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Abstract

We have investigated the adaptive process of the economic development model with the uncer-
tainty concerning the values of the model’s parameters.

Firstly, we have investigated the economic development model with the uncertainty concerning
the values of the developing regional economic model’s parameters.

Secondly, we have considered the parametric identification of the economic development model.

Thirdly, we have considered the design of adaptive state observer of the economic development
model.

The model reference adaptive tecnique is conceived to be a useful method in spacifying the
adaptive process analysis of the economic development model with the uncertainty concerning of

the values of the model’s parameters.

Key words: Model reference adaptive control, Economic development, Parametric identification,

Adaptive state observation.

1. Introduction

In the previous paper: A Study on Model Reference Adaptive Control .in
Economic Development (I),” we considered one of the adaptive processes of the
economic development policy model by using the discrete model reference adaptive
technique with the certainty concerning the values of the adjustable model’s para-
meters.

In this paper, we shall consider one of the adaptive processes of the economic
development model by using model reference adaptive technique with uncertainty
concerning the values of the adjustable model’s parameters and the variation of
these parameters, and also the parametric identification and adaptive state observa-
tion.

2. Economic Development Model with the Uncertainty Concerning the
Values of Parameters

In this chapter, we shall consider the economic development model with the
uncertainty concerning the values of parameters. In the real economic development.
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we have the difficulties related to the uncertainty concerning the values of economic
model’s parameters, especially, of the developing economic model’s ones.

Then, we shall consider the following simple economic development model with
the uncertainty concerning the values of the developing regional economic model’s
parameters.

The developed regional economic model :
Yn(t) = ayYar{t — 1)yt —1) (1)

yx(t): the regional output per regional resident of the developed region at
the instant z.
uxy(t): the regional invesment per regional resident of the developed region
at the instant t.
a;: the parameter of developed region.

The developing regional economic model.
ys(t):C?lys(t”l)_}_us(t"l) (2>

9,(¢) : the regional output per regional resident of the developing region at
the instant z.

us(t): the regional investment per regional resident of the developed region
at the instant t.

4, : the uncertain parameter of developing region.

The objective equation is as follows.

lim(1+d 2 e(t+1) =lime'(t+1) =0 (3)
Where,
us(t) = (1+d, 2 Y yult+1) = P(t) ys(2) (4)

The estimated value of P(t) from the value of the certain parameter of develop-
ing region is as follows.

P=d+4d (5)
e’(£) can be computed using equations (2) and (4). One obtains.

e(t)=[P—Pt—1)]y.lt—1) (6)
Applying the following aid error signal®®:

ealt) =[Plt—1)— P)] yslt —1) ‘ (7)
One obtains,

e(t) = ealt) +e(t) = [ P— PO |yt —1) (8)
Then,

lim e¥() = 0 (9)

{00
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The adaptive algorithm is as follows.

Pt)=Ple—1)+fiyt=1) ext)  A>0 (10)
e*(¢) can be computed using equations (7), (8) and (10), one obtains.
1 l—
Sy = .

The equation (11) corresponds to the equation (4.84) in the previous paper: A
Study on Model Reference Adaptive Control in Economic development (I)V.
In general case, consider the description in terms of differential operators.
The reference model

Ax(2 Y yu(t) = 274 By(z™Y wy(2) (12)
Where,

Ay(z™) =1+ay, 2 H--- a2 a3)

By(Z7) = by, + by, 2o+ by, 27 14)
The adjustable model

As(z7) ys(t) = 27 By(27Y) () d>0, y:(0) %0 (15)
Where,

Az ) =1+aqz i+ - ta, 16)

By(zY) = by+ bzt e b,z by 2 0 a7

If the following equations we satisfied, the model reference adaptive control is
also satisfied.

D) [yt +d)—yult+d)| = D) e(t+d)
=e(t+d)=0 (18)

e(t) =ys(t) —ynlt) (19)
(a) d=1

D(27Y e(t+1) obtains the following equation at d=1
D) eft+1) = Bz u,(6)+[ D) — Az it +1)
—D(2™) yult+1) (20)
If the equation (18) is satisfied, the equation (20) is zero.
B(7) wft) +[ DY) = Ay(e)] 064+ )= Dl e+ 1)
— byu(t)+ P 4olt) — D(z) et +1) = 0 (21)
Where,
Pl =1b, - by di—ay, -+, dn—ay] (22)
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9 (0) = [t ~1), - wsle=m), Yslt)y - Yalt—n+1)] (23)
,(t) obtains from the equation (21)
= (D) yult+1)— P gu(0)}/ b
= {D(=7) Yt +1) —[ D(=™) — As(z™) ]9 (¢ + 1)} / Bz
{

n

D) yrle+1)=| 3 (di—a) =~y e-+1) /By (24)

i=1

The equation (24) represents the following equation.
us<t> :f[us@ - 1)> T us(t - 7n)3 ys(t)5 ) y(t - 71+ 1);

Yault +1), o, yslt —n+1)] (25)

u,(t) is feasible equation, because u,(¢) depends on the last input, output untill
present time and ¥ (¢+41) obtained by equation Ay(z7?) ¥yt 4 1) = By(2™?) uy(f).
by d>1,

D(z) = As(z S(z™)+27¢R(z™ (26)
Where,

S(zm1) = 15 21k oeens sy 2@ (27)

R(z™1) =rgtra it 1y gD (28)

The equation (18) obtains as follows using the equation (26) and A,(z™Y) ys{t+d)
= B(2™Y) u,(2).
Dig Y e(t+d)= As(z™) Sz y;(t+d)+ 271 R(z7) vt +d)
— Dz Y yu(t+d)
= By(2™) S(27Y u,(£) + R(z7) ws(2)

—D(™) Yult+d) =0 (29)
us(t) obtains from the equation (29).
us(8) = (D) Yult+d) = R 4,0} | Byl Sz (30)
or,
wo(t) = [ D(=) Yt +d) = R(z™) 9s(6)— Brl2™ ws(8)]/ by
=[ DY yult+d)— P golt) ]/ bo (31)
Where,
By(z™) = By(27Y) S(z™) — b, (32)
P = [bysi+ by, bysy+0b; 5140y, - bysgy, 1o, S Tpe) (33)

g0 =[uslt—1), - wslt —m—d+1), yult), -+, Yult—n+1)] (34)
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u(t) is feasible equation because one is not depended on the uncertain value.
Consider the following control law substitute to the equation (31).

ws(t) = [ DE) yult+d) — Pot) 60(8)]/Bol2) (35)
lli-l:g Dz e(t+d)= lll_rg et+d)=0 (36)
The following equation obtains from the equation (35).
D(=™) yarlt+d) = bo(2) us(8) +Po(2) polt) (37)
The following equation obtains from the equations (12), (26), (33) and (34).
D= yslt +d) = bys(t) + P $o(2) (38)
Substracting equation (37) from (38), we obtain
D) [y:lt+d)—yult+d)]| = t+d) =[ P—P) | p(0) (39)
or,
eoft) =[P—Pt—d)| p(t—d) (40)
Where,
O =[w0); ¢ 0)] (41)
Pr(e) =[bo(t), Pol@)] (42)
¢*(t) obtains from the aid error signal such as
elt) =[Plt—ad)—P@)] (e —d) (43)
o5 (1) = eult) +e (&) = [ P—P()] gl — ) (44)
The adaptive algorithm satisfied, 1,1.12 e*(#)=0 is as follows,
P@)=Pt—1)+F{—1) ¢(t—d) e*(z) (45)
Where,
F4g) = alt) FH{t—1)+40) ot —d) ¢" (1 —d)) (46)
FO)>0, 0<aB<1, o0<a@p<2]
¢*(t) obtains from the equations (40), (43), (44) and (45).
e(t) = e(t)+[ Ple —d)— Ple—1) gt =)
—¢7(t—d) F(t—1) g(t—d) e* ()
=[Pro(t—d)—Prt—1) ¢t —d)
— g7 (t—d) Ft—1) g(t —d) e ()] (47)

From the equations (47) and (38),
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) =[DE )y o) —Pre—1) gt —d)|/
[14¢7(—d) Flt—1) g(t—d)]
= é(t)/[l +¢r(t—d) F(t—1) p(t—d)] (48)

Then, ¢*(t) can be calculated without using P7(z).

3. Parametric Identification of Economic Development Model

In this chapter, we shall consider the parametric identification of the developing
economic model.

The parametric identification has two aspects of parametric identification such
as the recursive parametric identification and the parameter tracking.

The recursive parameter identification likes to obtain an estimation of the
parameters, as the process develops, without being obliged to use all the past input/
output data at each step, and the parameter tracking likes to track the values of
the parameters of a process which can vary during operation. In order to obtain
good results in the recusive parametric identification and the parameter tracking,
a certain degree of structural identification must be a prior achieved.

This can be done either from the economic analysis of the developed region
to be identified or from an off-line identification based on a previous set of input/
output data.

The recursive identification of the dynamic parameters as well as the tracking
of the developed region when they are time-varying can both be formulated as a
model reference adaptive problem.*® The developed regional economic model to be
identified represents the reference model. The developing regional economic model
is constituted by an adjustable model having the structure of the economic model
whose parameters are driven by an adaptation mechanism which implements an
identification algorithm.

Depending on the configuration of the adjustable model, the signals which are
fed in, and how the error between the outputs of the reference model and the
adjustable model is obtained, one can distinguish three basic configurations such
as the output error method, the equation error method, and the input error method
which are illustrated in Figure 1.

These configurations corresponds to the three basic structures of model refer-
ence adaptive systems such as the parallel, series parallel and series type, and the
correspondence is indicated in Table 1.

The equation error method is the most used configuration for recursive identi-
fication using algorithms derived from statistical considerations. From statistical
considerations, the recursive identification algorithms for equation error configura-
tions assuring in most of the eases unbiased parameter estimates have been derived.
However, the convergence of the identification with regard to the initial parameter
error is often difficult to prove.?

On the other hand, the model reference adaptive system which are designed
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from stability considerations, when used for identification, allow us to specify the
conditions of the convergence with respect to initial parameter error, but the per-
formance in the presence of measurement noise needs to be examined separately.
Note also that the methodology based on the use of hyperstability and positivity

(a)

Noise
o] REFERENCE +
e MODEL +
(ou tput
p / + error)
PARALLEL
»  ADJUSTABLE
MODEL
IDENTIFICATION
ALGORTTHM
(adaptation
mechanism)
(R) Noise /
,| FEFERENCE + + SERIES
e MODET, ADJUSTABLE
MODEL (equation
error)
._..E—.‘. / r +
PARALLEL
» ADJUSTABLE
MODEL
| f
(e) Noise /
REFERENCE + SERIES
MODEL + ADJUSTABLE
MODEL (input
error)

Pl ( +

Figure 1. Three basic identification structures and their correspondence with MRAS’s.
(a) Output error method (parallel MRASs). (b) Equation error method
(seriesparallel MRAS’s). {(c) Input error method (series MRAS’s).
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Table 1. Correspondence Between Identification Structures and
Model Reference Adaptive System Structures

. . o Model Reference Terminology used
Identification Structure Adaptive System in Chapter 3
Output error method Parallel Parallel identifier
Equation error method Series-Parallel Series-Parallel identifier
Input error method Series Series identifier

concepts for designing the model reference adaptive system can also be applied to
the analysis of the stability properties of the identifiers derived from statistical
considerations.”®

In using recursive identifiers for discrete time processes, one can distinguish
two basic situations.

Case A: Frequent changes in the values of the parameters of the reference
model to be identified occur. The identifiers are supposed to be able to track the
values of these parameters when such changes occur.

Case B: Recursive identification of linear time-invariant discrete-time processes
is desired. In this case, the unknown parameters of the adjustable model are
supposed to be constant over a long time period.

Case A identification can be solved satisfactorily in most of the cases using
discrete-time adaptation algorithms of Theorem 1 in the paper: A Study on
Model Reference Adaptive Control in Economic Development (I),’ which have con-
stant adaptation gains.

Case B identification can be solved using either Theorem 1 adaptation algorithms
or Theorem 2 adaptations algorithms, which have decreasing adaptation gains since
both have a recursive character.

However, if a parallel configuration is used, the algorithms of Theorem 2 can
lead to an unbiased parameter estimation in the presence of measurement noise.
This is not the case for the algorithms of Theorem 1, where in general a com-
promise between precision and speed of convergence must be made. Therefore
for the Case B identification, algorithms of Theorem 2 are more suitable. Note also
that the algorithms of Theorem 2 can eventually be used for Case A identification
of the parameter changes are not too frequent. In this case, one can 'detect, by
examining the generalized error, a parameter change, and we reinitialize the adapta-
tion gains at a high value.

4. Design of Adaptive State Observer of Economic Development Model

As mentioned in chapter 3 of the paper: A Study on Model Reference Adap-
tive Control in Economic Development (I),” when the model to be controlled with
inaccessible states has unknown parameters or they vary during operation, adaptive
state observers must be built.%%1? In this case from the linear asymptotic cbserver
one can derive a model reference adaptive system structure which permits observa-
tion of the states of the model.?
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In this chapter, we shall consider the Parallel Adaptive State Observer. We
assure that the system whose states we wish to observe is in the observable canoni-
cal form described as follows. '

fa+D—4L 1T .
Be+D=| o+ |v@
G+ 1) =L, 00 b
" by (t41)
+1 w(t) Faa{t+ 1)+, +1) (49)
L On(t+1)
y(t) =[1,0---0] 2(t) = & (9) ~ (50)

Where, #(¢) is the state of the adjustable observation model, §,(z) is the output
of the observation model, &;(#+41), b;(t+1) are the adjustable parameters, I, -+, I,
is a set of gains which will influence the characteristics of the observer, and #,(¢-+1)
and #2,(t+1) are additional transient adaptation signals having the property as
follows.

Ua(t)]cr=0 =10 4y (1)) cy=0=10 ‘ (51)
(c) = v:(0)— 9(0) |

These transient adaptation signal vectors have the following form.

e +1) 1t (t 1)
Aot +1) =] w1 (t4+1) |, d(+1) =| w,{t+1) ‘ (52)
0 0

Our objective is to design an adaptation mechanism such that the following
conditions are both satisfied.

lim é(¢) =lim [ 2(8) —£(t) | = 0 (53)
tyoo o0
lim &,{(f) = a, lim b,(t) = b, (54)
l—ro0 {00
(Z = 1, N 72)
Using the equations (49) and (50), one obtains
[a—b g day(t+1)
e+l = élr) — 5 7
,Cl«n_ln OO Aa7l(t+l>
[ 46 (t+1) ’
- : w(t)—d,(t+1)—24,+1) {(65)
| 4b,(¢+1)
e(t) =1[1,0---0] é(t) = e (2) (56)

Where,
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da;t+1)=4;,¢t+1)—a; (i=1,-,n) (57)
Abt+1)=b,t+1)—b; (i=1,---,7n) (58)

The equations (55) and (56) lead to the following difference equation characteriz-

ing (z).

I

[1— 3 (@i—1) z‘l] olt) = —[édai@—iﬂ);@(z—i)

=1
n n—2 n~1

b D) wlt— i)+ S gt i) Y ub”l(t——i)] (59)
i=1 i=1 i=0

The equation (59) is rewrited the following equation by a convenient choice of
Aa(t+1), do(t+1), wi(t) and 7,(t).

[1- Ba—t =] ett) = = (14 T ce) | £ dat) ot

+ 3 o) <¢>] (60)
The equation (60) is rewrited the following equation.
) = h(z ) [P=PO] p(t—1) (61)
Where,

h(z) = [1+ ) ciz""]/[lw Sa—i z—f] 62)
Pr=la, ay, -, an by, -, bl (63)
Prig)y=[a), -, ault), bilt), -+, bult)] (64)
¢"(t—1) = [wi(t), -+, wald), n(0) -, 7al0)] (65)

We assume that the equation (60) corresponds to an asymptotically hyperstable
feedback system, and therefore we shall have

lime(?) =0 (66)

o0

Now since the system of equations (55) and (56) is completely observable, the
- equations (66) will also imply that the equation (53) is satisfied if asymptotic identi-
fication of the parameters is achieved.

lim da,(¢+1) = lim [ai(t—i— )—a]=0 (i=1-n)

o o (67)
lim 4b;(¢+1) =lim [ bt +1)—b]=0  (i=1,,n)
oo t—re0

Because lim #,(¢+1)=0 and lim #,(¢41)=0 if the equation {66) holds.
{0

oo

One conclude that if the input sequence is a sum of at least n-+1 periodic
signals of distinct frequencies, then the equation (66) will imply the verifications of
the equation (67). Therefore, under the above condition equation (66) will also



Model Reference Adaptive Control (II) 11

imply that lim é(z) =0.
[

Under the hypothesis that equations (59) and (60) are zero-state equivalent, the
design of an asymptotically adaptive state observer is transformed into the design
of an asymptotically hyperstable feedback system, which leads to the equation (60).

The remaining design contains the determination of the adaptation signals
Ga(t+1) and 4,(¢t-+1) and of the auxiliary variables w;(f) and (), and the deter-
mination of the adaptation algorithm for 4;(#) and 5,(2).

If the equations (59) and (60) is 2th, the two equations is rewrited the following
equations.

[1—_%(@—11.)2—%] () = [Zdal(t—z—i—l) (t—i)

=1

]
-l—izlbi(t—~i+1)u(t~i)+ua )+ uy( } (68)
f=1

[1- 2@t =)0 = ~(1+az") [ £ dautt) sty

=1
2
+ 246 o) (69)
We can obtain the following the conditions by (68)=(69).
udi(t) = — [da(t) —dar (1 —1) | cvown (e 1)

+ [day(t) — day(t 1) | zea (0 (70)

w(e)= ~[dbu(e)~4b(t—1) [ ar(e—1)
+[4by(0) — dby(e = 1) ] (1) (71)

wy(t) = wy(t—1) r(t) =n (t—1) (72)

If the adaptive matrix is the diagonal matrix, the following equations are
obtained.

da,(t) = da,(t — 1) +fue(t) wilt) , 42]:012@'>0 (73)
Abi<t> = db;(t —1) +fbi€(t> ri(t) , _ib;‘>0 (74)

The equations (70) and (73), (71) and (74) lead to the following equations.
ud (t) = —fa, wi(t) cwy(t—1) e(2) +fo, wi () e(t) (75)
w!t) = —fo,n(t) an(t—1) (&) +/5,7°() () (76)
The prior output of the adaptive observer is as follows.
o) = () = (e —1) —L) £(t—1)+ (e —1)
+h(—1ult—-D+hy(t—1) (77)
Where,
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Then,
=0+ D[a0—dat-1]w

+ 2[b0-be=v]re (79
The ééﬁaﬁons A(w79)’, (735 .a'r;du(74) lead to the following equations.

) =01+ Lo+ i) (80)

The parallel adaptive observer is obtained by the equations such as (49), (50),
(70), (71), (75), (76) and (80).

5. Conclusion

We have investigated the adaptive process of the economic development policy
model by using the model reference adaptive technique with the uncertainty con-
cerning the values of the adjustable model’s parameters, and also the parametric
identification and adaptive state observation.

The main results are as follows.

(1) The model reference adaptive technique is conceived to be a useful method
in specifying the adaptive process of the economic development model with the
uncertainty concerning the values of parameters.

(2) The recursive identification of the dynamic parameters as well as the
tracking of the developed region when they are time-varying can both be formulated
as a model reference adaptive problem.

(3) The model reference adaptive state observer is conceived to be a useful
method in controlling with inaccessible states has unknown parameters or they
vary during operation in Economic Development Model.
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