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Synopsis

In this paper, the results of tests on the strength of concrete at contact surface
of reinforced concrete rocker, a kind of movable supports of reinforced concrete
beam, and the effect of bearing plate are described, and the method of design of

contact surface is showed.
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Introduction

Formerly, some tests were made by the writer upon the reinforced concrete
rocker, a kind of movable supports of reinforced concrete beams, to find the distri-
bution  of horizontal tensile stress in vertical symmetrical section, the effect of
arrangement of reinforcements, the effect of steel bearing f)late at contact surface,
and the method of design and safety factor for working load. And from these results,
recommended method of design of reinforced concrete rockers was showed” Further
experiments and calculations have been continued on the strength of contact surface,
and on the effect of bearing plate.

In this paper, the results of further studies are described, with some reduplications

Note—VThe writer, “Experiniental Studies on Reinforced Concrete Rockers,”” Journal of the Civil
Engineering Society of Japan, Vol. 27. No. 7. July 1941, Vol. p. 630~651.
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of the formeér report.
1. Tests on Allowahle Bearing Unit Stress
of Concrete at Contact Surface '

Because the concrete near at contact surface of reinforced concrete rocker is
suffered to partial loading, that causes high compressive stress in concrete. In the
case of partial loading on concrete surface, higher allowable bearing unit stress can
be taken compared to the case of full surface loading. This allowable bearing unit
stress depends upon not only the strength of strut itself, but the relation between
loading area (A’) and total area of the strut (A). In the “Standard Specification
for Reinforced Concrete” of the Civil Engineering Society of Japan, allowable bear-
ing unit stresses are specified as following.

When the surface area of strut (A) is wider than the loaded area (4’), the allow-
able bearing unit stress 7,/ can be based on the following formulas (Fig. 1):

3
A
In case (a) ”vm./ = Oy A
R
d
In case (b) Tt = O 2

Ko But s,/ shall not be greater than 120
' e I“") kg/cm?®, v
_ These: formulas are based upon tests
< ~ B . made by Bauschinger and Bach on sand
"3 . / 3/ stone, and.by Graf on concrete, and these

-
) h2d(dsl) ) hsd

are adopted in standard specifications of
some countries. But in our country, no
Fig. 1. " test had been made about this problem.

- Though the limit of o,,’ (120kg/cm®) was specified by the range of above

tests, actually, in design of reinforced cocnrete rockers which have circular end sur-

faces, it is quite difficult to keep:the unit stress at contact surface below 120kg/cm®.
Further, from the results of compression tests on rockers by the writer, it could
be expected that the limit of ¢,/ would be far more raised. At the same time,
there is room for discussions about the formulas themselves.

For such reasons, tests were intended by the writer.
1. The Former Experiments and Discussions on the Present ‘Specification.

As the former experiments about the bearing strength of concrete when par-
tially loaded, there are those by Bauschinger, Bach'and Graf. But two formers tested ‘
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on sand stone, and only Graf tested on concrete.”
(1) Tests by Bauschinger and Bach (1876)
Test specimens of sand stone of about 10cm x 10cm x 10cm were used.
Bearing area was varied by steel plates.
~ Fig. 2 shows the results by Bauschinger, and Fig. 3 shows the results by Bach.
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Fig. 2. Test Results by Bauschinger on k Fig. 3. Test Results by Bach on
Sand Stone Specimens. Sand Stone Specimens.

(2) Tests by Graf (1921)
In his tests, specimens of concrete were used, and the results are shown in
T es Fig. 4.

‘ In the tests, strength of concrete was very poor
(64 kg/cm®, and the range of tests was compara-
tively limited. .

Effects of height and width of strut, effects of
partial loading on both ends, etc, were tested too.

I3

The results show that the bearing strength decrea-
ses as the height of strut increases, and increases

timale J—/ré’ni[r': e ki/(/ﬂ‘

as the width increases, and when the strut is par-
tially loaded on both.ends the bearing strength is
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nearly independent of loaded area. Here the bearing
@b ab L
Fig. 4. Test Results by Graf on strength means the value of load divided by loaded
Concrete Specimens. area.

As mentioned at the start, in the “Specification for Reinforced Concrete’

Note —»Bach-Baumann, Elastizitit und Festigkeit, 9. Aufl. s. 213.
Emperger, Handbuch fir Eisenbetonbau, 3. Aufl. I. Bd., s. 350.
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. ' /Ty
of the Civil Engineering Society of Japan, o./ = 0. |/ 7?7 for line load, and o,/
= T T A for point load are specified as the formulas of allowable bearing unit

. '/77"7 - .
stresses. That is, the general type of the formulas is K’ = K V 71%/ (n=3), and this

type is adopted in the specification for concrete in Germany too. This type of for-
mula is based on above mentioned tests by Bauschinger, Bach and Graf, but, some
of these tests were made on sand stone, and the range of tests was limited, and
there is still room for discussions ahout the value of . And it is doubtful whether
the formula for line load is the same as that for point load. Further, in case’ of
consolidation of test results in formulas, the general type of formulas must be con-
tinuous at A = A’. That is, it must be K/ = K = aay,
Therefore the writer adopted the general type of formulas as following,
WRVE SIPRYE
“in which K’ : bering strength
K : strength of strut itself
g, . strength of concrete at 28 days
A : sectional area of strut
A’ . bearing area

It was intended to determine the value of n, § and « in above formula by
tests, in each case of line loading and point loading.
2. Allowable Bearing Unit Stress of Concrete in Case of
| . Line Loading.

g The contact surface of usual reinforced concrete

?; rocker, which is movable in one direction, is suffered to

™ 35"‘ line load. Though the contact surface has some width,
Y we will call it line load for convenience sake.

o = 30

o The dimensions of test specimens used in this test
Fig. 5. Dimensions of Test

Specimens (in Case of 216 width 4 = 30 cm, length / = 30cm and height /. = 36
Line Load). cm (1.2 4), as shown in Fig. 5.

The strength of concrete used in the test is as shown in Table 1.

~Tabele 1 Strength of Concrete Used in Line Loading Test

o s | e | SR gf e o
SpecimenM%gfure Ratio | {cm) ‘ Flow | {days) | Diameter t Height ume ix Foad Strength
% NQI}EEM (%) J_ | 1 ‘ i tkg/m3) | {t) '.(kg-/cm‘—’)
I 1:2:4 6l 6.5 ] 185 28 15 30 24;5 i 47.0 ‘ 266
2 ” Vi Vj y V4 i ( Vi J 2424 46.3 “ 262

s
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The specimens for test of bearing strength were manufactured in wooden forms,
and unmolded after 3 days, then cured in water of standard temperature (about 20°C)
till the day before test. Then, the top and bottom surfaces of specimen were
rubbed with grindstone. They were all tested at the age of 28 ~ 30 days. For each
loading area 3 specimens were tested, and the loading area was varied by steel
plates with several breadths. The range of d/d’ is from 1to 30.

The test results are summerized in Table 2.

Table 2. Test Results of Bearing Strength
(in Case of Line Load)

"No. of |Breath of} Age WeEREOf T rood py | Pl (egrem) Pld’] (kglem?)
Speci- Lpadmg ume - 5 - ‘ -
~ Inens d’(cm) \ (daYS), 1 (kg/m?) Crack ' Failure | Crack ’ Failure Crack ‘ Failure
1 30 28 2441 315 338 350 376 350 376
2 p 29 2451 303 372 337 413 337 413
3" » " 2444 360 373 400 414 400 414
4 15 23 » 187 224 203 249 415 . 498
5 v 29 2441 — 225 — 250 — 500
6 » » 2426 174 220 193 244 387 489
7 25 28 2441 | 295 330 398 367 393 440
8 » 29 2420 | 290 297 322 330 387 396
rog » 30 2426 242 302 269 336 323 403
10 10 28 » 115 166 128 184 383 553
1 v 29 » 125 178 139 198 417 593
12 » » » 103 181 114 201 343 603
13 20 28 2433 146 262 162 291 243 437
14 " 29 2432 215 253 240 281 358 492
15 » 30 2435 146 245 162 72 243 408
16 5 23 2426 84 1o [ 03.3 132 560 790
17 y » 2432 83 102 92.2 113 553 677
18 " P 2420 194 126 104 140 627 841
19 2.5 » 2423 75 75 83.3 83.3 1000 1000
20 ” » 2426 - 82 82 91.6 91.6 1099 1099
21 » » 2398 70 70 77.6 77.6 931 931
22 ! ” 2407 60 60 66.7 66.7 2000 2
23 P » 2426 59 59 65.6 65.6 1967 1967
24 P! » 2423 55 61 61.1 68.0 1833 2040
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The mean values of strengths for each beaing breadth are as [shown in Table 3,
in which A = dl and A’ = d’I.

Table 3. Mean Values for Each Breadth of Loading.

Breadth of Pld (kg/cm?) Ll (kglem?)

Loading A4 = dl|d AlAT = d[d!

d’ (cm) Crack ' Failure Crack g Failure

30 1.00 1.00 362 401 362 401

25 0.83 1.20 306 344 368 413

20 0.67 1.50 188 281 281 , 422

15 0.50 2.00 201 248 401 463

o | 0.3 3.00 127 194 381 583

5 0.17 6.00 95.6 128 580 769

2.5 0.08 12.00 84.2 | 84.2 1010 1010

] 0.03 30.00 64.5 66.8 1933 2002

Almost in all cases, failure occured in wedge shape under the loading surfaces.
Table 3 is illustrated in Fig. 6, which shows the relation between A’/A = d’/d
and P/A or P/A’.

The relation between P/A’ = K and
£ooo | . .
, . . . .
pool ] Si2id by Volume A/A’ is nearly in straight line on logarith-
Yo soall Tis = 200 o mic section paper, therefore, the relation
5 7 : —~-— Crack .
&, h e Failure can be represented in general as
§ g EINPY I
s200ky 3 A 711/ A
8 L ’ : .
& soant § ¥ N K’ =7y i
R Do 3
& 0Ny « ‘ Now put
> Y =70 '
S dook A,

;; : ! : N \(:\Q/,jt. , n A A
R TR S ey e ~—— Ki=BRY @ =P @
SR A/ e T ‘

30"[: T e Té‘lﬁ
th il I ! - n ) AL
oajf = ” = ( Osg A' (1)
Vi % .
. 7 f and B3, @ and m can be determined from
Fig. 6. Relation between A4//4 = d'[d"
and P/A or PlA'. o the test results.

By method of least square,:.we get

m = 0.46 e
1
n=—=216
m
B = 0.90

Therefore, equation (1) becomes

2416 /4“- ‘ )
K,:O-90Kflr1/'ﬁi ............................................................... (2)
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‘Next, put
K’ =ao, "]/%, .................................................................. (3)
then a'= 1.28
Therefore, equation (2) becomes
K'=128 a, 218 _ji/ ............................................................... (4)

in which, coefficient 1.28 depends uron the dimensions of stiut, especially upon
the height.

Now, equation (4) will be compared with the equation specified in “Standard
Specification for Reinforced Concrete.” «

In Fig. 7, line (1) shows the test results, line (2) represents the formula speci-

fied in “Standard Specification” when s is 210 2000 T T
kg/cm® (maximum strength of concrete consid- | | l'fi,g'“ﬂ@fij
ered in “Standard Specification”), and line (3) oo Oﬂ;i;ﬁ%““ ==
represents the formula obtained from the test ¢ scol— |, .gwﬁ%ﬂ/“’{_l. (616-2’?’;@
if we put o = 210 kg/cm®. § e ‘911,,‘,;\';3"’3@ At

Line (3) shows larger K' than line (2), and % @ AT 5
the difference between these increases as A/A’ g T T | TR
increases.. In the range where A/A’ is from oo L ’:; ,.4/%’ T v
1 to 2, the test results show the tendéncy close o = S S i % ‘ -
to line (2). ¢ Ajd Grer w0 e

The formula specified in “Standard Speci-

.. R . i Fig. 7. Comparison between the
fication” is applicable only ‘in the range to Fomula Specified in “Standard
A/A’ = 8, but the formula here obtained is Specification” and the Test Re-
applicable up to A/A’ = 30, that is, the limit sults in Cace of Line Loading)
of allowable bearing unit stress ./ can be raised more than the present specification.

Line (5) in Fig. 7 shows the allowable bearing unit stress with safety factor of
3.5 in respect to line (2), but in this case, applicable limit is only up to A/A’ = 8.

On the other hand, line (4) shows the allowable bearing unit stress with safety
factor of 3.5 in respect to line (3), which is therline obtained from test results when
o = 210 kg/cm®. The line (4) is applicable in all the range of tests, A/A’ is from
1 to 30, and it shows that the maximum value of o,/ is 367 kg/cm®

When we put « = 1 in equation (4) on safety side,

Go! = O " i‘i, ................................................................ (5)

which is shown in Fig. 8. The formula obtained from tests for point load, later
mentioned, is shown together in Fig. 8.
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~ Further, varying the expo-
ey nent on the safety side to simplify
soed .’/‘l = . .
= pod— P i P oi— the formula, the writer propose
L — 9 i
W . jj next formula of allowable bearing
J- unit stress in case of line loading.
‘ e | 2.2 Z
e ; o ac(z/ = Ogq ‘:4/ """ (6)
I % "l freatp
fif/i% -+ wg R Equation ( 6 ) is compared
s ] i S with the present specified formula
e, 2 ‘ « 1 § @ 26 J0 ¢o 60 40 /00 zo0

A/’q‘ /ﬂ% 2 Ya)

_—

Fig. 8. Allowable Bearing Unit Stress

when We Put ¢ = 1.

The formula for point loading
is together shown in Fig. 9.

From Fig. 9, it is proved that
the allowable limit of ¢,/ can be
taken up to 280 kg/cm® in case
of line loading.

Thus, by adopting the larger
bearing unit stress, it grows far
easier to design the contact surfa-
ces of reinforced concrete rockers.
3.. Allowable Bearing Unit Stress

of Concrete in Case of Point

Loading.
W
3 e /
La
§
\g|
v
- \1”3
d:.f_/}"” -l
Fig. 10. Dimensions of Test

Specimens {in Case of Point
Load).

in Fig. 9, in which assumed o,,=
210 kg/cm?,
kg/cm?.

that is, o, = 60

4 P

20 4o §o do 100 200

Fig. 9. Comparison between the Present
Specified Formula and the Formula
Proposed by the Writer.

The contact surface of rocker, which is movable in
any direction, is suffered to point load. Strictly speak-
ing, it has some area, but for convenience sake we
will call it point load.

The dimensions of test specimens used in this test
are the same as those used in case of line loading, that
is, width ¢ = 30cm, length 5 = 30cm and heigt /1 =36
cm, as shown in Fig. 10.

The strength of concrete used in this test is as

shown in Table. 4, and the mean value of strength is 156 kg/cm? which is smaller

than that in line loading test.

’
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Table 4. Strength of Concrete Used in
Point Loadig Test.

No. of gg(;g)g; ‘Water Slump Age SQ:;E%?:&?&L Weight of Ultimate Compres-
Speci- [Mixture | Cement Flow ] ] Unit Load SlSYt?‘éngth
men v 01‘31 };ne Ratio (em) (days) | Diameter | Height Volume (t) (kg/cm?)
i 1:2:4 62 6.5 195 28 15 30 2403 27.5 156
2 » ” Vi y » v y 2403 26.2 148
3 ” ” Vi Vi n » Vi 2399 28.8 163
Mean 2401 156

The dimensions of steel plates used for loading were 30cm x30cm (total area
of strut), 25cm x 25cm, 18cm x 18cm, 9cm x 9cm, 5ecm x 5em, and 2cm x 2cm.
The test results are summerized in Table 5.

Table 5. Test Results of Bearing Strength
(in Case of Point Load).

No. of Area of |Welght off = roaq 2 (t) Plab  (kg/cm?) Plaly (kg/em?)
pectmens | WXL | Yolme | e | aiure | Grack | Faitwre | Grack | s
@ (kg/m“) C a ac [+

1 30 % 30 =900 2392 170 . 268 189 298 189 298
2 » 2426 193 235 214 261 214 261
3 » 2393 113 197 126 219" 126 219
4 9% 9= 81 2448 55,0 58.0 61.1 64.4 679 716
5 » 2438 70.0 70.0 77.8 77.8 864 864
6 v 2401 66.0 66.0 73.3 73.3 815 815
7 25X 25=625 2448 — 168 — 187 — 269
8 » 2414 — 185 — 206 —_ 296
9 30 % 30=900 2444 151 205 168 28 168 228
10 25 x 55=625 2414 94,0 159 104 177 150 254
B 5x 5= 25 2441 41.0 41.0 45.6 45.6 1640 1640
12 » 2401 44,0 44,0 48.9 48.9 1760 1760
13 » 2457 45.0 50,0 50.0 55.6 1800 2000
14 18x 18=324 2407 82,0 97.0 91.1 108 53 299
15 » 2433 85.0 114 94,4 127 262 352
16 » 2414 90.0 115 100 128 278 355
17 2% 2= 4 2451 11.0 21.4 12,2 23.8 2750 5350
18 » 2420 1.0 20.8 12.2 23.1 2750 5200
19 » 2454 14.9 19.8 16.6 2.0 37.5 4950
20 $10.2=81.8 2417 45,0 46.5 50.0 51.7 550 565
21 » 2420 63.0 63.0 70.0 70.0 770 770
22 » 2401 58.5 58,5 65.0 65.0 715 715

(All specimens were tested. at age of 28 days)

No. 20 — 22 were loaded by circular steel plates having diameters of 10.2 cm,
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for purposes of reference.

When the loading area was 2 x 2 = 4cm? concrete showed bearing unit stress

in excess of 5000 kg/cm? far larger value than in case of line loading.

The mean values of strengths for each loading area are as shown in Table 6,

in which A = gb and A’ = &’ V.

Table 6. Mean Values for Each Breadth

of Loading.
Area of £l (kg/em?) 14 (kgfem?)
‘Loading (cm?) A'lA4 Alar
o XV =4 Crack Failure Crack Failure
30 x 30==900 1.000 1.000 174 252 174 . 282
25X 25=625 0.694 1.440 104 190 150 273
18 x 18=324 0.360 2.778 95.2 121 264 335
9% 9= 81 0.090 11,111 70.7 71.8 786 798
5x 5= 25 0.028 36,000 48.2 50.3 1733 1800
2x 2= 4 0.004 225.000 13.7 23.0 . 3075 5167

soE Y by Dolume

k = L
§ 1600 Tot = /56 Feme
g\\ == Crack
v 7o) Failure
!
\E 7200
™ |
s’ reoat
N Foo
™~ .
L 400}
N !
Y sl
X :
ool . . .
;,.Q_r_—_/—:::j ________ $oo= -_-_u‘r_f

o4 o6 o8 /o
Ay -y,
Fig. 11. Relation between 4//4=
a’b’lab and Pl4 or PlA'
be determined from test results.
By method of least square, we get

m = 0.58
1
n=_—"=173
m
B = 0.86 ;
Therefore, equation (1) becomes
K’ = 086 K™ A

-When failure occured, steel plates
were pressed in concretes, finally causing
longitudinal cracks on sides of specimens
almost in all cases.

Table 6 is illustrated in Fig. 11,
which shows the relation between A’/A
= a't//ab and P/A or P/A”

In this case too, the relation be-

tween K’ and A/A’ can be represented in
general by following formula, as same
as in case of line loading.

, n 77?17
K’ =7y 1/ ;

Now, B, « and m in equation (1) shall
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Next, putking @ = 1.39 in regard to ¢, equation (7) becomes
/A
K’ = 1.39 s ﬂ’/"A’ ............................................................ (8)
In Fig. 12, equation (7) or (8) is compared with the formula specified in the
present specification. .

4-'1
=000 — ;
& Pz /
g .
2000 A
L6
"1.3“1 g
4,@!“ 9 =]
7000 b 2
t =1
o~ 7 - 8. 21004 !
X oo ot 2
9 /
-
> woo -
¥ / ) . ¥
¥is
200 = a8
e 1
A
“00
0 = - - - 1
&0 1 N
- T2 & s & /0 20 40 60 804N 200
4/4

IFig. 12. Comparison between the Formula Specified in
“Standard Specification” and the Test Results
(in Case of Point Loading).

Line (1) in Fig. 12 shows the test results, line (2) represents the formula
specified in “Standard Specification” when oy is 210 kg/cm?®, and line (3) represents
the formula obtained from the test if we put oy = 210 kg/em®,

Comparing line (2) and (3), the difference of K’ increases as A/A’ is larger.
and the increase of K’ is larger than that in case of line loading.

In this case too, in the range where A/A’ is from 1 to 3, the test results
show the tendency close to line (2).

Further, the formula here obtained is applicable up to A/A’ = 200.

Line (5) shows the allowable bearing unit stress with safety factor of 3.5 in
respect to line (2), in which applicable limit is up to A/A’ = 8. |

On the other hand, line (4) shows the allowable bearing unit stress with safety
factor of 3.5 in respect to line (3). The line (4) is applicable in all the range of
tests, A/A’ = 1~ 200, and it shows that the maximum value of ¢,/ is 1803 kg/cm?,

As same as in case of line loading, putting ¢ = 1 in equation (8) on safety: side,

RE A ' '
r e P g (9)

which is shown in Fig. 8.

4
ca

g = 0

Further, varying the exponent on the safety side to simplify the formula, in
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case of point loading, the writer propose next formula of allowable bearing unit
stress.

0 =0, A7 e e e (10)

In Fig. 9, equation (10) is compared with the present specified formula.

Equation (10) is applicable up to A/A’ = 200, and from Fig. 9, it is proved
that in case of point loading the allowable limit of ¢,/ can be taken up to 1140
kg/cm® (when o= 210 kg/cm?), far larger value than the present specification.

4, Proposal to Revise the Present Specification and Simplified Formulas.

From the results of tests, which were held in wide range of d/d’ or A/A’, the
writer propose to revise the present spcification as follows.

When the surface area of strut (A) is wider than the loaded area (A4’), the
allowable bearing unit stress o, shall be based on the following formulas (see Fig.1):

s/ A
In case () o,/ = o, “»l/ e
2o | d
In case (b) 0. =0, " 4

in which o, = 35

But ¢,/ shall not be greater than 1140 kg/cm® in case (a), and 280 kg/cm® in
case (b). .

Next, to simplify the calculation of ./, it was tried to derive simplified approx-
imate formulas in the range of A/A’ or d/d’ = 1~30.

Generally put
o, = T 0, ]/ *jlf, or —37

then, next simplified formulas are obtained.

In case (a) o,/ = 110, / ﬁ,

SUSTTTTTT TSSO UU SR 11
— : (11)

In case (b) o/ =090, 1/ 7
Errors by equation (11) are as follows:
In case (a), error is + 10 — — 10% in whole range of A/A’, but only + 6 —
— 3% in the range of A/A’ =2~ 10. In case (b), error is — 10~ +5% in whole
range of d/d’, but only — 7 ~ — 09 in the range of d/d’ = 2 ~ 10.
_ Practically, errors in these extents are permissible, and above mentioned approx-
imate formulas can be adopted in these ranges of A/A’ or d/d’.
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iI. Effect of Bearing Plate on Stress in Concrete

Usually, on the contact surfaces of reinforced concrete rocker, steel bearing
plates are used to prevent the crushing of concrete due to narrow strip load, and
to make better contact between the rocker and bottom surface of girder or upper
surface of pier or abutment (see Fig. 13).

By the bearing plate, load P is distributed on some P
width of concrete. . ; ek

In this chapter, the width of distributed load on con- /‘:;"W:’\
crete, the distribution of compressive stress, and the rela- E;fl;‘zgj

tion between these and permissible bearing unit stress of
concrete mentioned in the former chapter, are treated.
1. Distribution of Load by Bearing Plate on Concrete.
Taking unit length of rocker, the bearing plate may
be treated as a beam placed on elastic foundation. Strictly Fig. 13

saying, it is a curved beam, however, because the deformation occurs in narrow
part, it can be treated as a straight beam.®
The general differential equation of elastie deformation of a beam is

d'y
£ Solutions of the equation when a straight beam
5 ) imnmm””‘“mr is laid on elastic foundation loaded with a single
2 > 2 concentrated load P on the center, are as follows
I4 K .
M A &4 (Fig. 14):
Fig 14
P . .
Y= 9KL €7+ a cosh&cos & + b sinh € sin S]
P . .
b= 9 "[[E].+ a cosh&cos & + b sinh & sin E:l """""""""""" (12)
PL . .
M=~ |[£1— b cosh&cos& + a sinh £ sin E]
in which
K = coefficient of elastic foundation ;
« JAEI
L= ]/ K
l
A= I
Note : PFollowing calculations are refered to “Theorie des Trigers auf elastischer Unterlage und

ihre Anwendung auf den Tiefbau", by Keiichi Hayashi, Berlin, 1921.
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_x

£=L
2+cos A—sin A+e”? U (13)

a4 = sinh 4 +4sin 4
o cosdtsind—et
b= "ginhi +sin 4
(€7 = e *[cosE -+ sinfT]
[£1] = e #[cost — siné]

In the case here treated, it should be assumed that the bond between steel
plate and concrete can not take any tension in portion where y is negative (Fig. 15).
Then, the width of contact area, f, is given by

f=nL

and y, p and M are given by following formulas.
P . ‘
Y =9KL [[E]l + 0.0903 (cosh & cos & — sinh £ gin &) :I

P
b= [[S]l + 0.0903 (cosh & cos & -~ sinh & sin E)] """"""""" (15)

PL .
M= """ [[5]; + 0.0903 (cosh & cos & -+ sinh £ sin &) ]

Under the point of loading,

P
Yo = 0545 7

r
po = 0.545 L
M,=0273 PL

Now, with reference to the coefficient of elastic bed,
K, when a steel beam is laid on concrete bed, it may he
considered as follows (Fig. 16).

Let y is vertical displacemnent of axis of a deformed
beam, then v

p=Ky
And let y, = deformation of bottom surface of steel beam
y. = deformation of concrete
E, = modulus of elasticity of steel
E, = modulus of elasticity of concrete
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E
n= g
' g _ B 1
then .~ E = n
1
Therefore Vo=, Y
1 " nt+ 1
And y:y,i,{+yg:yc(n+1)=yu<72 )
Theref Cye= o :
Cherefore . Y= 1Y andy3=n+1y
Strain
1
e v _nt1Y 2y
h h (m+1h
’ 2 2
Stress s=p
e D (n+1) ph
E, =", ﬁiyﬁ:*fyni
(n+1Dh
_ b _ 2E,
Therefere K = y = (n—}-])h .......................................... (17)
Put » = 10, then equation (17) becomes
" 2F,
| K = Ty e s (18)
Moment of inertia of a rectangular section with unit width is
I'="13
Therefore
s [ AE, I ./ 4E,RL 11 4 /11 ' '
L = V K~V 12em Ve Bome 1IBA Jy vveenvrenrn coe e (19)

From equation (14)
F=nL =31416 % 1164/ = 366 J--vevrreereemsemmminninninn -++(20)
Equation (20) indicates that concentrated load P is distributed by steel bearing

plate on area having a width of 3.664.

Substituting equation (19) into equation (16),

If it were uniformly distributed

P P . P
p°:7rL:?T667z:O'273h
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which is of 41.8% smaller than that.
Substituting equation (19) into equation (15), we get
P
b= 53987 [[51 + 0.0903 (cosh & cos & —sinhésin 6)] ------------------ @D

Values of p in the contact area, calculated by equation (21) are shown in
Table 7.

Table 7. Values of p Table 8. Values of f and p for Various

~ : - t p Thicknesses of Bearing Plates.
0 0 0.4683 P/h h(cmw f(cm)l Po | 2% \ L | rL
/6 F16 0.3753 Plk 2.0 | 7.32 |0.2342P| 0.1877P| 0.0997P 0
/3 f3 0.1993 F/% 1°5 | 5.49 10.3122P| 0.2502P] 0.1329P 0
/2 fzo Pih 1.0 ‘ 3.66 EO.4683P 0.3753P| 0.1993P 0
0.5 l 1.83 10.9366P 0,756P| 0.3986P 0

Values of f and p for various thicknesses of bearing plates are shown in
Table 8 (see Fig. 17).

From Table 8, Fig. 18 is obtain-
ed, which shows that the thinner the
thickness of bearing plate, the distri-
buting width is smaller and the com-
pressive unit stress under the point of
loading is larger.

Assume that P is distributed as

7T,

p = p, cos *J";C, as Bortsch did, then

P = S | pda= pog s " da
“_, o

; 7
_anf
a o Fig. 18. Distributions of p for Various
Thicknesses of Bearing Plates.
T
Therefore Po= 5 f P

Table 9 shows the values of p for verious values of £ in the case of cosine
distribution.
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Table 9. Values of p in Case of Cosine Distribution.

k (cm) i f (cm) \ P ‘ ? *; } 2 ; />§,,
2.0 | 7.32 0.2146 P E 0.1784 P | 0.1030 P 0
1.5 5.49 0.2861 P | 0.2478 P | 0.1431 P 0
1.0 3,66 0.4292 P | 0.3717 P | 0.2146 P 0
0.5 1.83 0.8584 P | 0.7434 P | 0.4292 P 0

In Fig. 18, by broken line, the differences between the two cases are shown
for A = 2.0cm and 1.5cm.

Ratio of value of p calculated by assuming as consine distribution to the value
of p calculated by equation (21) under the point of loading is

T

T
po=2r P=7am,t

= 092
b. = 04683 -

Value of p at loaded point calculated by assuming cosine distribution is 8 95 smaller
than value of p calculated by equation (21). However, approximately, we may con-
sider it as cosine distribution with few error, for convenience of treatment of cal-
culations.

Knowing the distribution of load on concrete by bearing plate, bending moment
in bearing plate may be calculated by equation (15), and the unit stress in plate
may be found by : :

Here too, it is unne;cessary to treat it as a curved beam, because the thickness
of plate is far thinner compared to the radius of curvature.

2. Uniform Distributed Load Equivalent to Actually Distributed Load.

Though the distribution of load has been found as shown in Fig. 18, this must
be translated into equivalant uniform load, to check whether the stress intensity is
within the allowable bearing unit stress of concrete loaded by line load mentioned
in former chapter. That is, the width b of equivalent uniform load must be deter-
mined,

Because the actual distribution of load may be assumed as cosine distribution
with neglisible small error, as before mentioned, the writer intended to find the
width of uniform distributed léad, causing deformation of top boundary surface
nearly equal to that caused by cosine distributed load.

It may be assumed that there is few effect of type of load distribution on the
side boundary surfaces of a rocker. Therefore, in calculation of the equivalent
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distribution of load, we may treat this as a plate having infinite length, neglecting
. the boundary conditions on both sides.
ya When a unit load pdr acts on boundary sur-
s face of semi-infinite plate, as shown in F ig. 19, the
3 vertical displacement v, at point z on boundary
. i surface is given by next formula.”
7

2pdr  d  (1+y)

Fig. 19 Ve =T My T iR pdr

Therefore, the displacement at point = due to any distribu‘tgd load is obtained
by integrating on all the loads.

In the first, in case of uniformly distributed load, let b is the width of distri-
bution, then the displacement becomes as follows.

b
At the portions where »=<< - D) (outside of loaded area)

1
2 " 1 b
Va = 7 v PS In- a =~ dr— ity b j dr

T E Tz T K b
P [z a2 T v)] ( 2)
_ n e = wln k(1) | 1
TE ) 0 z—2
b

At the portions where 0 < = < - (inside of loaded area)

T E — — T I 2
b
P d* 2 o4
- M’Eﬂ[ln (k) T g+ (1 __,,):l ........................... (22),
2 2
At x = *[2)*
P )
v, =g [l?? o _,_(1_,,)]...........; ........................................... 22),
‘Next, in case of cosine dlstrlbuuon, let f is the width of dlstrlbutlon, then
_ .
p = p,cos 7

At the 'pori;ions outside of loaded area
' ' b

b
= 1 5
v, = 2~£”~j 7 cosnTlnx drf i p[,j _c 0S -Tif"d/

To integrate the first term, Vife expand cosine into series.

‘Z

‘ i
Note—®Timoshenko, Theory of Elasticity, 1934.
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L2 AN AN ar
cos " =1 — Lgll + ﬁfl_)_ __+ (= 1y (TZn)!u
R " (__g <% - ;,)

T

Let f = a, then

S d S d
CoS ar In— dr= |ln~—dr— 5

z—r
al] d . a?n
+ Z!*jr“lnxfrdr+ ------ +(—1)"(”27)!‘ §7 "l;;x jdr e
S‘ an ﬁd* m7,2n+1 d 1 S 7,'.’.n,+ld
r nx—rdr:2n+llna:—r—2n+1 xz—r ¢
td o 1 (@)t (z—2)"
= 2n+llnx—r 2n+1{_ 2n+1 tunCia 2n

-yt
2T ke =) |

Therefore
oo Tt
s
R e o |
21' (;) 2[(2)31” gcia{f)v+ % (;) {x +(2)} - fl”f:}zc]

fr
1 /my\® (g) PE 2 (F\( 2 2 }7 (f‘ 4
T4l (f) s (L) T ()= + 5 (5)+ 5 ()]
2 ‘
P x+£] ,
- 5 7 _’1,—-‘£
TAY ) .
L (ﬂ\“[(?‘)l & E(f { oy L (f)
Ter\f) LT ”xg|(§)2+7 2) S T
S
LRTANNE B TAC N |
~+ 5 & (2) +7<2>}__ 7l77'x_£:,+ ...............
Integrating the second term
13
¥ Ty 2f
S-{;COS‘*"]‘[: 617“27
h v
1+v ) . f 1+v
,E 1)0 S— COS 7617’——21)0 ; ';E‘

T '
Put p, = Ef P into above formulas, then v, at the; portion outside of loaded area
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60
becommes as follows. o
r o [Ji & f__"z]
Ve ”E- 7/- % 2 ln_x}‘:(:é:)z + f - X lnx__f
Levrls) e ey, BN e et
“arlf [’3 sy T e {x 3 } Fin]
F () x~
f 5
1 (1)“[(1)1 (e T L)
+tarl7) s ”x:(£)2+'5\2>1+3 2 5 2)
5 x—l—Jz"—]
Ay
5 s
AV
Lz phr, e e () ass L (£)
—e6l\f) L7 Z’Zx;(g)ﬂ‘ 7 )i+ s 2 2
J
,]: F 4 l i-ﬁ ‘x'; x+—§
+5x<2>+7<2)} 7l”x_i]+ ......... }
1+ v
nl
Put « = ’1];, then in the result, v, at the portion outside of loaded area becomesl
as follows.
J
A PR |
ve= " Win el trl— In—>
nE x~(;£\) n x—_J;
AIEUERNE x+?§] FrLL 1]
“atllet 12} - n””x_»g FETLl T 1o +80}
1 ité] o LR SN U B T+y
—nﬁlnx ST LS T 12, T80 T 448} - 7z7ln$_~£
+ ............
— 1+ ,,)} ............... (23),

Similarly, v, at the portion inside of loaded area is obtained by calculating the
formula,

@©

26 b (P T 1 gy
= S Ccos 7 lng —rd7 I-S cos 7 Ly -dr

ViT R I - 1 r—x
Liy b
— —;E— j)oj__li C057d7

20|

In the result,

TR vt Pl Lad
“ 3Ll T2 “nsl”g;; et 12n2+80}
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1 2_+_x] A FER. N e _‘if]
- nslﬂ% —“7! )nﬁ+ 12)1 + 80ﬂ 448} Zn);_x A

— X
— (1 + ,,)} ............ (23),
At T = :g.’
P d* ¢ 1 1
v, ;E‘,{l'ﬂ fg + 7 -~ 3'{ ]2}
fff{ S ””{ 1 1
Tt 12712"'80} TV T 120 T 80 8} o
— (1 +v) } ............ (23),

Table 10 shows the displacement of boundary surface computed by egaution (23)
in case of cosine distribution for the thickness of bearing plate 4 = 2cm, that is, f
= 3.66h = 7.32cm, assuming that 4 (depth to the point where the vertical displace-

. .
ment is zero) = 4bcm, m (Poisson’s number of concrete) = 6, and v = m (Poisson’s-

ratio) = 0.6667. Here, Value of 4 has effect only ‘upon the relative situation of
displacemant curve, and has no effect on the relative quantity of displacement.

Table 10. Values of v, Due to Load
of Cosine Distribution
(h =2cm, f =7.32cm, d = 45cm, v = 0.6667)

= | o | L I I A
i |

P P
2.048 oI 0.591 N

‘ 6.09) LL' t 5.857 — | 4,765 —+ ‘ 3.613 - B

Plotting the values of Table

T /™7 92 .
10, the curve shown in Fig. 20 J
. ' = X (et}
is obtalned. . 2ealMhres 212 . )

Next, the width b of uni- s ' M_/»-A——“
formly distributed load, giving . f_,,.»w“”” :
a curve as nearly equal to this 1 ' v

displacement curve, should be
determined.

A { uns 1form (a ru/)
Now, the displacements due- NI o ferom. (aad)
: o P\t g (et .
to uniformly distributed load, // Yo B i load)
o4t H

computed by equation (22) for - 2 { Uniform' toad )

b=f, 08Ff 07 f, and 0.6 £, Fig. 20 (“)omparlSon of Displacements
are as shown in Table 11. of Boundary Surface.
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XT able 11. Values of v, Due to Uniform
Distributed Load (h = 2cm, £ = 7.32cm,
d = 4bcm, v = 0.6667) -

i

x 0 bj6 ‘ b/3 ’ bj2 ' b 2b
P P P P P P
Vb= 352 —oo | 5.238 o | 4.866 - | 3.965 — .- | 2,056 — - | 0.600 — -
b= 5.352 ali 5.238 - 4.866 - 3,965 <B 2.056 s 0.600 -

Up=trsr | 5.798 » 5.635 ¥ 5.313 4,412 » 2.502 » 1.047 »
Vo077 | 6.065 » 5.952 5.579 » 4,656 » 2.767 1.313 »

Dicosr 9373 » |6.260 » .|5.888 » |4.985 » |3.075 » |1.620 »

Plotting the Values of Table 11 on Fig. 20, we can find that the two show
nearly equal displacement when b is equal to 0.7 f.

For comparison, magnified curve is shown in Fig, 21, in which both are nearly
on one curve. " o

" /—
//2 /4 /2 14
I T T
L
’
. -
| /
“e 3 / N
®
M
§
4
P X
8 oy — Co5——
r /P f ,
o =¥, = - (Uniform [aad)
5 £ 7y f
.
-
<
21

Fig 21. Comparison of Displacements
(Magnified Curve).

By above comparative calculations, cosine distributed load can be substituted

by uniform distributed load having a width of 0.7 £, that is, -~ 0%[
Above calculations are applicable for any values of f, therefore 'in the end
we can put o o C
b=07Ff

= 0.7 X 3.66 h R LETTERPEPE RIS S, e ( 24)
= 2.562 h ‘
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For change of d or d/f, the curve will vary its relative situation upward or
downward. .
In design, after calculating

P P

b~ 25621

the intensity of stress may be checked whether it does not exceed the allowable

bearing unit stress, gained in the former chapter. Reversely, strength of concrete and
thickness of bearing plate may be determined so that the stress intensity of concrete
is within the allowable bearing unit stress.

In above, load P has been treated as a concentrated load, but in actual, P has
some width of distribution. Therefore, if necessary, this width of distribution may
be taken in consideration. o
3. Practical Example of Design.

To design the thickness of bearing plafe and the strength of concrete in con-
tact with the bearing plate, in case of the reinforced concrete rocker as shown in

K‘Q'\“

gocm
goem

20¢m

|
~‘ |- S ——
L___¢oc ] socn

Fig. 22 Shape and Dimensions of
Reinforced Concrete Rocker.

Fig. 22. » Tig. 23 Contact Condition

Both rockihg surfaces are circular, having its center at one half of the height
of rocker. '
a. Design of Steel Bearing Plate. :

Because the thickness of steel plate is far thinner compared to the depth of
concrete, and the deformation of steel is about one tenth of the deformation of con-
crete, we may consider the contact condition as same as the case of contact between
concrete and concrete (Fig. 23). ' .

The breadth & of contact area is given byiHertz’s formula.
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Put in above: formula
P = 100,000kg, I = 60cm, E = 210,000kg/cm? m = 6,
7 = 4bem, 7, = oo

then
B 2 % 100,000 1=
b= 4y 31416560 210000 g ° = 195em
Therefore, maximum compressive unit stress in contact area becomes

4p 4 x 100,000
Oas = 7bl T 3.1416 x 1.95 x 60 = 1,088 kg/cm?®

Contact unit stress for steel may be permissible up to 6b00~7500 kg/cm?, there-

fore, there is no question as to contact stress of plate.
Next, the stress of bearing plate due to bending moment will be determined.
From equation (16), bending monent at the loaded point is '
M, = 0.273 PL (in which P represents the load per unit length)
From equation (19)
L = 1164} = 1.164 x 2 = 2.328cm
Therefore

@

100,000
Mo = 0.273 x 60 X 2.328 = 1059kg-cm

Section modulus

Therefore,
M 6
0=y = 1059 x 4 = 1589kg/cm®

This value is greater than the allowable unit stress of steel, usually of 1200
kg/cm?, but this may be permissible if the stress of concrete under the plate is within
its allowable bearing unit stress, and if it may be taken into consideration that load
P is distributed on some width on its loaded point.

Reversely, when the thickness of bearing plate, 1, would be determined, adop-
ting ¢ = 1200kg/cm® 7 becomes 2.3cm. Of course, -it is better to use a bearing
plate having thickness of 23mm.

b. Design of Strength of Concrete in Contact with Bearing Plate.

While the width 6f load on concrete distributed by bearing plate is from equa-

tion (20),

S =366 h =7.32cm
Concentrated load P is already distributed on a width of 1.95cm at the contact
surface, therefore, in the end f may be considered approximately as

f =732+ 1.95 = 9.27cm
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The width of uniformly distributed load equivelent to this is from equation (24)

= 0.7 f = 6.5cm v
Therefore, the intensity of compressive .stress in concrete becomes
P 100,000 . ¥
= 30 = 6560 = 200kg/om’ N
By equation (6), the permissible bearing unit stress of concrete is
C O g = Jgg ;f;
4_w
Put 4 = 6.5 = 0.
» / 7 = 2.283
~ then o'oe = 2,283 0,4 (it is necessary to be p < 0%)
0 256

= 5083 = 2,083 = 112keg/en?’
Because the allowable bearing uint stress may be raised about 2095 by use of

reinforcement,
112
=13= 93.3kg/cm®

‘Therefore, adopting safety factor of 3.5,
oy, = 3.5 x 93.3 = 326kg/cm?
It is necessary to use the concrete whose strength is greater than this value.
If the bearing plate does not be used, the intensity of stress in concrete be-
comes very large as follows.
b =195 x 0.7 = 1.365cm

P 100,000 .
=4 = 136560 = 1220ke/en
,,d, 40

= 1365 = 293 <30

From equation (6),

= 433kg/cm® < 1220kg/cm?
Thus, we find that it is necssary to use the steel bearing plate on the contact
surface, or else it will be difficult to keep the stress in concrete within the permis-

sible bearing unit stress.
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: GConclusion

Contents of this paper are summerized as follows:

1. Tests were made upon the allewable bearing- unit stress of concrete when
it is suffered to partial loading, and in result of these the experimental formulas
were gained, and thus, it became clear that in design far larger bearing unit stress
are permissible than the value given by the formula specificedl in pressent “Stand-
ard Specification for Renforced Concrete”.

2. Treating the steel bearing plate as a beam on elastic foundation, the state
of distribution of load in concrete by bearing plate was calculated, and it became
possible to design the thickness of steel bearing plate and the strength of concrete
in contact with the plate. ‘

3. The width of uniform load equivalent to the calculated state of distribution
of load was found by computation, and it was made possible to apply the test results
to design of strength of concrete.

4. In the last, a practical example of design was showed: to provide better

understanding. .
Further the rocking resistance of rockers is under studies by the wr,itervnow,
and the result will be described in next report.
Adding : For this study, a subsidy was granted by the Department of Education.
(The End)



