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Abstract. Scattering of two I-dimensional traveling pulses in reaction-diffusion systems 
is discussed. A variety of scattering dynamics can be observed in a three-component 
reaction-diffusion systems and the output changes depending on parameters in a sensitive 
way. It is found numerically that repulsion and annihilation dynamics can be observed 
near pitchfork and Hopf bifurcation (PH) points of single pulse for appropriate parameter 
regime. By using center manifold theory, bifurcation structure for single pulse near PH 
point is also investigated. 
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1 Introduction 

Spatially localized moving patterns such as pulses and spots have been observed in 
reaction-diffusion systems. Such a phenomenon has been observed in experimentally 
and numerically, for instance, in gas-discharged system [1][3], CO-oxidization process [2], 
chemical reactions [4][8] . These findings introduce a variety of input-output relations for 
scattering process such as repulsion, fusion , annihilation and even switch to a chaotic 
regime depending on a parameter regime. A new viewpoint was introduced in [9] to shed 
a light on the mathematical machanism controling them, namely hidden saddles (called 
"scattor" in [10]) playa key role of traffic control fo flows during scattering process. 

A typical manner of collision is depicted as in Fig.3. A feature for this scattering 
is that there is a moment that solution profile right after the collision becomes almost 
symmetric and close to that of standing pulse as in Fig.3. Intuitively repulsion should 
persists for nearby parameters, however a tiny change of the parameter k4 causes a sudden 
change to annihilation like Fig.3 (b-c), which does not look like a strong interaction. 
How do we understand this transition and what is the mathematical mechanism behind 
these scattering dynamics? It turns out that singularities of standing pulse of higher 
co dimension are responsible for producing such dynamics. 

In this article, we employ the following three-component system as an representative 
model for our purpose [11]. 

Ut = Duuxx + k2u - u3 - k3V - k4w + kl' 

TVt = Dvvxx + U - I V, 

(}Wt = Dwwxx + u - w. 

where Du = 5.0 X 10-5 , Dv = 6.5 X 10-3 , Dw = 1.0 X 10-2 , I = 8.0, kl 
2.0, k3 = 2.0, () = 10.0. We adopt t::..x = 5.0 X 10-3 and b..t = 1.0 x 10-3 . 

2 Scattering dynamics near singularities 

(1) 

-3.0, k2 

We consider the case in which the velocity of traveling pulses is small, namely two traveling 
pulses appr9ach slowly. This typically occurs near pitchfork bifurcation from standing 
pulse. Such pitchfork bifurcation can be found for (1) when k4 is increased with T = 1200 
in which traveling pulses emanate from the standing pulse at k4 :::::! 2.973 supercritically. 
A collision of two slow pulses, for instance at k4 = 2.978, is expected like Fig.2, in fact it 
was shown by [6] that pulses bifurcating supercritically from a stable standing pulse repel 
at collision. It turns out, however that this is not always the case, especially when the 
pitchfork bifurcation is combined with Hopf bifurcation. 

A numerics reveals that the outputs after scattering are classified as in Fig.1. Solid 
and dashed lines represent pitchfork and Hopf instabilities respectively emanating from 
the branch of standing pulse. They intersect at one point PH forming a codim-2 point. 

There is no traveling pulse in the left part of the pitchfork bifurcation line, in fact 
we only observe background state (region I) and standing pulse (region II) there. As 
shown in Fig.1, it is clear that PH is a kind of organizing center for the classification of 
outputs. When T is below PH, standing pulses change into stable traveling ones as k4 is 
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Figure 1: Phase diagram for (1). Solid (dashed) line indicates pitchfork (Hopf) bifurcation 
line for Dv = 0.00065. I: Background state. II: Exitence region of stable standing pulse. 
III: Repulsion after collision. IV: Annihilation after collision. 
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increased, and repulsion of pulses is observed in regipn III. On the other hand, when T is 
above PH, the same pitchfork bifurcation occurs as before, however there are no stable 
traveling pulses when k4 is located near the bifurcation point. As k4 is still increased, 
stable traveling pulses of finite speed apprears, but the annihilate each other upon collision 
in region IV. Finally repulsion occurs for larger k4 in region III. It should be noted that 
the speed of traveling pulse near PH of region IV is very slow. 

40000 

Figure 2: Repulsion for T = 1200, k4 = 2.978. 

3 Reduction to ODEs for a single pulse dynamics 

In this section, we give a formal derivation of ODEs under some assumptions in order 
to describe the dynamics of single pulse near pitchfork and Hopf bifurcation points in a 
general setting as in [5] . 

Let us consider the following general form of an N -component reaction-diffusion equa
tion. 

Ut = Duxx + F(u, k) 

where u = (Ul,U2, . . . ,UN) ERN, F: RN -+ RN is a smooth function, D is a diagonal 
matrix with non-negative elements, and k = (kl' k2) E R2 are bifurcation parameters. 

Let C(u; k) := Duxx + F(u, k) and k = k + "I = (tel + 171, k2 + 'fJ2), then we have 

Ut = C(u) + "I. g(u) (2) 

where C(u) = C(u; k), g(u) = g(u; "I), "I. g(u; "I) = C(u; k+TJ)-C(u), "I = (771, 'fJ2), g(u) = 
(gl(U) ,g2(U)). We assume 
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Figure 3: Scattering dynamics for T = 1262.5. (a) k4 = 2.956. (b) k4 = 2.96. (C)k4 = 
2.97. (d) Snapshots when the distance between two pulses attains mimimum. Solid line: 
t ~ 14700 ((a)). Dashed line: t ~ 13000 ((b)). Dotted line: t ~ 10480 ((c)). 
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81) 

.. 

There exist k = k = (k1' k2 ) where pitchfork bifurcation and Hopf bifurcation 
occur, and a stationary pulse solution S(x} of (2) such that C(S(x); k) == ° and 
S( -x) = S(x) . 

Let L = C'(S(x);k) be the linearized operator of (2) with respect to S(x). and L:c be 
the spectrum of L. 

82) L:c consists of L:o = {O, iwo, -iwo}(wo E R+) and L:1 C {z E C; Rez < -fO} for 
some positive constant fO. 

83) 'Ij;, e are eigenfuctions corresponding to pitchfork bifurcation and Hopf bifurcation 
respectively. L'Ij; = -Sx and Le = iwoe are satisfied, and e is even while 'Ij; is odd. 

Let L * be the adjoint operator of L. There eXist ¢*, 'Ij;* ,C such that L* ¢* = 0, 
L*'Ij;* = -¢* and L*C = -iwoC. 

By the normalizaion, 'Ij;, e, ¢* , 'Ij;* ,e* are determined by 

We note that 

hold. 
Let E1 = span{Px,'Ij;}, E2 = span{e,n, and E = E1 EBE2. We introduce variables 

q E Rand r E C and represent u for small parameters "11 and "12 as 

u(x, t) = S(x - p) + q'lj;(x - p) + (re(x - p) + c.c.) + ((x - p) + w. (3) 

where 
( = q2(2000 + (r2(0200 + qr(l100 + c.c.) + Ir12(0110 + "11(0001 + "12(0002 

and c.c. means complex conjugate. (ijkl are determined by 

where 

L(2000 + 1I2000 = a2000e + a2000~ 
(L - 2iwoIK0200 + 1I02oo = a0200e + a0200~ 
(L - iWOI)(l100 + 1I1100 = a11oo'lj; + a~100¢ 

L(0110 + 1I0110 = a0110e + a0110~ 
L(OOOl + 1I0001 = a0001e + aOOO1~ 
L(0002 + 1I0002 = a0002e + a0002~ 

1I2000 = ~FII(S)'Ij;2 + 'lj;x, 1I0200 = ~FII(S)e, IIllOo = F"(S)'Ij;· e + ex, 

1I0110 = F" (S)e . ~, 1I0001 = 91 (S), 1I0002 = 92 (S). 

and ajklm satisfy the following equations: 

(1I2000 - a2000e,e*)£2 = 0, (1I0200 - a0200e,e*h2 = 0, (1I1100 - a1100'lj;,¢*h2 = 0, 

(lIllOo - a~100¢' 'Ij;*h2 = 0, (1I0110 - a0110e, e*) £2 = 0, (1I0001 - aOOO1e, e*h2 = 0, 

(1I0002 - a0002e, e*h2 = 0, a0020 = a0200, alOlO = alOlO, alOlO = a1100· 

We assume the following property 
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Substituting (3) into (2), and taking the inner product of 'l/;*, 4>*, e and both sizes of 
(2), then we have 

where 

p = q + (mnooqr + c.c.) + (m1200qr2 + c.c.) 

+ m3000q3 + monoqlrl2 + mlO01q171 + mlO02q172 + h.o.t. 

q = 91001 q171 + 91002q172 + (9nooqr + c.c.) 
+ 93000q3 + (91200qr2 + c.c.) + 9111oqlrl 2 + h.o.t. 

f = iwr + hOOOl171 + hoo02172 + (h0101r171 + c.c) + (h0102r172 + c.c.) 
+ h2000q2 + (h0200r2 + c.c.) + hono lrl2 + (h2100q2r + c.c.) 
+ (h0300r3 + c.c.) + (h021Orlr12 + c.c.) + h.o.t. 

mnoo = -a~lOO ' mlOlO = -a~OlO' 

maooo = -(F"(S)'l/; . (2000 + ~FIII(S)'l/;3 + ax (2000 , 'l/;*h2, 

(4) 

m1200 = -(F"(S)'l/; . (0200 + F"(S)f,· (noo + ~FIII(S)'l/; . e + Ox(0200 - a~lOof,x' 'l/;*h2, 

m1110 = -(F"(S)f,· (1010 + F"(S)~ . (noo + F"(S)'l/; . (ono + FIII(S) 'l/; . f, . ~ 

+ ox(ono - a~lOO~X - a~olOf,x, 'l/;*)£2, 
mlOO1 = -(9~(S)'l/; + ax (0001 , 'l/;*)£2, 
mlO02 = -(9~(S)'l/; + ax (0002 , 'l/;*h2, 

9noo = anoo, 91010 = alOlO, 

93000 = (F"(S)'l/;' (2000 + ~FIII(S)'l/;3 + Ox(2000, 4>*)£2, 

91200 = (F"(S)'l/; . (0200 + F"(S)f,· (noo + ~FIII(S)'l/; . e + Ox(0200 - a~lOof,x, 4>*h2, 

91110 = (F"(S)f,· (1010 + F"(S)~· (noo + F"(S)'l/; . (ono, 4>*)£2 
91001 = (9~ (S)'l/; + ax (0001 , 4>*h2, 
91002 = (9~(S)'l/; + Ox(0002, 4>*)£2, 
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h 2000 = a2000, h 0200 = a0200, h 0020 = a0020, 

h 0110 = a0110, h0001 = a0001, h0002 = a0002, 

h 2100 = (pl/(S)'IjJ . (1100 + pl/(S)e· (2000 + ~FI/I(S)'ljJ2 . e + Ox(1100 - a~100'IjJx' Ch2 , 

h0300 = (pl/(S)e· (0200 + ~pl/l(S)e,e*)£2' 

h0210 = ( pl/(S)e· (0110 + pl/(S)~· (0200 + ~pl/l(S)e .~, C)L2, 

h0101 = (pl/(S)e· (0001 + g~(S)e,Ch2, 
h 0102 = (FI/(S)e· (0002 + g~(S)e, Ch2 • 

We perform a smooth invertible transformation: 

v = q + Vi100qr + ViOlOqf + Vi200Qr
2 + Vi020Qf

2 

w = r + WOO0l771 + W 00027]2 + W2000Q2 + W0200r2 + Wo020f2 + W o110 1r1
2 (5) 

where 

+ W00117hf + W00l2772f + W201Oq2f + W0120flrl2 + W0300r3 + W0030 f3 

g1100 glOlO 
V1100 = --. -, ViOlO = -. -, 

2W 2W 

V; - _ g1200 + g1100 Vi 100 + h 0200 Vi 100 + h 0200 ViOlO 
1200 - 2iw ' 

V; - g1020 + g1010 ViOlO + h 0020 Vi 100 + h 0020 ViOlO 
1020 - 2iw ' 

hOOOl U T _ h0002 
WOOOl = - . -, YY0002 - . , 

2W 2W 

W; _ h0011 + 2W0020hooOl + W011oho001 
0011 - 2iw ' 

W; _ h0012 + 2W0020ho002 + W011oho002 
0012 - 2iw ' 

h 2000 h 0200 h 0020 h 0110 
W 2000 = -. - , W 0200 = - - . -, W 0020 = -3-' -, W 0110 = - . -, 

2W 2W 2W 2W 

W. _ h 2010 + 2W2000g1010 + 2W0020h2000 + W011oh2000 
2010 - 2iw 

W; _ h 0120 + 2W0200ho020 + 2W0020ho110 + W011oho110 + W011oho020 
0120 - 2iw 

h0300 + 2W0200h0200 + W011oh0200 
W 0300 = 

2iw 

W; _ h0030 + 2W0020ho020 + W011oho020 
0030 - 4iw 

Substituting (5) into (4), then we have 

v = GlOOl7]lV + GlO027]2V + G3000V3 + G 1110vlwl 2 

'Ii; = iww + HOlO17]lW + H01027]2W + H2100V
2
W + H 021OWlwl

2 (6) 



where 

GlOOl = 91001 + VilOOhoOOl + ViOlOhOOOl' 

GlO02 = 91002 + VilOOho002 + VlOlO h0002' 

G3000 = 93000 + VilOOh2000 + ViOlOh2000 , 

GUlO = 9UlO + VU0091010 + Vuoohouo + Vi0109uoo + ViOlOhOUO' 

H0101 = hOlOl + 2W0200hoOOl + WoUOhOOOl' 

HOl02 = hOl02 + 2W0200hoo02 + WOUO h0002' 

H2l00 = h2100 + 2W20009uoo + 2W0200h2000 + WOUOh2000, 

H02l0 = h0210 + 2W0200houo + 2W0020h0200 + WOlloh0200 + Wouohouo. 

Let w = Aei'P(A, rp E R). (6) can be written as 

<P = Wo + J.L~ + h.o.t. 

v = (-J.L1 + PuV2 + P12A2)v + h.o.t. 
. 2 2 

A = (-J.L2 + P21V + P22A )A + h.o.t. 
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(7) 

where Pu = ReG3000 , Pl2 = ReGUlO , P21 = ReH2l00 , P22 = ReH021O . J.Ll = -ReGlO0l1J1 -
ReGlO02 '172, J.L2 = -ReHol01 'l71 - ReHo102'172, J.L~ = -ImHOlOl'l71 - ImH0102 '172 

We consider bifurcation diagram of truncated equations of (7) near PH-point. Since 
the second and third equations of (7) are independent of rp, the bifurcation diagram is 
determined by 

v = (-J.Ll + PuV2 + P12A2)V, 
·22 
A = (-J.L2 + P21V + P22A )A. 

We assume Pij satisfy the following: 

Pl2/P22 > 0, P21/PU > 0, Pl2P21/PliP22 < 1, Pu < 0. 

Remark 3.1 (9) can be checked numerically for (1). 

(v,A) = (0,0) is a trivial equilibrium point for all J.Ll and J.L2. Equilibria 

EPt: (v,A) = (O,± / J.L2). V P22 

bifurcate at the bifurcation line J.Ll = ° and 

EEl: (v,A) = (± [E,O) V Pu 

bifurcate at the bifurcation line 1t2 = 0. There also exist equilibria 

EP3±'± : (v, A) = ( ± 

EPf"± bifurcate at the line 

-P12J.L2 + P22ltl ± 
PUP22 - Pl2P2l 

-P2lJ.Ll + PUJ.L2) 
PUP22 - P12P2l 

Tl = {(J.Ll, J.L2) I Itl = P12 J.L2, J.L2 > O} 
P22 

(8) 

(9) 
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and 
T2 = {(J..tl, J..t2)1 J..t2 = P2{ J..tl, J..tl < O}. 

Pu 

Since q is velocity of single pulse, solution with q i= 0 (v i= 0) is corresponding to 
traveling pulse. By changing (J..tl, J..t2) like 6 ~ 1 ~ 2 (6 ~ 5 ~ 4) in Fig.4 we have 
bifurcation diagram as shown in Fig.5. 

~ 

b:£ 
Tl 

i± t= 
1k Jil 

A~ 
T2 LL v 

Figure 4: Phase portrait of (8) with (9) ([7]). There exist stable standing pulse solutions 
(stable traveling pulse solutions) for parameters in region 1 and region 2 (region 3 and 
region 4). The basin size of stable traveling pulse solution shrinks by taking parameters 
near T2 • Loosely speaking the transition from region III to region IV in Fig.1 is caused 
by the shrinkage of the basin size. 
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Figure 5: Schematic bifurcation diagram for (8). SSP: Stable standing pulse. USP: 
Unstable standing pulse. STP: Stable traveling pulse. UOP: Unstable oscillatory pulse. 
UOTP: Unstable oscillatory traveling pulse. 
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