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               urgeoit tke E,irrxsfit cf kke Egastie BwaekEimg

               (Ptfincigeagky abowat the Sseeg CeK"rrfias) "

                    '              /r.. t''-'''t'/            L               /t
                               Toshizo ,KON

                                                        '                        ' (ReceivedDec.23,1949.) ･'
                                                        '                                                               /t t            ' ' Sy"cpsis
   The main and･initiated object of the present research is to inquire about the

influence of the grade of elastic material upon the strength of elastic buckling of a

cojumn, which existence was considered negative for a !ong time since Euler. Th-

rough the acquirement of the comparatively sirnple relation between the column load

and its flexure from the exact elliptic-functional･one in this study, the important

properties concerning with the unl<nown field of elastic, buckljng have been made

clear. Namely, pointing out some of the results, the elastic buckljng･is perfectly

possible to occur under the intense flexure of a column if its slenderness ratio is

provided to be sufficiently great; the grade of material makes a remarl<able influ-

ence upon the strength of elastic bucldjng of a column whose sienderness ratio

is sufficiently great, which the Euler's theory could never acknowlcdge hitherto;

even the column of an infinite slendEi'nEss ratio is ircsistible to'a certain･amount of `

the column ･Ioad which is finite, and its amount is peculiar to the grade of materia]

and the ,type of cross-section; the type of cross-section effects the buckiing stress

potably under the slenderness ratio mentioned above, and the column of composite

section where the radius of gyration is so efficiGnt is more resistible elastically to

the intense flexure due to buckling than that of solid one; for the two modes of

buckling subject to the case of an unsynimetrical cross-section, both buckling stresses

due to the compressive extreme fibre stress and tGnsile one reaching the limit of

proportionality can be observed as ncarly cqual through the result of computation.

Finally, for the region of practice about the elastic buckling where the sJenderness

ratio is not so great, the classical law of Euler and the author's can be seen as

approximately coincident each other. Thus, the Euler's theory shall be rccognized

as the law of the lower limiting boundary of the dorr}ain where the elastic buckling

 is possible, wbile the author!s one rrakcs the urrcr }imiting toundary of the same

domain, concerning the bucl<ling stress.

    Through the comparative calculation atout St 37 and St 52 according to tbe

 present nGw theory, the author has treated and discussed above probjenis and

 conclusions in detail.



                             1. EntroductioR

    The Euler's classical iaw of the elastic bucl<Iing defines the relation between

the stress and the slenderness ratio of a column which undergoes a concentric Ioad,

at the moment when it starts to begin a flexure in the column; or, this expresses

the uppermost load in the state of stable equilibrium of an unflexured, straight

column, on the region of the elastic buckling. The magnitude of this flexure be-

comes greater, for the first time, according to the growth of the column load P

beyond the Euler's critical one PA, but so far as the maximum fibre stress intro-

duced at the compressive or tensile side of the flexured column does not exceed the

limit of proportionality o, of the material, the column shall be considered to be still

under the state of the elastic buckling and of the stable equilibrium in flexure.

Therefore, satisfying such a cri'tical condition, we can obtain the relation between

the load (or the stress intensity) and the slederness ratio of a colurmn for the region

of the elastic buckling beyond the critica'1 boundary "-hich was founded by Euler,

and the load such a theory wili give mqst be greater than that the Euler's gives

for a definite slenderness ratio, as may be expected evidently. Through this Process,

we can make clear the properties of the elastic bucl<ling perfectly, in the more wi-

dened field of the column problem than before, and it may offer us the fact that the

probJem of the elastic buckling should have involved, not only the modulus of elas-

ticity as claimed classically, but also the Iimit of proportionality as the serious factor

relating materjals, which result ought to be said as of a great significance technop

logically. On the present treatise, the author has investigated the problem above

mentioned for steel columns with cross-sections which are comomon in the bridge

practice, discussing about the meaning of the Euler's Iaw in relation with the new

.theory of this research.

                               2. Tkeery

    The differential equation of the elastic buckling beyond the Euler's load is

written as (Fig. 1)

                tl           'I'-fiti- Y+ ;J-tti + reY - O ...............'...........;......................(1)

    , re-H--- - lh-----hndH----M-im-tM
           pptX"tny+pt･･ ･ E.lzir iP
                "---ltmp.gA.",y"x"/tify,2tr

                                 Fig. :
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whereitdenotes EI:thefiexuralrigidity,andrc=lki-I,

                   r, : the slope of the tangent to the end of a flexured column,

                   yi: the maximum deflection, '
                   dl : the mutual didplacement of both ends of column in dire-

                  " ction.oftheunfiexuredcolumnaxis.

    Integrating (1) by y, we obtain

                                                                 '   ' .MA-./Li"l''is:"+!2"y2+c=O''････l･r･-･･:･･････...........,....(2).

                               '
where c means the unknown quantity cos r,. As the equation (2) gives the relation

           ,. ･,,m/i'tt('g'J･g-,)2

                                                '                          dx rc
                                   2ma y2 +c

it results
                                      i
           dS = 1-I--t/i,-i(lf/Y}--l--}-i-,･-- ･･････････････････････････････････,･..･.......(3).

    At the point of the maximum deflection y), it becomes y' = O. Hence, quan-

tities yi aRd c will be related as follows :

            `yi = l/-i-ll (i-c5 i-･"･･･.･････.I..･･..･1･･･'･･.･...'ny･.....................(4)･

                                                    '                                                   '
                                                                   '    Now, substituting 2 = -Y-(x < 1), the right side of equation (3) can be

                         Yi

              7 dy .-. - .yi .--dz .."..
                               H ...t. t...:=1-.r. ..        ･ "-ir--(.t7'l2''+'e)-" J/1-,2 1/(1rve)(1:Att])

                               ,                                                      .l

           kL' i= - il--Iil-}C･, (c < 1) ....r.....................;.......................(s);

and, as it is v-ll-L--=T?.,,. = J/ -l i tLL, the equati6n (3) follows as

                                        '
                                                 '            cis =" /!t-i kt'" ･ lvi-(iii2- ;Ei--,"d)'li--I-･tt-itt'b) ･････ ny ･･･ny-･ ･･-････t･ ･･-･･･-･･(6)'

    The integration of the equation (6) along the flexured half coiumn-axis froTn

o to -l-corresponds to that from o to .yi of the deflection, and so we obtain the

     2



equatlon

           2S, == 1/i7k2S]vLa -,2d) :i .k2 .p: <7)'

or expressing symbolically

           i-n J/1 2-I2 =K (s),
n means the drder of buckjing, i. e. the number of deflected waves contained in

the flexured column, and K, the complete eliiptic integral of first sort with the

negative modulus k2. If the modulus k2 is given, K can be computed by the relation

           K= i]v-(r--fgll7i rv ke--,-,)- -= {i-[i + (E)2k2 + (g2)2k4

                    '('tt'i34"'i'i'm)2fe`'"' '`]''･･'･･･････--･･････-･･･.J'.･..(9)ac'o

           (1 - k2) (Lll- K)2 =. '1 - e k2 - g5-i- k4 - 6-54/ k6'- s318g92 ks - ... ao),

and substituting (8) into (10), and through some transformation, the following can

                                                               i                                                   '                                          'beattaineq.. v,?'-1--S-ki-35i-k`-65-4.k`i-g3-/-8-g9-2kg'-.....l......),

with notationg. vi?7,,i.2,, == J,J,tt･-,=ti,l"p. g

           ,,, ,. ..･ x(11)              ' wherev2=p-P;.L(v?>1),

                , ''pk=ttl[z{C-I-(Euler'scritical'joad).

    Now, expressing the modulus k2 through pi reversely, we get an infinite series

                              '            ff = -2(v,2 - 1) [1 +g(vi2 - ]) + IlltJ (vih' - 1)L'

                                 '                                                 '                         '                    + 2-7s6'(v,2 - i)B + ...I.....]. ...............................(12),

                                        '                                         'which serieS defines the modulus of the above elliptic integral in the case of elastic

                                'buckling due to the concentric column load P. Besides, the quantity c will be ex-

          .t . . /t.......1pressed through vL also: '
 *)' Jahnke-Emde:･ Funktionentafaln.



                     Upon the

     tt t       . /1 ,- ,   ''ic ==, cbf T'. :r-,t'11-tt--kk-II -' i..l;

                   + 2-7s-6- (.,2

                   + 2-7s6- (,,2

    Thus, with the expression
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 ' ' ' 1'=''' a)(v)

       ,lt･ ,

or,1 i' c=-1
    /t/t t
    Now･ from the
        '
            for
                '

which correspond

            for

    Thus, since

, , }/1/il"2;lj..[l ;)[li'i:'"?'Lgin,' (li'ilil"L'/.-,i (l,l`1,l,2.751i,,tJlfii (J.l))l'. .l.,,,(l`)'

tnathematical result (14) for yi, which ･the:author has successfully intro-

      easy but generalized algebraic form of v, enableS us 'to obtain 'the

   deflection of the colutnn which is concentrically ioaded with any Ioad

         and offers the serious first step to' pioneer the widened field for

         elasticbuckling. ･ , ,,
    equation (12), itg l.}ifimte series on the right side can be transformed

       -s-,, ("2 -- i) + &･2("2 - i)L'+ ･･････ = ev 2 (,2k2pm-r) = 2-(-,'2i-- i) l i'bC',

                                             '                   '          tt             1,, -/,
                                             '        l=l /2(1 th c) 1..:.1....I::'.......................:...............(15),

                                               '                                                 '         ---- -S- QijL(v) :.". ......1........................,..'............(13a).

           ./ ../
         equation (13), the special values of c are got, i. e. :

         v:i==1, c=1 (e.=O) and for v2=oo, c=:-1
         /(To -- rr)i

       from (15),

         Vi==1, op(v):=O'and-･for'vL''±.cx),.,cb(v)=2..' .

       the function ip'(v) conveges to a cei;tain value between'O and 2

'S''+'･g' 1.'l';'i,2 in i)2

.................:.....(13).

           tt

maxirnum ordinate of flexure

 (4), as follows, considering,

          '

            Tl
               '             1. ..i .i
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corresponding to the variation ot v2 betweep unity and infinity (Fig, 2), we

that the equation (14)･is'applicable fo'r a}l positive va]ues of v2 greater than

                                                             ttand can give a finite･numerical value ,foy the detlecti,on yi specified with p2.

                                        '                              tt
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             ,                                Fig. 2

    The eqvation (14) will ,give, also, the following one approximately,

          iy, --fii-, il'i .8 (Eii, --i-t,)-;e/2--iei.Li.-l) (i4aj,

   Some adithorities, like Grashof, Schneider, v. Mises, Domke,')' have recommended

approximate formulae also, but the above (14a) gives better values than ･t..heirs, ･which

are.to be written in the notatiop$ of the present treatise as follows ;,

    ' ''''iGrashof, yi'-=;3'v/'-v:1,br=='-;tL'J/'va-Ji, ''''･ - '･ /''-･,

         schneider,y,=:2.giv/2(v2--7ij, /-･,･

                                                        "f
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(-): Compression side
(+): Tension side

  Fig. 3.

*) Grashof:
  Schneider:
  v. Mises:
  'Domke :

Theorie der Elastizittit u.

 Zeits. d. Oester. Ing. u. Arch. Vereips,

Differentialgleichungen der Physik, I.

Die Bautechnik, 1926,･S. 747.

            v. Mises, yl -= ;eJ/2 (vL' '-' 'i),

            Dorrlke, yi -3-ii,J/2(vi'1:'il-il)',

        In the flexured column, the maximum

    bending moment occurs at ,the middle cross-
n' section and its magnitude is Pyi; the com-

    pressive extreme fibre stres,s o?. due to bending

    shall be obtained, considering that the Hooke's

    law is consistent st･ill in'this case, Fig.3:

           o. .. ey] .. Plca(.oj

            " 17V. rrvW,

Festigkeit, 1878, S. 168.

         19Sl, S. 637.
        1925, S. 376.
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                 ' ,, ,.t,.. . ... ., .--,P.i,cb,(.")vht y! EiP-pcq(e)

   .tt.t ttt.t                                '                   t'rmJ'-
             "2 =: J/ d,, E Li?" ¢'(P)･････.･---................-...-...H.."".".(16),

where o,,:=P,r2=,.LL
                  AA
             A: cross-sectional area,

             r : radius of gyration,

             I : moment of inertia about. n-n axis. ,
 asi Hence, the resultant stress if, in the extreihe, coip, pressive fibre can be written

                                        '        ''3c･'=ai+'ff2=i'lt+i/3,,lkY'di(L)t'--･･.･･.･--･･.･･..-.･･.･･.....･.(i7)･ '''.

    en the other hand
                                                     '       '' v?･-:;:iii.,........'..............'........IL.'..i..I:i........1..:......L..(iEg),

            theslendernessratio,Z=-S,i,i,,,..'. 1 ･.:

which becomes in th,e special cqse of the Euler's buckling, as it is v2 == l,

                  ,ge.2E '1'i''11i''''' 1            9"'E' =',,z2, ･････････i･････････････････････i//,J,;･･･..･..................,(18a).

                                                                          '
    As the tundamental criterion for the elastic bucl<]ing, we may put, with the

limit of proportionality a,, as -' ..
                       '                                     /tt ttt/
            o,, + v/ aa E -li.!e (b (v)':lf] op.............................................(19).

                                                                   '        tt . +t/ ./ttt/// /t    Or,substitutingtheequation(18)inthi$one , ,. ･ ･ ,-
                                                              '                                                                          '
             rri,E'･vD"+rr2E-v--,V.!¢(ti)gd,,'...................................:.(lga). ･･

    The equation which will be got putting equal both sides of the equation (19a),

gives that value of 2 at which s!enderness ratio the resultant extreme fibre stress in

compression attains at,the limiting stress q, of the elastic buckling, with the given

value of p grea.ter･than unity. Denoting this slendeniess ratio wjth R,,,, its solution,

                                                                             '            2,v::= ',-IS.i-, e-Yg va), sv) [i + v/i + -E`,tft->(-:i'J,,57'l･････L･･･,--･'-･-･-(20)

                                                                       '
                          ,' whereM,.;})1. ･ ,.''
                                         -t
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    Whefi the 'm' ateri'al and the cross-section of a column are given, the quantities

E, d,, rp,/r becomes definite also, and hence, the critical slenderness ratio R,,pshould

be obtained from the equation (20) with v! as the parameter. Consequently, through

the equation (18), the bucl<ling column stress a. can be obtained corresponding to

this slenClerness ratio R,,,e,.

    In the case of Euler's buckling (v2 == 1), we specify the slenderness ratio ･with

2. instead of 2.,o, and the equation (20) gives

                                          tt                   rm""'. '            2p = rr 1/-.E. ･････........･.....................･...............:..･.;......<20a).

                                           tt    This slenderness ratio R,, defines the boundariY between the regiohs pf the elastic

buckling (including the Euler's buckling) and the plastic one, and, also, at this point

of the slenderness ratio the Euler's bucl<ling and the laws of the elastic buckling

expressed by equation (19) and (20) coinside, and it does never ekcept this point 2,

elsewhere.

                                                            tt    Taking steel St 37, as an example, with E == 2100 t/cm?' and ff,, =T- 2.1 t/cm2 we

                                                       t/           /t

            ,lp -- n / ge,- = 99･3`l6..............................t･...1･･.-････.-･.(20b),

                                             , -,. 1
and for steel St 52, with o, =-3.2 t/cm?, it becomes

            2,, == 80.479.......,.....,....･....･..:.........'.･.............................(20c). /･

    Combining both equation (18) and (20) through 2, the buckling column stress 6.

for the uppermost limit of eiastic buckling may be expressed directly by v

            oft==4Zi"2("i)Ow,t(.)'[i+}li+E4caa:t.)(-rvi)']2 (2i)

    Since the second tenn under the radical sign in the denominator is of small

quantity against unity, the above formula (21) 'can be exPressed, when the slender-

ness ratio is fairly great (2 i=> 4･OO f-- 500), with the sufficieht precision approximately

as

            a.==6i2r//,)261,(-h ･ (2ia)

    Above f6rmula (21) or (21a) talks the new law of the elastic buckling, and it

felates the fact:" The classical law of the -Euler'stelastic buclding,･ i, e,'the eq,

(18a), recognizes no superiority of the higher grade material to the lower grade one

in the strength o'f elastic buckling so far as th,e moduli of elasticity of both mate-

rials are same as it is usual in steel: ' in other words, at the instant when the

stable equilibrium in the straight state of' the column begins to break, the critical
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cbluran ]oads shall be same for both such materials and indifferent to their grades.

When the column load grows beyond the Eulef's critical one, the･colixmn Starts'

into the state of flexure, but in this flexured state the elastic bttckling still exist,

conditioned with load, material factors and cross-sectional ones satisfing the equation

(21) or (21a) at the uppermost limit; in this case the column should be considered

to be in the state Qf stable equilibrium in flexure. On such a buckling, the circum-

stance becomes quite different frorn the former buckling of Euler: the grades of

materials remarkably influence the strength of'elastic buclding, although their moduli

of elasticity are same. Furthermore, even if the moments of inertia were same for

columns, the difference in types of cross-section effects the buckling strength not-

ab]y, also." Thus, through such a law, the'theory of e]astic buckiing seems to be

provided with its reasonableness and perfectness. '
    On the other hand, as it becomes ql>(p) --> 2 for vL' - oo, the bucl<ling stress a,,

for this case can be derived from the eqgation (21) as follows,

            ii7n a. == ii. .i'.. ...-".......:6I//i'"-(ivi,.).2-- .,.

                                                  .,................(22):
           ･p2-Do 2->oo.[1+1/1+ai'(tb,)"]", ,,,,,,.'1;`

                               '' lt
                                                              tt                                                             '            S/:zn,･g"=:lt'zz,zz.:a==-t?-('i):i･･..･.."･..............,..............(22.),./ .,

                                                      tt                                                                    tl                                          il ''                                                                   ./                                          tt                                               '                                 '    The equation (22) or (22a) states another new tact: "According to the classical

theory of Euler, the column of an infinite slenderness ratio can resist any load no

more, and so it is o,, == O. The present theory of,,the author approves that the

elastic buckling exists still in this case, and the column of the infinite slenderness

ratio is resistible to the load of a certain magnitude, defined by the equations (22)

or (22a) and being not zero. In the other words, for the case 2-> oo, the quantity

o. has some asymptote of a particular ordinate whose value varies with the material

and the type of cross-section but is not zero."

              3. The tkegry fgr the case where the extreme fibre stress

                 reaches to the limit of proportionality sooner upon the

                      tensile fibre tkaii the compressive one.

    When the cross-section of a column is symmetrical about n-n axis (Fig. 3),

the absolute maximum normal stress shall never fail to be developed a6 the com-

pressive extreme fibre of the cross-section; and so, in this case, the limitative stress

dp of the elastic buckling is to be attained always on the compression side of a



,

                       '    '
colu'm'n', Henee, 'the equations mentioned hitherto, i. e. (16), (17), (19), (19a), (20),

(21), (21a), (22),- (22a), are all appiicable for this case. The circumstance is quite

             . same, also, for the column of an unsymme-
                  n trical cross-section, which should buckle so

                                  as to satisfy the condition rp, > ny,, cf. Fig, 3.

                                      But, when the column of an unsymme-

                                  trical cross-section should buckle elastically

                                 '                                  so that the relation between both edge
    (:f-)

 cafi(pm ' distancesfromn-naxiswillbeheldasrp,>
                                  v,, the circumstance becomes quite different,

                                  and the equations mentioned above shall

                                  never be applied for. In such a state of

                                  buckling, cf. Fig, 4, the absolute maximum
       i       : I norrnalstresswillbedevelopedatthetensile
                   ,      -1
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   the extreine fibre stress in tension reach

  F-E
  2as)

       ay

wh .-l :xkrs,wsf,l2iz･2,fth,es,rgs2"gf.ceen,'se,g･ge,keg
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     I certainly.So,anothertheoryisnecessary
     ,
   ;S " tobederived4ccomodatingtothismodeof

", bucl<Iing.
     i ' Sincethemaximumnormaltensilestress

          ･ may be written

 02 := apa,+ha J/'-a,,,. E'-' -.V! Ql> (v), ..................... (23)

 of the elastic'bucl<ling for this case will be

a,,. E'Vg di (v) li;"- a,, ................................. (24-)

      r
bucl<ling stress ff. for the mode of buckling in question.

equation (18) in this, we have the following conditional

                     '
 A---v -,VJt ip (v) >-' - ov ................................. (24a).

  the above equal and solving with R, it gains the slender-

                               es the limiting stress a,,,

             'L,V.'Vdi(v)[1+/1･-E2f,2e."J(.ri)O]...............(25), '

              '
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and from equations (25) and (18), the buckling stress can be expressed as

    ' Agi (rrvJ)2i
           ac']" == cb2(,)[i .-7', h-S//-.1'3-(il.il5'E"]i ''-'''''''''''''''"J''''(26)'

    The condition that the bucklmg stress o.,. shall be real, is gained as

               2.-- E.4.ipd-ttif) ......................................................... (27),            (L.V't)

which requires the quantity v2 to be sufficiently great, Besides, in such a region

of v2, the equation (26) may be approxmately written

                                                    '
           6a,+ = {';'2 (-ri)2-iEIJe,Js) ･････････････････････････････････････････ny･････-(26a)･

    If the quantity v2 grows infinite, the buck]ing stress shall converge to the value

,.bedefinde ijt?,yti?,e.,f2',ii,l,W.Llll,;..11,i::On;-a,?'I,/?i;,),],...･I･･--･,･-･･-r･･`28" '

                        ''i '                        'orapproximately ,
           5,icz t,,+ == Rizlll, &a,+ == 'tti'- (."i,)2･･･.................................. (2sa). .･,i･i

    When the quantity v2 satisfies the relation ''
                                                              '
    ･i (a;･i}),ts(R;!i)),,,.....................................,.............,........(29),

the bucl<]ing stresses a., and a.,., defined respecti･vely by the equations (21) and

(26), shall become eq-ual, the suftices (-), (+) in the equation (29) expressing the

signs of extreme'fibre stresses which wiil grow to the Iimiting stress ff. and deter-

mine the mode of buckling as refered in the preceding.

    Upon the diagram v2 --- 2,,,,, it becomes simultaneously

            v(+) = v(."), R,,p,(+) = R,,,),(.-).......................................(29a)

at the conditional point a. = a, ., and the latter condition may never be Satisfyed
                           ,
at other points, as to be computed and explained in the succeeding diagram.

                  4.Approximatevalugsforcross-secticnfactors. .

    In order to start to the computations according to above theoretical equations,

it.is necessary to know the cross-sectional factors - 3.-C- involved in them beforehand.

                        '



If, by some ways, the ap. propriate value of this factor were presumed suitably for

the type of cross-section in problem, the primary computation ot above formulae

become possible and the buckling stress a. becomes known also, as the consequence

of which we can obtain the cross-sectional area and hence, through assembling the

elemental sections of rolled steels, the better value of the factor - 7V
." may be got for

the type of cross-section in problem. Again, starting from the latter value of the

factor, the more exact values for a. and, conseqently, also for the factor･-V-C itself

                            ･rmay be obtained. Thus, thrbugh such a iteration brocess, we can improve the

design cross-section as best we wish, and the results should converge to its exact

value very tapidly. In the present research, the author intends to presume the

approximate values for the factor - ;V-C as follows, conceming with some types of cross-

sections which are common in tlae bridge practice or the other steel structures.

   'The factor -rp! may be analysed as'''

               r
                               '                       '            ..rp-, .. .V?. h ...............................................................(3o),

            r hr
where

    h : the depth of cross-section in the plane of buckling (Fig. 3),

    r : the radius of gyration in the plane of buckling.

    In the bridge practice, the fac･tor -Zl may be admitted, apporximetaly, as of
                                   h

the constant value which is pecu]iar to the type of cross-section. Highly efficient

values of this factor'have been projected upon "Structural Tables, p. 257 "in" Ket-

chum: Structural Engineer's Handbook, 3rd edition, 1935, McGraw Hill 'Book Co.,
New York"; and for a long While, the author has used those values in teaching the

design method of compression members, and also has applied in the practical design,

so effectively. Thus, the author wants to adopt those numerical values as the appro-

                                              ny                                          'ximate ones of the factor-Z,in this study. '
                         h

     As for the other factor -V-C, in the case of all cross-sections which are symmetrical

                         h

 about n-n axis, it can be put evidently as half an unity. When the cross-section

 is unsymmetrical about n-'n axis, it is necessary to investigate about the approximate

 values for the factor -/-" anew, and it is possible any way. With -Zg 1<nown, the fact-

or .V.'i may also be got readily. In the present treatise, these values are projected and

   h
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                '
                               '                                                        'eStinl:)ted6rfoOsrs.gggt]lonCsrOsSySiS;:lileCteitoi2:1 caobmomutonn-Anatxhise. br. jbge ?ractice, as

         Marks (e->) or (-) represent the direction of flexure due to

                            '
                     TABLE I. FactQrs-7.I-gisymmetricalcross-･sections.

                                                          '                                     '                                                        '       ttt                                             '                                                        ttt t
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follows.

   '

the buckling.

Section

 No.

1

Ty,pe of '

 Section

mb1 r
  ---ab
-J. L

2

3

4

5

6

7

:i:l

H rrm
  -. .tu
1't jt Itlt.tt

// .t,..

1

･･･ x

-･･

.r.L

h

-Vc

k'

          'O.23        1/2

O.36

1/
...

O.2T

V･3,o. '

112

112

l12

O.24

i-

112'V'3

112

1!2

If4

t

112

 vcJ

-- or
- l-

Tt

r

11].46

l10.72

l1il.42

1/O.76

     ttt
1/,).48

     1

 '

Remarks

         1/･
Approximate value. Section

lacing bars or tie plates;

longer legs horizontal,

with

Approxjmaute value. Section

lacing bars or tie plates.,

with
 tttttt t

t t tltt

.App, roxl' ;p,.ate

horizontal.

 ../1. /.

value. Longer

    '  tt

Approximate value. Section

.lacing bqrs.or, tie. plates,.

legs

,with

l･

V 57

L)

Approxiinate

horizontal.

.ttt/tt l

 '' i'
  /tExact

va1ue. Longer legs

value,

Exact

every

value, The

direction is

tt ttt tt tt tttttt/t t/lt/ttttttt t/t ttttttt

unsymmetrical about n-n axis.

II. Factorsrpelr,vtlrofunsymmetrical

buckling in

possible.

(b) Cross-sections

      TABLE
    ffmwwr.ma"m

, ,/,, secti g,p, N9;/

   . tP-pt.

cross-sectlons.

8

.s

vo' ts

.QLH-

a

Type of

Section'

t

.zff

r/h

O.39

nc/h,

O.4057

T, clr

.l, l,,,.,,

1fO.96I

vtl?'

110.656,

B,,e, marks

Approximate valtie,

Compressive chord
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oo
f'

g
b

     v
  '
'tu
:-' -tt

O.39

 Toshizo I<ON

6ili,1', 'i]6.,lg i/o.g61 :e.c,/io.",irxh,i.as,ig.g

j

9

.8 ge
" '"-tYB'6o

a

b

Hte----
al

wr
re---

al

t

'
s

t

itttz

tttra

 '

O.4

 tt .t

O.4

e.4242 110:943

      '        .-ttttt.ttt   '
  '       '
     1/O.695O.5758

1lo.6gs

l/O.943

Do.

Longer legs

horizontal

                 '

  ' Values of -V-' on TABLE II. for Section No. 8 and 9 are the averages obta-
             h
IPsetdrufcrtOulllaid¥taabifeOsf,,SeCtiOn NO' 55, 73, 9i, i09 and No. ips,.2os, 264, 3ig of

       .,.5 ASYMPtetwehSeftOfthteheloballtiCkrlA:IoS,t,,rew$iSl?SgiooQ?.:fmiie/itcer.ess-secticRs ,

    Equation (22) and (28) enables us to get asymptotic vaiues of the buckling

stresses a. and d.,. respectively, when the load ratio v2 becomes infinite. Taking

C:, `Pa7sUiMa';e Ogot2BO¥":OeLa.'X.2adiipie3i5./[el.dii,&O,,l"llB,i,tdsE.fti.LS,i,.:7,,,l.:S.,3200 '"g/CM2 fOr St

    's..,i.'.. :..' '' ..fsOtrSt3377.a,i,g,St52("l,,"'stom')'ts'g,'t.ii'ig'i:l2" g:o-.s.bsss?.e,ic,tion

2

9

la

lb
l

,,6

O.272

(O.4667)

 O.2535

O.I75

 O.2536
tt tttt

    ttun
(O.4671)

   F

O.632

(1.083)

O.5886

O.406

O.5890

(1.085)

symmptrical

unsymmetrical

sylllmetricai

,,,d..ggfr.,tth7

.e

,,ca"s of eliliili'kimg,'65''alld bbli3tOh5ere'e.,,t, lh,SY,M,iM.#.r'.'l's,I.,,. th,,,

hence, re-e-t"L'il'k'T' 89et)S(ual-!ik2El13C);1' ai'(>'g5'j,i'll-l'8gL'l[g'lkl'161i6W''i13S'reiations

obnetWTefinBLtgeillla:SYMPtOtiC ValUeS Of buckling stresses, as numerical!y can be noticed

           da(9a)i=:Eaa,+(9b), da,+(9a)#da,(9b)..........,................(32).

'
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                                                               '
    Such two sets of equations between two modes of buclding may generaliy be

applied for all types of cross-section from the same grade of material, which-

are unsymmetrical about n-n axis.

                         6. Calclilations and diiagrams.

                                                      '
    Diagrarn 1 represents the two curves Yi - v2, the one computed by the exact
                                      l
                                                                        'equation (14), the other by the approximate one (14a).

The exact maximum deflection -Y-' is got to be O.4031 corresponding to vL' = 1.749,
                             l

while the value A. Schleusner obtained is O.4032 for v2 = 1.7495:' According to the

author's calculation, it gives the same value y,/g =: O.4031 for v2 =1.750 also, and

through the investigation of the effective lower decimal numericals, the agthor rec-

ommends yi/l = O.4031 for v2 == 1.749 as the numerals for the maximum deflect-

ion. The difference between the maxmum values due to exact and approximate

methods amounts to about 8%.

                      TABLE IV. -;.!--values (n==1).

         avrm 4- --''
y2

'i l' - values

i
:

Exact EApproximate

      1
      1.I76

      1.353

      1.749

      2
      3
      tl

      5

pt- ･
l
l

0

O.311655

O.37402l

O.4f)3108

O.398428'

O.3.53544

O.313144

O.28l850

T

i

e

o

O.299

,O.352

O.373

O.367

O.328

O.294

O.268

y2

6

7

8

9

10

ll

;2

'7i - values

Exact

O.258763

O.239998

O.224714

O.211978

O.201165

O,19I244

O.183771

Approximate

O.247

O,231

O.217

O.205

O.195

0.187

O.I79

                                              '   Diagram 2 represents the two curves -IL' - -lp･i., exact and approximate. Taking

the quanity 1,Ii, as the absciss4, the entire tendency of the relation between 2'i and pL'

becomes able to be seen ,throughout, Besides, by this method of representation,

the slope of the curve for the region where v2 is small becomes less steep than

?.i,ag,r,a,ll',L,:.M.ail'I<.a,b`Ke.t,h,e ,b.e".e./rg,:,(/iC.h, b,'g'",g,&gg i" stugying the curve tendency

              tttttttttttttttttttttttt t t t.t-.t. . .........
') A. Schleusner: Strenge Theorie der Knickung und Biegung, I. Teil, S. 2),

               B, G: Teubner in Leipzig. u. Berlin, l937.
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,, .,D
glgga,PigPl,ei.eX,:Z,ti)e, E";V,FZ･ t-1 J.,i st･1(t,a' ,.Z9,'3g2',,(.g;,S&cj.iog,s ,F; ,2y9///ls

equation (20), and for Section No. 9 by both equations (20) and (25), the one curve

corresponding to the stress a. (9b) and the･ other to ･the stress o.,. (9a). Through

tp,e factor ?,`f or -lli', the type of cross-section influnces the flexure of a column

::t,2.9,'Y,g b.lt ,Xh,e ,l l.Zg,les,1.g.?f, ,M.a,X.'.'I,":,,M･.,,,deg.ie..CthOe,,gS ,2.2",,7ts,nt. .a:.q,l, :d. iE`z'.e,"t,I's.:,

resist the more sever,e bending than those of solig sectionS, i. e. No. 6 and 7, very

.9.,fficiently.,,,,,,, ,..,., . ,,.. ,,,,.,...,,.,.,..,... ,, . , ,,. .,,.,,,,

' ., Diagram 4 represents the relation/i llL/ ..- R,.p., t'or Sections No .･2.and 9. of St 37

ii, llll'tsi:2ulil,Ok,i,,' ii /t;illgs,1:g/1'gi,id5.i n.o`,,''ll//,x,ei.g/glli.kgh,e/,X･/"Vii't,1 zf:iiii. g,/kgrxrll' 5nZ.iig'igolltili'iO#t,2`111"51i'1.i'1'2'

than that of St37, with the same slenderness ratio given.'For both materialS,'two

curves corresponding to stresses o,, (9b) and a,,,,, (9a).near to each other very closely.

    Diagram 4a represent$,. the same curves tor the portion of the minor slenderness

ratio. For both grades of niaterials, the area enclosed by lines abc and ae or lines

ad and ae is the domain where the elastic flexure due to buckling will be possible.

The area excluded from the above belongs to the dornain of the plastic flexure due

to･buckling. '' '･ ''･ ･                       '
    In the next place, notwithstanding the high interest for us, it is difficult to

express distinctlY the difterence between the Euler's classicai theory and the auth-

or's theory by means of tracing their curves ff.- 2,,,,as usual. Such a purpose,

however, may be answered supremely through plotting the curve O" - 2,., instead

                                                          aa,,Js'
of the above. Diagram 5 represents these curves for cross-sections, Type No. 2, 9,

6, 7,･of St 37. There, the difference of both theories becomes able to be expressed

in a Tnagnified scale., The ratio of stresses 6./a.,,, (==p2) by the Euler's and the

author's theories increases very rapidly according to the growth of the slenderness

ratio･R,;,I/, throughout al]･types oficroSs-section. 'This tendency'bf increase is far

briSkerforthecompositesectionsthanforthesolid'bnes. ' t '･"'･･//
 ''"i Diagram 6 'l6presents the cury, g'i. f,, - R,,?. for,tg6t/i,ions No. 2 q.nd 9, coritl i,dering

,afS tthh,e .M.a
tte.r,']a,l tbhO,t.h,yStf,o3.7 //'hde SEtuie2,,fsOI'seamC:rCe't'O.ScSl'i'veeCtifOo"i thTeh?nPaOtSeirtiiaVle odfe/ria'gtiiOe"r
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grade, Sg,52,; than the,,Jowerione, St 37, as sliowJi,,in the diagram;,nam.ely, the

,, gra,de. Qf,,gn,at'Grial,,infltlences, the criticql stress, pf, e;astic buckling Qf a steel colulnn

.geemarkal)ly, ,an,q,itrp i!iEluence grQws active increa$ingly-accompanied with the,growth

ol ,･ the sle.ndeyne$p ratio. ,,TwQ -curves for q. (9b) and ff.,,,. ,(9a), are ,cQincldept,appr-

,p, #, i,m.ately, tog !rie portion,,of,,the majQr,slqriderne$s ratio for, ,rboth grades of materials,

,and the .buckling ,stres$, foi" the ,cross-section ,Type No, 9,,i$ less ,than ,that for Type

N,gt,2,,Cou ･the,lpQrtion,of the major slendeyness･,yatio. , /., ,,,/.. ･,,,.,p. , . ,,,,

,..

y,Diagram,7 represents the same curye with P.iagrarp.,6, fqr. the min, or $l.en, derness

-r4tig,}FQr,.b,o. ,th,.r. naterials, S,t 37 and St,5,2,,two cuxves subject tQ/the buckling .stress-

,e.s,,.q..(9a),and;,a.i. (9a), haye;tl.ieir interse,ctiQ,n pQints, ,yLrhich correspQp,d, to pL' ==

,,1.00P53,,4, 4.,,,, ;n,?57,CQr St,37, and vt'ii,l.OOQ8,O,7,,2,.,.,f, 2Q7, for,St,52, F,Qrithe pprtip,q

/Qf,･2,,v.mqjor{ to ,the inter$ectipn,I?oint, ithe bv,clglin,g ,law ,a.,,. (9a)･is,responsible, and

ifor,,the,minog,. Qne,.theilaw, a. (9a),,each expres$ing,.the,･lesser value than, the other.

 B,,oth bu,ck,lings,subject te stress,es a, (9a), with R,,, paajor to,this inter$ection･point

 apd.ia,f!,,4.. (9,aj,iwith. R,,o) min.pr;,to the same,･ppint ,a,re impossible,on the ,elastic, .region,

 because, if these were possible, tlae ex'treme fibre stress on ,the. ten$,ile Qg on the

 g,,9,i?rl?/ 1,ep. s,i.y,e..siCle, tt,hould exceec! the,,lip.?it Qf propo!l ionality. oj pa.ater.ial resp,ec,tively,

 which will convert the buckling plastic. The cui've.$uip,ject,to tl'lc. buqkling. Iaw ,aq

 (9b) indicates itself as the minirnurn ot' the three sorts of curves, and consequen.tly,

 this laVV 'cap be accepted as provided witli a technical'signitica;nce f6r a column o't'

 Sg.cgop ,No.,9; ,, T,he law af,. (9a) bgcgmgs im4gii}a,,ry fgr the,pg#ion ,ipinor tg ,,t,he

.?,.,O, ,in.Y.?2 "t,:l/,,1･9,90i,i,41il,"f･,p i.i 90･3,58, for Pl,,3,7i･ {},p, d p2--,,,?,90037,Q5, 2,,,) =80･494 £or ,9,t

 52.
 '･k"v.il 'th6 isdr,,6,b' 61 ,if6.ihl'' ith,g//''V5il,bg,i"' }' 6''//'.6's'tittit6 th6 ileiation''''

'i,i.z,L. il(i>,-ii' s'4,] (,,'t)e'',,itii,61iijl,lg".",si'ioij1,i2s)l(,ng gl'11t.',.ii,'i,' 'i,1. Ii 11j',''i'.'.',' i,'i ,,,,,

 '",l" ''//' ''･,-･'･/.'l"･il ='=;'- rr J/'tbE'i'" =:L'.･YRJ",,rr-,'//'',';･}･{''･･/･,･,-････,･/･･･t･:i-:･･･--:･･--,･-･.'･/"･,･,;-(33) ･,, /,-,

 whieh･corresPonds to'the･slenderness'ratio of ･the terminal･point of the real, region

 !where'the buckling ･stress a,f,,4･. is possiblei/･and･tliis equatiOn･gives the .values･ men-

t'tionedi' ab6ve with v2 =- ･j･,OO0242･or･1-.OO03705 for St･ 37 or･St 52 respectively. 'This

 ,value,of,Rl.,ti,nears･2,, very-cldseiys･but-is,slightly greater,than･2,,. , ･ ,･,. ･,

 ･･'÷ ,The･difterence･between a./ff.)e -values･subject to the buckling stresses a,,,. (9a}

 and･ait/'(9b) is･greater for, the･portion'oi ･the･minor･and,lesser for the,portion of

 the major s]enderness ratie 2,,., the relation o.,. (9a):;i)'･'alt (9b)'being held always.

 Their values,･however, can be' seen nearly,i,coincident t'or the entire range of,slen-

 /derness-･ratio･and･･its difference ･which is slight originally, becomes Iesser and lesser

 when the slenderness ratio grows greater, to which a caution should, be exercised.



  ' Comparing curves for Sections No. 2 ahd 9, the buckling stress for the former

section is always greater than the stress o,, (9b) for the Iatter one; compared with

the stress a,,,. (9a), though it is greater than this stress for the portion of the major

slenderness ratio, Diagram 6, it becomes lesser than this for the portion of the

minor one, Diagram7; j.t is, also, less than the buckling stress a,, (9a) for the portion

where the slenderness ratio is minor to the intersection point b in Diagram. 7. Th-

rough above observations of diagrams, we may define as the domain of elastic buckling

taking Section 9 for an example, the area bounded between the lines abc and ae for

the mode of buckling 9a, and the area bounded between the lines ad and ae for the

mode of buckling 9b (Diagram7), each having an infinite range of its scope accom-

panied with the growth of the slenderness ratio R,,,,. There, the classical theory of

Euler makes the lower limiting boundary of the domain of elastic buckling, ae, and

the author's one provides the upper 1imiting boundary of the same domain, abc or

ad. The area excluded from this ought to be no other than the domain of plastic

buckling. These circumstances and tendencies are all to be understood distinctly

upon Diagrams6and 7. ' '
  ' If we denote the bending stress of a column with ab, the fundamenta] criterion

of elastic buclding gives'the relation

                                                                 '                                                                   '      t/   - ,･ . -Zl'1' == -//'-' LMF 1, (positive sign for o.,,.).................................(34)

             "                 tt'
which expreSsion enables us to observe the relative variation of bending and direct

stresses, both being consitutents of the resultant fibre stress which should amount

to the stress oi, at the !imit of elastic buckling. Diagram 8 represents such curves,

-a.t -R,,,,,, for symmetrical and solid Sections 6 and 7 of St 37 and St 52. This ratio

increases actively with the growth of slenderness ratio at first, and as this slenderness

ratio grows greater, however, bral<ing thjs tendency, the curve-a" approaches his

                                                          aa
asymptote which is peculiar to the type of cross-section and the grade of material.

The proportion responsible to the bending stress is heavier for Section 7 than for

Section 6, throughout the slenderness ratio and the grade of material. Related

about the grade of material, the above proportion is heavier for St 52 than for St 37

where a column is provided with the minor slenderness ratio, and, is heavier for

St 37 than for St 52 where the major slenderness ratio prevails, both indifferently

fromthetypeofcross-section. , ,
 ' Diagram 9 represents the curves similar with Diagram 8, for Sections 2 and 9
                                                                iof St 37 and 52. The tendency of increase is just the same with above mentioned

about Diagram 8.
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Namely, for the region of the slenderness ratio major to 7800･for Section 2 and

8080 for Seetion 9, (cases of a. (9b) and a.,. (9a) ), the ratio ab/aa forSt 37 are great-

er than･ for St 52, and vice versa. For both grades of material, two curves for

a. (9b) and a.,. (9a) aimost coincide each other throughout total range of the slender--

ness ratio, excepting the region of the minor one, cf. Diagram 9a also. The proportion

responsible to the bending stress is heavier for Section 9 than for Section 2, through-

                                  fioutthesledemessratioandthegradeofmaterial. ･
    Diagram 9a represents the curve ob/a. for the region of the minor slenderness

ratio, concerning materials St 37 andSt 52. With the exception of the case a.,. (9a),

the values of this ratio subject to the stresses a,, (9a), a,, (9b), and a. (2) are all

coincident almost perfectly in such a region of the slenderness ratio, while for stress-

es o. (9b) and o.,. (9a) are also coincident for the region of the major slenderpess

ratio, as we have obseved on Diagram 9, these being, there, greater than the ratio

 for the stress a,, (2). Indifferently from the types of cross-section, the stress ratio

ah/a.isalwaysgreaterforSt52thanforSt37uponthisdiagram. .
    Diagram 10 represents the variation of the stress ratio q, (St 52)/a,, (St 37)

due to the slenderness ratio 2,,s,, for both cross-section Type 2 and 9. For the

region of the minor slenderness ratio, the effect of the grade of material is neglisi-

bly small, while it grows active for the region of the major one, indifferently from

types of the cross-section; when the slenderness ratio becomes greater and greater,

it approaches gradually to its asymptote. This asymptotic value amounts to abouAL'

2.322 for both types of the cross-section, which shows the maximum value of the

effect due to the grade of material. For the region of the major slenderness ratio,

the stress ratios based upon aa (9b) and o.,. (9a) coincides approximately, while

they are fairly less than the ratio for Section 2. The asymptotic values of the

stress ratio are provided with no differences approximately for the cases of buck-

ling stresses a,, (2), a. (9b) and a.,,, (9a), which nearly amount to the square of the

ratio from ･the limit of proportionality for both grades of material, as can be utnder-

stood from formulae (22a) and (28a).

  ･ Diagram 10a represents the curves similar with Diagram 10 for the region of

the minor slenderness ratio. Though the grade of material has, as a whole, a veiy

slight effect upon the elastic buckling stress for the region of su6h a slenderness'

ratio, we can still recognize li'air differences of the grade effect, due to the mode

of bucldtaing and the type of cross-section. Deviating from the tendency as observed

in Diagram 10 for the region of the major slenderness ratio, the stress ratio for

o. (2) becomes, in this case, notably lesser than for o.,. (9a), while it is still greater

 than for a. (9b), though it nears the latter curve so closely. The stress ratio for

                                              + a. (9a) shall be effective foi the range of the slenderness ratiQ from 99.346 to 207,
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which indicates greaeer values 'than'tor d.,. (9a) corresponding ･to the region of 'the

slenderhess ratio 'major to about 163, and'vice versa;･it is,･however, imposs'ible

                'and ineffective for the'region ot the slenderness ratio Major' to 207, which 'is eX-

Pressedina-dottedlineinthisdiagram,cf.Diagram 7.also.'' .'･''/ '',

                               wr. coBcgusiens

                                 tt t/resuiit-ts MasaYfoRfowMs9ntiOned SOMe important. conclusionai remarks from the preceding

      '                                   tt               t/ t /t...t    l. For the region'of the slenderneg.s ratio major to 2,, ==rr //Eb.if certainly,

                                         '                              t/there exists the dom' ain of the elaStic buckling, w}lere we ean apply more'column

         '1dad than the Euler!s, his buckling tAeory d.,.･ ==,?iilll making' the 'lovVer limitin.,g

boundary of this domain, while the author's, the upper one･of the same, and due

to a concentric, load applied beyond the,Euler's'critical one an arbitrary elastic･

buclding ･is possible upon the clomain bounded by and between･both theories. This

upper･limting･boundary-is peculiar to the grade of Steel rnaterial and the type of

cross-section. The stress ratio a,,/a.,,i,i to be obtained･by b6th theories'increases

actively aceoinpanied vLTith the gr'owth of' the slenderneSs i'atio, ･and, at'thel'ext･remi-･

ty,'to an infinity. Hitherto it was considerd that, when the'/column,stress exceedsi

the Eulers critical one, immediately there fo]loWs a plastie bu6kling"･,) bu't aceording

to the author's theory the 'c'olumn can resist to the stress far greater than' a.1'),i in 'the

elastic bucl<ling when the slenderness ratio'is major, though the'form6r''eoncepti-

on is true just at the critical･slenderness tatio Rb,, and; also,'approxiinately 'true for/

theslenderriessrationearbyR.(Diagrams5,6,7). ･･ ''i･･;･/･';
    2. All the curves of''the upper'limiting' botmdaries peculiar･to 'the･itypes of

cross-section converge simu]taneously'to tlie point of･'･the･stress d. at ･the criticali/

slenderness ratio 2,,,･which coi'respond to the maximum,buckljng Stiress aiid･･the miilyi:･

mum slenderness ratio of the clomain of the elasticibuckli,ng respectively.･/ This

slenderriess ratio amounts to 99.346 for ･St 37 and 80.479 for St 52 (Diagrarn･7, the

pointsa). ･, ,-' ･･,･ i･i･･ ･iil,
    3. 'IShe,Euler's classical.theory,instruct,s,,-as the in'fl,Eip;ice factor, ot ･t･he mp,ateT

rial, the modulus of elasticity solely,･ while･ the present theory has ,iiound ,that,･ be$jdes,

this factor, the limit of proportionality of the material obs effects a･tt'irm/ ipfluence･

upon the strength of the elastic buclding, i. e., al;)proximateiy･･in the square,of,･it.,'

Thus, acknowledging the existence of-t,he remarl<able intluence/of the grade･of,

 . "'"""'T;･'tua-'Tww"'7r', ,,.,, . //,.'1 ,/1''･･'･',/ ,/ 41 ･･'',,/ /,･'", ,,'･/',･1 v,/./i'1
'k' 5,i,g:,?5,ag¥P.ie,9.f,,S.:C,]i ,a. `:,il,:i"9gC,L'i,"iS,J.1iO, Sl/hlk,`,i,ii.'2'Y.,bL;.1`.ii,etRE' 1,.Swii`i': g･`y:c`"E･ailli･Peg, iR,gg'ing,,

,

"
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material, the theory of the elastic buckling has become to be provided with its

reasonableness and perfectness, and conseqgently the proper significance and contents

21 I:2 ?lrasSttitCimbeUC(ISIIanggrahmtS4?e6C,OV)e. tO be understood distmctly througp. su6h'a theory,

    4. According to the Euler's theory, the column can resist no Ioad at its silen-

derness' ratio of an infinity, while the author's theory instructs the fact that Such a

column with an infinite slenderness ratio is still able to resist a load of some finite

value, though it is small. In the other words, it necessitates still to apply some

finite load, surely, in order to make the maximum fibre stress introduced in such a

                  "long column equal to the limit of proportionality of the material. This asymptotic

value of the elastic buckling stress is peculiar to the grade of material and the type

of cross-section (TABLE III). ' ' , ･･ ' '
    5. The column of St 52 can resist the more intense flexure than that of St,

37 elastically (Diagram 4, 4a). Hence, the limiting stress of the elastic buckling,

o., is far greater for St 52 than for St 37, and this positive effect of the grade o{

material increases remarkably with the growth of the slenderpess ratio (D.iagram 6,

7). And the stress ratio a,, (St 52)/d,, (St 37), finally, converges to the asymptotic

value of the square ratio of the limits of proportionality of both materials approxi-

mately, narriely 2.322, which value is nearly indifferent from the type of cross-section

(Diagratn, 10, 10a). Thus, we can recognize the fact that the higher grade of

    'tmaterial enlarges the domain of the elastic buclding notably, on account of heaving

the upper limitting boundary stress and lowering the critical minimum slenderness

ratioRp,ofthedoinaininproblem. ･ ･
    6. The influence of the grade pf material upon the elastic,buclding strength

of a co]umn is fairly different according to the type of cross-section. Taking the

cases of Sections 2 and 9, as an example (Diagram 10, 10a), we can observe no

such a notable'difference of this influence between them for the region of the

minor slenderness ratio. Nevertheless, for the region where the slenderness ratio

becomes major, the difference of the grade effect upon the cross-section type grows

fairly great; and with the slenderness ratio grown greater furthermore, the above

difference becomes slight again, and the stress ratio a. (St 52)/a. (St 37) for each

cross-section type converges to the asymptotic value 2.322 (approximate) gradually.

The type of Section 2 may be acknowledged to be far sensible than that of Section

9for the influence due to the grade of material. '
    7. For the columns'with the same motneht'of inertia but the different cross-

section types, the Euler's theory shall give the saine buckling stress 6a,E, while the

author's theory gives, in this case, the different buclding stresses, because the new

                                                    '
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theory invoives, besides the moment of inertia, the quantity -r-- or -L' as the factors

of the cross-section, by the square of the }atter one the bucl<ling stress a,, being

influenced approximately, and hence, making the effect of the cross-section type

remarkabie (Diagra,m 5). The similar effect of the cross-section type upon the

flexure of the column may be accepted as remarkable also (Diagrarn 3). Further-

more, we know that ,the composite section is superior to and more effective than

the, solid section in 'the resistance to the intense flexure and stress due to the elas-

tic buckling always, with the exception of the types of Sections, l,3 and 5, i.･e.,

the I-type crossrsections (Diagrarn 3, 5). Among the composEte types, the I-type

cross-sections are of little advantage at the standpoint of the elastic buckling, because

their cross-section factors 2:'- are a]l less than those o'f the so]id sections (TABLE I).

                       Vc
    .t
    8. The column of the symmetrical cross-section has a single mode of the
   'elastic buckling for the entire range of the slenderness ratio. In the case of an

unsymmetrical cross-section, the double modes of the same are possible for the region

of the major slenderness ratio, though the limiting bucl<ling stresses o. subjct to

them are closely near by each other (Diagram 6). For the region of the ininor

slenderness ratio, the triple modes of the same are possible, their liiniting.buckling

stresses rather being of little di'fferences as a whole. Three modes of the buck'-

ling of the latter case, however, are never possible simultaneously for the given

                                       t l,slenderness ratio, but it is possible in pairs of two modes of the same for the definite

regions of the s]enderness ratio which are different from each other (Diagram 7).

Namely, taking the case of Section .9 as an exmple, the mode of the bucking sub-

ject'to the streSs o,, (9b) is possible for the entire range of the slenderness ratio,

while the curves of the buckling modes o. (9a) and o,,,. (9a) have an intersection

point in the region of the minor slenderness ratio, the mode a,,,, (9a), hence, being

possible for the region of the slenderness ratio major to this point, and the mode

a,, (9a) possible for the same ratio minor tQ the same point, elastically. And such

a tendency may be valid always in the case of an unsymmetrical cross-section,

invariably from the grades of materia] (Diagram 7).

    9. Regard]ess of the grade of material, it is advantageous to design the unsym-

metrical composite cross-section so as to make factors ?-/v, and r/vx equal, as the

result of which the buckling stresses subject to the double modes of bucl<ling app-

roach to each other, thus heaving the upper,limiting boundary of the domain ot-

elastic buckling to be,determined by the disadvantageous mode of buckling (as an

example, the case a.,(9ba) in Section), Diagfam 7. ,For the case of the symmetrical '

composite cross-section, with the ･sectional area given, it is advantageous to design
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the cross-section to be provided with the 'larger values of the factors ZL fot both

                                                                Vc
orthogonal directions of the symmetrical axes (biaxial case), and this is invariable

a!so for the monoaxially symmetrical cross-section.

                                                             e    10. The component bending stress d, of the resultant maximum fibre stress

which reaches at the stress ap at the limit of the elastic buckling increases so rapid!y

with the growth of the slenderness ratio, compared relatively with the average column

stress o,,, that, taking as an example Sebtion 9, the difference between the buckling

stress a. (9b) and d.,. (9a) subject to the double modes of elastic buckling almost

                                       ovanishes for the region of the major slenderness ratio (Diagram 9). Consequently

the stress ratio ff,/6,, also increases actively accompanied with the growth ot' the

slenderness ratio, and it approaches gradually to the asymptote which is peculiar to the

cross-section type and the grade of material. In spite of the varieties of the cross-

section type, this asymptotic value for St 52 is Iesser than for St 37 by 34.4%

simultaneously,,the reason of which lies upon the fact, that, for the r' egion of the

major slenderness ratio, the portion responsible to the stress a,, is far greateir for St

52 than for St 37, while for the region of the medium slenderness ratio, vice versa.L

For the solid cross-section,` the same portion js far lesser than for the composite

crosis-sectioh type (Diagram 8, 9,). Finally, excepting the case of d,,,., (9a), the diffe-

rences among the stress ratios ot/6,, due to the types of cross-section maY almost

vanish for the region of the mPior slenderness ratio, and the ratio valuds become

to form a single curve approximately (Digarm 9a).
    11. For the practical regiofi of the minor slenderness ratio (in bridge practice,

2 < 200), there should be no essential impediment approximately in the design of

                                                             rr2Ea compression member to follow the classical theory of Euler, 6a,E -- 2,･

    12. Finally, the author wants to inspect the permissibie deflection of a long

column which is to be expected for the elastic buckling. In the Japanse bridge prac-

tice, the permissible maximumn slenderness ratio for the grade of structural steel

is specified as 150 for laterals and sway bracings, and 200 for the composite tension

members, which va]ues can be sought to correspond to the permissible deflections

mentioned in TABLE V, applying Diagram 4a. Those values are obtained for

Sections 2 and 9, as the difference of which for the two types of cross-section is
                                         h
very small for such a region of the slenderness ratio; the case of the larger

buckling stress a,, (9a) is excepted here. ,
    By this table, we know that a fairly great flexure due to the elastic buckling

is admitted in this country. The column from the higher grade of material may

have an.ample rnargin allowance to the limit of elastic bu.ckling, holding the same
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buckling flexure with the
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lower grade one.

 V. Permissibledetlection3tdXlof
     SPecification tor Bridges

          (Type･Sections 2 and 9)
s

150

A

ot' tlZ t

Japanese

   ldini--'' =;]-"

200

St 37 st s2

E

O.OO58=!, V172

O.O106=k=11 94

    .
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                               Postscript

    The incomplete abstract of the treatise was sent to Chairman Prof. Dr. Ingr.

K. Yuasa to be submitted to the general meeting of Column Research Committee

of Japan, J. S. C., 4. May, 1949, sorpe parts of which related to the buckling st-

rength of the column of an unsymmetrical cross-section has been improved afterwards

and made complete by the author as delivered in the present one. Hence, he is

liable tg express that some parts of the foimer djagrams and conclusions mentioned

there, relating to the above item, should have been modi'fied reasonbly as to be seen

in this treatise.
                                                              '         '    The author gratefully a'cknowledges his indebtedness to Mr. Y. Maeda and

Mr. T. Yoshino for assisting in calcu]ations and the drafting of diagrams.
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