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            A study on Regional Income Disparity Arising

               from Regional Allocation of Investments

                             in Discrete Space

                              Iltsuo Yamamura

              ll)epartnient of Regienal Planning, Division of Environmental

                 }']anning, Gracluate Sehool of ,I£nvironmental Science,
                      }{old<aic.lo LJniversity, Sapporo, 060, Japan

                                  Abstra,et

   This paper presents the cliscrete mociel for regi,onal ali,ocation of pul)lic investment ancl the

cletailed simulations concentrating on the contro],]ability of tl}e minimum proportion of investment.

Iln acldition, we con$ider the regional, al}ocation model of public investinent for the redistribution

policy of population anc{ one detailecl sinitalation concentrating on the controllability of the degree

o,f }ocal autonoiny.

Key Words: Regional allocation of public investinent, Saving ratio, Procluctivity of investment,

Ium.ocal autonomy rate.

1. IntroduetieR

    One of the most important problems in the regional allocatioxx of public invest-

ment is the regional income disparities. But, the detailed research of the regional

income disparities has not been made.

    In this paper, we shall formulate a more gereralized discrete model arisiRg

from the optimal policy and the loca} autonomy rate, and consider one theorem,

four corollaxies and the detailed simulations concentrating on the controllability of

the mlnimum proportion of investment. In addition, we consider the regional
allocation model of public investment for the redistribution policy of population and

one detailed simulation concentrating on the contyollability of the degree of local

autonomy.

2. Matkeraatical formation of mode}s

    This chapter presents the mathematical formulation of the regional developmeRt

model and one theorem and four corollaries on the controllability of the minimum

propotion of lllvestment.

    First, vgTe shall consider the mathematical formulation of xegional development

model which holds the following conditions.

(1) The allocation of regional investment is aimed at maximizlng the total outputs

    when the outputs of the each region should not l)ring about any wide disparity
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    attheendoftheplanningperiod. .
(2) The supply of funds for investment wlll be limited to the sum of savings ln

    each region.

(3) The productivity of iRvestment, saving ratio and local autonomy rate are given

    through central government.

(4> The investrnent for the dissolution of the niaximum income disparity is given

    by the mutual consents of all regions.

    The analysis is an explicit planning model for a closed economy and it is

assumed that the planned saving equals the planned investment through the central

government.

    We define the notations as follows:

PS･: the productivity of investment of region 7' at i tirne.

5Sl: the saving ratio of region j' at i time.

US･: the proportion of investment of shared to the region J' at i time

        (ili.] us･ -i, i- i, ..., N)

 r: the local autonomy rate.

M: the number of regions.

N: £he planning period time.
X3: the regional income of region 1' at i time.

        (XS･ -Xeii>rmO, i-- L ･･･, AJL j -- 1, ･･･, M)

Cd-- X9: the regional income of region ]' at initial time.

D3･: the minimum proportion of investment region ]' at i time.

        (OgDS･KlfM)

Zt: the national income at i time.

             ]f
        Zi -: X//, (i- 1, ･･･, N)
            ji-1

        MinX),:((i÷r･Pl-･SY)･Xe÷P}-･(i-D(tfli,Sg･･XY･)･DS･i

        Max ls<; : ((1+ r･Pl･･SY-)･Xe +P}･ ･(1 - r) (il', Se･･Xe･) (1 - ,¥, Dic))

Min Xl･ (Max Xi-) represents the minimum (maximun) value of the regional

of xegion 1' at initial time plus the regional income of yegion j' based on

government investment and based on the central government investment.

    The performance equations from condition. (2) are as follows:

         "f nf        £(X;･-XS･-i)!PS･=:SS･-i･Xl,-i (i==1,･･･,N)
        j' .t:1 j' ==.1
Where

(1>

(3)

(4)

(5)

(6)

 lncome
the iocal

(7)
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        XS･-X//,-i:PS･･U}･(1-r)(,,ji,,e,SS･-;･.X'IS･-i)+PS･･i-･SS･-i･XS･-X (s)

    The left-hand side represents total investment and the right-hand side represents

total saving in the whole country at i time.

    The boundary conditions are as follows:

                   kreJ

    The performance equations from condition (1) are as follows:

        XV=･･･== X", (11)
        J=z"-Max (20S=i=f.,Xi7)

D,: the limit point of controllability.

[O, D,] : the feasible xegion of contxollabi]ity.

    With respect to the detail conception of computatioR and algorithm for the

model, the reader may xefer to the author's papers3,4,5>

    Next, we shall consider the controllability of the minimum proportion of

investment. That is, whether or not the model is to be controlled depends on the

lncrease of the minimum proportion of investment. And lt is described in the

theorem which follows.

    Theorem

    Assurne that S//･=Sj, DLI･ =Dj and PS･=L'P,i (i-rm1,･･･,N) jua-1,-･･,M). The

controllability of the minimum proportion of investment (DD is not realized if at

least one of the following 2M cases such that X;･2Min Xl and X.i･ -<Max X} does

not hold.

    Proof

    First, we shall translate the mode} into the following equations. The equalities

(8) and inequalities (10) can be replaced in terrns of inequalities of .X3･ variabies

instead of US･ variables.

        xs.-(1+4･r･si,-i)･xs-i-Dj･p,･･(1-7D(trl.i,Ss･-i･xs･-i);}iio (13)

        X3-(1+,l'j･i"･SS]-i)･Xi'･"-(1-,IIII,Dk)'1:'r(iwwr)(,l.2I]..,SS･wwi'->(Swwi):f{lO

              (i=1, ･･･, N) (14)
The equations (1) can be replaced in the following equations.

        ,muil.li5,(Xl,-(i+i:'j･r･Ss･-i)･X}wwi)/,'lli,p,･(i-D(,".l,ss･-i･xs･--i)-i

              (i -- 1, ･･･, N) (15)
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The boundary conditions are as follows:

        OS Dj -< 1!M (17)
    It is clear from the system of equations that the equations (15) and (18) are

the strong restrictions and the set of all feasible solutions of the inequalities (13)

and (M) is the convex poiyhedron. Ancl the objective function is obtained as the

sum of X)V･ at the planning period time N. Furthermore, the optimal solutions of

X} are realized in the order of the decreasing sequeRce such that Nl N-1,･･t.1.

Thefi, whether oy not the model is to be controlled depends on the conditions in

which .XS･ satisfy the restrictions of the system of equations from (13) £o (18> with
the characters mentioned above. And the restrictions on X)･ are tlae following 2M

cases such that X}>wwMln X} aRd XBMax X}.
                                                               O. E. D.

    Next, we shall attempt to examine in more detail the structure of the con-

trollability of Dj with most of the emphasis of the two-region case. The following

corollarles may be developed from the theorem mentioned above.

    Corollary 1

    Assume a >4, Sl =&, q == q, when the disparity of productivity of investment

between a and 4 increases, the limit point of controllability (D,) decreases and

also the feasible region of controllability of D, decreases.

    Proof

    Assume a>Pf>4 (a-k>Pl-4), without loss of geRerality, the following
equation is satisfied by the theorem.

        (D,/(1+r･L･S)･q+R'(1veri(£.,Sj'q)

            ×D.=:X; or (1+r･Pb･&)･q+4
            ×(1-i-)(,rml.,Sj･Cj)(1-D,)=:XS]

      < (a/(i+r･ny･s>･q +ny･a -o CS &･q)

                   ,
            ×D, :Xl or (1+r･g･&)･q+Ili･(1-ri
            × (,.l., Sj･q) (i - D.) = XS]

Where

X;･:the optimal solutions with a and K.
 ,ISg}: the optimal solutions with P{ and P2.

    (j' -- 1, 2)
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    This equatioxx represents that the limit point of controllability (D,) with R and

4 is smaller than the one (D,) with P< and 4.

                                                            9. E D.

    Clorollairv 2

    Assume 1)i>4, &-wwSL, q>Q, when the disparity of the regional lncome at
initial time between Cl and Cle increases, the limit point of controllability (D,) de-

creases and also the feasible region of controllability of D, decreases.

    Proof

    Assume Cl>q>Q((1-Ch>CT-G) without loss of generality, the following
equation is satisfied by the theorem.

        (a!" + r･B ･s)･q + B ･(1 - r) (, ,l., SY･q)

            ×D.== Xl or (1+rl･4･&)･q+1)b･(1-r)
            X (,,l., Sj'Cd)'(1 -Dr) = X5)

        <(D,-f(1+r･P,･Sl)･q+a･(1-7-)

                               ,
            ×(S･q+&･q)･D, =Xl or (1+r2･4･&)
            × Ch + Pb ･(1 - r2) (S･q + Sh･(]h) (1 - D.) xx k}]

Where

X;･: the optimal solutions with Ck axxd q.
 ,X;･: the optimal solutions with CZ and CE.

    (]' -- 1, 2)

    This equation represents that the limit point of controllability (D,) with C! and

(I]h is smaller than the one (DP with q and Ch.

                                                            Q. E. D.

    Corollai:ry 3

    Assume .IZ>4, Sk==,$, q>q, when the planning period time N decreases,
the }imit point of contro}labllity (D,) decreases and also the feasible region of con-

trollability of D, decreases.

    Proof

    It seems to be clear that £his coroilary 3 can be proved by the theorem and
corollaries 1 and 2.

                                                            O. E. D.
                                                            ts-

    Cbrolla7rv 4

    Assume a>4, &:=&, Cl=q, when the local autonomy rate r increases, the
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limit polnt of controllability (D,> decreases and also the 'feasible region of con-

trollability of D. decreases.

    Proof

    Assume ri >r2, without loss of generality, the following equations are satisfied

by the theorem.

        (D,1(i+?-,･A･S)･Cl+a･(i-r)･(,,i.,,Sj'Cj)

            ×D,= Xl or (1+ri･A･&)･q+4･(1-ri)
            ×(, .l,., Sj･q)･(i -D,.) - Xi]

            < (D,!(1 + r2 ･R ･S)･q + a ･(1 - rbe)

            ×(£.,Sj'Cj)･D, =kl or (1+i-2･Il,･&)

            ×Ch+4(i-r2)(,.l,Sj･q)(i-D,)=X5]

    Where

X;･: the optimal solutions with ri.
 ,
X;: the optimal solutions with r2.

    (7' -- 1, 2)

    This equation represents that the limit' point of controllability (D,) with ri is

smaller than the one (D,) with r2･

                                                               O. E D.
                                                               tv

3. Simulations of the medeis

    In this chapter, we shall coRsider several typica} simulatioRs of the models of

two-region case to clear the meanings of the corollaries mentioned above. In these

models, the product'ivity of investment and saving rafio are assumed to be a con-

stant over tlme.

    (1) Model1

    In this model, we shall consider two simulations concentrating on the con-

trollability of D,. And two simulations are shown as foilows: One is a simulation

in which the productivities of investment are Jl=1.400 and 4=1.300, and the
other is a simulation in which the productivities of investment are R=1.400 and

4=1.200. And the planning period times N are assumed as N==8, N :5 and
N =:3.

    a) The first simulation

    The data used in the computation is shown as follows: f)1 =1.400, Pb==1.300.

sSl :,Sli=O.200, X? =X8::=10 (Billion dollars), r=:O.O.
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    Where, the minimum proportion of investment are changed in the order of
magnitude from O.OO to O.500. The results of the simulation at N=8, N==5 and

N=3 are shown in Figure 1 to Figure 6. It is clear from Figure 1 that the
decreasing rate of national income is small, but the maximum income disparity

shows a rapidly decreasing rate as the minimum proportion of investment increases.

And the value of the lirnit point of controllability (D,) is O.481 and the feasible

region of controllability of D, is from O.OOO to O.481. Then, it is impossible to

control the model when the minimum proportion of investment is more than D,.
    Next, to clarify the uncontrollable cause, the detailed process of the simulation

is shown in Figure 2. In the graph, the dotted llnes represent the values of, Max

X>･ and Min XY･ and the solid lines represent the optimal solution of the model

based on the Decomposition Method according to the increase of the minimum
proportion of investment D,.

    From the facts presented in the graphs and corollary 1, the uncontrollable

cause is based on the conditions in which the restrictions such that Xl2Min Xl

and X5KMax X> does not hold.
    The results of the simulations at N= 5 and N=3 have a similar interpretation

mentioned above. And the value of D, is indicated as same value at Nuz8.

    b) The second simulation

    The data used in the computation is shown as follows: .Fl ==1.400, 4 =1.200,

Sl :=kSE == O.200, X?=: X8= 10 (Billion doilars>, r==O.O.

r,o
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    The results of the simulations at N= 8, N :5 ancl N;:::3 are shown in Figure

7 to Figure 12. It is cleax from Figure 7 that the decreasing rate of national

incoine is small, l)utt the maximum income dlsparity showns a rapidly decereasing

rate as the minimum proportion of, invest'ment increases. And the value of the
limit point of controlla})llity (D,) is O.462. The uncontrollable cause and {/he results

of the simulations at N=:5 ancl N=:3 have a similar inter,pr.etation of the simula-

tion a) mentioned above.

    The major cause for the diffeyence of D, between two sirnula£ions a) and b)
is based on the difference of procluctivity of investment of region II.

    (2> Model2

    In this naodel, we sha]l consider. a simtdation in whiclt the reglonal incomes

at initial time lndicate d"¥erent values q :X q.

    Thte data used in the computation is shown as follovxrs:

    Pl :::I.400, Ph=1.200, ,Sl:=nd,,Slt==:O.200, X?=ua-'20, XS==':'1.0 <Billion doliars), r=O.O.

    The results of, the simulation at N::-::8, N=:5 and N=-T3 are sh,own in Figure

i3 to Figure 18. It is clear from I7igures 13, 15 and 17 that the decreasing rate

o'E national income is sma]1, but the maximum income disparity shows a rapid}y

decreasing rate as the minlmum proportion of investment incyeases. Next, it is

clear 'from Flgures M, '16 and 18 t,hat the values o'f the limit point of, controllability

(I),) are indicated as O.430 at N=-8, O.384 at N=-=-5 and O.293 at N=.:3. TheR,

we shall compare the differences between this siixtulation ancl the simulation b)

iia Model 1. The values of Z), are indicated as a larger decline than the va}ue of

D, of the simulation b) in Mode] 1 as the planning period time N decreases. Thus,

the major cause for these di'fferences is based on the difference of the regional

incomes at initial time.

    It is clear from the fasts presented above that the (lifference ol: the regional

incorne at initial time plays an import'ant role in the controllability of Z),.

    (3) MZ)del.3

    In this n)odel, we shall consider two simulations concentrating on the con-

trollability of D, ln which the loca} autonomy rates are r==',().2t and r=:O.8.

    a) The first simulation

    The data used in the computation is shown as foilows:

    I)i :=:1.400, 7)5=1.200, Slxe,Sli :O.200, X?=-Xgrm-1O (Billion clollars>, i'=:O.2.

    The results of the simulation at N=8 are shown in Figure 19 ancl Figure
20. It is clear from E'"igure 19 that the decreasing rate of national income i$ $mall,

l)ut the ]xiLaximuin income disparity shows a rapiclly decreasing rate as the minimum

proportion of investment increases. And fron] Figure 20, the value of the limit

point of controllabiBty (D,) is O.451.

    b) The second simulation

    The data used in the computation is shown as folloxK;s:
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    JPi =IAOO, Ri ==1.200, S =kSli =O.200, X?=:.iS(:=:10 (BiUion dollars), r :O.8.

    The results of the simulation at N =8 are shown in Figure 21 and Figure 22.

It is clear from Figure 21 that the decreasing rate of national income and the

maximum income disparity show a slight decreasing rate as the minimum pyopor-

tien of iRvestment increases. And from Figure 22, the value of the limit point

of controllability (a> is O.307. Next, we shall compare the difference between two

simulatlon a) and b). The value of D, of the simulation b) is indicated as a }arger

decline than the value o'f D, of the simulation a). Thus, the major cause for the

difference of D, is based on the difference of the local autonomy rates.

4. Regional Alloeation Mode} for the Redistribution Pelicy of Popu}ation

    This chapter presents the mathematical formulation of the reglonal allocation

model of public iRvestments for the redistribution policy of population and oRe

detailed simulation concentrating on the contro}lability of the local autonomy rate.

    In the model, the productivlty of investments and saving ratio are assumed

to be a constant over time.

    The data used in the computation is shovLTn as foilows:

       a==L4oo K==1.2oo
        X?==X8=10 L?urL8=:10

       S=:O.200 N=8
Where, the minimum proportion of investment, the degree of local autonomy rate

and the saving ratio of region 2 are variables.

    In the Figure 23, the real liRes represent the national income at N =:8 with

the degree of local autonomy r=:O.8 and the minimum proportion of investment

D,==O, and the dotted lines represent the natioRal income at N=8 with the degree

of local autonomy r :O and the miBimum proportion of investment D,=O.4. Two
simulations have the same controllability in the feasib}e space.

    From the facts presented in the graphs, it is imposible to redistribute the

population as the saving ratio of region 2 decreases, but it is possible to redistribute

the population with the local autonomy policy as the saving ratio of region 2 iR-

creases.

    It is clear from the facts presented above that the local autonomy policy and

the saving ratio of developing region play an important role in the redistribution

population.

5. Conelusion

    In summary, we have investigated several typical slmulatlons to clear the con-

trollability of the minimum proportion of investment.

    From the facts obtained in the theorem, four corollaries and the simulations

mentioned above, the following four points rnay be concluded.

    First, in model 1, it seems to be clear that the limit point of controllability
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(D,) is affected remarkably by the increase of

investment between Pl and Jllt.

    Second, in Model 2, when the plaRning
point of contro}lability (D,) is not so much

rapidiy decreasing rate at Cl>Cb. It indicates

income at initial time l]lays an important role in the

proportion of investment.

    Third, ixx Model 3, it seems to be clear that

increases, the limit point of controllability D,

disparity shows a small vaiue.

    Fourth, in Mgure 23, it seems to be clear

tl}e population with the local autonomy policy as

mcreases.
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