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                                  Abstraet

   The principal purpose o,f this paper is to improve upon the Model Reference Adaptive Turn-

pike Theorems presented in our previous paper 5) so that the theoreixis in 5) can be realized in

the case of the relatively unstable system. A$ a follow up, the usefulness of the theorems obtai-

ned in this study is proved by $ome numerical simulations.

Key Words: Moclel reference adaptive turnpike theorem, Model reference adaptive $ystem,
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1. Introductien:

    We have applied the theory of model reference adaptive system to the dynamic

I-O system and developed some fundamentakheories about model reference adaptive

I-O systern in the reference 3). Ii[owever, as we pointed out in the reference s),

there were two major problems in our paper 3).

(1) How do we choose a reference model or a reference economic growth path?
(2) What adaptation laws can vgre apply when the reference model is unstable?

Our previous paper 5) have given some solutions to those problems, however, these

solutions seem to be weal<. Nainely, as a reference path we adopted the econoniic

growth path which converged to the turnpil<e. But the mathematical condition

which reallzed that reference path gives some constrained conditions to the eigen

values of the reference inoclel, and it is not clear whethey those coRditions are

always satisfied to actual dynamic I-O systems.

    This article aims at extending the model reference adaptive turnpike theorems

which have been obtained ln 5) to be applied to a more general reference moclel, and

also proving the usefulness of the theorems, which are obtained in this study, by

some numerical simulations.

2. Refleetion oR the Previous Paper:

    Let us simply revievvr the inain results which were obtained in our prevlous
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paper 5). Now a dynamic I-O system under a fixed technology is represented as

follows'
      ,

        X>n (t+1) =:: Bm-i(I-Am+Bnz) X)n(t)-Bm-iH (1)

where, Xm(t): output vector (n x 1)

         H: fixed final demand vector (exogenously given but excluding private

             investment) (n × 1)
       Am: input-output coecacient matrix (nxn)

       Bm: capital coefficient matrix (nxn)

Let 1 be a Frobenius root of (I-Am)-iBm, then the tumpike of (1) is expressed

as,

        Xnt(t)==(1+--1--)`(Xm(O)-(I-Am>miH)+(I-Am)miH (2)

Furthermore let us consider the economic growth path represented by (1> whose

initial value is not on the tumpike, and indicate the distance between the path

and the turnpike as d(X>n (t)). (see Figure 1.) We assume here that lim d(Xm(t))=O
                                                            t-co
for arbitrary economic growth path represented by (1). Then we can observe that,

        d(X>n(t))=[iZ(t>-Xm(t)l[=l[<PX>n(t)-ab(I-Am)-iHil (3)

where, il.": Euciiclian norm

        <P = )7,7TlI,7H-2- 1'

            ;-,a
            J
            Lt,
           ;t-
            o            E
            ff
            c            u           -/e/. op(ir3m)-!"tt(ln:l'ile)`(x.(o)I;(,c-ww1/},･;,y-lu,.?

           [l'il 2(i-Am)-'iix k '
           gV Z(t) vrelativelystablepath
           lllgU`"tllOiibi:i)r. d(x.(tl) projectivetran$formatiOn

              POInt (f-tlm)'lffX,,<.'.)                                          Z(t)-X.(t)
                                             :`- cP X･ '. . (t) - ca (I- A.,)-i H

                                X m (O)

Figure 1.
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                                                            1
       rp:an eigen vector corresponding to the eigen value 1+''2" of Bm-i(I-

          Am+Bm). Where R stands for a Frobenius root of (l-Am)rmiBm.

    In our previous paper 5) we called n × n matrix ¢ the project'ive traRsformation.
That is, op defiRes the linear transformation xNrhich dyaws a perpendicular line
from Xm(t) to the turnpike. Now let us define >Zm(t> as follows;

        R7n(t) == Z(t)-Rm(t>+ca(1-A"z>-iH (4-)
It is easy to see that Rm(t)=:{l)X)n(t). By the assumption mentloned above,

Pmmo(Z(t)-X)n(t)>ww-O holds, then IiLgco}X7n<t>nv-di<I-Am>-iH is reallzed. Conversely

when >Zm(t) is given X>n(t) would be uniquely determined by the relationship

opXm(t)==Xm(t) if an inverse transformation of op could be defined. }Iowever,

we can observe that the determinant of op is zero and also the rank of di is one.

Therefore we can not define the ordinary inverse transformation of <P, that is to

say, the inverse matrix of op. Accordingly we had to introduce another transforma-

tion., i.e. the generalizecl inverse matrix di' of ca, then solved X7n(t) by X>n(t)==

di"Xm(t). Wheye the generalized inverse matrix op" is a nxn matrix defined by

di¢+op :=ca. ARd ca+ is not uniquely determined in geneyal, however, ip+ can be
defiRed uniquely with the initial conditlon Xm(O) = <P" Slrm(o).

    Now we multiply op te both sides of (1), then

        di X)n(t+1) == op Binwwi(l-Am+Bm) Xm(t) -ca Bm-i H
                                                                    '        .'.Rm(t+1)=opB7n-i(l-Am+Bm)X7n(t)-opBm-iH (5)
Substitute .>em(t>=:op"Xm(t) to (5), then

        Rm(t+1)=opBmwwi(l-Am+Bm)di"X)n(t)-diBm-iH (6)

Because of lim >ilrm(t)==di(I-Am)rw'H, op Bm-i(I-Am+Bm) ca" is a stable matrix.

          tOea
Accordingly when we set Cm=:di Bmwwi(I-Am+Bm) op", the Lyapunov's equation
mentioned below has a positive definite solution P. i. e. Hl:'= PT>O s. t.

        CmTPCm-C7n :-l (7)
Then vvre can derlve adaptation laws of A(t) and B(t) whieh make the gap between

reference and adaptive models approach zero asymptotically in the below-stated

model reference adaptive I-O system.

    reference model

        Xm (t+1) =xx ca Bm-'(I-Am+Bm) di' Xm(t) - di Bm-i H

        X7n(t) ww di" Xm(t) (8)
    adaptive model

        X(t+1):=:opB-i(t+1>(f-A(t)+B(t))th+X(t)-opB-i(t+1)H

        x(t)=q)+ .g(t) (g)
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However, a problern arising from this context is the assumption that lim d(X)n(t)) =O.

                                                            t-ioo
When that assumption is represented in terms of eigen value, the following condi-

tion should be realized.

        Aisuchthatpti>1>lge" Citsei) (10)
    where, pti: eigen value of Bmni(r-Am+Bm) (i-nv1,2,･･･,n)

As written in the reference 14), the technological system in an actual dynamic

I-O system which satisfies (10) has been hardly observed. And this fact gives us

a strog constraint from an actually applicable point of view. Therefore it is very

necessary to generalize the main results in 5) so that the results can be applied in

the relatively unstable system.

3. Model Reference Adaptiye Turnpike Theorem:

    In this chapter we shall briefly explain model reference adaptive I-O system

which is an application of MRAS to dynamic I-O system, and then show some
theorems which were obtained related to the turnpike theorem.

    Model xeference adaptive I-O system is composed of two models, that is

    reference model

        Xm(t+1) == Bm-i(l-Am+Bm) X)n(t)-Bmwwi H(t) (ll)

    adaptive model

        X(t+1>=:=B-i(t+1>(1-A(t)+B(t))X(t)-B-i(t-i-1)H(t) (i2>

where, Xm: n-dim. reference output vector

       Am: nxn reference input-output coeflicient matrix

       B7n: n x ii reference capital coefllclent matrix

      H(t): n-dim. final demand vector (exogenously given but excluding private

            investment)

      X(t): n-dim. adaptive output vector

      A(t): n × n adaptive input-output coefficient matrix
      B(t): nxn adaptive capital coefficient matrix

    The reference model represents an autonomous growth model under a fixed
technology, and the adaptive model is a model which converges asymptotically and

stably to the refereRce output through technological changes whose initial condition

is given. (11) and (12) are transformed as

    reference model

        X)n(t+1) == C2nMn(t)+Dm(t+1> H(t> (13)
    adaptive model

        X(t+1) :C(t+1) X(t)+D(t+1) H(t) (14)
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whexe, &n=:Bmwwi(J-Am+Bm>

       Dm == -Bm-i

       C(t+1) :B-i(t+1) (I-A(t)+B(t))

       D (t + 1) == - B-i(t + 1)

A problem arising from this context is how C(t) and D(t) are determined to make

limlf Xm(t)-X(t>ll =O. This problem is equivalent to proving the asymptotical
t+'oo

stability of the below-mentioned ereror equation obtained by (13)-(14-).

      s(t+1)::=CmE(t)+(an-C(t+1))X(t>-y(Dm-D<t-F1))H(t) (15)

On the stability of (15) the next theorem holds.

    Theorem 1.

    reference model

        Xm(t+1)=&nX>n(t)+DmH(t> (16)
    adaptive model

        X(t+1)=C(t+1) X(t>+D(t+1) H(t) (17)
    error equatlon

        e(t+1):Cme(t)+(Cm-C(t+1>)X(t)+(D"z-D(t"1))H(t) (16)

When fe(t) is tilefined as k(t) :1+liX(t)l[2+IIH(t>Il2 and assumed Zr>O such that

R...<V-ttit-)- for all t>T, the below-stated adaptation laws of C(t) and D(t) make

the error equation asyrnptotically stable. i.e. Iiml[X>n(t)-X(t)l[ :O

                                        t-}eo

        C(t+1) ==: C(t)+--k-ts-- 6(t+1) X]r'(t) (19)

        D(t+i)=D(t)+-fe-1-t)- s(t+i) 1::lir'(t) (2o)

Where 2.,. stands for the elgen value of Cm which has a maximum absolute value

among the eigen values of Cm, and E(t+1) is a priori error defined by

        g(t+i) == X)n(t -{- 1)-C(t) X(t) -D(t) 1il(t) (21)

And A(t) and B(t) are solved as follows;

        A(t)=J+D-i(t+1) C(t+1)-D-i(t) (22)
        B(t+1) =:-D-i(t+1) (23)
Furthermore if there are suflicient linearly independent vectors in the sequence

{N(t)}ge...o, then limIIAm-A(t)il=O, and limilBm-B(t)ll:=:O are reallzed.

              t-oo t-)co
(sketeh o£ the proof)

    Because the exact proof of this theorem is a complicated one, only a sketch
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of the proof is presented here. Now the adaptation laws (19> and (20) are intro-

duced from the next formulae.

       C(t+1) :C(t)+E(t-i-1) Xi'(t) (24)
       D(t+1>=D(t)+e(t'+1) HT(t) (25)
These equations may be written as

                      t       C(t+1) == C(O)+:E(i+[L) Xa'(i) (26)
                      t       D(t -s- 1)=D<O>+:e(i+l) .Htzi(i) (27>
Namely, the adaptation laws of C(t) and D(t> are determined by the past trend

of s(t).

    }'Iowever, because (26) and (27) iRclude s(t÷1), that is, X(t+1), these have no
practical significance. Therefore let e(tff-1) be transformed as follows;

       E(t -F 1) = Xbn (t ÷ 1) - X (t + 1)

        = Xm(t+1)-(C(t+1) X(t)+D(t+1) H(t))

        =Xm(t+1)-(C(t)+E(t+1)Xii(t>)X(t)-(D(tly+e(t+1)HiT(t))N(t)

        =Xm(t÷1)-C(t)X(t)-D(t)H(t)-(IIX(t)H2+IiH'(t)ll2)e(t+1)

        .'. e(t+1)=: ttz)'S(t+1> (28)
Substitute (28) into (24) and (25), then (19) and (20) are obtained. (19) and (20)

can be practically implemented oRly using the information of before the t th period.

    Next we transform (19) and (20) as follows;

       C(t + 1) = C(t) + -fe-ll)-(Xm (t+ 1) -C(t) X(t) - D(t) H(t)) Xtr"(t)

        =: C(t> + klt) (C"2 Xm (t) +D7nH(t) -C(t) X(t) -D(t) H(t)) xz('(t)

        := C(t)+Lk-l,) (C7n s(t) -i-¢(t) X(t)+¢(t) H(t)) Xi'(t> (2g)

where, ip(t)imCm-C(t), ip(t)iffiDm-D(t). Similarly

       D(t+1)==:D(t)+fel,>(Cme(t)+¢(t)x(t)+¢(t)H(t))HtrT(o (3o)

        .'. E(t+1)=Xm(t+1)-X(t+l)

        =CmXm(t)+DmH(t)-C(t+1)X(t)-D<t+1)H(t)

        ='k'l'z>"(Cms(t)+ip(t)X(t)+¢(t)H(t)) (31)

Therefore a proof of the asymptotical stability of (18) results in (31) being asymptoti-
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cally stable. Setting a Lyapunov's function of y(t+1>= 'Ell't-)"' Cmy(t) as yTPy(i' =

J'T>O: positive definite nxn matrix), we define a I.yapunov's function candidate

for (31) by using P as

        V(t) :eT(t) .l2s(t)+tripi'(t) Pip(t)+tr¢7'(t) Pip(t) (32)

Where `tr' stands for a trace operation of a matyix. V(t) represents some kind

of distance of outputs and parameters between the reference and the adaptive

models. With a little complicated calculation, the increment of V(t) is reduced as

                          (,C,7?,i        It"(t+1>-V(t)=sT(t> ----- --P-;-7-C･･･t/-<･l･;-i････--1')e(t)

               --fe-lz-)--(ip(t)X(t)+¢(t)H(t))TP(¢(t)X(t)+ip(t)H(t))S.O (33>

Consequently V(t) is proved as a Lyapunov's function and Iim V(t) is bounded.
                                                     t-,eo

        "' ,£oo,,.,(V(`+1)wwV(t))=V(oo)-V(O><oo

        .･. ,£O,O,.,(v(t+i)-v(t))- ,tO.O...,,(ecr'(t)(-ttC-･;-'7,'f)' pvCk'-//)---p)E(t>

                ww 'E'1('i's" (ip(t) X(t) +ip(t) H(t))T"l' (ip(t) X(t) +ip(t) H(t))] < oo

        ･'･ i,iempe.(sT(t)(LvC-tl-Z',･li-･'p--v{-Il-i･-l-t71i･･=-･-p)e(t)

                - -tt,)-(ip(t) X(t) + ip(t) H(t))TP (¢(t) X(t) +¢(t) H(t))] = o

        ･'･ ILpu. e(t) =O and I,invm,.. (ip(t) X(t) -t-ip(t) H(t)) == o

        :. IimlIXm(t>-X(t)lI=O
            t-"ee

If the sequence {H(t)}pe...o contains sufliclent linearly independent vectors, then

lim (¢(t) X(t)+¢(t) H(t)>=Oo
t-.oe

        lim ip(t) = O and ¢(t) ==O
        t--+oe

        .'. IimliAm-A(t)II ==O and liinIIBm-B(t)H=O

            t-,co t-,oo
(The exact proof of this theorem is shown in 7).) Qv.ED.

By a similar proof mentioned above, we obtain

    Theorem 2

                      ,    reference model

        X>n(t+1) =: &nXm(t)+DmH(t) (34)
    adaptive model
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        X(t+1> =C(t+l) X(t> +D (t+1) H' (t) (35)
    error equatlon

        e(t+1)=CmE(t)+(&n-C(t+1)).X(t)+(Dm-D(t+1))H(t) (36)

If k(t) is getting sufliciently large as t->oo, then the below-stated adaptation laws

of C(t), D(t) make the error equation asymptotically stable.

        C(t÷1) == C(t>+(I+l](t))-iKc(Ell)E(t+1) XtzT(t) (37)

        D(t+1)=D(t)÷(I+1"(t))-iKdopE(t+1)Hi'(t) (38>
Where Kc and Kd are the matrices which have positive elements t.e. JI<c :(kc･ij).

Kd:=(fed,ij), fectj and kdij>O. op stands for a matrix operation as follows;

        (:i', 2i:.)(g'(Zil, ts:.)=(:'.', 3.ii :i,X.i:) (39'

And T(t) represents the next nxn diagonal matrix.

               ,$.,(kqtix3･(t)+kcllj..h3.(t))

        IM'(t)= o . O (40)
                                  ,,,,,(kc7idxg･(t)+fed.jh3(t)]

Furthermore if the sequence {H(t)}:..o include sucacient linearly independent vectors,

then

        limilAm-A(t)[l =:::O and liml[Bm-B(t)[I :=O

        t--,oe t-.oo
When a tunpike is chosen as a reference model in Theorem 2, the following
theorem is obtained.

    Theorem 3.

    Let a dynamic I-O system with constant technology be set as

        Xm(t -F l) ::= Bm-i(r-Am+Bm) Xm(t)-Bm-iH (41)
The turnpike from the stationary equilibrium point is represented as

        Xbn(t)=(1+-1---)t(Xm(O)-(I-A7n)-iH)+(l-Am)rm'H <42)

Where 2 stands for the Frobenius root of (I-Am)-iBm, and X>n(O) is the initial

value of Xm(t) which is also an eigen vector corresponding to 2. Next let a
dynamic I-O system with variable technology be represented as,

        X(t+1> :B-i(t+1) (I-A(t)+B(t)) X(t)-B-i(t+l) H (43)

When the adaptation laws of A(t> and B(t) are adopted as

        qt+l) [= C(t)+(I+ 1" (t))-i KcCD (,A(t -F l) XT(e) <44)
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          Figure 2. Aclaptation process of the aclaptive output to t}'ie turnpike.

                             tt
        D(t+1) == D(t)+(I+1"(t))pmi Kd(ig> (e"(t+1) Hi') (4s)

then X(i) will converge to the turnpil<e. Where the notation is the same as that

one of Theorem 2.

    We shall explain Theorems 1, 2, and 3 in the fo}lowing context briefly. Fist

of a}1, the three theorems are realized even in the case that the reference model is

relatlvely unstable. This fact shows that Theorems 1, 2, and 3 are extensions of

the theorem which was proved in our previous paper 5). And also this result
denotes that Theorems 1, 2, and 3 can be })ractically implemented to any actual

dynamic I-O systems.

    Secondly, the adap£ation laws of C(l) and D(t) only use the reference outputs
and exogeneously derived final dernand. Namely, these clo not use the information

xelating to the refeyence technology, despite the fact that the xeference technology

is used in the proof. Frem the fact that the adaptation laws can identify unl<Rown

technologies of a dynamlc I-O system, the adaptation process in the theorems are

called "adaptive observer" or "adaptive ldentifier" in the system theory. Fur-

therJnore, the refereRce technology is not limited to be fixecl. If the absolute values

of the eigen values of C7n are bounded when Cm is varial)le, the adaptation laws

will be effective.

    Thirdly, a eonvergence speed of the adaptation process depends on the absolute

values of the elgen values of kit) Cn? or (l+1'(t))rm'Cm. When absoiute values

of the eigen values are smaller, the convergence speed is faster. IR Theorem 2 and

3, the convergence speed can be controled by Kc and/or K4 that is, the larger
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Kc andfor Kd, the slower the speed. However, iS Kc andlor Kd are set to be

too big, the adaptive technology seems to change sharply in its initial stages.

Therefore, it is difficult but important to select Kc and Kd so that the adaptation

process does not lose economlc seRse. In the dynamic I-O system there are some

constraints that are well known, e.g., non-negativity of A(t) and B(t), Solow's

condition for the summuation of columns of A(t) and so on.

    In our experience, some numerical simulations have shown that some Kc and/or

Kd kave made the above-mentioned constrained conditions of A(t) or B(t) not to

be satisfied. At present, Kc and Kd may be chosen by trial and error.

    Fouythly, it is possible that Kt and Kd are variables. Now let variable Klr

and Kd be noted as Klr(t) and Kd(t). These can be substituted into (37) and (38>,

then

        C(t+1) := ,ll. lm,(I+1'(k))rmi(KC(k+1> op6(k+1) XT(fe)) (46)

        D(t+1)=,*.,(I+l"(fe))-i(Kd(k+1)opS(k+1)H'](k)) (47>

If Kb(k) and Kd(k) are denoted as small values in the initial stages and varied to

larger ones for the present period, the adaptation algorithms may mean an adjust-

ment process which neglects the past and stresses the present. Finally, it may

be impossible to convert Theorems 1, 2, and 3 into a continuous format.

4. Numerical Simu}ations:

    In this chapter we present some numerical simulations of the model reference

adaptive I-O system.

4. 1. Model reference adaptive FO system with respect to the ontinary

      turnpike

    Let the first numerical simulation defined as follows;

        A.=(gg o,g.), B. =: (IIz ilk), H(t)-(lg)

Then (l-Am)-iBm==(IIi :Ig) and its eigen values are 2i=:10 and 22=O.2, and 2i :

10 is tlte Frobenius root. Associated eigen vectors of 2i and 22 are (1, 1)T and (27,

                                                         11-22)". TheR the eigen values of Bmwwi(I-Am+Bm) are 1+'2, :-:-1･1 and 1"'2//"

==6.0 with the eigen vectors (1, 1)7' and (27, -22)iL We observe that the reference

system is relatively unstable because the eigen value 1+-i,-- corresponding to the

Frobenius root does not have maxirnum radius between two eigen values. Setting

an initial condition Xm(O)=(10, 10)i'+(22, 18)T, the turnpike from the stationary

equilibrium point (I-A7n)-iH=(22, 18)T is represented as follows;
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        (:j:l[,ti),..,.it(ig)+(ig) ,,..,,,,,...,

    Let us simulate an adaptation process whose reference model is the above-
stated turnpil<e.

    reference inodel

        (::I[ill),)-i･iL+i(lg)+(ig),(:Il';[8j)=(lg)+(ig) (4s)

    adaptive model

        X(t+1)=B-i(t+})(I-A(t)+B(t))X'(t)-B-i(t+1)H(t) (49)

.h.,,,A(-i)==
(glZgl;) B(-i)-=B(o)-(]Ig,211)

        X(O)=:(3i, 19)T, 1:l(t)==(10, 10)T'

By Theorem 2 er 3 we adopt the next adaptation laws.

        C(t-1-1) :C(t)+(l+z](t))wwi(KcopE(t+1) XT(t)) (so)
                                                              '
        D(t÷1) =:D(i)+(I+1',(t))-i(Kd(El)S(t+1) HT(t)) (51)

wltere, C(t+1) = B-i(t+1) (I-A (t)+B(t))

        D(t + 1) = - B-i(t + 1)

        Kt =(gll gll), Kd=:([li 2Il)

               '               ,2.,,,(kci,-:c3･(t)+kclidh3･(t)) O

                     o ,2..,(fecl,jxs･(t)+kczhjhe･(t)

                                                '
    The results of the simulation is presented in tables IN4. These simulations

show that the adaptive outputs almost converge to the turnpike prior to the tenth

perlod, and that the variation of A(t) is larger in its initial stages. We also observe

that A(t) and B(t) do not approach Am aRd Bm, respective}y, because H(t) is
a constaRt vector, and that the adaptive model chooses another turnpike technology

which has the same turnpike as that of the reference model.

4.2. Model reflerence aditptive l-O tb,stem with respect to the tzernpike which

      has a variable groxvth rate

    In this sectlon we consider the turnpike which has a varlable growth rate,

however, a growth rate of a conventional turnpike is constant. Let the reference
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Table 1. Simulation results of output levels of
          and the adaptive models (section 4.1.)

10,

the

Ne. 2, 1987

 reference

period

o.

 L
2.

 3.

4.

 5.

 6.

7.

 8.

 9.

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

:VIJII(t)

32.eoo

33.000

34.100

35.310

36.641

38.105

39.716

41.4g7

43.436

45.580

47.937

50.531

53.384

56.523

59.975

63.773

67.950

72.54-5

77,599

83.159

89.275

`Z;i (t)

31.000

38.289

35.012

33.869

36.046

38.288

39.878

41.483

43.4e3

45.571

47.938

50.529

53.381

56.520

59.972

63.770

67.948

7L.543

77.597

83.157

89.274

:VM2(t) V2 (t,)

I

l
l
/

I
I

l

j
/

l

l

I
l

i

i

I

28.000

29.000

3e.loo

31.310

32.641

34.le5

35.716

37.487

39.436

41.580

43.937

46.531

49,384

52.523

55.975

59.773

63.950

68.545

73.599

79.159

85.275

l

i

i
l

l

L

19.000

21.905

29.660

32.645

33.126

33.953

35.586

37A93

39.465

41,589

43.940

46.535

49.389

52.527

55.979

59.776

63.953

68.548

73.602

79.162

85.277

Table 2. s imulation results of the adaptive lnpLlt-output coeMcient matrix A(t) (section 4 .1.)

period
i
F

an(e l
.I,

a12(a
l

I a2"b
.[

I

I
'

   l
tttttttttttttttttttttltt

   i
   lt
   l
   l/

   l   l

Ct22(t)

 o.

 1.

 2.

 3.

 4.

 5.

 6.

 7.

 8.

 9.

10.

11.

12.

13.

14..

15.

16.

17.

18.

19.

20.

l

t
E

i

l
i
F

j

l
it

O.30000

O.62715

O.39777

O.32726

e.37502

e.3goog

O.38297

O.38042

O.38261

e.38472

O.38604

e.38724

O.38852

O.38978

O.39101

O.39219

O.39334

O.39444

O.39549

O.39651

O.39747

I

1

i
i

:

:
,

I
t

l

i

i

I

o.3oeoo

O.56879

e.28106

o.2eo64

O.25782

O.27290

O.26358

O.26063

O.26311

e.26527

O.26651

O.26765

e.26889

O.27011

O.27130

O.27244

O.27355

O.27463

O.27565

O.27664

O.27757

t

l
1
i

'
j
I

i

O.20000

O.23612

O.52595

O.38482

O.31059

O.30446

O.31867

e.32585

O.32749

e.32927

O.33185

O.33469

O.33729

O.33979

O.34224

O.34zi62

O.34692

O.34913

O.35125

O.35328

O.35521

I
i

i

1

l

I
I

i
i

I

O.20000

O.15931

O.43130

O.24505

e.15719

O.153el

O.16989

O.17732

O.17846

O.18002

O.18264

e.18532

O.18782

O.19024

O.19261

O.19491

O.19714

e.19929

O.20135

O.20333

O.20520



Tabie 3･

     Medel Referen¢e Adaptive

Simulation results of the adaptive

Turnpike Theorem

capital coeMcient

 (II)

matrix B(e (section 4.1.)

Z57

period

 o.

 1.

 2.

 3.

 lj.

 5.

 6.

 7.

 8.

 9.

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

LO.

i

bii(a
'

i
1

l

b,,(4

i
l
I

I

l
i

2.i'o6o5'

1.85654

1.56e3aj,

1.55592

1.594e5

1.58456

1.57243

1.57108

1.57183

1.57103

1.56970

1.56858

1.56761

1.56671

1.56586

1.56508

1.56436

1.56371

1.56312

1.56260

1.56212

i'

b,, (t)
L

I b22 (e

1.90000

1.67496

1.43769

1.43415

1.4647e

1.457e9

1.44738

1.44629

1.44689

1.44626

1.44519

1.44429

1.44352

1.44279

1.44211

1.44149

1.i14092

1.44039

1.43992

1.43950

1.43912

l

i

l
f
'

l

I
i
[

l
i

E

I
'

L

l
l
I
i
i
I
i
1
i

l
:

i
l
1
I

2.6eooo

2.11880

1.89652

1.66675

1.62632

1.64126

1.65029

1.64811

1.64427

1.64209

1.64054,

1.63895

1.63736

1.63587

1.63451

1.63326

1.63211

1.63106

1.63012

1.62927

1.62851

i

1 3.4eoeo
I 2.s7g40

      Z60191

      2.31509

      2.26462

i 2.28326
I

I 2.29453
I

] 2.29181
1      2.28702
I

i, 2.28429
l .z2s236
      2.28037

      2.27839

, 2.27654
i

l･ 2.27484
!

      2.27327

      2.27184

      2.27e53

      2.26935

      2.26829

      2.26735

Table 4. Simttlation results of
<l-f'1(t)+B(t)) (section

the eigen
4. 1.)

values ef B- i･ (t + 1)

perlocl

 o.

 1.

 2.

 3.

 tl.

 5.

 6.

 7.

 8.

 9.

10,

11.

IL.

13.

14.

15.

16.

17.

18.

19.

20.

i
1

"i <t)

6.00000

5.73652

5.58812

5.75979

5.80414

5.78705

5.76966

5.77029

5.774H

5.77527

5.77542

5.77581

5.77637

5.77692

5.77742

5.77790

5.77837

5.77882

5.77924

5.77965

5.78003

7'
2 (t)

1.10000

1.29381

1.18921

1.12612

1.12497

1.12671

1.12592

1.12479

1.12373

1.12268

1.12162

1.12056

1.11951

1.11846

1.11743

1.11643

1.11544

1.11449

1.11356

1.11267

1.11181
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                                                                     'model be'set as follovirs;

        (:in'ew)) == s,..i, (i.i+o.ooi.,) (lgg).(i:g), (:III[gi) ,.. (lgg).cg,o)

                                                                  <53>

The growth rate of the reference model from the t th period to the t+1 th period

is (iO+O.1.t)%. Of course the technology of the reference model is not fixed.

Accordingly the technology is assumed to be unidentified because we can apply

Theorem 3 even in the case of unidentified technology.

    Next we set the adaptive model as follows;

    adaptive niodel

-here,X)l' ig[iK'l,i)XJ-ee'.(i#ik-gB,,ii(`"i'"<`' `5`'

        .,,) ,., (lgg). (:l[gj) ,,,,co,g).(igg)

If A(t) and B(t) is fixed as the initial values, the adaptive moclel has the turnpike

with the same directioR as the reference, however, the annual growth rate is

constaRt, that is 10%.

    When the adaptation laws are chosen as,

        C(t+i)=C(t)+(I+li(t))-i(Kc(2i)s(t+1)XT(t)) (55)

        D(t+1) :::D(t)+(I+r(t))"i(Kdxs(t+1) Hr(t)) (s6)

-here･ Ktr =uc (gll XII), Kd- (gll 211)

The adaptation process is depicted in table 5N6. In table 5 it is shown that the

adaptive outputs almost coiRcide with the reference at every period. In table 6 and

7 A(t) and B(t) are uniformly decreasing. These trends depict a technological

progress aimed at catching up with the variable growth rate turnpike.

4.3. Model reflerence aduptiwe ILO system associated stocfe acijztstme7it actizJities

      a?zd te7mporaily trade act'ivities nvith respect to the ordi7zar.v tt(rnpike

    In this section we introduce two types of aclclitional activities for the adaptation

to the turnplke. The first is the stock adjustment actlvities which transfer the

unused stock of goods iR some period to the next period without any cost. The

second type is the temporary trade activities which involve the export of unused

stock of goods and the import action of urgently needed commodities. These



Table

   Model Reference Adaptive TurnpN<e

5. Shnuiation results of output levels
    adaptive models (section 4.2.)

Theoreni (II)

o,f the reference ancl the
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periocl

  o.

  L
  2.

  3.

  4.

  5.

  6.

  7.

  8.

  9.

 10.

 1]..

 I2.

 13.

 14.

 15.

 16.

 17.

 18.

 19.

 20.

/

L
i

i

'

:
:

I

i
l

l
I
l
I
i
1

l
l
i
l

l

 :nill･1(t)

 320.000

 330.000

 341.110

 353.463

 367.210

 382.520

 399.584

 ti18.62e

 439.873

 463.619

 490.174

 519.893

 553.181

 590.497

 632.363

 679.373

 732.201

 791.616

 858.aj95

 933.837

1,e18.780

.t.tt.tt.tttttttttttt.t.ttt.ttt..t.t.t.tt.t....

   1   ]

ttttttttttttttt ltttttt'

   11

:Vl(t)
i
i

   i
   i
   l
   i

   (
   I
   i
   l

   lt
   l
   1

   I

   i
   l･
   l
   I
   I

of the

    320.000

    330.000

    341.11e

    353.463

    367.210

    382.520

    399.585

    418.620

    439.873

    463.619

    zl90.17<i

    519.893

    553.181

    590A97

    632.363

    679.373

    732.200

    791.616

    858.495

    933.838

  1,O18.780

adaptive '

I

I

i
l
]

1

I

I

j

i

I

i
I
I
i
l
i

      ttttttttttt

lnpLltl-output

`:M2(t)

'2s616''6'o

290.000

301.110

3i3.463

327.210

342.520

 359.584

378.62e

399.873

423.619

450.174

479.893

513.181

550.497

592.363

639.373

692.201

751.616

818.495

893.837

978.784

i
i
1
I
I

t

I

l

l
i
l

'

l

i

i
i

;.C2(t)

280.000

290.000

3el.110

313.463

327.210

342.520

359.584

378.620

399.873

423.619

450.174

479.893

513.181

550.497

592.363

639.373

692.201

751.616

818.495

893.837

978.784

Table 6. S imu lation results coellicient matnx A(t) (section 4. 2.)

periocl a.u(t)
'

y
i
I
l

l

I
i

i

I
I
i
'

l

l

I
i

I
'

Cl12(t)
l
F
I.

Cl.21(t) Cl22(t)

 o.

 1.

 2.

 3.

 4.

 5.

 6.

 7.

 8.

 9.

10.

IL
12.

13.

14.

15.

16.

17.

18.

19.

20.

i
L
I
l

i

1

l

i

I
'

l

1
!
I

l

l
l

o.3oeoo

O.29829

e.29730

O.29622

e.29502

O.29372

O.29230

O.29077

O.28914

O.28739

O.28555

O.28361

O.28157

o.279rt6

O.27726

O.27500

O.27268

O.27031

O.26789

O.26544

O.26296

O.30000

O.29816

e.29725

O.29625

e.29514

e.29393

O.29262

O.29120

O.28968

O.28806

O.28635

O.28453

O.28264

O.28066

O.27861

O.27648

O.27429

O.27205

O.26976

O.26743

O.26507

l

i

I
i

l
l
l
i
i
I

I

1
I
l

i
I
I
i
i

I
l

o.2ooeo

O.19743

O.19596

O.19433

O.19254

e.19058

O.18846

O.18616

O.18371

O.18109

O.17833

e.17541

O.17236

O.16918

O.16590

O.16250

O.15902

O.15546

O.15184

O.14816

O.14445

'l'

l
I

I
l
[

I
i
I
l

I
l

I

i
I
l
i
l
1

O.20000

O.19724

O.19588

O.19437

O.19270

O.19089

O.18892

O.18680

O.18452

O.18209

O.17952

O.17680

O.17396

O.17099

O.16791

O.16472

O.16144

O.15808

O.15464

O.15115

O.14760
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capital coeflicient

No. 2,

matrlx

1987

B(t) (section 4. 2.)

period
]
L

b,,(t)
I

'i'

l
I
I
I
I
l

l
i
l

l
l
i
l
]

l

i

l

i
1

i
I
1

i

b,,(t)

ol

 1.

 L.

 3.

 aj･

 5.

 6.

 7.

 8.

'9.

10.

11.

12.

13.

14.･

15.

16.

17.

18.

19.

20.

:
i
i
1

r
/

L
I
I

I
I
:
i

i
I
i

l

I

1
1

j

1

l
I
I
l
I

I
I
l
1

i
I
'

I
i

b,,(t)
1
l
l

l

b,,(t>

1.90000

1.90000

1.90093

1.9e195

1.90306

1.90426

1.90554

1.9e688

1,90829

1.90975

1.91125

1.91276

1.91429

1.91582

1.91732

1.91879

1.92022

1.92160

1.92290

1.92414

1.92530

2.looeo

2.10000

2.10113

L).10239

2.10374

2.10521

2.le677

2.10841

2.11013

2.11192

2.11374

2.11560

2.11747

2.11933

2.12117

2.12297

2.12472

2.12639

2.12799

L).12951

2.13093

I

l

1
l
I

I
I
l
i
i
i

l
I
I
I

:
l

2.6oooe

2.6oeoo

2.60139

2.60293

2.60459

2.60639

2.60830

2.61032

2.6!244

2.61462

2.61687

2.61915

2.62144

2.62373

2.62598

2.62819

2.63033

2.63239

2.63435

2.63621

2.63795

/

l

I

i

I
I

i
I

:
i
H

3.4oooe

3.40000

3.40170

3.40358

3.40561

3.40781

3.41015

3.41262

3.41520

3.41787

3.42062

3.42340

3.42621

3.42900

3.43176

3.43446

3.43708

3.43959

3.44-199

3.44,426

3.44639

Table 8. Simulation results of
(I'-f!(t>+B(t)) (section

the eigen
4. 2.)

values of B-i(t+1)

period
t
!
g

i-
i (t)

 o.

 1.

 2.

 3.

 4.

 5.

 6.

 z
 8.

 9.

10.

Il.

IL).

13.

Izl.

15.

16.

17.

18.

19.

2e.

]
i

i

   1   l
   i

   1

   l

   l
   l
   i
   I
   l
   'l
   I
   I
   I
   I
   Il
   l

.tttttt .ww.t

6.ooeoo

6.00000

6.00000

6.00000

6.00000

6.eoooo

6.00000

6.00000

6.00000

6.00000

6.00000

6.oooeo

6.ooooe

6.eoooo

6.00000

6.00000

6.00000

6.00000

6.00000

6.eoooo

6.00000

i

E

l
1
l

l

i

I

i

1

7A
2 (t)

1.10000

1.10000

1.1,O031

1.10068

1.10109

1.10155

1.10207

1.I0263

1.10325

1.10392

1.10465

1.le543

1.10627

1.10716

1.le810

1.10908

1.11010

1.11116

l.11226

1.11338

1.11453



                 Moclel Reference Actaptive "lrurnpike Theo,rem (II)

a.ctivities are formulated as follows;

        K(t) =S(t) X(t) - ,
        EM(t) :W(t) X(t)

where, K(t>: stock adjustment activity vector (n x 1)

       S(t): stock adjustment coethcient matrix (7tx n)

     EM(t>: temporary trade activity vector (n × 1>
      W(t): temporary trade coethcient matrix (n x n)

Then the balance equation of the adaptive model is transfornied as,

        X(t) = A(t) X(t)+B(t÷1) X(t+1)-B(t) X<t)

                      +S(t+1)X(t+1)-S(t)X(t)-l-l;V(t)X(t)+H(t)

        .'. X(t+1)=

                            - (B (t + 1) + S(t + 1))wwi H (t)

When we adopt the reference model which is the same as in '
assume that A(t) = Am, B(t)=Bm then the system can be represented

    referencemodel ･

<57>

(58)

･161

(B(t+1)÷S(t+1))wwi(f-A(t)+B(t)-W(t)+S(t))X(t)

                                             (59)

                                      sectson 4.1. and

                                          as follows:

        (:;n.;[i:l]) ..,,,t"i(lg).(i:)

    adaptive model '
        X(t+1)==(Bm+S(t+1))-i(I-Anz+Bnz{--S(t>-W(t))X(t>

                  -(Bm+S(t+1))wwiH(t)

where, Am =(Oo 32 Oo 32), Bm=:(i2:1)

        X(O) =(31, 19)i', H(t> =:-L (IO, 10)T

Setting C(t+1) and D(t+1) as,

        C<t-1-1)=<Bm+S(t+1))-i<l-Am+Bm+S(t)-W<t))

        D(t-i-l) =-(Bm+S(t+1))-i

the same adaptation algorithm in Theorem 2 or 3 can be utilized

aRd S(t) and W(t) are obtained. However, it should be noted

must be positive, therefore some amount of caution is needed for

and Kd. Here Kt and Kd are applied as,

        K.,.(O.OOOIO.OOOI) Kdxx(1"

             XO.OOOIO.OOOII, XIY

(60>

(61)

for this

 here

  settmg

 (62)

 (63)

 problem
that K(t)

   up Kc
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and S(t)kO is taken into account in the constrained condition of the adaptation.

    The results of the simulations are presented in tables 9N13. In table 9 it is

shown that the adaptive outputs almost converge to the turnpike before the 5th

period, however, the behavior of the adaptive outputs fluctuate a little larger in the

initial stages. The reason may be that the stock adjustment activities do not work

because of the constrained condition S(t)kO. From the results depicted in table

10Nl･3, we see that K(t) and E.M(t) worl< effectively in only three periods after

the iRitial time and take on very Iittle values after the third period. This result

shows that the adjustment of the adaptive model to the turnpike only works in the

pre-third period and the adaptive model takes on the turnpike technology after

the third period.

5. Conc}usioR

    This study investigated Moclel Reference Adaptive Turnpike Theorem following

the results in our previous paper 57. In this paper we have succeeded in removing the

assumption of the relative stability which was a major problem in 5),, and developed

the theorems which could be applied to a more general dynarnic I-O system.
Furtherrnore the usefulness of the theorems obtained in this article was proved by

some numerical simulations. And it is hoped that those theorems wouid play an
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important role in a stage of a corroborative study.

    Areas worth examining for futrher research and analysis include introduction

of the adaptation process by a control of the private capital investment andlor

R & D investment to make the adaptation law endogeneously possible.
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