.115 1.067 

208,000 1.212 1.145 1.088 1.043 

50,600 1.152 _ 1.116 1.086 1.067 

Table 6 indicates that the values of a are greater than unity and 
moreover depend on temperature, so that r's are likewise dependent 

'on temperature in conformity with Eq. (2.19). The radii R of 
polystyrene molecules, as calculated from Eq. (2.7), come out as 
given in Table 7. 

TABLE 7. Radius of Polystyrene Molecules in Solution 

R(A) 
M.W. 

I 20°C 30°C 40°0 50°C 
I 

742,000 296 286 272 259 

668,000 280 270 258 247 

560,000 254 245 235 225 

327,000 188 183 177 171 

208,000 147 143 138 133 

50,600 68.7 68.4 67.6 67.1 

In order to determine the end-to-end distance r=---=abN1
/
2

, we have 
further to compute the values of Ko from Table 5, and the values 
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,of bby the help of Eq. (2.38). The obtained values of ko, band 
, r at various temperatures are presented in Table 8 and 9. 

TABLE 8. 

Temp. .\ 20°C 30°C 40°C 50°C 

Ko p.638 X 1011 0.493 X 1011 0.521 X 1011 0.511 X 1011 

b 7.98 xlOs 7.34 x10s 7.48 x10s 7.43 xlOs 

TABLE 9. End-to-End Distance of Polystyrene Molecules 
in . Solution 

r = rxbNJj2 (A) 
lVr. w. 

1 I I 20°C 30°C 40°C 50°C 
I 

742,000 873 753 720 673 

668,000 826 706 683 641 

560,000 746 645 623 585 

327,000 552 478 465 .446 

208,000 426 376 367 348 

50,600 204 181 177 172 

§ 9. As to the Extension in V~cuum 

As described above, it has been proved experimentally that 
r /2> 1/2. Being based upon this fact we can obtain a knowledge 
on the distribution of chain elements in vacuum as follow: From 
Eq. (2.17) the volume Vof a high polymer becomes 

V Cx: CrY = C~j2N~Y!2 , 

whence 

(2.56) 

(2.57) 

which gives the volume per element. From the relation 

r/2> 1/2 , (2.58) 

therefore, it follows that the value of v becomes. the larger, the 
larger the value of N; in other words, the distribution of chain 
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elements becomes 'sparser as N increase, that is, the elements 
are more thinly distributed at the boundary than at the center. 

Now conceive that a chain molecule, whose elements are non
uniformly distributed in vacuum, be put in a solvent, then solvent 
molecules will penetrate into the free space within the chain 
molecule causing a swelling or. spreading of elements to take place. 
This spreading will be the more remarkable, the larger the density 
of elements, so that the distribution will exhibit a tendency to 
become uniform; that is to say, the distribution will become mOre 
uniform in solution than in vacuum. Now that this tendency cor
responds to the decrease of I, the fact that there exists the relation 
1/2>1/2 for a chain in solution leads to a logical conclusion that 
the relation 1/2> 1/2 must be still more valid for a chain in vacuum. 

It is of great importance that we could get a deeper insight 
into the characteristics of high polymer in vacuum from the 
measurement performed for its solution. It has been confirmed 
that among a number of theoretical treatments of the extension 
of chain molecule those which do not give I> 1 in the equation 
(r2)=CNY is to be rejected because of their contradiction to 

. experiment. 

Chapter III. Theoretical Treatment of Extension of High 

Polymer Molecules in Solution 

§ 1. Introduction 

With a view to investigate the relations between the extension 
of high polymer molecules in solution and the properties of solvents, 
we first develop a theory of high polymer solution based on the 
lattice model. 

Consider the extreme case of an infinite dilution, where there 
is no interaction between solute molecules so that their behavior 
can be regarded as independent of one another. It may then be 
sufficient for the investigation of their behavior to consider a system 
of solution which contains only one high polymer molecule. 

In order to take into consideration the temperature dependency 
of mutual interaction between the chain elements of the high 
polymer molecule and the solvent molecules, it is convenient to 
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assume that the solvent contains holes besides the solvent molecules, 
that is, to regard the solution as consisting of chain elements, 
solvent molecules and holes . 

. Take a system of solution with volume V containing a single 
high polymer lllolecule, of which the entropy, the internal energy, 
and hence the Gibbs free energy 
are to be calculated. We assume 
a lattice model for the solution, and 
denote the volume of high polymer 
molecule by v,., the number of lattice 
points in unit volume by I.! , the 
number of chain elements (p) which 
constitute a high polymer molecule 
by N, the total number of solvent 
molecules (8) by N s , the immbers of 
8 within and outside the volume V,. 
by N! and N~ respectively, the total 

. number of holes (h) by N,,, and the 
numbers of h within and outside the 
volume V,. by N~, and N~, respectively. 

If the number of pairs of consti

Fig. 2. 

Lattice model for polymer solution . 

-e-: chain element . 
• : solvent molecule 
0: hole 

tuent elements, their energies, and the number of their possible 
configurations be determined, we can obtain the total energy, the 
entropy and hence the Gibbs free energy G of the system. In 
terms of G thus obtained, the value of mean square end-to-end 
distance <r2

) of a chain comes out to be 

(3.1) 

The reason that the Gibbs free energy has been used instead 
of Helmholtz free energy is based on the fact that N" and hence 
V is the function of end-to-end distance r and temperature T. N" 
must generally be selected so as to make G minimum. If, however, 
we assume that the holes outside the volume V,. interact only with 
solvent molecules, the value of N~, can be determined from the 
equilibrium condition of the system consisting of solvent molecules 
and holes. When, for the sake of simplicity, we further assume 
that. the temperature dependency of the volume of solvent is 
determined by the change in number of the holes, N~ can be 
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represented by N~; T and expansion coefficient (3 •. We have then 
only to determine Nt so that it may make a minimum of G of 
the whole system. 

§ 2. Gibbs Free Energy G 

Internal energy E, entropy S, volume V and pressure P of 
the system are related to the Gibbs free energy by 

G=E-TS+PV, (3.2) 

so that, in order to obtain the expression for G and hence the 
mean square end-to~end distance (r2) by Eq. (3.l), it is necessary 
to express E, S, and V as functions of r. This can be performed 
as follows. 

1. Entropy S. 

The entropy S of a system composed of the elements p, sand 
h can be obtained by using a lattice model and calculating the 
configurational number (l) of these elements, in terms of which S 

. is given by 

S (r) = k log ([) (r) . (3.3) 

We first calculate the coordination number Dp of chain elements, 
the endcto-end distance of the chain being kept constant. Next 
we seek for the coordination number D s" of solvent molecules and 
holes at the lattice points which are not occupied by the chain 
elements. Since this number is independent of the arrangement 
of chain elements, the product Dp' DsIt is equal to the coordination 
number (l) of the whole system consisting of chain elements, solvent 
molecules and holes. 

Evidently we have, for N;and N~, the relations 

(3.4) 

and 

(3.5) 

As for NL we assume that the change in number of the holes is 
responsible for the temperature variation of the volume of the 
liquid outside V,., Nit can thus be expressed by 
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N~, = (3N~ = (3 (Ns-vVr+N+ND , (3.6) 

(3 being the expansion coefficient, whence we obtain 

N" = Nt + N~, = (3Ns + Nt - (3 (v Vr - N - Nt) . (3. 7) 

Let the probability that the end-to-end distance of a high 
pOlymer molecule takes a value between r andr+dr be written as 

where C and r are the appropriate parameters such that the mean 
square end-to-end distance of a high polymer molecule in vacuum 
can be represented by. CNY. Since the coordination number of 
each chain element can be put nearly equal to v V and, moreover, 
the coordination number of the chain whose end-to-'end distance 
is r is proportional to WN(r), the coordination number of the chain 
elements for a given end-to-end distance r becpmes 

Dp=K(vV)NWAr)=K(vVY(' 3 )
3/2

exp (_ 3r
2 

).4rrr2, (3.9) 
2rrCNY 2CNY 

K being a proportionality constant. 
For the simplicity's sake, we take it for granted that the 

probability of finding an element (chain element, solvent molecule 
or hole) at any lattice point is independent of what kind of element 
occupies its immediate neighborhood, so that the coordination 
number of solvent molecules and holes at the lattice points not 
occupied by the chain elements may be given, in virtue of Eq. 
(3.7), by 

Ds" = (Ns+N,,)! = {(l+(3)Ns+~~,-(3(vVr-N~N:,)} !. (3.10) 
., N s ! N,,! N s! {(3Ns+N~-(3(vV,:-N,-Nm !. 

Thus the coordination number of the whole system, inclusive oJ 
chain elements, solvent molecules, and holes, will be, for a given 
Vr , 

3 )3/2 3r2 ) 
(I) = Dp·Ds,, = K(VV)N( exp(--- 4rrr2 

. 2rcCNY 2CNY 

. {(1+(3) N s+(l+(3) Nt-(3 (v V,.-N)} ! x . 
N s ! {(3Ns+(l+(3)N~,-(3(vVr:-N)} ! 

(3.11) . 

Hence, the entropy of the system comes out to be 



74 . H. Mizutani 

S = k log (I) 

I 3 3/2 3 2 
=k lOgKj)N( .. ) +NlogV--r~ +log4n:r2 

_ 2rcCNr 2CNY 

+ lO~{(1+~)N8+N~-~(j)Vr-N-ND} ! 

-log N8! ~ log {~Ns+Nt-~(j)Vr-N-N~,)} !J. (3.12) 

Since the volume occupied by one lattice point is 1/j), total volume 
V is given by 

V= ~(N+Ns+N,,) = ~{(l+~)Ns+N+Nt-~(lJVr-N~Nt)} . 
j) lJ 

Using Eq. (3.13) and STIRLI1fG'S formula 

log z = z log z-z , 

we rewrite Eq. (3. 12) as 

S = k[lOg KlJN
( 3 )3/2 +Nlog~ {(I +~)N8+N+Nt 
2rcCNY lJ 

-~(j) Y,.-N-Nt)} - 2~~r + log4rcr2 

+ (l+mNs+ N~-~(j) Vr-N-N~,)} 

x log {(1+ mN8+Nt~,B(j) Vr~N-Nt)} -N81og Ns 

(3.13) 

(3.14) 

- {~Ns+Nt-~(j) Vr-N-Nt)} log {~Ns+N\-~(lJ Vr-N-N~,)} J . 
(3.15) 

If, furthermore, we take account of the approximate relation 

Nt-~(j)Vr-N-N~)=Nt-~N;= 0 

and the well-known expansion formula, 
Z2 ZS 

log(l+z) = z- 2+3-"" 

we obtain 

+ Nt-~(lJVr-N-N~.) , 
(l+~)Ns+N 

(3.16) 

(3. 17) 

(3.18) 
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log {(1+~) Ns+Nt-~(vVr-N-Nt)}=log(l +~)Ns 

+N~-~(vVr-N-Nt) 
(l+~)Ns 

and 

75 

(3.19) 

log Jt:iN +Ni_t:i(vV _N_Ni)l = 100" t:iN + N~,~(1(vV,.-N-Nt) . 
It-' s "t-' r h f 0 t-' 8 (1Ns 

(3.20) 

Substitution of Eqs. (3.18), (3.19) and (3.20) in (3.15) yields 

S=k[logKvN( 3 )3
/
2 +NIog~{(l+(1)Ns+N} 

. 2rrCNr v 

+ N {N~,-(1(v V,.-N-ND} _ 3r2 +10 4irr2 
(l+(1)Ns+N 2CNr g 

+ {(1Ns+Nt-"(1(vVr-N-ND}lOg1+(1 
. (1 

+Ns log(l +(1)- {Nt-(1(vVr-N-NtW J. 
(1(1+~) Ns 

(3.21) 

This equation holds good whatever values Ns and N! may take. 

2. Energy E 

On the assumption that the interactions come into play between 
p and p, and p and s as w..ell as sand s· only when they a~etli~ 
irnmediat~ neighbors, we calculate the numbers of such pairs for 
obtaining the energy E of the whole sY:;Jtem. 

Since each chain element is connected with its neighboripg 
chain element by a bond, the chain can occupy only' a limited 
range of volume. Within this volume, however. the configuration 
of p as well as of s may well be considered to be rather arbitrary, 
inasmuch as any two chain elements can behave independently 
of each other, only if they are separated from each other by a few 
intervening elements. Thus the number of pairs, p-p, p-s, and 
s-s, may approximately be computed, all the elements within Vr 
being regarded as independent of one another. 

Neglecting the interaction of s lying outside Vr with p, we 
first calculate the numbers of p-p and p-s pairs. Denote the 
number of the nearest neighbors around a lattice point by (J. Since 
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the probability of finding an element p at a lattice point in, Vr is 
given by NjvV,. and similarly for an element s by (vV,.-N-N~)jvV,., 
the numbers of p and s out of (J around one pare 

and (3.22) , 

i __ (J vV,.-N-Nt 
(Jps 

v V,. 

respectively. Accordingly the number of p-p pairs, N pll , and that 
of p-s pairs, N l181 are given by 

, (3.23) 

and 

N
llS 

= aN (vVr-N-Nt) (3.24) 
v V,. 

Next we consider the number of s-s pairs, which exist both 
within and outside the volume Yr' Considering that the average 
number of s in the nearest neighborhood of an element s Inside 
the volume Vr is 

i (J (v V,. -N - N~,) (3. 25) 
(} 88 .c=: , 

vVr . 

and that the average number of s among the nearest n~:lighbors 
of an element s outside V,. is 

o (J(Ns - v Vr + N + Nt) 
ass =', v(V- Vr) , (3.26) 

we get for the number NBB of s-s pairs in the whole system: 

NBS = N!s + N2B 

(J(vVr-N~N~)2 + (J(N8-VVr+N+N~J. (3.27) 
2vV,. 2v(V- V,,) 

If we assume that 

N! <{ Ns (3.28) 

we have the relations 
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v(V- Vr)= (1 + j3)N8 (1- VVr-:-N~) 
8 

(3.29) 

and 

, (3.30) 

Thus substitution of Eqs. (~. 29) and (3.30) in (3.27) gives 

N •• = a(vVr-N-NW + aNs (1- vVr-N-N~). (3.31) 
. 2v Vr . 2(1 + j3) . N. 

Let the intermolecular potential. energy for the pairs p-p, 

P-3 al1d 3-3 be -Upp , -Up., and-U.s> respectively. Then the 
potential energy of the whole system comes out, by the use of 
Eqs. (3.23), (3.24) and (3.31), to be 

:r _ _ aN2 aN(INr-N-ND 
b - -NppUj,p-NpsUps-N88U" - --·~Upp- Up. 

2vV" . vVr 

_a(vVr-N-N~YU _ aN •. (.l_VVr-N-N~).u .. (3.32) 
2v Vr •• 2(1 + j3) N. •• 

Using Eqs. (3.2), (3.13), .(3.21) and (3.32), we obtain the expression 
:for the Gibbs free energy of the whole system as' a function of 
the volume Vr of the high polymer molecule: 

G= - aN2 U _ aN(!)Vr-N-ND U _ a(vV,~N-N~.? U 
. 2v Vr pp v Vr p. 2v Vr s. 

_ aN. (1- vVr-N-N~)u -kT[lO KVN( 3 )3/2 
2(1 + m N~ •• g. 2rrCN' 

+ Nlog~ {(l+j3'N.+N} + N {N~-j3(vVr-N-N~)} _ 3r
e 

v J(1+{3)N.+N2CN' 

+ log4iTr2+ {j3N.+N~,-j3(vVr-N-N~)} log 1; j3 

+ N.log(l+j3)- {N~.-j3(vVr-N-NtWJ 
j3(1 + fi)N8 

+ ~ {(I +j3)N8+N +N~.-j3(vVr-N-Nt)} . (3.33) 
!) 

It is obvious from the nature of holes that the number of 
holes must have a particular value for which the Gibbs free energy 
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G becomes i:ninimum. Since we assumed that N~ is given by Eq. 
(3.6), N~ has a definite value independent of G, so that only N~ is 
determined from the condition that makes G minimum. Namely, 
the equation for determining N~ is 

aG --=0. 
aN~ 

(3.34) 

Thus from Eqs. (3.33) and (3.34), 

J) Vr ps. J.i Vr ss 2 (1 + {3) (1 + {3)N. + N 

(

_ aN U _a(vVr-N)U + aUss + kTN(1 + {3) 

+kT(1+{3)log1+{3+ 2kT(vVr-N) _P1+{3) 
N~ = . . {3 N. v. 

2kT(1 + {3) _ aUss 
{3Ns v Vr 

(3.35) 

In order to simplify Eq. (3.35), we estimate the order of 
magnitude of each term appearing in this equation for 0.1% solution 
of polystyrene whose molecular weight is 200,000. According to 
the theory of DEBYE and BUECHEl), the mean value of Vr of poly
styrene molecule in a benzene solution is 4.17 x 10-17 cc, so that 
v = 1.62 X 1021 and N. = 5.36 X 105

• We get, therefore, since {3= 10-3 

and a=6 

(3.36) 

Moreover, if we assume that the interaction energies Upp and Ups 
as w:ell as U. 8 are of the same order of magnitude as kT, Eq. 
(3.35) may be rewritten as 

N% = ao {1 +a+ov fr+C(v Vr)-l} , (3.37) 

1 = kT (1 + Q'log 1 +,g ._ P (1 + {3) _ 1 + 2{3 aU (3. 38) 
t' J {3 v 2 (1 + {3) .81 

with 

a - I,BN. 
0- 2kT (1 + {3) 

b = 2kT 
IN8 ' 

_ kTN (1+~)Ns+2N a---- . , 
IN. (1+{3)Ns+N 

C = t1{3N,US8 _ aN(Ups - USS) 

2(1+{3)kT I 
. } (3.39) 

For the above-mentioned solution 
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I a I ~ 1 , (3. 40) 

and, if Vr means the mean value of the volume of high polymer 
molecule, we have 

(3.,41) 

and 

c(vVrtl ~ 1. (3.42) 

Hence we get 

(N~Y =a2 {I +2a+2bv Vr+2c(v Vrtl} . (3.43) 
r 

Substituting Eqs. (3.37) and (3.43) in (3. 33), there results 

G = - k7' {log KvN ( 3 )3/
2 
- 3r + log 4nr21 

" 2nCNr 2CNr J 
+ GO+G1)) Vr + G2 (v V,.)2+G_1 (v Vr t1+G_2(V vrt2 , (3.44) 

with 

Go = f2f3N s f 1_2k7'N (1+f3)Ns+ 2N1 + {a(1+2f3)Uss 
. 4k7' (1 + (3) l f Ns (1 + (3) Ns + N J 2 (1 + (3) 

-kT N(1+f3) -k7'(1+f3)logl+f3_ 2N 
(1+f3)Ns+N f3 Ns 

+ ~(1+f3)1 ff3Ns f1_kTN (1+f3)Ns+ 2N l 
v j2kT(1+f3) l fNs (l+f3)Ns+N ,j 

_ ff3 J af3NsUss _ aN(Ups-Uss)1 +aN(U _ U )_f3_ 
l+f3I(l+f3)kT f J ps sSl+f3 

_k7'fNlog(l+f3)Ns+N + f3N
2 

+Nslog(l+f3) 
l v (1 + (3)Ns + N 

+ f3(N + N) log 1+f3 _ (3N
2 

} 
s, f3 (1 + (3) Ns 

-a{NUps-'NUss+Ns+N Ussjl +~(l+f3)(Ns+N), 
2(1+f3) v 

(3.45) 

G - af32 f3kT N (1 + (3) Ns + 2N 
1 - Uss + , 
, 2 (1 + {3? (1 + (3) Ns (1 + (3) Ns + N 

G - _ kT(3 
2 - (1 + (3) N. ' 

G = _ af2f32N;Uss aff32NsN{(1+f3)Ns+2N} U8S 

,-1 8k2T2(1 + (3)2 + 2kT(1 + {3?{(1 + (3)Ns + N} 
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_ t1(3N2{(1+(3)N8+ 2N } (U _ U ) + tJj(3NsN(UpS-U88) 
(1 + (3){ (1 + (3)N8 + N} p8 8S 2kT(1 + (3) 

+ t1N2t1U 

and 

G 0 = -t1U f t1(3"'j2N;U88 _ t1(32fN;N(Ups-US8) 1 
-" 88 l8k1T 3 (1 + f3Y 4k2T2(1 + n J 

+t1N(U -U)f t1f(32N;U88 _t1(3N8N(UpS -U88) 1 
p8 88 l 4k2T2(1 + (3f 2kT (1 + (3) f' 

where 

(3.47) 

§ 3. Mean Square End-to-End Distance of a Chain ('f'2) 

Using Eqs. (3.44) and (3.1) one obtains 

.1 r4 exp (Al +A2+A3+A4+A5) dr 
(r2) = -,.------:----:---=----:~---,--=--

~. r2 exp (Al+A2+A~+A4+A5) dr ' 

where 

A -_ 3r 
1 - 2CNY' A2= -~VV;, 

. kT 

A = - G2 (VV)2 
3 kT r' 

A = - G -1 (v V )-1 
4kT r 

and 

A = - G -2 (V V )-2 -. 
5 kT' r 

I 
I 

(3.48) 

(3.49) 

(3.46) 

This is the expression for the mean square end-to-end distance of 
high polymer molecule, from which many important properties of 
solution can be derived. 

Now let us inquire into the limits of integration in Eq. (3.48). 
Since (Vr\Uill corresponds to the case where the chain elements 
are closely packed, it is given by 

(V,.)min = Nb~ = 2.37 x 10-18 (3.50) 

in which b means the bond length of the chain. If we assume 
a random flight model for the chain, the relation between the 
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mean square distance (R2) of chain elements from the center.of 
gravity of the chain and the mean square end-to-end distance <r~> 
of the chain proves to be 

so that we have 

r':"" 3.5 V,. 

or for the minimum value of r 

r min = 2.02 X 10-6 cm . 

On the other hand, (Vr\llax is V, so that it follows that 

(V")lllax = 3.3 X 10~16 cc , 

r max =: 10:5 X 10-6 cm . 
1 
J 

(3.51) 

(3.52) 

(3.53) 

(3.54) 

The integral may therefore be taken between the limits rmin=2.02 
X 10-6cm and rmax=10.5 x 1O-6cm. Since, however. the present theory 
involves many assumptions, it is to be examined whether or not 
the Gibbs free energy G comes out correct within this range. 
a) We have assumed that N! ~ N8 (Eq. (3.28)). Since, when we 

consider a mean value of Vr for a 0.1% benzene solution of 
polystyrene whose molecular weight is 200,000, V,.jV=0.126. the 
relation (3.28) is nearly correct. This relation holds good so 
long as V,. is less than its mean value, whereas it gradually 
becomes invalid as V,.increas~s. 

b) For the calculation of Nt (Eq. (3.37)), we made use of the relation 
(3.36) which is valid for V,. above its mean value. This relation. 
however. becomes less valid as V,. decreases. 

c) For the calculation of (N~? we used the relations (3.41) and 
(3.42). One of these relations, bl! V,. ~ 1, remains valid for the 
mean value of V,. and below, while it graq.ually fails to be 
true as Vr increases. The other relation C (v Vr)-l ~ 1 holds for 
the mean value of Vr and upward, but diminis~es invalidity 
as Vr de~reases. 

We can conclude from (a), (b) and (c) that the expression 
. for G, (3.44), is correct only for the values of V,. not far from 
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its mean value. Since, however, the general expression valid for 
the whole range of Vr is .very difficult to obtain, we will u'se the 
expression (3.44), applying it to the limited range, where it remains 
correct, and draw some conclusion as to the natures of <r2

) ~f the 
chain in solution. . 

The range over which the expression for G is to be regarded as 
correct will be determined as follows: The upper limit of this range 
can be determined from the relation (Vr/V?~ 1 whi~h corresponds 
to Eqs. (3.28) and (3.41). If we assume that the upper limit r 2 

of r corresponds to the relation (Vr/V)2=O.l, it comes out to be 

r2 == 7.15 x 10-6 cm . (3.54) 

The lower limit rl of r can be determined from the relation 
(a[jNs/2v Vrf ~ 1 which corresponds to Eqs. (3.36) and (3.42). If r1 be 
assumed as corresponding to the relation (a[jN./2v V r f';;O.l, we obtain 

r l = 2.32 x 10-6 cm . (3,55) 

Thus it is to be asserted that we had better use these limits as 
the limits of integration in Eq. (3.48) instead of r min and rmax above 
estimated. The variation with r of LJAisAI +A2+A3+A4+A5' 
which appears in Eq. (3.47), (Ups-U •• )/kT and iJU/kT being taken as 
parameters, is shown in Figs. 3 and 4. From this we obtain the 
relation between the mean square end-to-end distance <r2

) and 
the mixing heat iJU, as given in Figs. 5 and 6. 

§ 4. Discussion 

As can clearly be seen from Figs. 5 and 6, (r2) decreases as 
iJU decreases and at a certain critical value of iJU it diminishes 
very rapidly, then tending to a very small value. That <r2

) takes 
a small value means that chain elements are closely packed, which 
results from the circumstance that when iJU is small the close 
packing of chain elements brings about a lowering' of G. 

If one is, allowed to assume that the same holds good of a 
solution which contains a number of high polymer molecules, they 
will coagulate, sticking to one another, so as to make G of the 
solution minimum. Thus it may be inferred that the critical 
point of iJU corresponds to the precipitation of the high polymer 
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from the solution. This critical value of LlU is inversely proportional 
to N, as will be seen from the term G_l> (3.46), in which LlU is 
included. 
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