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                                ,Synopsis ', '･

      In, the Fourier sine transformation method, representing the aeflection curve of

  a beam,or column by a certain series such as one each term of which satisfies the

  terminal conditions, this series is substituted in the differential eq.uation concerned

  with the deflection curve and then multiplyjng this equation all through by sin

                          tt  7mu'i' and integrating from one end to the other of a beam or column the coeffici-

  ents conta'ined iri the series are to be detertuined. This process iS the same as

         '  that used in expressing any fvnction in terms of Fourier trigonometrical series.

  By applying this method, however complicated a djfferential equation may be, it

  is easily solved. /In this paper･the author showed the applications of Fourier sine

  transformation rnethed in studies of the various kinds of problems concerned with

  deflection, gritical load gnd frequency of oscillation ,o, f b,ars qnd'rp. g. reovgr the rel-

  ation.betweenthismethpdandotherswasdescribed,, ,i,,

                               'i ''
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      X, Orw Tvaec memaAWXON AMONGscNEmeGww,GAuarcmeKXN'S
          ANge woewmememe sxxyrc wmeANsweRwrAaxoN waxTwsows,

    Taking, as an example, the case of a bearn with variable cross section under

t'he simultaneous･ action of axial tension and lateral loads, the 'differential equation

of the deflection curve is

              ,'dtt,(-(x)tde2Yb.)-Ndd-//X,Hp(.)-g- (1)

         '
in which E is the modulus of elasticity, I(x) the moment of inertia of the cross

section, N the axial tension and p(x) the intensity of distributed lateral load. .

   One of the special methods of solution of this equation is as follows: First,

express the deflection curve in the form of the series

                                          /        '' 'y=Xa,zgn(x) ' (2)
each term of which is to'satisfy'the terminal conditions of a beam, In such a

case, whatever the latera] loads are, a single mathematical expression holds for the
                                                       'entire Iength of a beam and it is not necessary to discuss each one separately. ''''

    Substituting the value of y given by (2) in the left hand side of Eq,'(1)and

denoting this'iresult for simplificatin, by s(x) one gets

                        /t t /.,tt .t,                                                         //       -itny',(Ei(.)dfi2Y:'-:-Y,"(X))HNd2"X2//Yn(X)-b(.)=,(.). (3),･･,,

                                                               '                                                                  '                                                             .tll 1Then,determiningthecoefficientsad,a2,a3,...,intheseries(2)by ･, ..,

   ..,, . . jiE(u?,lso,,.(u)c(,v-=o (n-1,?, 3,,....),,, .,･.,･. [(fL),,. ,,.,.

deflection･curve can be determined. This process is called Gaierkin's methodt.,,

In this case, an approxim4te result can be obtained b¥ taking ,lpr,y an exprgssion

with several coefficients and then ajusting them so as to satisfy Eq.(4). ,By taking

only the first term or two teims in the series of .y, a satisfactory approxjmate result

isQbtainedforanypracticqlapplicatipn. - -.,-･, ,.,,.,.,,
    Coefficients ai, a2,...... are also determined by energy methgd ap follows: In

Eq. (1) p(x) is the lateraHoad per unit Iength.of beam. 9onsidering thg Iateral

lpadonly,Eq.(1)becomes , , , .,
               . .,'t-d.2i(m(x)4,'IS,]l,p(x)･ '1,.,,'''. ..'"(5)-' ,, 1/･1,,

                                                    'Thus, it can be recognized that itdi2(Ei (x)il'iliiX'} is the, eiastic force of the beam

per unit length to be in equilibrium with p(x). When the beam is subjected to
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anaxialforceonlyEq.(1)becomes ･ .･
            ' tz<IS,,(Ei(x):"'LY',,]-=N:?.l..' (6)

      tt t.t

By comparing Eq. (6) with (5) it is obvious that N :LrSl, is the lateral force caused

by axial force.

Therefore, three forces dai2 (Ei (x) S'um2.t6-1 dx, p (x) dx and N Zil'3'X' dx act in the diff-

erential length dx of the beam and they are in equilibrium. If the beam is given

a very smal! displacement 6y from the position of equilibrium, the total virtual

work is to be zero. This follows from the principle of virtual displacements and

          ,I:[-ddlili(EI(.)Strloy-..)ay-NS--[".'y..By-p(.)Dy]d...o.(7) '

    Small displacements of the beam from the position, of equilibrium can be ob-

tained by slight variation of the coefficients ai, a2, a3,.....,. If any coefficient a,, is

given an increase'Oa,, the term (a. + o"an) g.,(x) is obtained in series(2), instead of

the term a. g.(x), the other terms remaining unchanged. ･

    Thus the increase Da. in the coefficient a. represents an ･additional small def-

lection of the beam given by the curve Ba,., g. (x) superposed upon the original

deflection curve and Eq. (7) becomes

  Sg[t/S{.li!(Ei (x) iili-Il:] -N:-ll.Yo. ---- p(x)]g,, (x) dx = o (n = ,i, 2, 3......) (s)

With the value of y given by (2) coefficients ai, a!, a,, ...... can be determined

ft:.nd,sitfoirSmOubl:elV4e)d. that Eq' (8) obtained by energy method coincides wjth Galer-

    In other problems such 'as the critical load and frequency of oscillation of bars

with variable cross section, the results obtained by the application of'Galerkin's

method appear on the way of the calculation precess in the energy method, and

tahflerdi?i5rietnl?.alSeeeqPuatthigtn.Galerkin'S lnethod is rnore advantageous for the soiution of

    In the Fourier series transformation method, it'is the same with the above

two methods to express the deflection curve in the fomi of Eq. (2). Integrating'

Eq. (1) over the length of the beam after substituting the value of y and multi-

plying this equation all through by any function ¢., (x), it follows that

' li[t-.-P',iEi (x) (2 2igts' g"n (X)) -iNt.d.illi///;!S3(fl .Jr,)p (x)]¢ii (x) dF, == O' (9')
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  from which coefficients ai, a2, a:i,......can be determined. .This process is the same

  as that used in expressing any function in terms of Fourier trigonometrical series.

      Galerkin's method ,is nothing but a special case in the Fourier series transfor-

  mation method. In studying deflection, critical load and frequency of oscillation of

  a prismatical bar it is advantageous sometimes to use ¢.(x) in ･the form of sin
  nrrx   l ･ In such a case, this method is called Fourier sine transformation method.'

      The series of y which is to be assumed at first in the calculation of differ-

  ential equations will be given in the following various kinds of examples.

       xx, Algbplz,xc,Aewx,oN ow wo'clrRxrcue sxNx TmeAwwswQge, wrA.ewo]i3[l

             xy[EewauoD wo wwarc sTwrDrw ew BuerwptxywG･ ow Txxrc

                       VARXOVS MNDS ew BEAwwS,

      Z. Simple Beam with X;niform evToss Section under the Simultaneous
 '  Action of Axial'ewension'anct X"a'teral Xlioad. ,,/
      As an easy example to illustrate the method of Fourier sine transformation

  the author takes a simple beam with uniform cross section under the simultaneous

  action of axial tension and lateral load (Fig. 1). Denoting by ET' the flexural ri-

  gidity, by N the axial tension and by p(x) the･lateral distributing load, the differ-

  ential equation of the deflection curve is

                                      '           EIdam`.Yz-NdiH.Y,-'p(.)..'o.(lo) !la',1-'dvP -..d--->ru

                                                       ,Fig. 1
 . The deflection curve in thisycr.se:islc: aan. sbien r2;l;;Ie?ented m the fOiM Of a(iiln)e SerieS･

                              nt;1
                                                                    '
.. Each term of the series satisfies the end conditions, since each term, together with

  its second derivative becomes zero at the ends of beam. Thus the deflections of
                   '
  the beam and the bending moments at the ends are equal to zero.

   ･ The second and fourth derivatives 'of y with respect･to x are,'respectively,'

         S2xY2=-tlli.l,a.(-4iE-)2sinn:Xand,td`xY-,=$,=,a.(t-irr)`sin-n-lltZ. '

  Substitutiug these valucs in Eq. (10) and performjng the Fourier sine transformation,

  thefollowingequationisobtained:. , ..

        ua q]  Si (EJ IIS.,an (2 TiL')gin -ZZLrrz-Xrm + N.:=,a. (-Zei-rr-l asih -/"rrl'X i- p (x)] sin -ZZL"ztL-dx .. o. (12)

                                        '
                                   '                         '  TakiRgintoaccountthat '' ･ '･
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an

 e6"'al'j"'` Sig'iW.lirrel:tl'iil,,.,i,liXs,,IXh£:'g. f(ii;l't "/i.31Cigarlls,;j[l"in,;ail.irziliii- 'M5'i'

ThUS'''''

..'

i2i3S;.(,x().?i+n;";rrht:)lldx ' i'nwhich w2=t'i/?2'' id3)

   Substituting such;x.p,.r;, :;:>?". sf r,;t,li,.Ii.if..lrmf.i tl,An.?e.SerieS (ii)･,:l,; ge`S

r.-h-ditl t]iililh/ig.lfi igsulrp:,iYgS:Po:-e::･grv,:tdi,i,io,te/1,1/L//fFi,gp;'alngk.tg,mlg.2:-g,h.,'y.ap,,o;er

                 y=2Eptof.,.)coX,=,(COSpt.tl+i,CevO.S"-"L7℃-)sinn;x. . (is)

   In the particular case of a uniform 4oad applied from x == O to x= l (Fig. 3),.

           nrru                     nTv        cosl-COS-l-==1-(th1)" IV...pt.Lgn;an,gPkpmpaptpt.-.o=pmipny

                                      '
aPdth"S･-

 ,,'.s,..-f}{g-,i.4is'
h,'+i.,t,,',i.2g,!rrzg... Fig'･'3(i6) ･/

i:1:b.e

l:.ini.:,O:/W.tii/1,IEe/l/-i,.liil'ii/Sli,･g'tl!.-/kl,.,b. -Y.l.,i':i.,:･e:[/lna]iLi.le,I:.1,ler) ,q,:ai:.:

                      P
that `hg ""i`orms:laaL?O,1.in'.iX`,e."d.S,, i.'.O,.M(g.i,==.,,",7..`O-X,.-',.U.if+ll.)e":9ff.i ,.･..' ,..

                                                                    d
                                                     '
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If e is directly taken as zero, the right hand side of the above equation appears

in the so-called indeterminate form O/O. So 6 should be made to zero in both the

differential coefficients of a numerator and a denominator of the above formula,

           ,nrr(u+8) nrr .･    .£.:[Sin-un'l'i-'r'lLZ'fi]e..,,=psinnifU. !v`hm-su-vptfflmL--m'ptpt

    The new result will be true for the loadPcon- Fig･ -4 "'

centrated at x == za. Then the deflection curve and the bending moment become,

        ' y--2:-Si3iSi,-+1..-w,rsin--"-rr-i"sin-"rr-i-rp-- (x=o---･za) (is)

                     n :=1

                      co ･             M== 2.P,l ,:,=, .2t tv2 sin "7Usjn '1-rrl'-Xr (x ==o･dik-u). ag)

    2. Simple waeam with Xrniform Cross Seetion under the Simultaneous

ActionofAxialCompregsionandZateraluaoad.. - -
   In this case, the differential equation of the deflection curve is ,

        ,. ,EIS2.Y-,+.NS-;l'llly-,--p(.)..o ･･--･(2o)

       '                                                      '                     t/If -w! is replaced for ev2 in the results one has just got the new results will be

trUe (faOr) tlne tShiePclaesebeoafManUynddei.rst #.buatXeidalloCaOdm:pressive force and thus

                      L,
            ,,..t.2-f;,t9,.,t'P(x£.,/r'e,li:,fdx,,.zkrr,unx,' ' (,,)

   (b) in the case of full un'jform load:

                     ･･ ･･co ･ ･--. -,                    y==iiiei.4s..)l,I,,,,-.?-l,3wEsin-n-:X .(22)

                               cot /                    M==4.P-3tt)t].3-1.w,sin-"LrrrX-. (23)

                             ･n=t 3,s--

   (c) in the case of single load concentrated at x=:u:

             y = glii34 $,.,i.4-in, w-o.sin ":l sin nfX j (G =o･--･ za) (24)
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                co ･      M='2.P..i'l!l]'i,L,llzv,sinn:Usin-ZiiL/!2 (,x

              t ,n==1

Siwaple Beam on an rc1,astic meed (Fig. 5).

simple beam with hinged ends is placed on an

                  which, at each cross section

    Sav onaltothedeflectionat

           Fig, 5

where a is the modulus

the sctuare of the lenRth.

dation per unit length of

   The general expression

can be represented by the

Performing

one gets

  S: (El lll]an(

from' which

the Fourier

  tll"7r )`sin nli{･ gT

-= O e-- u). (25)

                             elastic bed, the reaction of

                              of the beam, is proporti-

                          that cross section, the differ-
st:ig ential tequation of the deflection curve is

                  d`y
               EId.4+ay-P(x)=O ,(26)

 of foundation. a has the dimension of a force divided by

   It represents 'the magnitude of the reaction of the foun-

  the beam if the deflection is equal to unity.

 ' for the deflection curve of a beam with hinged end$

   series

           co      y=:a,,sin･ge-Z-X-, ,, (27)
                                           '                              '         'nta1 -･''';        '
sine transformation with the values of y given by Eq.･<27),

.aZa"sin
nrrx

 l-
p (x)

                Eian (fin"/-j`S +aa. S t

    Using the following notation:

                                     al4
                               Zv2 ,.
                                    EIrr4

the coefficient a. and the deflection curve are

             ' 2i3[p(x)sin'ZIX
                     an= i                             EI n` (7i' + w2)

l ･･
J' Sln

Sp (.
)Sjn

nifg- ,l. = o

IZrrJU

Jz

respectively,

dx

ax,

(28)

(29)

and

            ca   ,, = t.2,z;, ,l,Ill].,

of partial uniform

Sp (.    nrrx)sin =Tl"rf dx･

In the case

  Oz4

load

+ va2

applied

    ･ IZrr'V
 - sln ---
       l'

fl-OM X ; za tO X= V:

(30)
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       ,, y.,,,r211rm#,$.,(COSnfrr/z,U+-7zCi,S7Z{iW)sin'n:cm. (3i)'

                                                                    '
IIn the ease of fuli uniform load:

                     - tn                 y= E4IPtls` : -.'sliLlilua,-,ffsink7}L'･ (32)

                           nta1,3,5･･li

    In the case of a singie load concentrated at x= u:

 ,

           y=2E'S'iig,Si-,-i4-l･J-w,sin'Z7eqsin-Z!'tiniX (x==o-ekvu) (33)

                    71. tT- 1

    4, S'tiffening Girder of a Suspension meridge.

    In the ordinary calculation of the suspension bridge, the effect of deflection of

a stiffening girder under Ioad is not taken into account and it is assumed conse--

quently that the upward pull of the hanger on the girder is constant. In the

suspension bridge in which the span is long and the stiffening girder comparatively

flexible, the effect of deflection under load inust be taken into account. If tal<en

into account, the upward pull of the hanger at any point on the girder would be

                       q(x)=Bg-Ha(1H"P)i::Yi, (34) .,

in which

                                   Ha
                               B== H,

    ll, = horizontal component of cable stress due to dead load,

    H == additional horizontal component of cable stress due to any cause, as live

      t'          load or temperature change,

    g = dead Ioad per unit length on cable including its own weight,

and y == the deflection of the girder at the point in question, due to any given

          live load.

    If the live load per unit length 'is denoted by P(x), the stiffening girder is

subjected to the simultaneous action of p(x) and -q(x) and consequently the

differential equation of deflection curve of the stiffening girder becomes

                            d`y ,                         EI d.4 = P(x) - q(x).

With the value of q (x) given by <34) the above equation reduces to

                   d"y                                d2y
                EId.4-ffa(1+P)a`.-2-P(x)+Pg=:O. (35).
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in which EI is the fiexural rigidity of the stiffening girder.

   The general expression for the deflection curve of the stiffening girder can be

represented by the series

                                ca                            y=: l2i) a. sin ":X. (36)

                               n=1

With the value of y given by the above eqation, employing the Fourier sine

transformation method, Eq. (35) reduced to

Sg[Ei l!i]a.("irr)"sin n7X + ll,a+p) :Ila.(-"i-F--)2sin n;X - p -t- Bg ]sin nrriX dx -- o.

Taking into account that ･ ･
         li sin ZZZirr-X sin ";X dx = o(m --Kv' n) and SZ sin2 .'Z7if' dx ==,5 ,

the above equation becomes

                                                           '
    Eia. (2ZilTL)`rmS-- + ff,(1 + B) a. (!ZZnL)?'S- =S(p - Bg) sin -"7`C dx, (37)

            t/    Considerjng that p (x) is uniformly spread from x = u to x =: v and g over a

totalspan,onegets ･
                                                                     '
                S]1 p sin -Zgitlrrl-X- dx .. 8.l (cos -n-Zl--- - cos2zLrriv)

                                      'and

              . i'gBgsinVZifUd`c=-liig.-i(i-cos?zrr). ,

    Using the following notation,

                          w'- IIfgi-a+B) (3s)

the coefficient a. and deflection curve are respectively ,

               .h=.,E2f;,ib(COS"iiZtHC,O,,Sn2f.Z/li/'.,)w.;IBg(i-cosnrr) (3g)

and

      s, .. ]£;f4.,;il.s,P (cosU'Tzge 'm- c,o,,s+L"T7.-"l)w,. Bg(ihnycosnrr)sin-z,;ic. (4o)

    In the case of full uniforrri live load: '
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               y=,41`E/9.IgEg-):co.,+1.,al,sinLll'llL', (41)

                             n=1,3,5-"

               M..4i2(P.;Bg)lill.,+1.zv,sin-"-7'･ (42)

                             n=tj,3,S"-

   In the case of a single load P concentrated at x == u:

                         nrru .           s,==-2itij/r`,.l2¢l,q,Sini.II2B.g.-(zvi,avCOS"{)"sinn;x, (43)

                         n7ru           M=2.p..ltlii.],sin7--"Ii,,2egi.1-COS.1.l.e.2,i.nlxni (44)

The same resuits have a!so been given by Timoshenko applying the energy method

but the process of its calculation is more labourious in comparison with the above

described one. rn the energy method, the process of calculation is as follows:

  . The general expression for strain energy of bepding is given by the equation

                          v= !!,)L lg (a,"i{,)'d..

With the value of ), given by Eq. (36), this expression reduces to

            co except.n  V == 'tmil'ji(ti),l]--,(nlrr)iia.L' sin2-ZV'7t +2( li )` X. a.a.n2nz2sinZgLrriC sin M2C)dt,

Taking into accdunt that

                    Si sin -n7X sin M2X dx =o (. :)x<= m),

the above expression becomes , .
                                                                '
                                                                  '                      ･ av                    i/ = tili! S; lpu,=, (-ni"-I "a;, sin2 n:x dx.

    The change in strain enenrgy of the beam, due to the small increase 6a. in a.,

                'IS

       ,/,6Ir=:EIBa.g:a..(2!"lrrr)`sin22L}i`i'I'da)=ET6a.,a.'(@lrrL-)`"r21-. (4s)

a., isNeXt, the Change in deflection of the beam, due to the s nall increase oa. in
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                                        71rr.X         . 6y=aa. sin l
and accordingly the loads p and q produce the work

    SW ==･ S pax Sy -- Sq dx 6y

       =Sp6a. sin "IX' dx - S(Bg -- H, (1 +m S2.{} 6a.sin 'Z!'Zmp' dx

                                                 co       --' SanS (P - Bg) sin ZZ/i"`-C' av - H, (1 + B) Ba. Si(,:,-ul a. (212i'L)7sin 'ZllLT) sin "liff- d,,

       ==6a.S(p-Bg)sin":Xdx--H,(1+B)6a..a.,(LZIirrf)2tt'T. (46)

Equating this to the work done BV, the same equation as (37) can be obtained.

{. ,,ln,,g!d.e,2,tg,2et.'gf,"e"g.g2e ,ga'y,e,,?･[.f･,?･g,",ztg'g.g .kh,e .?gglj,9oe,% il.lh,.e.c,:Rie,g:e

                   t..ationisobtained: ･.･- -, ･･
iil,gAL,B(iri-:)=i.6'{'-'(i+S).IS,,},,..-`}iL'r+Lti"(i+P)li,)tsLn2an2 (`7)''

in which

                    ･ L==l(1+8tZ)+2bsec2T,

l == length of span, f == centre sag of cable, b= length of one back stay cable

and r = inclination of back stay cable.

    This equation can be solved by successive approximations. 'The method de-

veloped above for the case of a stiffening girder with uniform flexural rigidity

can be extended to case of variable flexural rigidity.

                                                                 '    5, Wixed Beam under a. seatera), waoad,

    Taking the simplest case of the fixed beam with uniform cross section subjected

to a lateral load only, the diffeTential equation of the deflection is

                           EI S-:ia-p(x) == o. (4s)

The general expression for y which makes y afid mdi:' zero at both ends is

  y = in a.{-(S-,//i- - 2iX.-2 + f)-(-- i)n(e:- - -f,-1) + -i･i sin 'Z7X].(4g)

      n=d
inthecaseofasymmetricanoading,ddi'L-oatx=h"i2-,sothat ' '
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                    YL-l,=li,ll,,,,.."n(`Cil",,muI.f+.i.,,Sin"ii`c)i '"(sib')''

   From Eq. (4g) the fotirth derivative ol iv with respect to x becomeS

                                 op                        ,.1, ZtsIY-4----:a.-",II/l;i-sin -"-7E.

                                71-=4t

       Proceeding as in the previous articles with the above value the following

   ation is obtajned:

              li[EiSa."31,rr3sin"ifX-p(x)]sin'Z;Xdx==o. ･･ (sl) ,

                    71==l
   Now since
                                              '            'Sisin MirrXsjh' "fX dx -o (. s< n) andSisin2 "7X dx= lg-

   it followsi that i
                          213 S p(x) sin "fX dx

                                       ･ (52)                      an =                                EIn3 rr3

   ana accordinglY

y .. E2ii;, .:co
2,S P(X)Si,",,";X dr( lh (-7m,3 pt 2ix,-2+hfL) -(im i).({ Pi ew si)+". ,,.

   In the case of full uniform load,

                                    '   'l"''' 'an=/E4i.P41`.4 fofh=='6dd,'a,==o'foin=even,

   and
                                       '                                                   tt           -' (u:l#m- 211:2+-ilZ-) an (.ma 1)"(fiil mu {iij) + .1. sin 'Z[lr`ii

                                   xfi x 1 nrrx
                                " IL' - 'L'i + .. Sin'-ulm for n=: odd.

                                                            '                                                     '                          '       Therefore･' - '-. '
                  y=SzP.il.=S,,,-5,(r{Sii--f+".sm2z;x) (s4)

   and accordingly

           i'/. '1//M=:-ll}2-t2･ 1£] iil;r,("2rrsinlU,tiX-i)･ '(ss5

                              n--1,3,5･-

le5

equl

nrx
l

l

}(53)
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If Galerkin's method is used

          co   ji(EI : a. n:1:" sin

          ?1･=1

im

 (rp1)n (
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    for this problem, the Galerkin formula becomes

u;.xJL.lm p(.)](nv (:l p.V/,i2.+ ,ixl- .,,.

  ::--:-t/i,-)+".sin!l'iirriX]:=o. (s6)

Taking into acco,unt that , ,

                   L･                  i,sinMlrr-X sin n;X dx ==O (m S< n),

the above eauation reduces to

Sg (Ei Sl a. "3irr,3 sin "fXl ( -- (-Xi-i- -- ?zX-,// + -Xi-) - (- i)n (-t 91- - 7I' )) dx

      ･llt=S ''･'i''''''/'' ''''                                                     '
+ SiEIa,, Zt2if'1!' sin2 ";`V dar =:: Si p(c) ( --- (L{7#-- - 2i`,Ct + -fZ-) -(- l)'z (-･L:IC-i- H･-:III )) dc

                         +Sip(x).i.sin"7X'dx. ' (s7)

Now putting 1, 2, 3･･････r jn n. of the above equation, r equations may,be,obtained.

Next adding all these equations and then dividing with 7･ one gets

fi(mSa. "irt,3 sin -"-rr,X](- (-::- - -ilit/2 + f)- (- i)" (f9 - {;i,-)] dx

      at･=-.1

        r"',i: Ei ,l=,a,, rZgil?l $in2 un(-rri-X- dx,== Si p (x) (- ( fl -=- -iilli,//+--ill-) .-(-i)" (`E-,3 th.$--)l dx

                                 r                     +}'S:p(x):rm.il}gsin"7Xdx. (ss) '

                     ., n=l '
When r is taken to be jnfinite,

                          '         tt          tl ttt t                          tt     ; S: Ei 21 a. "2irri sin "7X dx =o and;Sp(x)Zf/ sin "fX dx k Q,

            n=tl 71 =1                            tt                                               '                                            t tt/t                          '                     t/                                            /t         '                                                ttsinceintegratedvalueswouldhavethefinitevalue. '
    Thus the following relation rnay be obtained, frorn Eq. (58).

     Si(Ei S a. 4rr43± sin LZ!7E] ('-(-f}li -- 21X:+-fZ-) --- (-- i)n ('f? -.-fi )) dx

           n=1
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             - Sip(x) (- Gi'-- Q'z-,2+ -X,-) - (-- i)n (L¥;-- rrEEil')l,4x

                                  tt                                 '              //andaccordinglyEq.(56)becomes '

              SiEia. n2irr42 sin2 -4L7ir-X" dx = Si p (x) ni. sin ngX dx

               Sg Ei a.:n31rr,3 sin2 "lrr`C clar =: jgp (a7)sin Zglrri{P' dx

                                    .t                    '               '               '                                    '                    'which agrees with Eq. (51). ,
                                 'Therefore it may be seen that"the Fourier sine transformation method is more

advantageous than Galerkin's for the problems with regard to fixed beams.

    6, evaTxtiXever under a uaateraZ uaoad,

   The differential equation of the deflection curve for a cantilever with uniforrn

cross sectiQn subjected to a lateral load only is

                            d`y
               ･ EIaaniimP(x)=-O･ .(59)

The gxpression for y which satisfies the terminal conditions iS .

                                                                '                                                    '        Y=")i,ij.,"nIin2rr2(---i)z(3Xi3,---fl)-Si-+-.lrsinLzzirriEl' ･･(fi.o)･ ,,

                                                      'taking the origin of x at the fixed end. '

 '' Substituting-the'value of y given by Eq. (60) and using the Fourier sine

                                                                 'transformation rnethod, Eq. (59) reduces to ･･ ･ ･

                                            '             S:(EiSa,,-Zl;Fesin"7X-p(x)]sin"7Xd.=:o (6i)

                   7t =1

from which one gets, in the same way mentioned in the previous problerns;

                          213Sp(x)sin-Z!'iirr!dx .

                      an" EIn,-rr,･---- (62)
and

  Y,.-- ,ft2.Yrr3g,t9'.',i,P,.(i',Sg'lj iii .X,l.'"ua.",g.?ihipi"i(gXtiI'--i}ir) inth- L7+ti,IF. sm "7x} (63)

             an=E4iPni4rr44 forn=odd, an=of6rn==even
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and     ･ N == -[llPi-i.ti4iil,=*,,,,... i41i (-Su' nErr[(-i)nCg73t, --E}l/-' )ima-1-`i"-+tii. :in,fz.:l}

or
                         .t                       tt  y== -fgB-//1[ Sl (i .'l.,(ll"'--- gi3)-ltl.4 rf-+.ii.s sin i                            . nrrX}]. (64)
            71, =l,3,b-

    W. xeeam wgth Ome rcnd Wixed amd the e'ther mainged,

   In the case where one end of the beam is fixed and the g,th,er,,h. inged,.the, ,gx-

:i,,:IO,",j,li,i,,,l.11L/:;/W/11tl"Sli'litY/li,/f･elY./;ll/lxiii;lxd5ti9'ISi.i:{i't,/1}i, ;;t,/,.(6ps '. '.

    The proeess of the solution of the･ Problems cofi6erned with this beam is the

SaMegfS fonixteha'PkeeVaililUSwCaitSheS'vni'form cross siection uncter the simuZtarmeous

   .,.ll,t:･XgO"b,OgEiA¥/i,if?,n.ct.,.geiaSei,riadkit,XOhanddS"b'y ixi'tri6 'ak'ili tension, 'tlie diffe"L

entialequationof･thedeflectioncurveis ,,.,,. .
        " ･ Ei:lts12,nyNdd2.YF'Lp=:o., 1'1(66) .,

9,?n.S.ige,renZ,¥h,8,,fXig ."ww,,.M.,aOZd66.`ee,.de{,l2f,1isn,,curye gg,n be,represented m tbg

       '' ' Y'=..S,,,,h.a"(neIS/lmmfL+".sin"7X). 't (67)

   The second and･fourth-derivatives oi y with ,respec･t to x. ･are, respectively ･

     S2//i= iil an(?e---lrrv/-sinnirrX')and'iii%Yk-.-- IS] a.nirr,3siniZ7E.

           n=1 3,5"-                                            n==1,3,5",
It follows, on the substitution of these values into Eq, (66), that

       cp ob, ,i i,..X,,,,,.. qii 'Ziif3 sin "79 ww N ..#,,,,,... an ( ?2 -- 'ZET sin "7tt' ,) -- p (y? -= o (6s)

performing the operations of th6 Fourier transformatiop methpd oh,e g,etg'.,. ,.

  EI Sia,, fZil3 sin2 nfX dx -- NS: ,i..S,,,,,.. a. ?2 sin 4,7X + NSia. !}if sin2 n7X dx
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                                ''',,. piSi'sih "7X d.. ' ' '":'(6g) '

   Taking,intoaccountthat,. ,; ..'. ..'
        ,S:sin!"7Xdx--S,ap..d Iisin,"Y.dx==-llis1. (n=-odd)

theaboveequationbecomes ' '
   .,,., ,,. 16,"k..i."'n it231i'31 M-'/1"I)I ,,mlE,l,, ".ri,; /L.i"r. "2rri ?2-.P.uai･'''' ''. '(7o) i'''

                                o                .,. . .. ･.･,1 ..1 W'.=: EIit1/'..,

Eq.` (70)-'reduces' to

                                          /                                         t/                                  co        "' "nopEI.4?£I'+Ni2w2)..X,,,,.""n"Ei.4Xl+PM.2wL)). (71)

,A6g' 6M6ee:,a6'h･g,6q/la'tE%'#'g,:Veithmhubstituti6fi''6fi.3.s,, mh'ha.d'a,qd,h'g,,,,ii'

      ,,..l$, il,,,,.. "'v mu iiii;l)l･ .=*,,,,l l'1 -+ih2-w-2 h..$,,.,,1,'"n = i'.il/"IP` .,$,,,,...n`+/12 zg.e:,

,,..W.hi,",,g/', 1' ,e;･ 3?.lii#,l'i.liPl`i.I, ti..IS ,filil,ill:.?･ 8eil//,t,?..s,,,.,,,t}o- i2''.',/,,. /../..., ,,/J'..,,

        '''' - 1'iS'(;rmii':'.`+1.'2w2
                . n==ll･ll3･s･･･'"'nr'i;L･ tLx/;2t:--i,j3ill,i,,,... .ki-//-,ll･il･i,'･-t･'. (72),' ''･'･'

S"bSt'tUting `h':.Y21// lll., i,:.l/I ;l'3i.:Y,it?.llrih'L/li-}liSl..illll.i,?lli.1/fiEellrliPeS,l,S [Oi'OYS

    Forsimpiification,usihgthefoiiowingnotation, ･' '

        i''' ati[1wr8rrW'2'2..iii,ll,,//"Jn-,i+ln'2w2]'nyi',''
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th,e deflection curve of the beam and the bending rnoment are given by

        y==li{iiil:2.4.i.o-.2(iiill･hrnyl7+L.'i-.sin"ii{!j ' (7`)

                 npt1,3,,5-"

        M!''8-P.i42"..S,,,,",.4+i.2w2("2Tgin"7X'--i). ,,f7s)

    In the case where a fixed beam is subjected to the simultaneous action of

axial compression and full unifom) lateral load, deflection curve and bending mo-

ment are obtained by replacing w2 by -w2 in the above results.

    9, wwxect waeam oxx axx scXastic waect,

    If a beam with fixed ends is piaced on an elastic bed, the differential equation

of the deflection curve is, iike that described for a simple beam on an elastic bed,

                        EIS-te{+ay-p(x)==o･ ,(76)

                                       '
l:,.Whi'g.h,f,LS,t2:,ll],Zd,lg."S,?1`OC():d,S,tig".l,,,C,8,nlihd8rl2iiih' ,:OE, 9jl]l.e',lc,8t.Yg l.ee f"i' ""i-

                                                            '                y= Z an(-!liil---Lf-+.i; sin"7X). (77)

                    n=1,3,5"･

    With this value of y Eq. (76) reduces to

                              '                             tttt tEI iil] a.ni?3sin'ZifX+a iil] a.(rEfl-f+.1.sin'Z!'7m')rp=o･ (7s)

                         ?Z=I,3,5b"   n =1,3,5+-

By the same proceeding as in the previous problem, the coefficient a. becomes as

            '
                        , .--4.p"l-4..--
                         an =: 'ETrr4 (.4 +' w2) 3 (79)

in which, for simplification, the following notations are used:

    ,. ., w2=='tt't'l';t4,B==[1im",-E8Iikl;E6..X,,,,...fi!("`ttw')]'"l

Thus, the deflection curve and the bending moment are given by

                                                   '                                      '             Y=={iP7i;e..N,,,,..,.4il'.2(nvXil--tl'""+-.lttsi4-Z!ZiigiX) (sQ,)

             M==&1.rm(4kmt..ii,),,,..4t.2("2rrsin'Z!irrpt"'-1). (sl)
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   In the problems regarding fixed beams ･with unifotm cross section, it is consi-

derably labourious to determine the coefficients of the expression of y. In su6h

a case, it may be one of admirable methods to take the well-known norrnal function

of the osci･llation of a iixed beam which is represented by an expression of the type

      oo  Y == X an {cos Bn Jc-cosh 3n c im sCi･OnSBB." ll I-- g:'nShh BI9.'il(sin x?. v - sinh f?. c)) '(82)

      71 =1

in which B. must be the n-th root of

                           cos 31 cosh Bl =1., (83)

   For simplification, denoting by g,, the expression in the brackets Eq. (82)

                                   co                               y=)ll]a-gn･ ''' ' '''' 'ii(84)

                                   n=t1

Substituting this value of y into Eq. (76), multiplying this equation all through by

g. and then integrating from one end to the other of the beam one, gets

                 U] za           ,'g[E.IZl?Sang)?-lr.a:a.so,,--P(n)]g).dc=O･ (85)

                n==t n=t
   The ip. -values constitute a complete orthonormal･set, that is, ･

                     S:g'ngomdi=IQ,,' fOr 72'i"-tsElm..,

Usingthisrelation,thecoefficienta.isgivenbY '

                                   '                           {`p(x)g.dx ' '' '
                    ""=(EJJp"",+a)s:gp,},ci,n;- ･/, . ,.(86)

The integral of g3, can be obtained in every patticular case by direct integration

of the terms in g:. This process is iabourious) btit･ it･is'eaSier to get a general

result to cover all cases. This result is given in the late'Lord Rayleigh's "Theory

ofSound"asfo11ows:･ .- ･ ･･-･ ･' ･･/                              '
                              '             Si g# jx = 4rk;,}t (gn D" gn mu 2D gn b3 thn + (Dl gni'g].=I ' '(s7j ;

iri'which D indicates, for shorthess, diffetentiation with respect 'to x, that is, Di`icor

                                    t/a4ge, D" for ddi3 etc. and the l6r'm' 'of this 'integr'hi' is' ihdependent' oi 'tfe'terminhi

conditionat･･x---O. -..･･,,,-･,･ -.i
For D` g. may, of course, be substituted its value B,2 g..
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so thlaftFhe end X =i iS SiMPiy supported then g.=o and D", g,, == o ,a,t that gpd,

 '''･ '. '..- .''' SL.gg'ha=nvik,?,'(DgetD3gn)"-t1''' .' ''' (88jl ':'i

                                                               'Ifthe.endx--lisfixedtheng.==OandDg.rm-O,sothat . '
,.

                        Sgg,:dx=4k,,t(D2g.)g..,-., .(sg).

If the end x ==- l is free then D2 g.= O and D3 g.== O, so that

 ''' ' 'Sig)?:'da)=Ei(so,:).,.i i " (go)',,

    Thus, if the fixed beam on an elastic bed is taken,

  ,.･,, ..,,.,.Sl9£d`V==l(COSPn.l.+COShB,l)2 .,,. . .,,.,,.,.

andaccordingly,･t･ ' , . ･..,.
                               il
                           , P(x)g.dx
          ' a"'=(EipS+a)Oi(cosB.i+coshB.i)2'･' (9i) '

In the sarne way,- the problems of a beam with both･ends free, on an e!astic bed

may be solved taking the weli-known notmal function of the oscillation of a beam

with both ends free which is represented by the expression of therY¥p, e ,,, .

        co    y= IX an{cos i9. v+ cosh B. v --- giO･ Sn B(?,IZll Hop sCiO.ShhE,"ll (sin B. v + sinh B. x))

inwhichB.rnustbethen-throotof ･･,'

  /,,. . ,.,, cosl91coshBl=1.,. ,, ,.,, .,,,,,
                                                                   '
 /･･ge..meeamgwith･Variableexrogs･Sections, ･･ ,' / ･.･
 ･･ In the case of beams with variable cross sections, the general expression of

deflection curve to be assumed at the beginning is also quite the sarne as the beam

with uniform cross section. But the coefficients ai, aL,, a3,-･････in the expression can
not be individually determined. In this case by puttlng 1, 2, 3,･･････ into n of the

            nlrx ,ymultiplier si#,Ll - in the Fourier sine transformation,,method, the simultaneous equ-

Z:l'9.?9.MsUhSotuibdebW,addeeteartmdintehdYn SOiVing these equations for a the coefficients a,, a,,

    This calculation is labourious but for practical purposes it is enough.to take

the two or three terms in the series'of eXpression of deflection'curve with coefficir
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ents ai and a2 or ai, a, and a3. Very'satisfactory,results may be obtained, by solving

the correspbnding two or three equations. Taking only the first term of the series,

accuracy of the result is sufficient for any practicai cases, too.

    Calculating process with respect to bending of the beams wi･th variabie cross

sections is omitted in this paper since it is the same as the calculations of critical

ioad and frequency of oscillation of a bar with variable cross section which will be

relatedinthelaterarticles. ,' '                           '
             xxx, cAzacwywaAaxoN ew xNwxywxwwa swwvaxEs,

    With regard to the bending of the various kind of beams wjth uniform cross

section, the results obtained by the Fourier sine transformation method were rep-

res'e' nted by the infinite series. Since thiS series rapidly cofiverges, the first several

terms give the'deflection with a high degree of accuracy. Taking only the first tefm

or two terms, accUracy'of the result is sufficient for many practical purposes.

However, in the calculations of bending monient and shearing force, niany more

terms must be taken than in calculations of deflection s.ince the series concerned

with those is slow converging. ' .
    If one wishes to calculate the infinite series itself, this calculation may be per-

formed, as follows, giving quite the same results ,as in the ordinary calculation of

thedifferentialequation. , .
                           '                                '    k, Beams under a X,ateral Xoad OnXy.

                                 /t    Take, as an example, the case in which the uniform load is applied over the

reenpt
rireeseketnegdt?.nOtfhethfeor:ltllllLPIY SUPPOrY9d beaM･ The defiection curve in this case is

                         y=:C'il}t5tslilllisin-n-ifa:･,, (g3)

                                 n=-1,3,5- ･
                                                        '
which is obtained from Eq. (16), putting w == O.

                                    '    Intheequation, '/.' '･･
                   ..=)i,ii,,,... his"si'nigirrii`-X -- -gZ-6-(-f---2itise.-f-i-1)

                                                 '                                     'which is recogi}i2ed by exiianding 'gi6.'' ( IIi ,--- 2i`'t3F+LLt/}iL) in a Fourier sine series.

    Therefore it is seen that the de,flection is represetned by ,

                       ,,..,di-iLli(-IE..rw2,`,V3+:l).,,,,,.,, (g4)

Again, the deflection at the midd!e of the same bed'm is ' ･:'
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                      y..-g-==SPiite, S] -;-g-sin-zsrrL ' ' .(gs)

           , n=t,3,s,-
                             '                                         'which is obtained from Eq. (93), taking x =L- rS".

   Using the relation

                          '                           '                                          '                                          '                           /                                                     '                          co ･                              1,.nrr 5                         : .s.s SM L2-=r5'3-6'n, <95)

                        n={,3,5--
it follows that

                                5pl4
                           pt=:384EI･ ' ' ･ (96)

   In the same manner all the results represented in the form of the series, con-

cerned with the bending of the various kinds of beam with uniform cross section

having only a lateral load, can be reduced to the algebric functions using the

foliowingrelations: ' ･

                                                    tt           co .. .../...           X.i. sin "7X -: "''i- (i- f) ,

           ntu1
                                                  .t                                       t ttt/                       t/              a nrrx 1 x x2           : n2rr2COS l =: -6- - -2-l + 412

                                                           '                                                       '             il-it,,i.227x.. ;, -tl'-9t/.t'+-l,}-g) , ...''･ (g7.)           :

           X .l.4cos 'Z;X == f, g, - -4,.h-2 + Vt3 - 4,)

                                      "-sX,l!-) j
z

2
7t=t

:

z

z

x

                (

                (

.l.s Sin da7L' =-' "k,r (iil,iS: - -4,71;,3

                i

(-1)'L.nrrx x
umrr..-SiR umi " M -2Z

(-1)'i nrrx 1 ,r2
 n2rr2 COS l =-Hnl-2L' + 412

g-pm
."
-t.i-lnsin-z?rrtX- = - "/ (-f- wt

      '(:,.i,)'tcosn;X == - u4!s (i7s -

      '(-1)".nrrx 1IZ.
".'s.s Sin l = - it k151 to-

S) :.isin "3X .., 2

n=t,3,5"･ ･ .

f,3)
2x2
7, +

2x3
313 +

x4

 l4

X5

'5-l i

)

)

x
L

)
i

(98)
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         Z E-., cos n7x .."e (i thp kx-)

         caa

         )l,lll,mith"rr3"sinZ`{igg`i2:--.-si-(f-He,-i>' .,

                                                   t/ttttt         Z i,ii- cos n;q == 86- (i - .9th2 . flitl3)

         caa

         Zi,l-}i, sin' ":x - S,･ (f pm &,x,-3+-fle)

                                                    j
         "Ul

                                                    x
                                                     I         'IS].isin"2rr-2, ''' £(-=.i)-nsin?2"---1- l'

:-.al.2 cos 211rrL == NL41's-, :(tt.1,'):i cos ec -- mL41g

Z.3i., sin "2rr == -3Z2---, .I!i](hnlh-",ffii):bsin "2rr .,. la -t-i-2-

Zrii,cos"2rr--;6.7Z-6,. :ti?,t-cosU2Z-=.=--;6.ftto

      ･1        '1:illi-.,L., sin -zz2{- =- iitil,LL,-, :(i.l)-" sin "2rr == -iJ,53J6

                                                   '               '                                '
S-.um2i., =t-, £(}ll," -=-･It ///

s.2.,-=e/,' ･ z(:,gen-=-.?, ' ii

2,l),n2irr2=:is' ll,l),,-;/is$i"'Zlirr;'":-lr li

                             .IIIIal)a'J5'!rt-'"='ft' '' ll.ll],,n/i3Si""ipu-='-3i[l2-, 1'

                                                     /                               i.nrrs 1
                            Z.E.sSM2==ls36 i

                            c'cl[l ]
                 '                                                  '                   '  2, Simple geeasm umier the Simultaneoug Aetion of Axial

     uaateral uaoad, .                      '                                                   '
  If cos tve is expanded ln a Fourier cosine se!ies, it follows that

        c6s boe := 2W SP-1 rr (2rlbT, + lii](- i.),n'H` C£g nO) (o<w<n).

         ' 71==t

(99)

aoo)

155

ewemeion and

(101)
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i)lfeg,1fi 7.Y,ttL"g. gl.hi".th.e.dPi,a.C,e ,9za .W.. i".,fihe.,a?.to, vi,e.ne.q.u,atlohn,tand ,yging the reiations

                                                         '
                                     co          ,,osh,,e..-2W7S.I.//h..-op."irm(ziI',rX(;/,1.)itliCiil?"el ,1.(lo2)

                                     n=1 /                                                           '                                                           '
which may be also obtained by expapding cosb,we in a Fougier series.

   Then, by using the relation of '･
             ･<              (-1)"'i cos ne == - (--1)'i cos nO == - cos n (rr - e),

             tt               ,*,..,"C'OS.2nf-rr.iO) -: -2h,+'2rr.C,OiS.hhW.0.. , ,11 - ''(io3) .:i.･,

        '
                                                    L･Integratingthreetimesinsuccession,･,.itfollowsthat .,,.i,,'''i'',:･･,./1,,.

                                                          t.
       See':."･`.'-.e,l -+21)'i,e--- ,rr.'?gl.hiW.e. ,ii, ,'(ie4) i ..'

       ntt1
       t9,=,c.o,?.'f(.rre'di,,e'?-i:-ii--',IEJ,b2Lli,rr':'}'i1+,,2rlbT,--2-rri,b,;:ogi･X-,z"tS.f'1,1 ''f'(io6i ll i'il,

                         /･ t･                     . 1' /l ,. ..
       *,=, /ri3"(.ap, (+rr=.Ci = - r21ip,i, e3+(t/£.IO:fi :-- -2iab-,-) e + i.,S,il.hhW.e., ･qo6) ,. i, ,.,,

ti..,R

i2Pla.Ciii."g,rrfiX.?iya2hd.e bY,,li. IiiXfi and rr" (i rlntfL) respectiveiy in thg F,p, ove e:.,////.,

  i..,'fif+irm."?cos-z!7Li2---2-ltr,i.rrC91S.W,':..£l.ma.il''Xi) '':ji'''V･',

`'11di/llliZ//lli/10i'jlll;.illi:/,,:'ll',.;,..lil/]111illil,lllii;11,,11'11'i.ll;W;i'S,il'iXi'thll2//,glhief-i,-,{.,'ft,,,'),･/ .L'flo7'

  n"t
        ii･･. .,-.,, ,.,,,i..(.[,t' ['･i ･･,'. i'-t. i',ly'.''"si2h,,lilgiiiiim,'･i,f). .,1,i
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Replacing e and rr - o by !Iltti' and rr '(1-IXg' )''respe]ctiVely in'equationg, (lol)-%･"(.l,o6')

and using the relations of

                                      tt                                . t tttt
      sinnrr (z- li ) == - '( 1-i)As'in "fg anddos nrr ･(i-{7-) = (--- i)" cos -Ze-li!'1

                                                                  .-itfollowsthat '' ''''' '' t,'"'''' ･il' , '･･.t･.,,-

                    '                            tt                               '  II,il]",£,-+1}',c.s-n;xll..,L21b,'+'2ZiO,Si:hrmWisrr.X ',' ' '..,li

                    , wrrx ..  t9.,ti'i4i'h'S,'sin'"'7X---2-it'sSi-''-,rr.S,'g,h.,hi.''' '' '''1;,,

                                                wzx
  /9.h,f.Jl)h' ,)- cosn7･E- f I di'2,,i2¥1;' - ifth,- + ,h,-･n,-･ £?ghi-.-tl-ili----iit'i

                   'i '' '' ' WrrX
  i, i],#,-3E'tt'l')i;Tg:) sin "fX -=..iiT2rr'XJg !7i' - (itSi,,l - 2-rr.-4) --fi-･ - g.Sl",l., -j-i-}.

                        '                                                        '    Next, subtractiilg,the equatlQns iri (I08) from thois//' in (le7) it follows

.m*,3,s...n2lr,s"cos";X=FT9in4h,btt.U2,rrhi./li.iiirr'i¥),''' ".'I '' '1..;

,la /9,.L'll,i:,I 2i;,, ill.1 ..l .･･:/ iili41-111cgsi} ll//illi"i,,,,,g,x?,.. .',

  )l,lll,i,kl,,li.hl, sihlazLrrzpu-- .., g-t/,,. (･fl t/i';::T;)im .,:.:i,,4ncosP, (-el"l{!rrww.W.irrX)

                                               4op4 cosh E-

                       tt           '                                    '    The equations in (107) -" (109)are useful for'the calculation of the '

ries which appears in the results concerned with the beam under the

action of the axial tension and lateral load. '
    Take, as an example, the case in which a 'simply supported beam is

 '   tt'(108)

   that

    }

    l '.

    t ..1    !

     ･ (109)

   +tt

    j
    1

 lnfinite se-

simultaneOtis

   subjected
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to

a

the

case

simultaneous action

the deflectibn curve

of axial tension

is

and fuli uniform Iateral load. In such

Using the

    4 pl4
Y =" Erte

co

: -- 1

fourth

    4 pl4

Y== EIL

relation

{8a2.2 (
s

l

            n5+n3w2
      n=2,3,5,-･

in Eq. (109), this deflection

  x2x 1
ww -i27 in 4w`rt` +

cosh

 ･ nrrx
sln ----.
    g

curve

(¥'1 aj

reduces to

   twlrrx-)

   Using

takes the

the notaion

form

     Nl2
A2 = 4EI in the piace

         WL.4w` rr4 cosh
          2

         Nl2
 Of w2 ,.,
         EI.2,

cosh (

    N

2Ax
l

)･

      Pl4
y == Lgit'i77,･

(f-=l;i-   1
--･

 ptl -- 'rr'

--

 p)

}

(llO)

the above

2p2 cosh "

equatlon

or

   ' Pl2fx x2
     Y Hh -2 i7la-7Uintr

same manner the bending

 1)
2Ty?' j "

moment

pl2 cosh ( 2gx N
VT th"1

In the

M =:
4pl2
ptifi-

  coM
71slt3,5"'

1

  4#2Ncosh" '

becoymes

    '        lwrr ･
   cosh tLSir nv

-wmrrE

 lm-. ...
)

(11O,)

n3+ nW-2 sln
. nrrx.

   I

 ･-di--

== w2zp･

{1--

    wrr
cosh
     2

'

] (111)

or

M=
-,P,i i, (iny

cbsh (

    k

2"x
 l

-pt)

cosh g
]･

(111i)

which may be also obtained by direct differentiation of Eq. (1:O').

   In the case in which a beam is subjected to the simultaneous

tension and a single concentrated load P at x == u, the deflection

ing moment are, respectiveiy, - '

 action of axial

curve and bend-

    2Pz3
Y == EIi4

co

2, 1

    oqn + n"w"
 ･ nrru
sln ---    l

 . 7ZrrX
sm    l

(x = O t#-u)

m"1

and

M -=
2Pl
w!

S] fitil ab[ sin n;u
 ･ nrrx
sm umZ-' (x == O-u).

n=1
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   Replacing rr - e

Eq. (105) it follows

arid

that

fi by rr (7- l) and
rr (1 ---

  z

u
l+

-!!-

l

)･
respectively, in

co

:
n=l

cos nrr
(Y ny -Xi-

,

s

) .2

   4w
, (1 ---  u

7+ l

)2mu

-if-

 n}

12w2

  x+7

   1
+ -2-w4' m

rrcosh
wn (   u1-LZ-+

x
l

n2(n2+ w2)

and also replacing rr --

in Eq. (105) it follows

e 'and

that

e by rr( )and rr (1 --

     x
!l

2w3 sinh wrr

thij

 i{-), respectively,

)(112i'

co

:
n=1

cos nrr
(-y-+f-)

 q-rr--

4w2

(1 -

N

.u-
 l an

  lf)? rr2
- -i2w2 +

1

2w4

rr cosh wrr (1- a
l
  x
imny l

n2(n2 + w2)'

From these two equations the following equation can be

2w3 sinh wrr

obtained:

).(113)

lil] -fa-i(h;i-ab･-,}-

･n=1

(cQs .n,rr (

･l

  x
la l

s

)- cos nT (mnu..-

l
  x
+rl-

)]

'

n!

W2

(i- Y-) -xm
 l -'v

rr sinh w7T (1---

        t

-u-
l

) sinh eq/rgx7

 l

Using the relation bf

w3 sinh wrr .

2 sin
.nrru .
    sm l

nrrx

l

== cos nrr ( za

l 'ua

   ,tiX

l7
) la cos nrr (

      ,

      N

the above equatlon takes the form

co

M 1    ptasin
    l

 . nrrx
sM -IM

  IT2
=: 2iili

(i-f) =!-
 l -ny

n sinh wrr (1 -- u
l

) sinh wrrx
l

n=.i n2(n2 + w2) 2w3 sinh wrr
(1 14)

In the same manner the following     .equatlons are obtained:

co
put=t n -1

 . nrru
sln uml-un

   nrrx
cos    l

rr sinh wrr (1-   N3T.) cosh     xwrrx
l

(n2 + w2)

co
pu,=, Lif l w2 sin LZ!7eq sin

 Using the above

 given by infinite

!

==
 2rr

.2
(i-Y

rr sinh wrr (1-

,

)-

zl ) sinh

2bo-2 sinh wrr

.nrrx

 l =:

eqrreq

 l

r

i
i
'

"

(115)

relations the

series reduce,

2w sinh wrr

expressions of the

respectively, to

.

deflection and bending moment
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       ,l,. fllif I.}., (ik-zf-)-2- m' Si"h evrr.i(.i'I];,l.IZKti,)hSlnh WfX} (ii6)

or

       ,,.. L{ilfi{,(,nyLyr) f- la･si"h2"S,ilg,.:isinh3/ 7L{'i}.-' ,,,,,,

 l,//. , M..Plsinhw.rrw(iii,h-Ulw.)SinhWlrrX ','''a17)

                    M.,Plsinh2z,(1,,;.htl2m2Sinha"TIX'. (117i)

   In the specia] case in which a single loadiis'placed 'on the 'middle of ･the span

itfollowsthat,givenu rfu2-i,.. '

           y .. !IGI.m (, .Eil- m Sinh2:,Siiinhh2a/iunX ]= 2pNl'(Lfi- fp- :iin:,-2,:/X-pt)

and

          ''1i'' '' k,fLpi:sinh2fx

                                 4gEosh# ' .
                                                    '
   3t Simple meeam under 'the SimuXtaneous Action of Axial Compreggion

       and kateral uaoad.

   FromEq.(101)itfollowsthat' ' '
                   £(=i.),riL`c£?ke..,muti.,..2'SC,O,g'W.e., (iis)'

                   n-1

8g:CveeeganiatioSni:n the ?reViOus article, the following equayions arg., reduced from the

/

                                     '
       li]90S.'2"[Srrt-;J"mO)=t,",m"I-hn2rriiCsOiSnWbo-0.' ' ･.'1'

                                                           '
        co .
`'' ･'

,X,-2,Sti-"(-ttiww(rr.ma.t)0-)=':--2ilb,o+,.rr.,S'g:..WiO.,.･. ,. -', .(ng) ･'･･･
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        S C£?(.",£rr.ym",.91) =: - 2-i., e2+ i2rr.2 ,.+ 2S, - 2rr.,C,OiS.,W.e.

        n=t
                                    '         di
        ).=,Sill?(.",£rr,lm,-,,)e)- = i2i.,e3-(ii,rr.!,+21b,)o+2rr,,,Sg:･.t.VOit-

                     tt                                    '               '                     ''"1'

i-, .22Eb'2"L6os "7i'-- £iJ,-rrCOS2W.rr,il･i.hng.f) ' ' )'

                                                             tlll-il--l,.". (.r;.lllrhll ,9i: /l･iiii.i21i .['l,/ii'llifi--,"'E'i..-nympM/.Il.lill'-))2 ir- ititillblnii/lilll,iilTloz.w,rr,,/1.-.7-)rtf (i2ol

 $,=,T.3(.?i=ap,ysinU7"r'=i2'r.3=.,(:---il)3in(i2n.3,+2'wr,)(imu.Lf/-)' I"

          '             '         .･1.'.i. . nsinwrr(1--･-f-')
  ' ,'' +2tv`sinnvi"-rr-L-'')
    tttttttttttt t ttt/tttttttttt/                                         tttt

II,i)z,rii･(':i'i'//'ir'cos'"7le-='
鍛T,L-,rriOg'I

."i2.K'', ''.,i,.'.,.,.'.,1,,'i'

    (-1)n.nrrx 1xrrSin-IL",･･･ ,,･pu,=iril(n2-w2) Sin l ==mu 2w27- 2w2sinw-. ''

)Ii.ll,n2[i"2'h2)''cosLZZIeii'X'L---,t9,i'-Etiiv;/-'+,il.t",hiii2,s,.-W,:l, 'f,'-,.',,, `i2i'

pu,..,n3[nlI. il)l'IJ2) sin LZZLrrrX =:-i2rrw3,i:- + (i2rrw3,+2-rrw,) f -hta gwSlnsin-i." 'i

=*,,,,".n21w,cos-zg/7g!!..rrSin(W2rrth--wililLT-Xi. ,../ ,,,),,,

.,.,.2k"h

,s"sin-"-T･1''･'s,l'il`,Z'"f;Sc:Z'li,g-;.f,,')..'i'''i" ''･' ,,,,,

                            ,. 4w2coS 2,.,,,

61
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: 1 cos vaZE .. in ,-/"".. (,- gf-) .

  . Iwrr wrrxX
rrsm L'"2---- l7

I

da n2(n2-w2)       wrr4w3 cos
       2

    lw7T wnxh
rr cos k-r2 th -Tl

t
I
l

>l), n3(n2ilaw2)T sin nfX' =- Eiii"2(-X"i - Xi22)- 4:IJa +

      wrr4zv`cos
      2

I

1
j

co

,Z,"., ng l w2 sin 2ZtlZIU- sin -nmTx-/..

rr sin wn (1-

       i

s

7) sin Wirrx

2w sin tvrr

$, .., n (n,1- w.) sm -nrrI U- cos -n7x- = di 2zJ.(1 dy 37) + rr Sln W7r2(w/.im w.

co
li,lll;=, n2(n2ilany wes sin 'ZZ{i!iUL sin 'ZZ7X- == - 2tr, (i h=- -j7-) -7-

                                        rr sin wrr (1 --Ul-

         , + 2z-v3sifirwrr
   Using the above equations, the defiection

case in which a beam is subjected to the simultaneous

and full uniform load become as follows:

diurm

l

N

) cos
  tttttt

-w' nrrX.

 I

s

) sin WlrrX

.

'N

]

(123)

curve and the bending moment in the

        action of axial compression

Y=
tt2`4'i iZ .shm.1.3-mr"sin2Z/lilX2

       n=1,3 5･･-

=4-Elf'"(ha s.lp..=o.(L"l- ¥)la -4wl`F'
   lwrr wrrx
cos Lrm2L ke '--l -L

or taking the notation of

              /}  o' IL'N
"" = 4EI,

        -w-!4w4 rr4 cos
        2

)) (i,,)

Eq. (124) takes the form

y == {lii2(:I' - -f- - £it,] +

plg cos (-glsflE!-; - pt)

4A2 N cos A
(124i)

           coM == Aj Y2 ,.=X,3,s,i･ 1

n3 -. nw
  . nrrx
2Sln l
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                = -.ec {im,. COS(W2rr ny..WirruaX)}, a,,)

                                cos -l2M

or

                        .=L,p-:,1(cos(f.if27X-)-,) (,,,,)

    In the case in which a bearn is subjected to the s'imultaneous action pf axial

compression and a single load at x = u, it foilows that

                   co         y == 'iZJIP:il.'e4 1!!] .,-in,' w', sin -ZgirriU sin 2Z7pu--

                  n==1
           -= ili}'e (- -.-l,,,, (i la y) f . Si" Wrr £k g,'i.nh#i" rWT2-X} ,,,,,

or

         y=-LpN.l(ny(1ig-ul-)muftumS-ipua&!L<li,-//t-2)pt.sm2fXnv] (126,)

     '･, ..- (X-O-N-U)-
and

         Mtit kP'2i- >¢:nL,l w2 sin nfU' sin 2!rrirmX

                                  tt                  ""=t

           -im PI SM Wn.(.lgla,tbot.) SM MW-lrr-eq a27)

or

         MFP-iSi"?pt2ii,li2blii)SiBmJitlZil. ･ a27i)

    In the special Fase in which a single load is placed in the middle of the span,

it follows that i

                                        . 2ptx
                                       sln                      y= -2P-k- (- -f- + 2pt ..g pt ) a2s)

                  ,. pl,i.-2glfgt , .,

            ' , M-heMM4P"t',os"' .. (129)
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    These results may also be directly obtained by replacing w by iw in the results

obtained in the case in which a beam js subjected to axial tension.

    4. Wixed Beam umier the SimuXtaneeus Aetion of Axial and MatexaX waoads,

Putting x = O in the third formula in Eq. (109), it follows that

                                               wrr                    .=$,,,,ti.., n2(n2i+ w2s == gr"w'ks- -,4･ IlilSinohsh 2wi,.

using the notation "2 S' lttll",in the place of w2 == :i}, ill.'? the,above for,mula rsquces

to
                                              '

                     eO -'                    )2] rr'`n2(nli+w2)d3Ep,(1L-rtanph"-.). ',,

                   ol=l,3,ti--

    Consequently,. a in the foimulae of (74) and (75) reduces to
                                                    lt t
       a"[im8'tt,'? ISi t'-,itti'i2.u]-=[ilh32Ft2 )il] }Ii.S(.i2+w2)]-'t

                                             ?t･ql,3,5"i ,                    ,l=l,[S,5"t
                  tt              p t- 'i',i' ''1'' . .'' t''''
        ,':i･tanh'#' ''"''' '/''''
                     ,2    Substituting the relation of w = -r}g p into the forth formula of Eq. (109), it

follows that

     n-S,3,s.., rrsn3(iza+ ab2) sin 2Zirri-E = 3i' k' ('7r! -" ¥'"L 21,, + COS:,C l"g,iiprmE?".).

                                                           '    Therefore the deflection curve in the casel in which a fixed beam is subjected

to the simultaneous action of axial tEnsion and full ]ateral uniform load becomes

                                               tt          '･qY == 4LEPIIif.eS,,,,.,. n'`+ln2 zv2(tii' -L 'f + de1. sin U7ilZ)

            =: gSAptELi((-7 -m" h{7Il)- 2, ,2.,-, + COS2,(3.7,X-,nv, ")}

        ''" 'i- gT24i,e-i]t,((-1ii- ml L}msz ) .'CO$h 1,-2,tt,X'6gl; f,).nhp- :osh A}

        ,･･,･,=-,,`,eil,{(-fL-N-x,;).Sl"g(/7,Sg'i.h,(/41-")} (,,,)
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ttltlt'ttt tttttt't 't t tittt'/'or
          ,i-£-ll2h'{(Lk-i)'L.Lsi''iih7//k')sg:.:,Lg-'tfeq,)}'･;'''''6,'6･,i "''''

         '   In the same manner, the befiding m6ment becomes

                  M=:'L,pall(iop'eCOSh,,!iPi,21i-')l '. ''(,,b''}-'ii･'

                                                        '                                            tt                       `                                     'which may also be dire' ctly obtained by direct differentiation of Eq. (130).

 '''In 'the case in which a fixed beain is subjected to the simultaneous action 'of

axial compression and full lateral･uhiform load, the deflection curve and the bend-

ing -o-ent are"2t;. elx-//:.?LeT/ilci";, )"rY,,j(,./t' l,l.,l(f/ra,.blli,21eSYIiSi S,:,:lal ,1･,,,',,

                                                        '               '                               '            . tt tttltt ttt             ,..,pi::{({;in--f-)hi.Si"/lf.S..g-9.-.(tl?:;.t/i,(li.).} ･･･/･/･(i32/)

apd L .... ... , ,, .. ,, . ,f
                     /.                         I 2,ctxN
 ,...,.,,,...,,....,ftlg{"COSg(.lar-,i7･q.,."),･', '･･',･･/-'･, (IP.81./'.,,,,,,,,,

    W. AgeWXXCAWroN.OW WOWwameme SXywge ewueAywSWORwrAWXOrw
           mameewwwOxe WO WwwE SWWptY OW xtWCKxxNG

          ,,Oge meARS WXWxx･VAwaXABMrc evmeOSS SwwCerXON,

    1. urnsymmetrical tsaxs wi'th Variable evnctiss Seetion.

   Denoting by I(x) the moment of inertia of the cross section at x and by P

the, #xial copapressive fgrce, the differential equation of the buckling,curve is, ,

                                                                  ' 'i ''''`'''''Ei(iv)-di.Yff'+IPyLo'1'''I.',.,,,.1'1(i34),,,.',,･"1

    Taking the case of a bar with simply 'supported ends, the deflection curve in

this case can be represented in the form of a sine series:

        ''1 i '1

                          y==:a. sin -ZgLrrl-X. ' (135)

                                     t.                              nt=t
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    Each term of the series satisfies the end conditions, slnce each term, together

with its second derivative, becomes zerg at the ends of the bar,

    The second derivative of y with respect to x, from Eq. (135), js

         tt                                                   / /t ttt                                  '                   ･ co                     -/-L"}tk,fnv>ila.(･t-lrr)2sin"7X. ,,, (136).

                             nt=L -･
Substituting (135) and (136) into Eq. (134), it follows that

         '          tt        t/           , co co. -             -i(x)Z a.('-"i"-j2sin "7X +-Pi--)il]d,. sin -"-IL' == e. '

               , n=,L ,･,,. .ot#1 ,/･. .' ,I
                                                                  '                    nrrxMultipling this by･ sin l,and integrating from one end tQ the other of the bar it

follows,takingtheendsatx=Oandx=l,that '' ,･

..S,i i,i :X.lg>co)ns,",".(.-".ii7),LSg 'ZZI'ge" ny i-lil.],"i sin "7"lsin "yd. .,,, a,,)

        lgsin-M"lrr'XsinU7X-.dx==o (mt･H,･n)and,isin2'U7'pu-dx=='-S-' '

the above equation reduces to

                        e.v(e pt.n 'iil(x)(a.('mplrr-)2sinL' unA7X- + pu,=, a,.(-Ml'rr)2sin UlrrXsin uZ!rrlrmXjdx -- a. 5 -PE'r == o''(138)

                                           '                                        tt                                              '    Eq. (138) is extended over all values of n and m in a sYstem of homogeneous

linear equations in ai, a,,, a3,･･････as follows:

                 .. ttt       t 'tit t lt                 '                     ru al + rr2 a2 + rlj a3 + ･･････

                ･ r21at+r2L)a?+re3a2+･'･.'.
                                                             (139)
                     C3i･1?i:.t..i13.2..?i..t..r.ii.ffi.lt..,]･1:II )" . ,',''1 ,ii.,,,i',

Buckling of'the bar'becomes possible when a system of equations gives fdr coeffiL'

cients a. a solution different from zero, i.e., when the determinant of a system

(139) becomes equal to zero. Thus jt follows･that

                         rli'r1277!3･r･'.･･., ,,.,,..,,.,1

                         r21 rth2 r23 ''' '''
                                              -O (140)
        , r3t r32 r23 ''' '''
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  from which the critical load -P is, determined.,･
                                           '
 varieNti OaWt' ffoOIIoec :eXaMPIe' take a CaSe in which the moment of inertia of the bar

  substitutingtAisiRtoiE(qX.)(li'l3s")'+..//'X.",ifiXg2t+h,`(fg,$.eiX.`,',.'-./ (,i4i)

         ,':sin2ee-rri}Zi-dx--S; ' sghisin2-"ifXdl'2-li'L',';

         I:, xy' sin2 -Zi/l'i-it- dx Lt -L' fSEL 'G - ,2.i,.' ',) ;'li, x3 Sinv 2iiefrEt- dk = g` (i--:' .*)･;

         Sg x4 sih'2"7Ai' dle. :== LilS' (-tT--L--.-3.Tii. -l- S.3,.m,,), l: sin' Z'7a-; si//' U"',rrIY' dx =o;

                                       tt                          tt t                          t tt                           tt                          tl t tt ttt                                     tt t         Six sih '2fX sin "t,lrrX'dx E'ttt-:,:4Intt'I",･i,l;i , vtiheri 'th'i' i+'' 7h is ''Eh odd humber;

         Sg x sin -ge-ttt 'gl'n -M-7rr-X'dx g= o': wheh ni' m ig hfi eveh number': ''" i' /;,,

         Sibe2g/ifi-n-Ttt,l.-n-zi7:'i;ti.I,.-k-ii-,l-ajn--l-::,l)3,.,l(nyi)m+n;'･'"'-1 '''･-･･;'' ･

                                                             '
         jZ:,.g3sin 2!rr,-Xnt sin ZZ!2X dx' ==',.-,2".'veiith;, (i,' i'(8.S･tll7./2Y,g)2r)･..･1i..l.･',i

                    when n+ m is an odd number;
     .s././'/..1' /.1...1/ '' .'/'//..1.. .,1' '..1'.1''t.t t...1. t../t ,''/t' .'/..'1'1. t./..,/1,,l.t' 1'
         /, l: x3sin nifX'sin -MlrrEE dx =''(n,6thnMml,i',.,,, when n +'"m is an･'even'numbet;'

                                                                ･/1,1 ･･ 1･/･
         ji njtsin 'ZZ/7E sin ZZglirrE dx -1 i/1fi/' :･4".Zi･;-,fr, (7 -mu l$(ma"2.",,tt.2?-](tin i)m+n;

                                  '
  a system of homogeneous linear eqvations i'n ai, a2,･･･-･･is finaliy obtained of the

  followingtype:, .., , ,,,.... ,, ., . ....,...,.,.,,,: ,, ,...,,,,..,).,,,....,,.

a･} (n2'rr2 [ff + 2 + -{ll7(LI T`' =. -, 2i-2.L･) + t'sLl2(1 ma .?･.S)+ Sl3 (-kti,''t,.'l.i '- 2.3i",)]:'fltlij]''

   +M"tterena.(n,nlhnvnyn;ill,),( 4ci + 6di`, + sei3[i- ?.rQrg.2muei-ff,il]} h- 'n"ili]Cti`ia,. rr(-n.,nin.-."miitt{46

  "''+'4bZ -L 6bll2'[1:LI }i-l,((.i,2dn"'-.M=2/,'] +8el3[1- .1,2((it/# :,i)i]) !'L' 6'1,.'.,.'.i".,,.',1'1'(i'42) ,'i. .1 '' ..'1.'

  g,a2<lp.& ".g..v,aiues of n=: 1, m == 2, 3, 4･ ･; n = 2, m- 1,, 3, 4t･･; n == 3, . ,,. 1,

                                                        '
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thi,lbs,viimEnv 1;,laii8(i.leil･i,1)eS-l/li, ii,!i]31,sli?,1･ i;,S)101/11/iil･ii･ii/A,l,]iii21-･i･)]-- 2i El'-)

        +3dl2+4el3(1---g.5,)]...m.......o . , .

  "g.i-(4b+4cl+6dl2(1Lg4'.O'h)+8el3(1-g6.0,)]-a,(2rr2[-2-al+{ilJ .

                                    '    , ..!z,!it(gousiL,).-{;i2(iig-,il.,,,)+!,4g(}--t.,+,8.,)]-{ll'i)

   -, +rZga3(4b+4cl+6dl2(1-'5g'it4->)-sel3(1-nv5s5.6,))-ny.......,,o

  -6"i(4',l+6dl2+sel3(1-g.5,)) --- 28s .,(4b+4,l+6dl2(1ww EsO.4,) ,

       + sei3 (i--Slg-S..)) + ., (3n2[2",-. -2- .Si (g..an- ,g.,) ..･ !gij2(i im 61.,,,)

          ,
       .-flsi-i-3(gmp-il.,,+-,2',-,)]--rgliil)-'････-･=-O ･ ･ ･ ･

         '"'''''"""'H'''''"'':"''''"''''''''''"'"''''''''''''''''H' (142t)

    General equation (138) can also be Qbtained by applying the energy method as

follows: By equating the internal work to the external worl<, axial force is ex-

pressed by

,,

,, i,,.,,..i,i'l...tiS: f,,(f-kSigii24x,.',,a43),,

                                                                   '
    Substituting in this expression the series (135) for y, the critical load is de-

termined by finding such' relations between ehe coefficients ai, a2, a3i･･･-･･qs to make

1XuPmreSiSsiOn (143) a, MMiMUM The COIab.IItlililnofOi the critical load to be at ifs rnini-

or, for simplification, denoting by N the numeretor and by D the denominator:in

therighthaedside :lil{,i91;(i`2)'il,ttll/Illlii,1(W.S)tRat.N,,a.,,(D).,.o.'' '''
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 Using the relation '

  ' ''' p--E2)I'or illl=Z･

 the above equation-reduces to ･
                       a･ pa
                      'aa. (N) n T 52i:,. (D) == O

 or
                          sili;,;,(i<i ny PE D) -i-ro

  from which one gets
                                                    '
              ',/Z,;,(Sii(x) (SLZ.Yi)Zdx- P. 5g (S//-)2dx)ro,l .. , a44)

 respeTc¥ieveiYr,St and SeCOnd derivatives of y witP respect to x, from Eq. (13s), are,

                             '                 tt /   tt tttt t                    '         Ldd'.Y7 ==''4X.,,an ('//T-) cos rm". -7Xr,apd S'e.Yi - - .Z=,a. Ctt'irr'-)2sin "f". ,,･

 Hence
                                         '                                       '                                        '                                excepC.n       (Tlf//fi)2==:ae.(nlrr)2cos2 2t!7'X'm + 2 X a. a. itm (f)2cos n:X cos 'M"mu7""Xn

                                  m              ?l
                                '                                                       '      / ttt                                excepl'.n       ('2il{:IYb'.)a7X. ai.(nirr)`siTi2 n7X-' + 2 ii,l),, a,. a. nL' m2( ; )`gin n7X.,sin Z-Z7:-t.,

                           tt
  substituting these into Eq. (i44) for (S'ii{/)2and ('ilitl')2it.foiiows that

                                                             '      'S: i (.? [2.. (-t-･irr--)`,ih,/ 'urrzx- + 2. eXCii,li, '"'..,. ,i,i .k (--t7-)'`,ip n7-x- gi. f-'e-zrr-x-} d.

                           t tt                                                 '       '
i -,-i:]j'g'2..Ci"-)2,.,24fpm+2"VCXIi'i'ih,A..,(--i--)t6.,un-7Gaz,6,zet!!fgE!f.}dte,',..,'6.

             t /t p)t tttttt                                           '                                tt  Taking into account that ' ., ･i,
         s:de.,'n7X-' ,.,M-lrrllZd.'=o '(.tNh,), Si.,sL･ -n-7-X･-ti. ! -S-=" ,'','1..../

                                                             '                                             '                                                ttt tt

                                      '
                           exce it'.n ･     ,':i(x)(a.(nirr)2sin?-Z!rri-X + X. a.(tt/rr-)2sin'n7X sin MirrX' )dx - a,, til6/ ==o

                                    '
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which agrees with Eq. (138). In the present problem, however, the process of

calculation by the energy method is more labourious thq'fl by Fourier sine transfor-

mation method.

    For examples of the application of Eq. (142), take a bar'whose moment of

inertia of the cross section varies as a certain power of the distance from the

lower end (Fig. 6) so that the moment of inertia of a'ny cross section at x is

       " rR +x '･,n                                      l (1 45)                          I(x) == IcL
                                  (2-i-L-2' ,

                                                            t.whereI,isthemomentofi'nertiaatthemiddleofthebar. ''''' ''
By taking various values for n, vaviQus shapes of the column are obtai'ned. Assum-

ing that n ==- 1 in Eq. (145), on'e gets the case of a column in the form of a plate

1

HT - `XL

  ･v' f
h. '

% i
ld,

    s
,h,h i

kvt'

centroids of the

    By taking

constant width

    By ,taking

(Fig. 6. IY).

   Then the differentiai

of Besse,1's functions

tained' in a simple

by means of
(142).

    The coefficients

become as follows:

    I. In the

      ia. = I,
                   ･)

  a,j <&r7
z pm,          tam img

          -ff.ttu...;=wh- -e

          t"inzlv-pt

 rcb si..ltZ2171)

 lenj･

 Fig.. 6

 angles from the axes of

n == 3 one gets the case

and pf varying thick'ness

n =- 4 one gets such

         equation of the

     and･in the panicular

   manner. In this paper,

Fourier sine transformation

     in I(x) =a+ bx +

case of n == 1'
            '
(R +2-2i--' b == ic (,2 +iTs.-)

    symmetry
   ,of

    h

cases

 of constant thickness (Fig. 6.I) and of

 varying width h.

     The assumption n =2 represents,

 with sufficient accurqcy, the. case of a

 built-up column consisti:ng of four angles

 connected by lacing bars (Fig.6.II). In

 this case the cross,sectional area of the

  column remains constant and the moment

 of inertia is approximately proportional

 to the square of the distance of the
                           '         of the cross section.

  a column in the form ot' a plate of

  (Fig. 6.III).

 as a solid truncated cone or a pyramid

              '                         '        tt                            '
curve, in general, can be solved by means

 case of n= 2, the solution･can be ob-

  however, the author shows the soiution

  method using the result given by Eq.

cx2+ dx5+ex`, corresponding to each case,

     ' '' ''i             '

                                 l

, c=d=e==e.
                 /
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   II. In the case of n=: 2;

                22 22 1       a == It (R +-s )'2,b =' Tc (2+-s)2,c == Ic (R+-s)2, d =e =O

  III. In the case of n= 3;

  a =i, (R +R3s )3,b =ic (2 +3'ii/;)3,c == ic (R+3is)3, d== icc+itusua)3,e == O

  IV. In the case of n == 4;,

          ,14 4R3 6,l2 4,l  a == Ic (R+ f; )R, b = Ie (2+s)i,C = lc (,a + -s-)i, d = I" (2+uSr)i'

                                     1
                            e=: Ie (2+ S )"

   Substituting these into Eq. (142) and taking the two terms in expression (135)

with cofficients ai and a,, the equations, from which the critical loads corresponding

to each are to be approximately determined, are obtained as follows:'

                    '   I, '(a --- k) (4a-k) -- (-llltL)2=o .(146)

       in which '
                a-tu rr2(i +tu}), k.. P' (X,S)

                            '  II. ' (al-L}'m--k)(4ama.:imk)lh(lg6)2BL･.,.o

       in which

       a== rr2(il + Ri + -il-), B -,2(2 i +i), k.. e(2E"i,S )2

  III./ - (a-3----k)(4a--B-k)-(lg6)2B2=,o a4s)

              '       in which'

                                        '                  IR3 3,l2' R IN 32 3                  k             a== rr2 7, + -uli- l2 + l + 47,B== ig2--7htaj --zi-,

             6 - 6-Rlli- +6 l +3(1im. .gg/E,), k=P(Rl+Et/litL)3
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  iv. (a-f?+r---fe)(4a-B+2r-k)-(-/-g-6-)262=:o' (14g) .

   ,: I. rrg 11iii' tii, Hl121i+ li' ll,;un5}1)'l (:=-:g-/,?1-ii 11 3-i)' (l,,llSiii'Ei2''

,.,,,SOIIVI:･g .t:,e..ab,O.Y.e ,eg",2`B9g,S6.Igg ,F.Mggkeg,me, {ihvss,J,'lhe.f.'it`ca' ioad in each

          ,･. -,p,,..crr2iEii:l]g., aso)

        .2 El
         li'nvLis the critical load of a bar with unifoi'm cross section having thein which

value of I,. Several values of the factor C are given below in Table 1, in which

Io is the moment of inertia of the bottom cross section. When the ratio Io/f,

approaches zero, the value's of C should be･determined taking the three or rnore

faetreMdStia'nki9nXgPrtehSeSi?hnrgl3gl amnodrethteerremfOs,Ie the vaiues of 9in such cases y, ,ere.caicu-

        .,,･Tabiei'C'itiCaci,.L,o,adss.,ft?.i.Y,Rsy,m.::f:.1.ri-2/L.//7a,I,g,withVariabie .

                                          12
                          -.                    ' ='mumamif'' '. '' -''xrolrc

 × Tl X...

1

2

3

4

O.Ol O.02 O.04 o.o(} O.08

   IIO.754L O.764, O.780

   il
O.tl56 O,519 O,595
o.3361 o.4igl esig

o.2s41' oe3731 o･4s2

   [I
 '

l 1' O.794 O.807
    l
 O,646 O.684
 Q.'sssl/)o,634

    1
 e.555 O.610
    i

F

F
F

I

O.1 O,2 O.3 O.4 O.5 O.6.

o.sigl

   t   i
O.715
   1   l
O.675
   l   l
O.653

1

O.'868

O,820

O.802

O.792

l o.go41 o.g32I o.gs4t o.g71

 O.881I O.922 O.951 O.971
l o.s74I o.f)2o b.gsol o.g7i

l o.scsgl o.gisl o.gsol o.gn

O.7 O.8

   l
O.985 O.994
o.gssl o.gg4

O.985 O.994

O.985i O,994

O.9

O.998

O.998

o.9gs

O,998

           2,･ $YmmetrieaX wwars wi'th VariabZe Cross Section,

   In the case in which the variation of the moment of inertia of the cross

section is continuous throughout the whole length ,of･a bar, the formulae obtained

in the previous article can be used. When the variation, however, is discontinuous

itt itnhteo MtllgdipearOtfs.a bar, the lntegration m Eq･ (i38) shouid be performed subdiving

   Thus, taking in account that

       S:"sin MirrX sin 'UrrzX- dx == o '(m sf n), l:'sih2/Zglrripu- dx --･ --ll-
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the formula corresponding to Eq. (138) becomes

  ,';' i (x) ia. ( nirr )2pl/n2'ttTpum' + enyCii,li, 'i"' a..([ZZSLrr)2siR/ 'hi"X sin n7Xidx L .., tttl-- .,, 6.

   In the case of a symmetrical bar, considerink a symmetrical shape 6f the buclded

curve, all She values of n and m are to be taken-odd only.

   Iftheivariationofthe'moment'ofinertiais ' , ''

             I(x)=a+bx,+cx2-tidx34ex'` (x'=O･N･ S'), . (152) /

"si"g thes-/l,,9iM,,,Y.irl,,i2 Well, 'E.h Z,,al,iil,i-MSI;.Ol 1. 1/:,:)giS,:n7x ,= e,! (-g-4 .2i･ hs);

       l'/l/::::.:;'/:,i'l.:.x;ii'11k6-:,/t･iJ:r/ell,'///I･:,,/, '･ ', /. ,'

       S,S x sin Ln-Z,,'X' sin2Z'k'//X-ldx == (Lla'ri//'),fii. when U/'-?2Zis an odd number; ,

                                                                '                 'L       Si6nx sin n7X sin2ZZX-dx == (itr iF/S-l,-.b when ZZtSMjs an even number.;

       SI/c2･sin-ge-7pa-sinll.gZzrr-gfdx,.rw[l,!iny:trf/?i2)),II'i,(la-i)Ln;'i' ,, .i

       ,i'il `lt?sin nZZIiglsin'"mZ//X",di == 31` (r4-(/th13'2in+iZ':i2}i'"ti T (.+2.)4.4] '. ', ' .

                  , n+m.

,,,g;･

,g;k/jlllitl.jjlsgllll/`lile',liililll/ri'/r,11il151illl"iili"lll"/i/lia/l l/'i gkus"(!.ii･ l6k'ilrr/11 ,tl..k-,3//T/[/ii'

  a･,,(n2 rr2[ 4"i + L2uL( il + .l.,) + !sim" (L6i"' -i- S,.m,)+ Lds'i-2 Gi6 + T4'.li'i'rf;, - t/i,i' )
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                               en+n ･ ･'                               - :Cdd    + Le-sl3'(LIftJ' + 2nl,., -- n?.,)] -- IIIEI1+ 2: a. u(n+Mm2 ), (b +Cl($k+mM),2)

                                 711
   + 3dl2[4S+evtaM.-2), nv (. +2.), .,] + (n2Nipeh3),[n2 +4 M2 ip- 6 ({`.+, .di6-n 64)l*,m") ]]

     7)1+ n        :even    ab 2M a. (.:Zh), (b + Cli."2.".M)22) + bdl2[4%"+r.2)2 in- (.pt-Z)2 rr2]

       o}z
    + (n2+eim' ), [n2+4 M2 ut 6(ninlili2Z2i i,2;,M`) ]] == o .

                    .. (n,m==odd).,,. (153),
                                         '
Taking the values of n == 1, m = 3, 5, 7･･･; n == 3, m =1, 5, 7･-･;n= 5,m == 1, 3,

   )s
the above equation reduces to a group of equations as follows:

 .,(rr2 [-al- + b(t+ ,-) + sl- (--g-+ ", )+ fl2 Gl-6 + i,dim -;,T)

  + -zsl:3 (-ild+t.Erw ?, )] N -Pig) -- g.,(b+ -g- ,l + {} dl2( s5 ma 3, )

  + esi3 (--:-- ma -2i/l,)} + -2g-5-- ., {b + litL ,i + -2- di2 (-litL -- Lgl.ii,)

                                            '  .-cgl.:3 ("Ili'L lh ,9,7.,))-''' =O ' '

                                      '
 ai (b+ -Hgrm ci + {lri di2 (Lg--L3,T) + ec ({in -- '21S)) -- a,[9rr2 [{i+'b({I-+ gL' 2)

  + -!i;i- (-l;-+-6!.,,,) + -{lie (-iil3-+ ,E.,--# ,;.,) + -gsi:-3 (lziY, + ,k.,- ,}.,)] --- -l.l-4}

  . 2s ., (b. -gg7- ,i . -Il- di2 (-g- g- rm -S,l,,). -giS (-IS'L mu i-g-1,)] m ... .,.o

                                            '
 {3'-(b+ -li'L ci + -2- di2 (l,3nt--,-2.,) + L`ili;3 (-IIS'l -- rfllZl-2)i - ga3 (b+ -3iS- ci

  . 2 ,,2 (gi71. "- -j?,,) . gL5- (!27- pt- ig.i,)) + ., (2srr2 [{- +b Cth. + ,g.,)

  + -!l;g G,-.'-2g.,) + -{lilr2 (?6-.,,3,.,im ,,3,.,) . e,i2(-,fo. ,5.,..wr ,,3,.,)]dn 21ij

      ---･-･-･-･･-･-･･･-i-･･･････-･･･-･･--････････････..･.... (153i)
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･ Now, for example, stake a bar whose moment of inertia of the cross section

varies as a certain power of the distance from the lower end (Fig. 7) so that the

moment of inertia of any cross section at x is
  e
                i(x)--ic(ktl'i-)1'(x=o-iv-6L) os4)

                                  '
in which I, is the moment of jnertia at the middle of the bar,

   In the same manner as in an un- T

symmetrical bar, taking two teums in k

2x,:s2ig.io,", ,;:3.s).wa,a,i gx･f,,s,31.::g ÷

correspondjng to the cases of n==1-N･ g

4 are to be approximately determined, L

are obtained as follows:

 I.' (a+1-fe)(9a+1-k)-9=-O (155)

      in which

               a==n2(-irm+ 2), k=

II. (a+l?-k) (9a -{- B- k)
      in which

                tt t   a -- n2( 21Z, 4 -Sl- + -//12-), B .. -21R + g

IIL (a+B-r- k) (9a+t3-
      in which

                    '        '      a== rr2(-i':T+£'' il +t i +

                         '

           3･･R2 152 3       r = "2'rm7rn2, B == 3 -"l'2rm + -'s"- '-'l- + -Zlfi

IV. (a -t- B-r- k)
       in whieh

  ,, a-rr2(-illl-i'+Lilrv-i-lzRii-+-sli-+i

,elr,

:i},

h kts.

 ,g
`k' ia
   th

Pl(a+

 (l2
Z J,

 (MJ

n
 YJZI] '

   Fig, 7

S)
Tt--EIc

  -g(B + g )2.. o

       P (R. +･f)2

-rL--         '
,k =-

-'

 9

    EIc '

- k) -- 962 == O

     g12--), p... -i:/l2+

      (-g- - --llr, ),k-

        r(9a + B imny -l5- im

 rmJ

t- as
iv" - -eut'tm1-

iv igr-"t

    rll7)
t..th-"l

z} e

(156)

(157)

 32
-27 7+
   ' P. (2+

g･
S,,, )3

T.d
i

        k) - 96Z = O

goL
),B =- 4il' + 3iR,2.

IEJo '

 (1 58)

32
rr2Z- +

.

1

4,
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       r=- ,3.,(4e+i),6=- Ai'i,Z+ i,5 fll +3-il- (E'i"5,---i?,r)+ -l({Il-- 2;,),

           jP (R. S )`

       k=l2ElcL: l
    The values of the factor C in this case become as shown in Table 2. The

values of C in the case in which the ratio Io/I, approaches zero were also calcu-

lated taking the three or more terms in the series of y.

                               '              Table 2. Critical Loads for Symmetricai Bars 'with Variable

                     '' Cross,section. coeff.:-"2wE..Z..g
                                              l2

Xfo/fc
 x nX

1

2

3

4

O.Ol O.02 O.04 O.06

.gls,gs,I gl:,o,il g£;:

    i!
:lig:l g13,l3,,l gl::2

             '

O.632

O.489

O.436

'O.410

O.08
O." O.2
   I

o.3 I o.4

   i

   I
O.5 l O.6
   1

O.7 O.8 'O.9

   1;fO.645i O.6561 O.71l

   lo.s2ol o.s47I･ o.64s

        I
O,14,7s3,i

l O,15,O,:ll O,16,ir'i

   sjl

o.'7s7I o.7gsl o.s36

   I
O.71sl O.771 O.820

O.709 O.762, O.814
        I
O.694    O.758i O.811
   l[

oes721 o.go61

o.s63I･ o.go2

   I
    O.899O.861

    O.898O.858

O.938 O.970

       '    O.970O.937
   I
O,935 t O.970

O.935i O.970

     V. AwwgexxCAwtON OW WOWmencR SXrwrc ewme･ANSWOmetwAaxOnv

           wrrcWwaOD WO ewwwrc Snv'ewgexe OW SWA'BXxxWY OW ewxxew

           wwprcR cwaomep ow' A vew-wmew'$s BmemoGrww,

   As a special example among the buckling problems, take the upper chord of a

low-truss bridge. In a low-truss bridge, there is no bracing in the upper horizontal

plane (Fig.8) and the upper chord is in the condition of a compressdd bar, the

lateral buckling of which is resisted by the elastic reactions of the vertical and

diagonal members. At the supports there are uSually frames of considerable rigiditY

so that the ends of the chord may be considered as immovable in a lateral direction.

Thus the upper chord may be considered as a bar with hinged ends compressed

by forces distributed along its length and elastically supported at intermediate

                                      points.    .,i.''""'-..i''"'".''''"''''"'. ' :,k.pmaj.'.q. ,,,.g.fe,e,gai,;.2tl,og,aj,2ol,;:vi.'2ggo,z

                            Fpt d of    iopdiabdepm-pm--et(exT;w)ytlXZ=ll, (S)- qsusedinthecaseofcontinuousbe{-

        '        ma 'Q7   za

  A n.op' B
-x tas)

    Fig.･ 8

ms on elastic supports. However,

the amount of work necessary to

obtain the critical value of the com-

pressive force increases raPidly with
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the nurnber of elastic supports. The stability of the compressed chord can be

increased by increasing the rigidity of the lateral supports.

    If the proportions of the compressed chord and verticals of the bridge are such

that the half-wave Iength of the buckled chord is iarge in comparison with one

panel length of the bridge, a great simplification of the problem can be obtained

by replacing the elastic supports by an equivalent elastic foundation and replacing

the concentrated compressive forces, applied at the joints, by a continuously distri-

buted load,

    Assuming that the bridge is uniformiy ioaded, the compressive forces transmitted

to the chord by the diagonals are proportional to the distances from the rniddle ot

the span, and the equivalent compressive load distribution is shown by the shaded

area in Fig.8.

    In calculating the modulus B of the elastic foundation, equivalent to the elastic

resistance of the verticals, it is necessary to establish the relation between the force

R, applied at the top of a vertical and the deflection that would be produced if

                               If only kending of the vertical is taken intothe upper chord were removed.
                                      tt

                                    Ra3
                                6 = 3-E-21･

where Ii is the moment of inertia of one vertical. Taking into account the bending

of the floor beain, and using notations indicated in the figure, it follows that

                              Ra3 R(a+b)2d
                         D=:3EI,+-'2EI, '

where l, is the moment of inertia of thq cross section of the floor beam. The

force necessary to produce the deflection 6 equal to unity is then,

                                     1
          , Re=a3 (a+b)2d' (159)
                                   + --                              3El,                                       2El,

and the modulus of the equivalent elastic foundation is

                                     Re
                                 B =:                                                             (160)
                                     ,c

where c is the distance between verticals.

    In this manner the problem of the stability of the compressed chord of the

bridge is reduced to one of buckling of a bar with hinged ends, supported laterally

by a continuous elastic medium and axially loaded by a continuous load, the intensity

of which is proportional to the distance from the middle.
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    This problem was solved by Timoshenko by using the energy method. The

2?lone,illeeStUAgdfan be Obtained more easily by applying the Fourier sine transform.

/Ls,ri,.W･xi':'g,,i,g.:./d,r8tiaO?,`ge:e?lfieei,g#t,Ya,Log,qt.:,X,lil.lst?lbt?gd,d8,`lf'St;'g,k,:gr7s.s,f.:h:.?"tys,g

                             e-q,(1-'21X-), (161) `,,

in which qo is the intensity of,load at the ends. For a truss with parallel chords

/18 .a.L'ir.g.e.":･l7f2. F, g,,if.¥lli IS .X･.,;a:s.s2;,;i,ozcg"8,zd.A,'zm.,ele.m,s.nt,a; :,,g,"rtics `hat

m which Q is the total load on one truss and h the depth of t .he truss.

the iAtfCtC gLdpi'pnog
ri
tY
,'
btehceomtg!ai cOmpressive force at any cross section, distance x from

                    P = Lli'- (q + qo) x = q, ,(x - Xi2 ),

from whic? tb,e shearing forcesd.U.eq,tO<xthinetCiO,Illl/.ltey.7SS.iVe fOrCe iS ' ; ,(i65)'

tfi,.If the Sheari"g fOrCe d))i .l.il,ly,On=IYhaCOqM, (l.reESil.li)fo!d(rc.y-e is taken into considertion,

Differentiating this with respect to x,,it fpllows that

              Ei:'i.Y,+q,(i-2i"j-dd-.Y-+q,(x-pai2)dde.2,=o. ･' ･

                                   'Adding the effect of the elastic medium, the differential equation of the deflection

curve of the buckled bar is finally obtaihed as follow:

                                                                     '                                                     '                                                           '
 11'EI,:ll{'IY-4+q,(x-tt/3-)[ii'i{I'+'q,(1-ZIXrm)`fdlll.:-Y+BN=-O. (164)

    This equation can be also obtained by considering the equilibrium of a differ-

ential length of the buckled bar. ･In the above equation, the cross section of the
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upper chord is'assthmed as constant along･its length and the modulus of 'elastic

medium is also considered as constant. The differential equation of the deflection

curve of the buckled ba; is no longer a simple equation with constant cofficients.

In its solution the Fourier sine transformation method can also lee used to advan-

tage.

    The deflection curve of the buckled bar in the case of hinged ends can be

represented by the series

                               co

..., , ,,, y== pu,=,a.sin'ZZirriX'･,. . (Ifi,5)

  t/                                           / /.t tts"bs`i'":3=ih(1ig?,ti.g,:.E.l2i'ntit,,`:.iiZWt')7tS..,(･,ln)2.,,sil' "fx' '' ',' ,l

                                                  '           + qo (1 - tt-) tl=,(-nlny-) a.cos n:X + BXco..,G,, sin n?X == 6

                                                           ･1                                              '
Multiplmg by sin LnL ;X' and mtegrating from one end to the other of the bar, one gets

            eO/ co' '      Si (EJ Z (-nlrr-')`a. sin n7X - q,(x - LXI2-) IZ (-2!lrr-)2a.sin -Ztl7X-

                                        n=1            n"1
      + qo (1 -i /'-).)col],=,(eZ7rrL) ar cos fiZZ/7X- + B .is,an sin thZZLrrILX-] Sin 'ZaZfrrX- di16MH6)O'

Usingtheformulae:. , , - -.-
    Si sin MirrX sin n7E- dx =o (m -- n) ;' Si sih2 Urri-X- d' x == -E--;

    Si x sin MlrrX-' sin H":X dx == ((- 1)m"" 41' 1]-(-.rm,2:"u.ZZ?$-.-} ;, ,

    Sixsin2-Z!Lrri-i dx -he .-L42-,; S: xzsin2 n:7X dx i= rSt -3 ({l- - -2-"i,);

    S:x2sinZZi-iWsin-"7Xdx=(-i)m+n-(rft/,ge-mM--/･)-:-ft-,J,: ., ,, ,.,'. ,,'

    Si cos -ZZ7E sin 2tjTmuX" dx == o; Si cos ZZili'-X sin 2Z2rri' dx = ((-- o'"""i'- i)fttn-,/:n['ii')-.-';

    i/?.x:.os.,liiill'ls?.:'".Z,ZX･ll,CX-==,.I･r,,,,i.3:ill'ILtig',,.,, ,,' /'･ ･',' ',''-
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a system of homogeneous linear equations in ai, a,, a,,-･･of the following type is

finally obtained:

                                      m+n'eYen    a.[(n4+r)rr2,-2a(ngn2-H1)]+16a X M(nm(,M....2n+,)pt)=:.O (167)

                                        7)V

in which, for simplification, the following notations are used;

                          q,l itZEI RI"
                      a=r4- nd: --l2 ,r=.diEI･ (168)

    The summation in the second term of the above epuation is extended over all

values of m different from n such that m + n is an even number. Thus, the series

represented by Eq. (167) can be subdivided into two groups, one containing the

coefficients a,. with values of m taken odd and the second with all values of m

taken even.

    The equations of the first group are.

                    2     [(i + r) rr2- 2a (L//--i)]at+a(!25 a3 + Llilg-- a, + -ii7-25 a,+ ･..) .,, o

     125 a a,+ [(3Li+r) rr2- 2a (3rr2- o]a,+a(2s55 a,+6rsOd9 a,+･ ) = o

     -6rg--- a a,+ 2-s55a a, + [(s'i + r) rr2 --- 2a(-?35L n2-1)a,+a(liZ5 a,+･･･) == o

                  '     175 609 1295     rr712.a ai+ tsumo'r ct a3 + -igra ab + [(7`+r) n2 ---2a (St rr2--1)] a,+... .. o

    The equations of the second group are:

     [(2'i+r) rr2 -2a(-g-rr2-1)]a,+ a(lg60 a, + 125 a,+L.) ,., o

     gg6-Oa a, + [(4`+r) n2#-- 2a (m13S rr2- 1 )] a,+ a(!Stls4'8 a,+･･･) == o'

      i25 a a, + lltilg--8a a, + [(6`+ r) rr2 -- 2a (-3i6rm rr2- i )'] a,'+ ･･･ == o

    Buckling of the chord becomes possible when one of the above two

of equations give for coefficients a,. a solution different from zero, i. e.,

determinant of system (169) or of system (170) becomes equal to zero.

(169)

   i   [ (170)

j

  systems

when the

Thus, one
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gets the deterrninant equatlons,

      1.5
At -l2Ta

15

 2a

65
   a18

175
   a72

from which

A,

255
ugfi a

609
   a50

65

18

255

 8

the critical load

     1.75

  a     72

     609
  a Lso a ･dt

     1295 ...
A, lsra

1295
Ts-"a A,

      la ･" 1

   i'
   I
". I   l

-= o

ls glven, as follows:

(171)

in which

A. == [(n`+ r)
rr2 lh..

2a (

   "

Tn32- rr2- 1)]

and

A,

160

 ga

15

2a

,160

U9- a

v'ld

1088
h222

1248
    a 25

  160
a TLg7a

15

2a
1.088

    a ･･-222

1248 160
25 a ung-a

      4800 ...
 A, 4ga
4800
    a 49 A,

-- o (172)

                    A,, == [(n,+r) rr2m2a ( n32 rr2 nv. 1)].

Eq. (171) corresponds to a syrnrnetrical shape of the buckled bar; Eq. (172) corr-

esponds to an unsymmetrical shape of the buckled bar.

    In the case in which the rigidity of the elastic medium is very small, the

deflection curve of the buckled bar has only one half-wave and is symmetrical

with respect to the middle, Eq. (171) should be used. The first approximation is

obtained by taking oniy the first term in the series (165) and putting a3 == as･-･==O.

Then, Eq. (171) becomes

                   (1+r) rr2---2a(rr32 -1) == O (173)

from which
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                            .. rr3(1+r)'
                           a -- ,(.g. .- ., :' i)'

                                        '
Usingnotations(168),itfinaliyfollowsthat. .
                                         //           '                       (-qzl),F2zrrll,1.+,i)1)F-r-zE,-I-.1'. (174)

                                       '                                                '                                                       '    To get a better approximate result for t4e,criti{al compressive force, the two

terms in expression (165) with coefficients at and a3 are taken. The corresponding

equation, from (171), is

    [rrL'-2a(-//1'-1)][slrr2-2a(3rr"'-'1)]-(-lr25)2a2==o. (17s)

                                 tt                        'SovliAg this equation for a, th6 critical load may 6e obtained. ,

    Where a greater restraint (r > 3) is supplied by the vertical members of the

truss, the buckled form of the chord may have two half-waves and an inflection

point occurs at the middle of the bar. To calculate the critical load in such a

case, Eq (172) should be used. With a further increase of r, the buckled bar has

three half-waves, and Eq. (171) ,should be again used in calculating the critical value

ofthecompressiveload.. ' ･
    In all these cases the critical load can be represented by･the equation

                              (-z;,e<),fcrr2iEiZ-.,'.･,,.'i'/･ a76)

in which the coefficient C depends on the rigidity of the elastic medium. Several

values of C calculated by Timoshenko are given in the following table: ･ ･'-'''

                            Tab!e 3. Values of C.

                            - wwl6filili}･- ,l o
5

C
   I
2.06 I 3.63

iP

5.10

l5 l22.8

   i

6',3'1/ 7'.58

.56.5

9.51

100

11.9

162.8
l

'14i9

200

16:5

300

19.8

5PO 1QOO

24'.o･
l 33.o

                          ' ''''' '"'1'f           '
   ''The method developed'above for the case of a bar of Uniform･cross 'sectiort

suppo'rted by an elastic medium of a uniform rigidity along the length of the bar

can be extended to include cases of chords of v'ariable crosS 'section ' and cases where
                                                    '
therigiditiesoftheelasticsupportsvaryalongthelength.'''i･'' ･'''

                                         '
          '                             tt                                                   '
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     vx, AwwgeaxcA.ewxerw oge wowRmsme $xrwsc TmeArwswomerwAewroww
     wrxuewIwtOnv WO ewwwrc SWevDY OW ew,meArwSVwwmeSww OSCmauaAmeXOrw

          . OW meAme$ WXewma VARXABMrc CmeOSS SrcecTXOrw,

   X, ewnsymwtetrieaX xears with Variable Cross Seetion,

   The differential equation of the maximum deflection curve,in'th'e transverse

oscillation of bar with variable cross section is representented by ,,,

                 i-,i`ltilii,(Ei(if)[-3il!.Yii-qt(-X)4nzrr2y-=o ' '･ a77)

                                 '
inwhichthefollowingnotationsareused: .
   q(x) == dead load per unit length of the bar including live load which oscillates

with the bar' ''           '
   g == gravity acceleration;

   nu = frequency of free oscillation.

   Assuming that q(x) is 'constant along the length of the bar and using the

notation of

                             4n2,rr2q ' e                              Eg- (178)                         k =-

                                            t.                                                  '                                             ttt . /.t                                                        'the above equation becomes

                                   '                              t. t                    adi,'(i(x)[;ileYi)--ky-O. ' i(17g)

   Integfating this with respect to x, it followS'that

            i(le) S-?tt,- - k'l: ,(4>s: dx bk + b,le ± e,,

                       '

                     t, ' .4                                                         tt                             '                    =- kI:(x - 'e) y(s) de + 'c,x + c,

                                        'Taking a bar with hinged ends, the terminal conditons are S'llltX' = O at both ends.

                  c, =o and C, ==' - IIi-,'g(l - 6).y(e)dG.

   Thusthedifferentialequation(179)reducesto ,. .,' ,,,.

                                                                 tt .                         '
.. ,i'(x)S2.Y,,,kSi(x-s)Y(6)de:IIirix5:gi-6)g(e)ds･..(l819)'1],

 '

The deflection curve in this case can be represented in the form of-a sine･ series'
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                                                               '                              eo '                          y :Z a. sin -ZZ7.E (lsl)

                              nk=1 ･
                                     ttt
Each term of the series satisfies the end conditioris, since each term, together with

its second derivative, becoms zero at each end of the'bar. ･S.ubstituting this value

intethedift'erentiaiequation(180),itfollowsthat ,-･

           i (x)S] a.(-nirr)2sin krriX + kli (x-$)S a. sin nF d6' '

               m=1                                          'tl=t
                                        '                                                                    '                    -5-xi'i(i-6)2a,sin"irr6de==o. (is2)

                                  n --l
                                                  '
Calculating the integrations in the second and third terms in the above equation

                                                                 '
                                                         /t
             S,X(x --- 6) sin -nuarrll!Z d6 = -i£.r x -- (nl.)2sin U7-t ,

             L7 li(i-$) sin n7e d6 == ni. x.

    Thus, Eq. (182) reduces to

            co co       i(x),l..,a.(nirrj2sinn7X---k.Z.-,a.('til.r)2sin'n7X=o. (is3)

                                               '
                ptx
Multiplying by sinmrand integrating irom one end to the other of the bar, a

system of equations in ai, a,,･･･ of the following type is obtained:

                           exeept,･n    ,':I(x)(a.(nlrr)sin2n7X+ Z a,,n2m2(-7-)`sinMlnvsinnifX]dx

                             7)l

                           lel '                         iml2'an==O (n==1,2,3･-) (184)

    Oscillation of a bar becomes possible when the above system of equations

gives for coefficients ai, a2, a3,･-･ a solution different from zero, i. e., when the

determinant of system (184) becomes equal to zero. From this detetminant equation

the frequency of free oscillation is determined.

    The same result can be also obtained by the energy method. Equating the

internal work to the externai work, frequency of free oscillation is expressed by

the' well"known formula ･
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                            gEj,`'i (x) (daa.Y,)2dx

                        nO=`'M4'ff' Ljlley,dx ･ (185)

Substituting in this expression the value of y given by (181), the frequency is

determined by finding such rejation between the coefficients ai, a,, a3,･･･as to make

expression (185) a minimum. In this method, however, it is more labourious to

arrive at the result given by Eq. (184).

   Now, take a bar whose moment of inertia of the cross section varies as follows:

                  I(x) == a+ bX + cx2+dx.3+ex't. (186)
   Substituting this into Eq. (184) and calculating the integration, a system of

homogeneous iinear equations in ai, a,, a3･--of the following type is obtained:

  a. (n4 rr4[2"ls+ttls+ 2Cl (-l--2-ha1,.,) + sd (1wo -i-it-i-) + -e21-( g mu ge. I},

                   7n+n:eten  + 2n9.4)]-- -lll'i-+ : a.'(mnn23111"Z22)2(Lt'i'C"+6d+sei[i--- l?((nn,2-+mM,il]]

                     m                                              '
  ..p wt"Si`iC'.. (".3,lll3.rrj), (-4119-+ Lli'L + 6d[1 -- g-,i".IZ M.-ilE + sel [1- 1.2a((.-22:+:'-.-,"e･j:)]) = o･ (ls7)

      m

    From this equation･one can also derive the equations corresponding to a bar

whose moment of inertia of the cross section varies as a certain power of the

distance frorri the lower end so that the moment of inertia of any cross section at

x is, as in the buckling problem,

                  I(x)=i,(2R++sX)", .(n==1,2,3,4). ass)

                                    '                                 '
    Taking two terms in expression (181), the equations, from which the frequen-

cies are to be approxirnatately determined, are obtained as follows:

     I. In the case of n=:1;

                   (a--K)(4a-'t4)-(ig6)2pt4==o (isg)

       in which

                   a---rr2(:-.s), .=ki3nvg2s/;,-S)-

    II. In the case of n == 2;
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             (a-i--K)(4a----u2i'-T5r)-(-lgS6-)232-o (igo)

        ･-1･･

       in vihich ' ''                              .t

',.'

 .al- rr2(Lili'+r,''l +-g-), B.,.2(2--{--+i), K,=i81i2(tt,;,LS-)l'

.

   'III.Inthecaseofn=3';･ , ''
         . (a--B-K)(4a-B--l}')-('l;61)26L'=o (lgl)

       in which . .
                                tt       am- rr2(m7-sf-+-23- -'ii'"+ril-+'-1"m), B== : :i +-34mm

       6 =g6 ii +6-'Rl--'+3(1-'&/,), K ,., kl 1(R.rmf,ni"U)1.

    IV. In the case of n=4;
                                                      '       (a-3+r--K)(4a-B+-4i-x-l})th(ig-6-)262=,o ag2)

                                                                 '1'f･ i' :'";,..Wejlh"2.:.,-2.;.,Tf/i".m:rm.L-g-)',,=',tt,/rii13-i,i-+'i･,ri--Srri･

          '
       'B=-s--ilii2-RiiL.i2-i-(,Lg9,j.,(,rm,68), k-L fe(is-i./fi)`'.1 '

                                               '                                                         '                                 '
dameSnOtiaVi]ogsc:,i:tiaobnO¥.ne.eeaqcUhatiiOansS6.the SMaiier root gives g,.bg frequency of the fun.

    2,Symme'triealwaarswiSlaVariabl,eCrosESeeLion," .,,

 Y'Proceeding as in the previoug ar,ticle, ari equation corre,sponding to Eq.,,(184)

becomes as follows;

                                                   '                                                                    '   L e.t:t'ei,..n  II2ani (x),(a.(-nlrc)`sin2-n"7U + Z a.n2in2 (-T')'isin Z"lrr,X sin 'UrliltL]dx - k4i a.=: o. (ig3)

                           )ll
                                                          '                                                              'If the variation of the moment of inertia is '

             Z(x)=a+bx+cx2-dx3+ex`,(x=OtN･''ttL) (194)

considering only a symmetrical shape of the oscillation, a system of,homogeneous



r
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linear equations in ai, a3, as,･･･, corresponding to Eq. (187) becomes as follows:

  a.(n` it`[fl'k+ 4bl"i (-'4-1-+'.21.2) + -s91- ({Il'-+ v.rm}.'2) + g ("t + 4.32.2' .?rr4)

       ttt
                                  '     . '... op.+tn  + -esl(- (-lits= + '2// .2 --.'43.i)] ---- k4''lm) +' Z:`i[i a. 'inn2+M2;li, {-2,r + S<:+-.Mil

                                    en
  + 3d[4Zi "r".2)E - (.. 2.), .,]+ (.2Hei.)-,[U.2'4.izzg2- 6･ (.z i.-: I2z!.2th.gff+,m-,`)]}

   71.+]n   " m:e.e-    2
  - El a,.-("i.l{'leZr.Z!L2i2(ev-4gl((i.P++.Mili+3d[4"ih±+t"-)2-(.mu2.)'!.2]

      ･m                                  '

,.
k･t2.e-l.J.-[n'+47122-6(n`(//gag/i?:):,2.+..m`)])=o... .(lg,s).

When the moment of inertia of any cross section at x is

                                                          ' .. 1.. 1......11. ,/. , ..'' I' .' /'･･ 'i(x)=ic(R2+±ll'ilrm)", (nf.i,2,3,4) '･' (ig6)

                                                    '
the equations, trom which the frequencies are to be approximately determined,

become as follows, taking the two tetms with the coefficients at and a3:

     I.Inthecaseofn==1;, . . ., ,
                            /

             (a±1-K) (9a+1- l;).9=O (196)

                                                              .             a'- it2' G'4'2 ),''KLk'3 (S..;-, S-).

    II. In the case of･ n =='2;･

                tt ttt t/ttt t t             (ai4B'-ki(ga'+p-L6--)--g(B+'-g'-)-2=-o ags)

       in which

       a= 7r'( l2"+L2R7-+ i2), 3., liR -t--l}-, K= klC"7(2.l i;t )'

    III. ･In.thecaseofn=･3; /' ... .
                                                 '                                                     '     s (a+B-r-K)(ga+B---g-,-(lil-)--gBu-o..(lgs)',.
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          inwhich･ ･ , ･･
          a-= rrL･(-ig+S,- "1+t･ i+t/),, B.. G3if.-:-- i.g)

          r== LSI.i2･ q" -=3ti･ww+l?t- -2i+ 2 (t--g-･-----ff2-6-), K=rmkim<2..,-'i,-.i)-3.

       IV. In the case of n== 4;

               la+p-r--K)(ga+B--5---l･;)'--1g62==･o (2oo)

          in which

          . ,. .2( ii .-v21m#m.iRz.i.-..g>m. sl-o･ ),B -- .412,3.-31:1. g, i .-l-

r- -Si.,,('4 -R,-+i),B.. !ge !,-s -f;/-.,f (-g- ps 3,, ). g (i g-nv- /G,),... e(2.+,- i21a-)`.

                          '
       Solving the above equations, several values of the fundamental freqency are

   given as shown in Table 4. In the case where the ratio Jo/I, approaches zero,

   the values of frequency were, of course, calculated taking the three or more terms.

              ,Table 4. Valges of, Frequency for Syrnmetrical Bars with Variable

                     CrossffSection. Coeff:-2-"l, 4/E-'Zg-ii.., , i.

Xx{IE/!Te

 nX
1

2

3

4

O,Ol O.02
l
O.04

O.783

O.630

O,543

e.soo

   '1g[g:8,l･ glZ",,6

I o.ssgl o.6"
I o.sssl o.6i6

Il

O.06
      '   t
O.08 l O.1

   ]
O,2

o.so3: o.slol o.s17

   II
O.712 i O.732I O.749

O.675 I O.7eOl O.722

O.656 I O.685 i O.707

l

O.3 O.4 O.5 b.6 O.7 O.8 O.9

   1 o.s6sl o.sg5
O.847
       i
O.8091 O.8a91 O.880

O,794･ O.845        O.875   II
O.787 1 O.836i O.872

l

l

i

I

l

o.gls! o.g341 o.gs2

   ll
O･909j Oe929i Oe9(19

O,sc3 O.928' e.949

   Il
O,9021 O.9271 O.948

i

t
t

   'e
O.969
   l
O.968

O.968
   l
o,968

i

O.985

O.985

O.985

O.985

    vKx, AgewxxcAwwoyw oy geourRncme sxNww uemeArwsxeomewrA,wxeyw

            wrwaewwwoD wo wwwue sewvmey ew megerwmaNG ow

                    mewwCWArwGWwaAwawwuaATws, '

   Taking, as an example of the simplest cases, a rectangular plate simply sup-

ported along all its.edges, the well known differential equation of the deflection curve

due to the no}mal pressures is ･
                            '
            D(-aai`.'[-+2a2`,Way,+aa`yW,-)-p(x)-o '･(2oi)

                                         'in which the following notations' are used:
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              Eh3 ,.. ..       D=1'tt(ilin"nyN"t); h==thicknessofplate;

       ff -- Poisson's ratio; P (x) == load per unit area at any point;

' Let tWhe=adxe
isfieoCfti2iiaOnfbP;atbeeattakaeni'a9g:ngt'one pair of edges and the'oth6'r paii

be x =a, y== b. 'Then the deflection curve in this case can be represented in

the form of a double infinite sine series:

                                                                    '
         '"･zv==Zco2a..sinmp.rrL{!sin-Z2ZY-. ･,'(2o2)

                      n=17n==L

iSliif,h,Igrgl,,gf.3h8,;,e･l.i2S,.g?tB%figS.$e,g,o."".gai,y,cg,nS,`gios,s･,X?ge ea f.h`s,r.m.･ lg.ge e,r

   Substituting the value of w given by Eq. (202), multiplying by sm umarm' Sm b-

and then integrating over the whole plate, it follows that

        a..Drr`(-'-.U.-Z+-ilg)2I,aS:sin2ZZZ'.rr-nXrsin22Zlrrb':-Ydxdy ,

                        -S,aSip(x)sinM.rrmXsin-ZZLrrbYmdxdy==O (2o3)

since every term in the integral vanishes except the two terms having the co-

ieafgioCGerniotuSsa";boacnesds.P (X)' ThiS equation is aiso derived by energy method by a more

    Using the formula:

                       bmrrxnrrx ab                   , S#S,sin2m. sin?-b-dxdy= 4

the coefficient a.,, is finally obtained as follows:

                 'a..=sco-l:"l/l]i,.)SS".'f(a'tll/lj,S-i2'mp11t,..-Y")gXdY (2o4)

and coRsequently

  w = .b4D.4 .ioo}..],t7=, l: g: P (X) ?};L"'ZIXtui.l,i)ililZYT dX dY sin z!gtirrpu- sinvazrrt . (2os)

overCtOhneSiwtehijfeg'piaOtre,a:.t efXoia/glil3sie'thtahte PartiCUiar case of a uniform ioad fuiiy appiied
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        S#S: p sin iZrl:-X sin MbY dx d.y == p iliZb.i when either m or n is odd,

                                =O wheneithermorniseven,
Therefore the coefficient a,,,, and the deflection w becorne respectively as follows:

             amn=,.,Dmni(6dec:Pf..2+Li:?T)2 m,n==oddl . (2o6) ,

        W=-lt/D2.=2,,.=$,,,=mn(Ill,l2+zi)2smMaagsm2ZL7-Y (207) ''

    In the cases of panial distributed Ioad and a single concentrated load, the

results can be also found by a process similar to that used for a beam.

    Adding: This study was helped by the Grant in Aid for Fundamental Sci-

entific Research of the Ministry of Education.
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