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                         gL Introduction.

    The author wishes, first of ail, to make some introduetory remarks

on the application of the method of Michell and Love to the various

kinds of boundary value problems. Now that particular solutions for
the problems of thick plate under variable pressure or tangential load

have been published in the present writer's first repoyt <I)i'-that report

will herea,fter be called "(I)"-and in w'hich needed features have been

stated of generalized plane stress solutions whieh may correpond to

c,omplementary solutions so that preliminary works on the whole has

been completed,.it remains to deseribe some manners in which the
boundary conditions,of boundary value problems are to be fulfilled,

In this report 'illustrative desc.riptions chiefly of problems concerning

'the re6tangulav thick plate wM be given. Inettdentally, the t･erm
"pa.r'tieu]ar solutions" may be inappropriate but not sounct singular and

so may be permitted to be used, the au'thor thinks. Mathematical
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computations involved in this report will be lengthy but may be said

to be essentially simple owing to the ingenious method proposed by
Michell and Love. As mentioned in the introduction and Sec. III of
(I) regarding the order of aceuracy of this method, whieh is principally

dependent on the assumption made concerning the derivative of a. with

respect to z at the plane sur£aces of the plate and, further, on the
approximate forms, in a strict sense, of T.., T,. in the generalized plane

stress sol.ution, though needless to say, Prof. Love says ambiguously

in his book that the special forms of T.., r. and aN. are assumed in a

proper way, eonditions on the bounding cylindrical surfaces of the plate,

whieh are varied with respect to z coordinate, could not be satisfied

generally by the use o£ this method. Therefore, the writer cannot but
adopt the reduced boundary conditions represented by the resultant
forees and couples and, if necessary, apply Kirchhoff'stheorem regard-

ing torsional couple and vertical tangential force on the cy}indrical

surfaee. Certainly due to this deficiency of accuracy it is necessary

to apply Love's method to the moderately thiek plate, but in an obvious

way the above mentioned inevitable process of caleulation in regard

to boundary conditions may have･a correspondingly slight improper
effect which is merely of local perturbation. So the method will serve

to enable one to arrive readily at the solutions with suMcient accuracy,

if the thiclmess of the plate is properly taken. In view of the above

stated properties of this method it will be pertinent to indicate the

fomns o£ solutions in the higher degree o£ aceuracy furnished by the
infinitesimal theory of elasticity or of solutions which are to be ob-

tained under general boundary conditions for suMciently thick plate,
In a Iater report the present writer proposes to show this complete

solution, though it seems not necessarily satisfactory. What £ollows
will deal chiefiy with the cases in whieh loading function satisfies the

equation of Helmboltz, i.e., it is a v-£unction, and traetions are applied

to the upper plane surfaee o£ the plate for the sake of simp,lification,
since, as described in Sec. IV and VI of (I), the cases of general loading

function and lower plane surface load can be treated easily. In Sec,

II.I there will be offered some additional remarks on the £eature of
solutions for generalized plane stress furnished by Prof. Love and
Southwell, which were no't dttseussed in the first report. Therein is
shown the "erificatiozi of the faet tliat solutions by Love may be

qtii'te the same as those by Sou'thweH. It is presumed 'that this
verification is needed from the viewpoint of consistency. In section V
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brief mention of mixed boundary value problems is made and it is shown

that these problems can be solved correspondingly easily with the aid

of the procedure o£ Love but it is to the author's regret that the
descriptions may be too sketchy on account of limitation of space.

           9. Il. Additional Remarks on the Generalized
                     Plane Stress Solutions.

   Generalized plane stress solutions are so indispensable to solve the

thick plate problem by the method adopted in our paper that we could

not pass over the £act that there exist two, at fust sight, different-

seeming 1<inds o£ generalized plane stress solution$, viz., solutions by
A.E.H. LoveL') and by R.V. Southwell3). It ean be shown as in the
following that these two kinds of solutions are identical with each ot'her

to the order of accuraey, whereby the so-called generalized plane stress

solutions are constructed.

    For re£erence, solutions by Southwell are quoted as follovvs:

        a. =L- -,O- iZL,,-+il-i s.ein' r(x,y,2) ,

            eL'2' 1 3L'       a?? == axL] hi 1+J"sxoy-' l'(X,Y,Z) , '                                                  ････[･ (2.1)

       rxy "m hLtptt/7y- +2(ii+ ,) ( oai.･ - a$ ) r(x,y,z) ,

where

Gi is a

we can
being found

   Taking
the tangential

to be desirable,

2=z -- !IL 2-. zeL + -! a=V z･ip, ,

       21+y 6                      1+v
Z = Xo ' zXi･ (,Kiil'i:(U IT ,171J.',,', =V8Ii ==: i7'i ')

                       'r(x,u,z) =- -a
o･

S-i･ , ¢= H(x,･u,z) --- --l..z･y'(x,･u)

    (VLill,..O, fi:,'f(x,y):-:=- -2G,),

conjugate plane-harmonie function of B"i and

take l7b, Fi equal to eo, e; respective]y, the

    in the so]utions by Love.

   aceount of only the restraint which is

      st-nc'esses ?-.., T,,... the iffol'lowing £orms £or

･･････ (2.2)

 it is clea.r that

last two functions

t･o be imposed on

  tl'!e.rn a･re seen
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     i, i. 2,((i,/k)) i/ll-. :ica, r. ;-:il'g 'I/) (,h, IIiX',exi ; (2 3)

putting H(x,y,2) in the form

            H(x,y,z) = Ho+zHi+ --i---- 2'tHL･,

            (7;H, =- cr;H,,=O, r;EL,+H,, =- O)

in which U(x,y) is taken to be hL'G,(x,y), The right-hand sides oE
Eqs. (2.3) are the forms obtained by Love and this agreement is shown
in･thd paper by Southwell. Gen'eralized plane stress solutions by Love

are indicated on pages 432-433 o£ (I).
    Now we shall show that the forms of stresses (2.1) eould be trans-
formed into those (2.7a) of (I) by rearranging and converting the second

terms of the right-hand sides of Eqs. (2,1). It is noticeab]e that the

                  acafunction I'(x,y,z)= -b-z- =Hi+zhDG]-of is not a plane-harmonic func-

tion, though Southwell implies it is so,' and hence the second terms

in (2.1) cannot be merged in the first terms. Though XM in (2.1) eon-

siderably resembles Z (2.lc) plus Z' (2.8) o£ (I), they are certainly
different and Z- in (2.2) can be rewritten into the following form,

using the symbols adopted by Love,

      Z' -- .(Zo- -lli- --1-tt-D- zte,) + (zZl + -l;- ?=+---: z:ie,>i --tt-&- -.- zx; , (2.4)

because, it being possible to neglect the indetermination regarding

plane harmonic £unction in this event, formulae

         crIz, == e,, cr:x{ = -(i-tr1 e,

                         (1 + p)

yield the re}ation between Xi and Z;,

         x, = u- (.1+V) x,･ = ;cl + -2 XI, .....･..･･･････+････････i-･ (2,s)

              (1 -v)                             1-v

    H, and hL'G, in I"(x,?J,z) can, (loubtless, be mergect in Z,) and Xl in

the fu'st･ and seeond pairentheses of the expression (2,4) respectively',

When thi's annexation is perfomnGd, we can in t-he sequel put I' (x,y,z)

in (2.1) in the form
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       I'<x,:u,z) -L. I"(x,:tl,fe) .- -- z,f(x,y), ･tt+･t･････i････T･･････-･･･ (2. 6)

and also put for convenience' sake the expxession (2,4) in the £orm

       x7 - z'`+zL'- ･-t-&----･"･-z;･i-'1 -= 2'- i-i-il----,-zz" ････-･････-`･･････ (2･7)

in which z'. := (x, -- -ili･- --tt-+"---t/- zL'e,), zL' =:-T (zZI+ -ill- -ti--l-; z'iei). Thus we

have for r
          xy
   T'., = -ll-llEa-tZXIy-- + 2--(il'-g-ls( /ti,- - D/r., ) i"'(x,y,z)

                        oo       =- g.ag:'+(12pt',) o.a5y z;+2aZ+ ,) ( aai, -- oei,)(-f(x,y)) (2,s)

and, if we perform the operation rir' = OL' . +--aL' .- on the right-hand side

                                   ox' ay"
o£ (2.8) except the first term, it vanishes, as is readily proved. So
          .we ean wmte
       T,,,..,-a"i2!L' ...-.QL'7()ci+xL'), ...,.,.,,,･･･i･-･･･i･･-･-･-(2,ga)

             ax ay                      ax ay

               oo       (i2in'.) ,.a,-y- i-{ + 2-k-i4-v)- ( ,ai, ---//i-.i) (-f(x,?i) = o, (2.gb)

because restriction imposed on two arbitrary plane-harmonic funetions

contained in XI and f(x,y) caused by the formula (2,9b) would never

undermine the generality.
   Next we apply the operations --e--- and -a- to the formula (2.9b)

                                oy ox
and then we obtain the relations.

      ,-bS-.--(a2HZb-s ,ai', zl+aZ.,) e,+aft" ,/rg-y-] -o,

        aSy'((i2-',)a//!'Z(+aZ+rm,-)ei-(lti:Z+-,)-aa.t6Ii27):=-Lo (2'iO)

    It is evident that the expression in eaeh brace of (2.10) can be

equated to zero within the theory of elasticity. Henc'e we may write
from formula (2,10)

        .=.R.-z-."a.i7..x;ge z .armtL= ...p.....e,.

       (1-v)oy2 (1+v)oxoy                                (1 + v)

Using this relation normal stress a,, in (2.l) ean readily lead to the
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form of solution found by Love :-

 ' a:e=-a{;'li(Zi+XU)+(1ft,)ei･

wehavelikewiseforay oy=-t/-x･-tt(X`+ZL')+(ik-'v-)'ei･

    Thus two kinds of solutions prove to be entirely equal within an
irrelevant, arbitrary additive plane-harmonie funetion and henee we
can apply the generalized plane stress solutions of Love without any

apprehension to solve boundary value problems. Southwell sought,
indeed, solutions in such manner that in the earlier pare of his calcu-

lation he applied only the condition for a., setting eonditions Eor T.. and

T.. aside. He thus obtained first general so]utions under the fomner

eondition and, thev. efore, solutions due to him seem at first g]anee

moxe genera} than Love's solutions. Neverthless, it may be said to
be desirable to consider all the conditions for a., T,,. and T., from the

outset.

      gllL Rectangular Thick Plate Simply Supported at the
        Boundary tmder Normal Upper Surface Load, the
           Loading Function of Which is a v"Fttnction.

    We shall use the term "v-£unction" as defined on page 448 in
Sec. IV of (I). Most notations to be used in this paper are found in
Sec. II and IV of (I) or self-explanatory. In the following, if necessary,

suMxes 1, 2, and 3 may be a'ttached to the right sides of labels in
order to distinguish between quantities which correspond to the solu-

tions of three kinds, namely, plane stress, basie parts of generalized

plane stress and particular solutions respectively. Particular solutions

needed in this case are found in Sec. IV of (I) and the required
boundary conditions will be as follows:

    7i=O, S--. O, G=O, ?v, == ?,v(x,y,O) =,=O,

namely

    Ti,i+T],3=O, Si,i+Si,3==O, Gi,2+Gi,3=O, at x[= !a,

    TL',i+TL',g=O,SL},i-1-S2,･}=O,G,,,2+G,,,,=o, at ?1::=±b, (3'1)

    ?･vo,L,+?･vo,,i=::O on the bounda.ry,

 .

    Tl,t, :== T,,,L, = Sl,?. = S,),L, =･ 2vo,1 = O .
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    Cartesian coodinate system (.x,y,z) is taken as shown in Fig. 1

and the z-axis is drawn upwa.rds as usual. This coordinate system is

adopted for symmetry, Let a given loading function be of the fol-
lowing form:

       a. :=: -T),..sin at.(x+ct) sin B,,(y+b) E! -pv({v,v) !i -pv, at z=h,

                                ,.,,,,.,.........,,,,..,..,,..-.･-.･ (3.2)

where a,. i=:-7//T-,B,,=-Z2e--Z- and m, n are

positive integers. In this paper we shall
solve boundary value problems by the use
of the method similar to Hencky's related

to thin plate problem. From particular
solutions in Sec, IV of (l) we have on the

       T3-mO, G}=O, zvo,,i=2v,,(x,y,O)=O, ･･-･･-･･+･････--}･(3,3)

                                               aL'v(x,ev)       Ss,,, =.-S,,,, = -il]l, 2v(1-eosh 2k:h) (sinh 2foh-2ich) Ete･b･o--

                 =Qe..lv.g.{-iy..)l (3.4)
                     OXOZ/ il==d.ra,ory='f,rb

and, henee, in order to satisfy the boundary eonditions (3.1) we only

have to tal<e into aceount the plane stress solutions (2.1) of (I), as is

easily seen from the forms o£ the resultant forces and couples due
to generalized plane stresses (2.10) of (I). Now the following four cases

are conceivable.

    case I(7n=27n',n==2ni), case II(m=277z'+1,n=27z'+1),

    case III (m =277z', n=T-2n'+1), ease IV (7n=-T27?z'+1, n=2n'),

                           ..,............,....,...........,...･･･-･`-･ny (3.5)

in which 7n' and n' are, of course, positive integers.

    Firstly we take ease I and, considering the forms of Si,-i and S,,,,,

and the boundary eonditions eoncerning T, we may write

                  lv       X'!==2hX,--3-1+,h'ie, ････････--･-･････････････････-･･････(3,6)

          = X A,.Y,,(t?v) sin ct,.x + : B,.Xl,(x) sin i3,tzl, ･i･･-･･T･･･-i･: (3,7)

            v, swith X, (x) ::-=- a, eash B.a sinh B,x - x sinh g?,ct cosh B,x ,

     .l,(ev) == b cosh a,b sinh a,,?l - ?l sinh at,,b eosh cr,,zl,

we

-te thx
o

-e
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in which cr,,= T2rrd, t9,= S2nb ,r==:2r',s==2s'. We shall delete s"ffixes,

r ands of cr. and B, always in the sequel. It will be obvious that

Ti,t == O-tti' and T2,i == a-?-/LllL' derived from (3M) vanish at the edges x== ±a

     ay" ox"
and y= ±b respectively. Then the following relation must hold at the

edges x = ±a:

       St,･` = t-s-2:/r-ivL = -[$. A.[(ab eosh ab--sinh ab) cosh ay{-

          - a sinh ab･y sinh ay] at(-1)"'+ 141 B,B(Ba-sinh Ba･ cosh Ba) ×

           ×cosBy]=-Si,,i=--(-1)"'Qa.B.cosB.y, ･-･ny･･-･･ (3.8)

Then, if we substitute the formulae
                                             '
       eosha?f:=--7/- tt..., e,･cosBziS,',eosh-/trrtt-zicos-SiZT-ydy, 1

       !isinha?i=:':' 'i'",tA,,es･eosIgyS,b,ysinhT2rra-yeos.Sirc.?Jal?i, i(3'9)

                   '
in which 6e = 1, ei =-Te,, =6,} =･･･ =2, into Eq. (3.8) and equate coefficients

of similar terms on the two sides of the equation, we obtain the

                                         '
     ,,,lii,i,.,..,A･･ (-=i2,Sl;･i',i":EE'･,,2,S!,!)'2."L'S']' sinhL'ctb -t- B, (e?a-sinh t?a eosh i3a ) sl;r,

                    :.:8Ti)'"'Qa-B･･L･ ig," £I,=,,:l",i:i ,..,...･･ (3.io)

By the condition in (3.1)

                 S,,=S,,,+s.,,,,=-o at y=+ptb,

we find another similar relation in the same way as stated above,

     A.(ab- sin.h ab cosh ab) a' + :i B, (-1)iS'"'"'('i..Ei;;2+"baTii?, 'isinh2 Ea

                  '                 ･ :::8:i)M'Q`'-Pn･ ;,O," .Ti,,==,:,lil) ･･････ (3.ii)

Then two sequences of coeMcients {A.}, {B,} can be determined from
these formulae (3.10), (3.11), applying the method of successive approxi-



                    On the Thick Plate Problem ll. 495

mation. As in the theory o£ thin plate, a, problem of thicl< plate with
simply supported edges can be solved readily in comparison with that

of thick plate with clamped edges,

   Next we shall determine the form of Z" for ease II (m == 27n'+1,

n=-2n'+1). We may put for Z" (3,6)

       X" --- =A,, K,(lf)cos ax+XB,Xl,(x)cosPzl, -････････････t- (3.12)

            ･1. ,sinwhieh ' ･
       }. Ex,,i .I-:s,l.:h, Z", :o,:h, :x, [.zc,g:h, 2z :;1:L' 2z ,･ i ...,.. (31i3)

       (cr = -72nrra-, i? = -//rrb--; cr :=-T 2T'+1, sm- 2st+1) ),

It is easily seen that the conditions Ti ==:O atx==±.aand T,=O at
y =:: ±b are fulfilled by (3.12), (3.13).

By the condition

       S,,, = -:T- a?Z'1- = -S,,, =(-1)"'"`Qa.B. sin P,,y ･･-･･････ (3. 14)

             ax oy
          'at the edge x=a, utilizing formulae

                '        '   sinh azi :T- -Z-,$;,,sin C2-S-'2±b-i-)-- rryS,b, sinh (2Ti.;.ii.1)/rry sin (2S'ib i).. rryaly,

   ?y cosh aty == -Z-,St, sin <-?--S--(2-tig- --I )- rryS,', ycosh(2Ti: i) rry sin (2S'2+b i) rrziay,

                         ....,,..,,,...............,....･..･..････････ (3.15)

whieh obviously hold in the rage -b<y<b, we obtain the relation :-

       X,, A,, --g- -(lb,),'ll//'.4-Ef,-//L9,r-?SU eosh2 ab + B, (Ba + cosh Ba sinh t3a) i?

                        =::(-1)7t'Qcr.,B., for s=n, l
                        =O, for sf: n. f (3'16)

The eondition at the edge x == -a similar to (3.!4) evidently leads to

the same relation as (3,16) beeause of symmetry. Then by the similar

condition pertaining to shearing stress resultant at the edges y z±b,
we get the relation.
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                                     ,,･.,.･ 4abL'T`]s'i cosh'tBa
        A,,(,a･b+coshab･sinhab)a+Ill]Bs(H1) """(Jb'sJr-L･'+aL'g")'//"T"

                         i.:,i.(,-,N)M'9d7nf?"' 'ffO,i 7,',,Z.:l-:;l ) (3.I7)

 From Eqs. (3.16), (3.17) two sequences {A.},{B,} may be determined

 in the same manner as before. '
    For case III (77z==2m', n==2n'+1) we may write Y." (3.6) in the

 following form:

        Z"==A..YI.(y)sincrx+:B,.&(x)cosB･y, ･･･････-･J･･(3.18a)

             ･i, s
 in which

        Z, (y) =T- b sinh ab cosh ay - y eosh ab sinh ay , l
                                             ･ ････-･ (3.18b)
        Xl(x) == acosh Pa sinh Bx - xsinh t3acosh Bx, l

        (cr =: //-l -, B= -S2-//･-; r==:' 2r', s=2s'+1) .

 For the eonditions regarding St,i, S,i,i we have from (3,4)

        Si,i=-Si,3=±(--1)'t'Qa.B.sinB,iy atxL=±a-･-(3,19a)

        SL),i=-SLi,:i=Fi(-ll-)"b'Qcr,nl3,,COSa,.x aty=-±b･･･(3.19b)

 Observing the right-hand sides o£ equations (3.19), Z" can be taken to
 be ah odd function of x and an even function of y and, hence, the
 form of X" (3.18a) has been taken in consideration of the eonditions

that TJ,i:=O at x= :inyTa; Til,i=O, at y= ±b.

    Using the formulae (3.15), we get the relation from (3.19a).

        pu,, A,, (-1iSi,"7.:'i`liS,ig.i',l SL'r'L' coshL' btb+B, (tga-sinh Ba cosh i?a)(--- tg)

                        ;-8-;-!)'t''iQcrml9?t, ffoOi n";,Sll (3.20)

whieh is obtained by the condition at x==a, whiie the eondition at x=
 ---a only results in the same relation as (3.20).

    From (3.19b) we have similarly the relation:-

        A,･(ab-Fsinhcrbcoshab)a+:FB,Er'(--.1)'"'('bi,ge-,iF3.a,,?,i'r,i-',S,Lsinh?Pg

                                            '                         .r･.&-i)M'Q"-Bn' i,2r, :',i.ill.l.r,ll (3･2i)
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Accordingly coefficients {A.}, {B,} are readily determined by suc-

cessiveapproximation. ･ ･
    We shall diseuss case IV only for referenee,
For case IV (m =277z'+1, n=-=2n') by the eonditions

                         '       Sm = -Si･?) =- -Q Q'':i,t'r.('//'//)' = ! (-1)'`'Qct?nBn COS l3,tY,

                                 at x=±a, ･････--･･-･- (3.22a)

       St,i :r- -S!,3= Q O!V(X-'Zll) = :F(-1)M'Qcr,.i3. Sin cr,.x,

                      ox ey

                                 at y== ±b, ･････---････ (3.22b)

       Ti,i==O at x=L'±a, T!,i=O at y=p･+b,

utilizing formulae (3.9), we can derive the following relation from the

condition (3,22a):

       ¥,:A.,,6s'(-(l/L.;,1lil'ijs.e,.)(,,?brL'S`t-sinh2ab+B,(t?a+coshi?asinhBa)i?

                         .-.- 81-i)'`'Qa?n3-･ igi gllll za (3.23)

                   rrr                            src               (`t == 2.' B= m-2-6t'; T::= 2r'+1, s== 2s' )

And by the use of formulae similar to (3.15) the following formula is

obtainable from the condition (3,22b):-

       A ,, (exb-sinh ab eosh ab)ct + :l? B,(-1)'p'+s' .41..2i.l.,;tS,t+C. £,Jge.//1,Ea

                        =.(-!)M'Qa,nPn (r= m)s }
                                                ･ -･･ (3.24)
                        :L-O (rtm).l
                                                '
Henee, two sequences of eoefficients {A.}, {B,} can be determined £rom
two sequences of equations of types (3,23) and (3.24).

    Thus we have found that the forms of X", Xt, and eo for four cases

ean be obtained from them. Therefore, all plane stress solutions can
be found immediately with the aid of formulae (2,1), (2,5) o.f (I) and

then we can determine the solutions to the whole problem by the

superposieion o£ these and particular solutions in See. IV of (I). It is
noteworthy that in this case of reetangular thick plate simply sup-
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ported at the edges the solut･.{ons to the prob!eni are obtalned withm,tt

the aid of generalized plane stJress solutions. Now we shall indicate

the forms o£ solutions in case I,
    We have from (3.7) by means of the equation VIX"=2nvit'Xo =2he,,

       ･Y-o == Sh--- (Z"+-ii- --I- :-,-- h"e,) = 2ih [;l: A,((b cosh ab+

         - -S-' 1kg hLcr sinh ab) sinhay-ysinhabcosh cry] sin atx+

         + ;, Bs ((aeosh Ba- -ll- 1lt, hL'f? sinh Ba) sinh fgx +

                        '
         - x sinh i9a cosh Bxl sin By] , ･･･････-･･･-･･-･-･･-･･-････ (3. 25a)

    eo == ri-lbl- (];;, A,, crsinh crbsinh ctysinax + ¥ B,psinhBasinhBxsin By) .

                          ････････-･･-･･････････････-･････--････-･･- (3.25b)

Aeeording to (2,1) o£ (I) vgTe have for stress components

    Ote,i = uoO';T,} ･Y- = -//-..(ZoH--li- -t- -:--,-z?eo) i, :A.-2tt-･[(abeosh crb-2sinhexb +

       + -i-e--, crL'sinh ab･ (zL' ---tt-- hL')] sinh,cr? - cr sinh ab･?I eosh a･y] sin ax +

      .'im i: Bs -2e-tT [(acoshBa･ + -iJlt-. 3sinh ,ea･(z:: - -l}- h2).] sinh Bx +

       -sinhPa･xeoshBx]sini3y, ･･4･･･-･･･････=･i-････i-･･-･･････(3,26a>

    a2/,i := 'ttiii Z == 'n- XA,T -//: [(beoshcrb+ -iKl-Jat sinhexb･(z't ---:--- hL')] ×

       × sinhery-ysii?hab･eoshay]sincrx+ ¥B, 2Bh [(i9a･coshi9a･ -t-

       - 2sinhi3a -+- ,i-ttv i3L'sinh t3a･(zg - -l;- h2)) sinhi?x +

       -PsinhBa･xcoshBxilsinP:?J, ･･･4･････-･････-････････-･T･･i(3.26b)

    T.,,,=gxOg///f=-pt,,A,.-t-h--[(abcoshab+-lv+'. . ( g                                        a2sinha'b･ z`! ---- h2) +
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      -sinhab)coshay-asinab･ysinhay]cosax+

      -- ]Iii] Bs-i!-?h- [(g?acosh Ba + --i-"", i?L'sinhi?a･(zL' - -IIi- hL') -sinhi?a) ×

      ×cosht9x-i9sinhBa･xsinhtex]cosBy. ････t･LL････････-･(3,26c)

                                                '                                                   'By (2,5) of (I) we obtain £or displacements

   Ui::'=m'2'h'IE-[pt.Ar((2sinhab-pz2a2sinhcrb-(1+v)abcoshab+

           '     + -ll- vh2aL' sinh ab) Sinh ay + (1 + v) a sinh ab･y cosh a:iv] cos crx +

      +puB,((-2sinhBa-Lz2BLsinhBa--(1+y)BacoshBa+-l;-,･hrBL'sinhPes--

     + (1 + v) sinh i?a)cosh t9x + (1 + v) B sinh i3a-x cosh Bx] sin Py] , (3. 27a)

   Vt='2i'ii''[¥.Ar((-+2Sinhab-pz']aL"sinhcrb-<l+p)abcoshab+

     +-13phL'aL'sinhab+(1+p)sinhab)coshay+(1+v)asinhab･'ysinhayl×

                '
     × sin ax + ¥ B, [(2 s{nh i?a - pzL'BL' sinh Pa -- (1 + y) Ba eosb l9a +

                       '
     -f--li-phtBrsinhi9a)sinhi?x+(1+v)i9sinhi?a･xcoshBx]cost?y],(3.27b)

    zv,,=)iS-(X.A,asinhab･sinhaysinax+]41B,PsinhPasinhPxsinl?y].

     '                          ･.････-.･-･･-･･･t･･･--･-････-･}･･･`･-''･'' (3. 27c)

    So the solutions to the problem under consideration can easily be

obtained by eomposing the above written solutions and particular solu-

tions in Sec.IV o£ (I). For examples, we have for a.

    a. ::=- a.,i-l-- a.,:: = :l,:A.-･l-//･- [(abcosh a'b-2sinhab-t- 1V+ -v ×

      )K sinhab･ctL'(.ty'-- k" hL')] sinhay --a'sinhc{b･ycoshaty] sincvx +

      '-': B･s 2eb [(i9cLcoshi?ad7t- 1:/. IJ, sinhi?a･t32(zL' - II} ha)lsinhi?x i-
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     - BsinhBa･xcosh l?x] sinBy + -£,;, [(2v -Oat]yt-. + aa[JiV,) ×

                             " ny     × sinh2khsinhk(z+h) + (4v eOig + 3 aaie.)khsinhk (z-h) +

     +-/'i-V-,(-hheosh2lehsinhh(z+h)+2letSh2coshk(z-h)+

     +kz(sinh2khcoshk(z+h)+2khcoshk(z-h))j], ･･-･･･(3.28a)

andfordisplacementen -
   u= ui+u,･ == (3･27a)+ -(}+")#, oax" [(2v-1)sinh2khsinhic(z+h)+

     +khcosh2khsinhk(z+h)+(4v--3)khsinhk(z-h)-2kahEcoshic(z-h)+

     - kz{sinh2khcoshic(z+h) + 2kheoshk(z-h)}] . ････di･･- (3. 28b)

           (K = p/(sinh2 2kh - 4k2hL'), k2 = ctE:, +13;,) ･

   Here we write only the forms of eo, Xo and X in the other three

cases II, IIr, IV, although £or these cases expressions similar to the
above must be presented, since they are so lengthy.

   case II.:

     eo =: Thl (:l;. A.at coshabcosh aycos rax+ 4 B,Bcosh i?acoshBxeosBy),

                                           '     Ze `)Cl2=o,

      ( == Xo' -IIi- 1lpz2eo = it [pt. A.((bsinhab+ 1i,a eoshab ×

       × (z2 - -} hil)) cosh ay - cosh ab･ysinh aty] cos dx + ,

       + ¥ B, ((asinhPou +.1 t' ,' Beosh fia･(zL' - l--- h2)) coshi?m +

                                       '                 '       -coshBa･msinhi9x]cosBy], -･-････L･･t-･･････!･･･-･･-････<3.29)

       (r==2r'+1, s==2s'+1), {A.}, {B,} from (3.16), (3.17),

   ease III.:

     eo=i7bl･(X,.A,.aeoshabcoshcrysinax+:i,;B,3sinhi9asinhBxeos3y),
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     Zo = Zi.r･--o ,

      Z ='i'h' [ge. A,((bsinhdb+ -i-I -J,acosh ab- (zL' - -li- hL') coshdy +

       -eoshab･ysinhay)sinax+:ilB,((acoshBa+-i-#1-,-BSinhPa'×

       ×(z']---l;-hL'))sinhigx-sinhi?atxcoshf?x)eosigy], t･-(3.3o)

       (r =' 2T', s= 2s'+1). {A.}, {B,} from (3.20), (3.21).

   case IV.:

     e, := =il-[X,. A,,.asinh ab･sinh aycosax + :ilB,Bcosh i3aeoshBx siRPy] ,

     Zo = Xl=-o ,

     Z- =z'=m -t/-h--[ ll,: A.((b cosh ab+ 1l; ilcrsinhcrb･(z'i --l;-- h2)) sinhay -F

       -sinhab･ycoshay)cosax+4B,((asinhBa+1:,t?coshBa･×

        × (z'i -･-5--- hL')coshBx-coshpa･xsinhBx)sinpy], t･････ (3. 31)

       (T=2T'+1,s=2s'), {A,,}, {B,} from (3.23), (3.24).

   When a `simply supported reetangular plate is bent by general
pressure applied to the upper surface, we can get the solutions accord-

ing to Sec. VI o£ (I), if a given intensity of pressure f(x,y) ==F(x+es,
jy+b) can be expanded in a douooble..trigonometric series of the form

       f(x,4y) =:= P'(x+a,y+b) =- = X p.,,sincr,,,(x+a)sint?,,(y+b),
                            ojb=1 n"I
         = = : pu7]bnV7ttn(X} Y)r

            7ib 7t
in whieh

       ct,,,, = -2iii//-, R. = -22Z-b7r--, i).., =: tilb--SX'Sl`t17'(x,z/)sin a.,xsintg.ydxdy,

                    '
                            ･･･-･･･-････--･････････-･･････････････････ (3, 32)

The forms of solutions which correspond to a single temn of the
series (3.32) or a sii}uso;tdal load, both so･-called partieula･r and eoinple-

mentayy, were obtained in the ,fovegoi'ng and, of eourse, labels which

)represent these so'iutions ought to have suflixes on, Gz originally, but they

have been dropped for the sal<e of brevity, As a consequence, solu-
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tion a,,, for example, to this problem will be of the £orm

            oa eo       a. = : X a.,.,., -･･-･････-･････････････････-･････``･････`･･･'････ (3,33)

           olb=1 ?tnl

and the expression (3.28a) is a solution o.,.,. in case I, where m and n

are both even po$itive integers.
                                                 '                               '                                       '
     glV. Rectangular Thick Plate Clamped at the Boundary
          Stressed by Normal Surface Loacl, the Loading
             . Function of Which is a vpFunction.

   We shall tal<e a eoordinate system as indicated in Fig. 1 and let
loading function be of the type of (3,2). The origin of the coordinat-

es lies at the middle point of the plate and, hence, the plane (x,y) is

a middle plane and thickness is 2h, needless to say, As the boundary

conditions for the clamped plate we may take

                              'ewo       uo=O, vo=O, wo=O, ov =:=O, '･''･''･'･････''''''' (4･1)

in which the system (uo, vo, wo) denotes displacement of any point (x,

y,O) of the midd]e plane o£ plate and v is the direction o£ the outer
normal to the bounding curve. In the first p}ace we shall determine
the expressions for Zo and eo contained in the plane stress solutions

in Sec. II o£ (I). Considering the fact that uo,2, vo,g in (2.7b) of (I)
xsanfiosftoxg :the middie piane z ::o, we may put by (2.s), (4.2g) of (i)

   uo=ue,i+uo,ts;=:L'Il'iiLS.i=-'2'}i'"'(6-(1+p)-aa-Zx-fi-+eT-9a-g-), ･ ･'･ (4.2a)

         '   v,= v,,,--Fv,,,i = Il} 6, == tt- (rp-(1+y)-a,Zt- -o +J-gVy-) , ･･･-･･L･･ (4.2b)

' J'=-'(1+v)･-j･$-ii[I(2v-1)sinh2kh+khcosh2kh+(3-4p)kh]×

     ×sinhkh-2kL'h2coshleh], ･･･L･･････････････ttny･･-･･-････i･･･+･･･(4.3)

                                         '       K==p/(sinh22kh-4k!h'), k?='k7.,,=aY.',+3;,=-/ti'-('ke,ll' 'b';"                                          "･ +----)･,

       p =- pa.., v Ei v..(x, y) ==: siii a.(x+a) sin R.(v+b),
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        '
                                                             '                                        '

       6,= e',-l-,J'saiil-, t),=-t,A--J-..a,tt-., ･･････-･i.･+･･･････...･,.･,... (,IL.4)

2' i, X-a may be t,aken to be plane biharmonic funetions in this case,
considering the property of uo,i and vu,i.

   First we shal'I treat case I (m = 2m', n = 2n').' Observing the £orms

        , J-a-v-, orQf ,Jrav

            ay '     ax

       ,J-o3xlL=(-1)"L'''L'tJcr"bCOSctmXSini?'tY' ..,...,,.......,,.(4.s)'

       ,J'.aV..==(-1)"b"M'tJ'3.Sincr,,,XCOSBn'U,. '

         ay

With cr"b=-t-2-//t?-, l?.= -l}/--t , we may write for zLt

       XL] ::= pu. A. (b cosh ab sinh ay - y sinh ab eosh ay) cos ax +

         +:(B,coshBx+C,xsinhi3x)sinBy. ･･･4･･･････････-･･(4.6)
            s
         (a = 'Z2'rra-, i'3 = '-S2-i,'T == 2r', s= 2s') .

Accordingly we get by (4.2a), (4.6)

       cri'2i = -(1+p) -Zig" == -2},l A, 2a sinh ab sinh aycos ax +

           +:i:C,2Peosht9ncsing3･y. (7te=O) ･･-･･････(4.7)

Byintegratingthisequationwefindforeo.' '
,,, ,, Ef) -= ,,-3- -Js (:ii･i; A･･ sinh.e9. F.i.?],ffy. fii"..f,T,I.e,.,9f,ilP.), it. .EilCZ','

and, henee, g" will be of thg form･,

                                               '
       g" = ,XX e, clx =: -(--ig--h-･(-- :l,]. A,,-/-la---- sinh ab sinh a'y eo$ ax +

       i'''1--]2I,llC",--i-eoshl9:vsi,nt.9!i)., ･･t････-L･･-J-･････-････････t･-･･･(4,g)

Now we can obtam the expression fox ea/iJJi from -g-i-Ym--al-11,.) (2'TL-g)
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and write 2s as

       2,,=:-,x A,･                    [[(1 + v) ab cosh crb + (3 -v) sinh ab] cosh ay +
            r (1+v)a
         -(1+p)atsinhab･ysinha'y]sinax+14.](1+1,)p[[(1+p)PB,+

         +C,(3-p)}sinhBx+B(1+v)C,･xcoshPte]cosPy. (4.10)

Then the second term of (4.10) may be expected to have the following

£orm in view of the boundary condition:

       : D, (a cosh Ba sinh Bx - x sinh Pa･cosh Px) cos By, ･･････ (4. 11)

        s
and, whence, it is found that B,, C, are to be of the types

       B, =D,(acoshBa+th/lili-".))sinhPa), ･･･････････-ny････････(4.12)

       C, =-D, sinh Bct.

Putting for A., D,

       A.=A;.(1+v)a, D,=Bg(1+v)B ････････`t`････････---･･(4.13)

and deleting'dashes of AI., Bg, we finally obtain the forms of Z-i, 2"

and, thus, of Si, Bi.

       Si == Euo= : A.(1+ v) ct (b cosh absinh ay - ysinh abcoshay) ×
                ?l
         ×cosax+¥B,[{(1+y)BacoshBa+(3-v)sinhBa}coshBx+

        -(1+y)BsinhBa･xsinhPx]sini3y+,f-/;xV--, ････････-(4.14a)

       S,, = Evo = X A.[{(1 + v) abeoshab +(3 -v)sinh do} cosh aty +

                ?.
        -(1+v)asinhcrb･ysinhay]sinam-tr::gB,(1+v)B(acoshBasinhPx+

        -xsinhBacoshPx)cosBy+,r-3-il--. ･････t･･t･t･-･････(4.14b)

Formulae (4.14) obviously satisfy the conditions

    tVi=O at 21±b, o",,=-O at xLT= L-a respeetively and, there£ore, the
boundayy eonditions (4,1) only requttre that

      'o"J=O at x::-r ={-a and (S,,==.,O at y== !l b, tTtt･tt.±tit (4.15') '

that is to say,
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   =A,,(1+p)a(bcoshabsinhay-ysinhabcoshay)(-1)"+
    e-
     +XB,{(1+v)Ba+(3-y)sinhi?a･coshBa}sinPy=
        s
     =(-1)n'"i,ra.sin3.y, ･･-`･･･-････････-････`-････････t････--･Lb･(4.16a)

   XA.[(1+v)ab+(3-v)sinhabcoshab}sinax+XB,<1+y)×
                                       s    .J-

      xi9(acoshl?asinhBx--sinhBa･xcoshBx)(-1)S'==(-1)"b"i,1lr3,,sincr.x.

                        .･,.･..･･,.･.･..･･････････････････････--･- (4.16b)

By means of the following expansions

   sinhay =- --Z･-- ,:20i":.=,sin-Si'i!rr yS,' sinh -Zarr- ysin Sirr yely ,

                                               -･･ (4.1 7)
   ･ycoshcry == --b2-- ,xO,e..,sin -Sirr ziS,b ycosh Tilrr y sin .S.izT.- y ciy ,

we obtain from (4,16a)

  pu.A,.(1+").((i,;,)i-t'k',i,l,)g"bL'T'2S'sinhL'ab+B,[(1+v)Ba+(3-y)sinhpacoshBa)

                        =z (-1)Ot'+i,J'cr,., fOr S=n, )
                        ==O, fors4n,f(4'18)

Similarly we have from (4.16b)

 A,, ((1 + p) ab + (3 - v) sinhab cosh ab] + :i; B,(1. .+. ")(-1)S'"'(' is,;4t, +"'bhr..kg,'ii ,Sinh2Brm"

        '                        =.i8Ti)"b'"'eJ'Bez' ffO,: ':';r.:) ("g)

Solutions of Eqs. (4,18), (4,19) ean easily be obtained,

   Next we shall take case II (m=2m'+1, n=2n'+1), In the same
way as in case I we get for 2' i and xL". the expressions

   xXi=-=A.(1+v)a(bsinhabcoshay-ycoshabsinhcty)sincrx+
         r
     +$,B,[[(3-v)coshPa+(1+y)BasinhBa}sinhBx-(1+v)BeoshBa×

     ×xeoshi.9x]eosBy, d･･-T-･r･t･=-･･････-･･L･t:i･b･･･-ii････-････(4.2･Oa)

   dr'･=,':ll]A.[[(3-v)coshab+<1+v)absinhabjsinha:?y+
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        '
      -(1+v)acoshab･:t/coshcry]cosax--:B,(asinhi?acoshi?x+

                                    iS
      ---xcoshi3a･sinhi3m)(1+p･)B･sini?y, -･-･-･･････････t-･･･t･･(4.20b)

in which a == -?2f--na---, l9 == - ZTb--, T== 2r'+1, s=2s'+1.

Considering the forms of J-aV , J aV.

         . ox ay.
                                       '
       .r..0V-=(ve1)ne'+n'g'i.T"ct.sina.,xcosi9.y,

         ax

       J-aOyV- =(- 1)"b""'t"`eTB. Sinao,,XSin PotY, ,

it is £ound by the help of expansions of the types o£ (3,15) that

  -- x,, A,. (i + ti)(m.i()i,l;;lli8aa..2,b,i2,reCOSh,e ab + B,[(3 - y) sinhBa cosh Ba - (i + p) pa]

                          =(-1)'i'Ja.,, for n:=-Ts, }
                                                    ･(4,21a)
                          =::O, forniEs,j
  A,･{(3-v)sinhabcoshab-(1+v)abl-:B,gi+v)(-.i()i[-;l'li81:l.21i:.s,gco?hL'Pop

                          Itt-;1)M'urBn' igr, ';:;;: ),(4,21b)

    For case III (m =2'nz', n=:2n'+1) in consequence o£ the £orms
f a.V., J.aV and of the boundary conditions we may write ZLi and X'･2 as

  ax ay
    2'i==:A.(1+v)a(bsinhabeoshay-yeoshab･sinhcty)cosax+
        o-

      +:i,;B,[((1+pBacoshPa+(3-v)sinhPa)coshPx-(1+p)P×

      ×sinhBa･xsinhPxlco$By, ･･････-･･･････････`･･･････i････Lt(4.22a)

    Xt:=:ll,:A.[{(1+p)absinhab+(3-p)coshab}sinhcty-(1+p)ct×

               '                                                  '      ×coshab･?vcoshaty]sinax--XB,(1.+v)B(a`coshRa･sinhBx-l-
                             .s
      -fes'inlLt?acoshBx)sinI?yc, J-･･:L±･･･r･:ti･i･:t`･･s･t･･T･･･,････(4.22b)

where a=='- E[I, l3=--S2nb, T==-2r', s:=2s'+1,
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Then by the aid of the developments

    eoshay ::= X- ,=O.q=,cos(a--E'Ssi)-rr- :iyS[l'cosh //-rr.--ycos(-2-6I2+bi)-g :?/du, ]1

    ysinhazt==-il-l-,:D.O",eoslgz{S,'ysinha+tycosBy,iy, ' j,(4'23)

                      '                                                'we have the relation by (4,22a) '
    pu,.A,.(i+")('"-.1()iSi;i'i8aai.,b.i)T..?SCOSh2ab+B,Ia+v)Ba+(3-v)×

      xsinhBacoshBa)=(-1)'b'"i,fcr. fors==n,)
                                         for s¢.,f(4･24a)

and, using the developments of the types (4.17), we 6btain from (4.22b)

the relation.

                                                             '
    A,[(3-v)sinhcrbeoshab-(1+y)ab]+:ll,;B,(1+")(H.1()t,i,S'i.a,.i,bl,)T,SeSinh23a

                  '           , .,,(-1)m',fB. for r=7?z,l
          ' ･ '=O, forr#.m,J'(4'24b)
        '
    For reference we indicate the forms of z-t and x-,, and the required

relations in case IV. It will be readily seen that these are also ob-

tained by the proper interchange of labels and suMxes in the results

of case III in this section. We may write

    X-t=-:A.(1+v)at(beoshutbsinhcry-ysinhabeoshaiy)sinax+
          v'                                                             '                                          '
      + {:B,[((3-v)coshBa+(1+v)BasinhPa･)sinhPx-(1-Fv)t3coshBaj ×

      × xcoshBx]sinBy, ･･･････-･･････-････････-･････i････････i-･･-･･ (4.25a)

                                                       '          tt
    Z-･2=A,,[((l--v)abcoshdo+(3--v)sinhab)coshcry-(1+v)at×

      ×sinhab･ysinhcty)cosatx+:B,(1+y)B(asinhBaeoshBx-
                             s
                                   tt     xcoshIE?cvsinhl3x)cosBy, -･･･････････････････-･･･････-･････d･i･･(4.25b)

                                   ;
g,dWhiCh aimE:,･Bt---////-･.r-2r'+i,sr.2s,, / -
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    + pu,. x4-,. gt---r-F "l)-- g- t--.-!!()i,i,'.;-'+t-/t/i/,-,-'[-1)liE--S-iP- -l--7' cr-b-- + B,{(3 - v) sinh Bacosh Ba +

     -(1+v)Bal:.i(o-,1)'t'efao,b, igi".ll2:l)･･･(4126a)

   A, ((3 - v) sinh ab cosh ab + (1 + v) ab) + :: B, (1 + ")(u.1 )(Si,"r','ll":'91:)S,2 eOSh2 Ba

                      ,=(-1)e,b+'i,J-P., for 7"=M, l
                                                   (4. 26b)
                      =-o, £orT-r77z.J
   Next we shall indicate the forms of eo and Zo definitely, From
(4.8), (4.12) and (4.13) we have in case I

   e, = = A.2asinh absinhaysinax + : B,2i3sinhfiasinb BxsinPy, (4･, 27a)

and from (4,2), (4,6), (4.9), (4.12) and (4.13)

   Xo = a 1+ ,)SX {6- Z-]}elx == a-+IJ)[X. Ar 1.-[(2sinh crb+ (1 +v)abcosh ab) ×

      × sinh a･y -(1 + v) asinhab･ycosh ay}sin crx + :i: B, -tt--((2sl'nh tga +

     +(1+v)Bacosht9a)sinhPx-(1+y)t3sinhBa･xcoshBx]sinBy],(4.27b)

From these basic functions (4.27) we ean readily find the solutions
of the first ldpd according to (2,1) and (2.5) of (I). For example, we

have

    ax,i r:-T So`i)t!. = ctr-+1,)[ 4;, A.･･a((v(-2+･atL'za)sinhab+(1+p) abcosh ab) ×

       ×sinhay-(1+v)asinhab･eveoshay)sinax+:B,(-B)×
                                          s
       × (((2 +vi3L'z2) sinh i?a + (1 + v) t?aeosh Pa) sinh Bx -(1 + v) i3 ×

             '       ×sinhBa･xcoshBxji･sinPy], ････････････････-･･････-･･･-･`(4,28a)

                                                      '
    Eui = :l$. A. [(va2z?sinh crb + (1 + p) ab cosh atb) sinh ay - (1 + v) asinh ab ×

                            '
       ×zteoshazl]cosax+]:i]B,[((3-v+vB?zL')sinhl9a+(1+v)Pacosh3a)×

       × eoshPx -(1+v)PsinhBa･xsinhPx]sinBy. ････････L･･･ (4.28b)

Here we write the forms of eo, Xo and Z.
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for case II (nz='="2nz'-l-1, n=-27i,'-1-1):

  e, = X A.2atcosh abcoshaycos ctx-l- X B,2BeoshPacoshBxeos By ,

  Xo = Zl.=o ,

  X=(1la+1,)[:il.]A,11ij-I((1+p)absinhab+(2+va2z?)coshab)eoshay+

    -(1+v)acoshdb･zlsinhay)coscrx+4B,-k--(((1+v)PasinhBa+

    +(2+vB2ze)coshBa)coshBx-(1+v)t9eosht9a･xsinhPx)cost?y],

                       ..,.......,.........,,..........,.,･･.･･.t (4,2'9)

    (r=:2T'+1, s:=2s'+1), {A.}, {B.} from (4,21)

for case III (?7z=-2m' n=2n'+1):

  eo = :. A.2a eosh atbeosh ctysin crx + :IF B,2P sinh Ba sinh Px cos B?l ,

  XO := Zi-"`'O S

  Z :(IIili-1,)[geA,-i-! (((1+v>absinhcrb+(2+vatL'z2)coslicrb)coshazl+

  -(1+v)acoshab･ysinhay]sincrx,A.-]4B,-}-･(((1+v)BaeoshBa+

                                           '  +(2-s-vi??z?)sinht?a)sinht?x-(1+v)t9sinhl?a･xeoshtgx)cosl9zt],

                       ......,....,.......,....,...........･,･L･･ (4,30)

   (r==2r' s:= 2s'+1), {A.}, {B,} from (4.24),

foreaseIV(7n==2?n'+1,n=:2n'): '
       '  Eo==A.2crsinhabsinhayeosax+XB,2BcoshPacoshPxsinPy,

                      '  Xo='･XIx=o, '
  Z = a:i/-,-,s[:ll.;A,･':' (((i+v) abeoshab-}-(2+va!zg)sinhcrb) sinhay +

   '-(1+v)asinhab-ycoshayleosatx+]i:B,-}-(((1+v)3asinhBa+

    +(2+vB?ze)eoshBa)coshl?x-(1+v)Beosht?a･xsinh1?x)sinBzl],

                       ......,.............,.....,..........,.･･･ (4.31)

   (r =r 2r'+1, s=2s'), {A.}, {B,} froin (4.26).

In the next place we shall seek solutions regarding basic parts of
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genex'a],ized plane stress fo]r the elamped plate. First we shall have

to dete.rmine the form of zv,, by means of particular solutions and the

boundary conditions for zvo.

    By (2.5), (2.7b) and (4.31) of (I) we have

   7v" = 7vo,iJi-zvo,c.,+tvo,s := zvo,e+wo,s ==-b- Jt(1+v(XI+hL'tE}s) -l-

      + (IE+ ") -i･- [ ･(2(v-1)sinh2kh-khcosh2ichi･ eoshkh +

      +(4v･-3)khcoshkh-2k?h9sinhkhlv(x,y), '"1-･･i･-･･---･･･ (4.32)

                                '

                   t/                            '                                 /t t           ffiz.; = -- (i-") e,, cr:e, = o

                   (1+y) '･
and by performing the operation fff=' cr'i-cr1 on 2vo('x,y) (4.32) we obtain

the differential equation

       V7112v,=-Jv(x,z/), ･･･････-･･L･････i･-･nyi･････i･･-･･-･･i･･････J･(4,3,`'t')

                                                         'in which .e7 =- g-l--ilii-l-')-,i.i--2Pk//:l-2kh (2(1--y)coshklb-s-khsinh?kl,.1 . ,

                                              '              '
    It is to be noticed that aceording as ich approaehes to'zero this
      'differeritial equation becomes redueed to the well-known equation D7f2v,

=Z', in which Z'-m- Si,PZdz-1-b. 1.N.ft,-a.l...-h, and Z is volume foree per

unit of mass in the direction of the z-axis hnd p is the density of mass

of material. However, Prof. Love in his book say-s this differential

equation is correet, whether the formulae defining Phe curvature of
the middle surface of the plate is exactly or only approximately eor-

rect and, hence, this remarl< of his may be said to be not entirely
reliable. In this case equation (4.33) reduces to Pbe,(x,y) = -pv(x,y),

as in the theory of thin plate, since Z=O, a.!...h=-puv(x,y), o.[..t-i,,==O,

    2 Eh:iD="g' attlTJ,is, ･ NOW We COnie upon the follovtTing boundary value

problem: -    differential equation cri2vfl(x,y) == --jv(x,y) (4.33) valid at any point

of the middle surfaee of the rectangular thick plate, and boundary
conditions

                ･･ ,-･1･･                          ./t/ t        ?･v[}==--O., -Q-o?l`liLr--O.,･'`'･･･････-ny･･･i･･s･}i･･･-･･-･-･････s･･-･･(4,34)
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                                     '
alongtheboundaryand-phasbeendefinedbefore. ･
   Accordingly general solution of the differential equation (4.33) is

to be given as the superposition of complementary solution of the
homogeneous equation ewlzvo==O and partieular solution of (4.33), which

by inspection can be shown to be of the form

       ?･vo,:]m---l-iv(x,y) ･-･････ny･L･･:･-･･･-･-･･･t-;･･-･･-･-･t･:･T･:･･･(4.3s)

                                              '
and complementary solution is obviously a plane biharmenic fundtion.

Therefore,weeanput ' ･･
                            /t      '             '       zi?,,(x,?v):=-=---)Ji--i-(xrm(xy)-f-,3,7.(x,y))･. ･･････:･･-･d････-･･･････(4.36)

Substituting this expression into the seeond condition of (4.34), we have

    OZ..=.-a.sinB,,(y+b)cosa.(x+a)l...d., atx=-±a,
    ox

    ax   ---･･-･:=-i9,,sincr.(x-Fa)eosf?.(?/-i-b)!,,.t,,.b, at?d=-=-:l:b.

    au '
Consequently the above boundary value problem can be redueed to

                        '
    differentialequation. r:xfi=e ･･4･･････ny･･････-･････----`･-･･(4.38a)

   boundaryconditions. be7=Oalongtheboundary-･･(4,38b)

andtheconditionsof(4.37)... -
    Now we shall take case I (m== 2m',n:=--2n'). Tal<ing aeeount of (4,38)

we nlay put

       it==A.(bcoshabsinhcr?v-ysinhabeoshatev)sincrx+
            -jt
         +:B,(acoshBasinhBx-xsinhBaeoshBx)sinBy, ･･･(4,39)
           s
in which a= Srcd, B=-3//-, T=pt:L2T', s==-2s'. [l]hen Eqs. (4,37) may be

rewritten into the forms ' '
                       '       -ae-l---=(-1)"'"'a.sin3,,y, 4tx=±aI

                 ･' ･, (4.40)        a2.,.(-1)m'+iB,,sincr,.,.x, at?v=r-!rb,

        aLll

From (4.39) and (4.40) we get the follovsring xelations:
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    X.A,,(bcosha'bsinhaty-L,lsinhcrbcoshaL,1)ct(--1)"'-l-4B,--l-i-(2i?a-

      -sinh2Ba)sinBy==(-1)'t'S'cr.,sinB.y, atx:=tia ･-･(4.41a)

    ;.A.Ill}-(2ab-sinh2crb)sinax+¥B,(acoshBasinh3x-xsinhpa×

      ×coshBx)t?(-1)S'=(-1)"b"'B.sina.x, at !l := ±b ･･･ (4,41b)

By the use of expansions of the types (4.17) we obtain the relations

between the coeMcients in equations (4.41).

       ¥,:A,.(ny1)"';Siil,,4,:2+bg.T..',L';i);inh2ab+B,--1-2(2Ba--sinh2Ba･)

                         .,:(-1)n'+ia.) for n=-s,)
                                                 ･ (4,42a)
                         =o, forn#s,J
       A･,･-12-(2ab-sinh2ab)+:i:B,(m1)"/2'S('i.:.4,,"i"b2.T,,',S,';)iinh2Baj

                        '                         :.:li 8-,i)M'"`Bn･ igi :il .= ::l (4.,42b)

From these relations two sequenees {A.}, {B,} may be determined.

    IncaseII(77z==2m'+1,n==2n'+1) equations(4,37)become

                                          '       -3xZJ-=±(nd1)'i'cr,,,cosF.?y, atx=:=rla,

       -e.pu.-=-±(-1)""B.eosa.x, at2?1:--=:!FLb,
        oy

Whence we may write for X-

       2==:A.(bsinhabcoshay-ycoshabsinhay)eosax+
           vl
     . +:B,(asinhBacoshBx-xcoshPasinh3x)eosBu, (4.44)
           s
in whieh cr=-r2rree-, B::m: 3Z-, r=2r'+1, s=-:2s'-i-1.

By (4.43), (4.44) we have

       =A.(-1)r'a(bsinhabcosha?l-yeoshcrbsnihay)+:B,--1=×

         × (2iE}a+sinh2Pa)cosBy=(-1)'U'"icr,,,cosB.y, ･･････ (4.45a)

       pu,.A.-}(2ab+sinh2a6)cosax+:i,;B,(-1)S'B(asinhBacoshBx+

         -xcoshi?a'sinhBx)=(--1)"b'"'t3.coscr,,,x, ････････-(4.45b)
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Vtilizing developments of the types

   coshcry = -ll- EO.O=,cos<2S'2+b;-->--q ?iS,b cosh-T2rres ycos(2S'2+bl>-･mpydy ,

   ysinhativ =ibfL2 ,xO.efi,cosByS,bysinhaycosBy,iy, (4'46)

we readily obtain from (4,45)

       :i,;A,.(.:I.)IL[i-S('tt,gt,ttrk.S,,e,,O),S,h2q.b..+B,-i2m(2Bct+sinh2Ba) .

                        :-=--8"Ji)'`"i'`cro･e･ i,Oi .",=,:,gl] (4,47a)

       A･. 5-(2a6 + sinh ab) + :E: B,(-1)'-;'S<i8,.".ili2ilS,?,C,)O..ShLB"

                       ;/t-Ii)M'"iPn･ igi IY,;:l) (4.47b)

   In case III <?n :== 2m',n := 2n'+1) the eonditions (4.37) are written as

       ..ii.l.LX.=(-1)"'"ia.cos(?,,zl, atx:=.r,v.-Fa, (4.48a)

       ae

       e.Z-=±(-1)m'B.sincr,,,x, atzl=±b, (4･48b)
       ay

and similarly we may put for z-

       Z- :- : A.(bsinhctbeosh aty--ycoshabsinh ay) sin ctx +

           r
        +:i:B,(acoshBasinhBx-xsinhBacoshPx)cosBy, (4.49)

in which a= -
2Trra-, P::= :rrb, r =-2r', s=2s'+1.

When we substitute formula (4.49) into Eqs, (4.48), the resulting equa-
 .tlons are

    - XA.(bsinhcrbcosha2d-ycoshabsinhay)a(-1)r'+
       .11
       +:i::B,-ili-(2Bou-sinh2Pa)cosBy==(-1)"'"iat.cosP.y, (4,5oa)

            1       X. x4･.---2--(2ab-Fsinh2ab) + :2i B, (acosh BasinhPx +

         -xsinhg?aeoshBx)B(-1)8'=nv(-1)M'"il9.sinct.x. (4.50b)
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So that in the same way as above we obtain the relations,

       ,x,, A.(--1 )-Ii:,･ ,[tS(b8.,:lilblllZil-iE..,C-,9,,S- hL1b -- B, -l --- (2i?a --sinli 2i?a)

                                                   '       / . .il8Ti)'i'"`a'"'' lg;:;#:l(4.,sia)

       A,,-}-(2crb+sinh2erb)+:i,i;B,g.=1)"';Slil..8.tt/i'liji:2I,)s,,ip.h2B-t-

            .. ' l-l:;8:i)M'"iB?t･ igr, gm;IY,1l (4.sib)

   In case IV (m==2m'+1,n=-2n') we write for referenee

    Q.i...i･ =:±(-1)'z'cr.sini?,,zl,QX- :=-L(-1)M'"ii3,,coscr.x,                                                      (4, 52)
    OX lx==".ra                             ay y=tb

   Z7=;.A,K(Y)COScrX+>i]Bs&(X)SinBY, '''''''"''''''''''''(4,53)

iii WhiCh
x,(x) = (tsinhBacosh3x--xeoshBa'SiiihBX'

       Z.(:iy) =7= beoSh absinh cry--ysinh abcosh cr?1 ,

     . a == -7ina,-, B== -3-16-, r=- 2r'+1, s= 2s',

                                                 '                                 '                              '                        1    X,, A,, Y]. C?1) cr (-- 1)"' + ]2},] B, 2 (2i?aJ -t- sinh 2Ba) sin P･y -.- (-- 1)""i cr. sin B,,?I ,

     . .. , .･･i････････-･････････････=-････-･-････--(4.54a)

        1          (2ab---sinh2ab)eosctx+:B,X,(x)P(-1)S'=(-1)"b'"'i?.cosct,,,x.    : A,,

                                              ' .. ,. , ,.,..-.,.......i.,...--･-･･--･･･-･･･････ (4. 5,4b)

Whence similarly £rom (4.54) we obtain the following relations:

       ;,. ,tl,,,(-1)"'lSllF-8.:tTb?.'I',S,i/1"hL'gb +B,S(2pa･+sinh2Ba･)

       ･ ･. -;(o-,i)"'"`cro･e･ iO,;,11'lll..gl)(4.s5a)

                 '                    '                  t/       A･,･ --i,-･- (21b --sinh2･l b)+ pu, B,(wu i)ll "'11i8.,,,tt"-Ii.91-//?,i.l-/k.).?,s...!.:.I'i?a･
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                        :rw:=:(oLi'1)M'"`B'i' 20,r, ';,:11.;T,1l (4'55b)

    Thus it will be supposed that 2, namely wo,,i, has been determined,

although the above process of calculation analogous to that of Hencl<y

may be said to be approximate one. In any way a boundary value
:roblem of this kind could not be dealt with readily, sipce there seems

to be no othgr better approximate methods. It will b,e needless to say

that the Fourier expansions used in course of calculation are valid in

the whole needed ranges.
   In order to make use of the formulae (2.7) and (2.8) of (I) we have

to find the forms of ei Xl and Z'. It is obvious' from (4.32) and (4,36)

                                         '

       zv,,,,=-k((1+p･)xl+hL'e,)'---kYZ-, ･･････････-････････`･(4.s6)

and, per£orming the operation cri' on (4.56), we easily obtain the ex-
pression for ei. At first we shall take case I (m=2m', n--2n') for
$implieity in the sequel. Now we have

    ei =r- it llel) -)t!･(;,l, A,-asinh absinh crysinax+ ¥; B,Bsinh Ba sinhpx sinpy) ,

                           ,.....,,......,,,,.,....,......･･t･･-････- (4. 57a)

and by (4.56) and (4.57a)

   Xl := (--tt-{--,,,)Jts [;. A.((2hL"asinhab-(1-y)bcoshab)sinhcty+

      +(1---p)sinhabuyeoshay)sinax+pu,B,((2h]BsinhBa-(1-y)a×

      ×coshi9a)sinhPx+(1-y)sinhPa･xcoshBxlsini9y], ･･･(4.57b)

so that

    Z' == Z;-I+ '6('ta' i"'LY3'>- z'iei=(1 g---b,)-icJ･-i- [pu, A,,((2hta sinh ab - <.?-l.u")- z'Ja ×

      ×sinhab-(1--p)bcoshcrb)sinha･u+(1-p)sinhab･ycosha･y)sina'x･,x-l-

      -t-]li,:B,((12hL'i?sinhBa---(25")z']i?$inhi?a--(1--p)a,eoshi?a)sinhi?x+

                '                                       t 1/      -i-(1 ---y)slnhi9ct･tveosh i3x1 z`sinPy] , biii'=･iL･i･･･ii-=･-･･･L･ (.4.57e)

    Onee these basie functions .are obtained, solutions of the second
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kind or basie parts of generalized plane stress solutions can easily be

found by the help of formulae (2.7) of (I); for stresses

   (1sPL',)･e/.a.,,=21;.A.az[(-2vsinhab+(2h2-g-2i;lll)z!)a:"sinhabt

     -(1-v)crbcoshab)sinhay+(1-v)ctsinhab･ycoshay]sinax+

     +:i;B,I?z[I-2sinhi?a-(2hL'-<2'3-"-)zL')l??sinhBa+(1-y)i?a×

                                    '
      ×coshBa}sinhBx-(1-v)i9sinht?a･xeoshi9x]sinBy, ･･･(4,58a)

   (1 il}"2)･-!ill-S a,,2 = mp, At. az [( -2 sinh ab + ･- (2h2 - (2 i") zL') aL' sinh ab +

     +(1-v)abcoshab)sinhay-(!-v)asinhab･ycoshay]sinax+

     + i{: B, Bz [(-2vsinh x?a + (2h2 -(2 lilil ) zU) p2 sinh Ba -(1 -- p) i3a ×

      ×coshPalsinhBx+(1-v)Bsinhf?a'･xcoshi9x]sinBy, ･･･(4.58b)

   <-1-i "2).,Lll/lr` r.,, = -- ijI.:A,.ixz[((2h2- 2'3il" zg) a2sinhab-(1-v)ab×

     ×coshcrb+(1-y)sinhab}coshay+(1-v)asinhab･ysinhay]cosax+

                                    '     -¥:B,Bz[((2h2-(2i;")z2)BisinhBa-(1-p)BacoshPa+(1-v)×

                                                        '
      × sinhBa)coshPx+(1-p)PsinhBa･xsinh3x]cosi9y, ･･t (4,58c)

            EJ   rx2,? = H ('-'iL=-'-,,) -kl, (¥. A.a2sinhabsinhayeos trx+ >? B,B2sinhBa ×

       ×cosh(ixsinBy)(ha-ze), ･-･･}･････････L･･･-･･･--･･-･････････,(4.58d)

            EJ
   Ty2･E = - aH,2)- -z}.ri (X,, AraL'Sinh'abcoshaysinax + :i B,B!sinhtga ×

       × sinhi9xcosBy)(hL'-z") , ･････････-･･･d･･････i･･････････t･･-････ (4.58e)

and for displaeements -
    -(1 -v) -k/;l ･u2 = :i] A,. [((2h2- -2----I5"-"-- zL'). asinh exb-(1 -v)beosh crb) ×

                          '
      × sinhay +(1 ---v)sinhab･ycosh a?/] atz cos a'x I- :F B,[((2h2 --2-I3Ir---" z]) ×
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      ×i?L'sinhBa-(1-v)i?acoshg9a+(1-v)sinhi?a)cosht?x+

     +(1-y)i9sinhi?a-xsinhBx]zsinBy, ･･･････-･･-ny･････････-･･4,59a

    L (1 --v) {l/Ii ･v, =- :i;. A, [･( (2hL'-2 l;" zt) a2sinh de -(1 -v)abcosh crb +

     +(1--v)sinhab)coshay+(1-v)asinhab･ysinhay]zsinax+

      +:i;B,[((2h2-2i;"za)BsinhBa-(1-p)acoshBa)sinhPxt

     +(1--y)sinhBa･xcoshPx]PzeosBy, ･･････････-b････････････4.59b

    (l -,J-")-l-{-i- 2v,i = :!l]. A. [(pz2asinh ab -(1 -p) bcosh ab) sinh aty+ (z -p) ×

      ×sinhab･ycoshcty]sinax+IIil]B,[(pzL'Psinh,'?a-(1-v)acoshx?a)×

      ×sinhi9x+(1-v)sinh3a･xcoshBx]sinay. ･･････-････････4.59c

   Thus we have obtained the solutions of the second kind to the
problem of clamped plate in case I but we shall abridge the similar
expressions corresponding to the other three cases and only brief
mention of the forms of e, ZI and X' in ehese cases will be made in

the following, for reference. .
   ei -: a, lilll> -%4-l:l;, A.a [i;/:,:h ab [2,:o,:s:hay･[2C/r2Sax -t- ;}: BsR (g,/6nS,R,Ba ×

      × [g,/6n:h,hRx [i,O.o.S,By l ･ ' ･･･････････････････-･-d---･･････-･････････ (4. 6oa)

   g-1-b'"2)kilz;-<i.=?l"i-)--･ttl;'-`-l!'1',,., ･････-･t･+･･･-･･･t････････+･･･(4.6ob)

                                      '
                                           '                                                '    g.!i- =,.,-e.i)rig; z･ =- si). A,,zII.(2hL･-2s'um ti z･])a[g,ftS?:h.b-(i-tr)b(il:,S.abl ×

      ×[ge:O,¥ila'y-i-(i-L)(egi.sS/Eab'y(!lahEcty]'[/S/9i'crx+:iB･s"×
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      .[((2h--2l;"z")B[g,g,.,Sh,hpa-(i-v)a[:cloilkBal [ig,eShh,igx-i-

      .(,-,)c&g.s,hB.,.f2g'n,h,B.].fgggB,, ......,...,.,....I(,.,,,)

            Lcosh Lsinh J ksin

As regards 'the expressions (4,60) the rows of the first, second and
third correspond to cases II, III and IV respectively and {A.} and {B,}

must be those determihed from (4.47), (4.51) and (4.55). As in the

case o£ simply supported rectangular plate, suMxes are to be such that

       case II (m=2m'+1, n=2n'+1, r=2r'-fl, s=2s'+1),

       caselll(m:`'2m', n=r-2n'+1,r=2T', s=2s'+1),
       caseIV(m=2m'+1,n==2n', T=2di'+1,s=2s' ),

       a== Lilt/'･ B= Zrrb '

                'tt ".E)ve,2) "i'ilHT4 = (1 -P,) lb (,i.h'2R,ll pt 2kA) (2(1 -").cOsh kh + 1ichsinh 2kh) .

 ･ In the preceding calculation we used the same symbols A., B, for
the coefficients in the expressions for solutions of the first and second

kinds, that is to say, because it appeared that no confusion would
arise, we did not distinguish them by using primes but it may be
desirable to give primes to A. and B, in the solutions of the second

kind. Now we can get general solutions by the superposition of three

ldnds of solutions to the clamped plate problem., We have, for ex-
ample, by (4,28a), (4.58a) and (4.25) of (I) in case I (m::=2m', n==2n')

   Ox = Ox,i+a:c,L)+ffx,:i -= Il,: A.a+at y)[- ･(v(-2+aVz'!)sinhab +

      +(1+p)crbcoshab}sinhay+(1+v)asinhab･z/coshay]sinax+

      + 12i: Bs (-i-/--F- ,) [((2 + vB'!z'])sinhBa)'+ (1 + v)Ba cosh i?al sinh igx +

      -(1+L)psinhpa･xc6st}Bx]sinpy+:El],A.I.aLE.,,.ss-j';it,,-az[(-2ysinhmb"i-

           /      + (2hL' -.2. -3I -" x?.) a2sinhab -(1 -vj,) crbeosh crb) sinha'u-Y (1 'Jvl) c( -<

      ×sinhatb･yeoshcry]sina'x+XBg(itl--.e,-,i)'-ic,t9z[(-2sinhi9ce-l-



/
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           '  . -(2h2-2g"z])B2sinh3a+(1-p)BacoshBa)sinhBx-(1-y)BsinhBa･

  1' ×xgoshBx]sinPy+ff,[(2vOa"-yV,+Oo']IY,)sinh2khsinhk(z+h)+(4v/t'/V,.+

      +3gr/V,)khsinhk(z-h)+Oa""xV.(-khcosh2khsinhic(z+h)+2icehL'×

      ×coshk(z-h)+kz(sinh2khcoshk(z+h2--2khcoshk(z-h))], (4.61)

and by (4,28b), (4,59a) and (4.29b) of (I) in case I

                       '                        '    u=ui+u2+u3==:l.A.-21t[(vagzesinhab+(1+v)abcoshab)sinhay+

     -(1+v)asinhab･ycoshay]eosctx+i:B,-2;i-[((3-v+yB2zL)sinht?a+

     ,+(!--v)i9aPosh3al'cos.hi?x-(1+p)BsinhBa:xsinhi9x]sln.t?y+

     .+ X. A,1 ((1--1,)) -feJH., ['11 (2hL'-?g"z2) asinh mb-(1-v)bcoshcrb) sinhay +

     t (1 -v)sinhae･ycoshay] azcos crx + i: Bg (1-rm1,) -n-t, [((2h2 -2 i; "z:) B2 ×

                                                '                                        tt     ×sinhBa-(1-v)i?aeoshPa+(1-v)sinhx?a)coshBx+(1-v)f?×

      '     .×sinhpa･icsinhtgx]zsinBy-(iil;l")tt-{lg,--glSt-'[I(2v-i)sinh2leh+leh×

           '             /
     eosh2ichisinhk(z+h)+(4v-3)ichsinhk(z-h)-2k?h2coshk(z--h)-he×

                                                '     ×(sinh2khcoshic(z+h)+2khcoshk(z-h)i]. ････････････(4,62)

These are the solutions to the problem of clamped reetangular thick
plate under sinusoidal pressure pv(x,y)==p..sina.(x+a)sinB.(y+b), (m=

2m', n==2n').

   As stated above at the end of Sec. III, when loading funetion is

general and can be expanded in the Iike of (3.32), solutions may not

be hard to obtain by utilizing the solutions in the above four cases.

Solutions for the simply supported plate under v,ariable normal load

outlined in See. III may be said to be the direct extension oli Navier's

solutions in the theory of thin plate and solutions described in Sec, IV

may be called the indireet extension. These soluti/ons satisfy all equa--

tions ef equilibrium and compatibility and Kirchhoff's four boundary

eonditions, as frequently mentioned, Anyhow we couJd solve the cor-
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respondingly diracult problems applying the method of Love, though
the solutions obtained may not lend themselves readily to numerieal

computations. Moreover, the diMcult-seeming mixed boundary value
problems can be easily dealt with, following the mode of attaek de-
seribed above. So a brief mention of mixed problemseoncerned with
rectangular thick plate will be offered in the next section,

      gV. On the Mixed Bouudary Value Problems Relative
                  to Rectangular Thick Plate.*

                   (a). On Several Typical Cases.

   It will be worth while to note that by the aid o.f the systematic,

ingenious, if somewhat lengthy, method o£ Love we can comparatively
easily treat the mixed problems of thick plate, though mixed boundary

conditions seem to be under some restriction, That is to say, when
mixed eonditions are general, it seenis to be impossible to tide over

the･diMculty to solve the problem without making some approximation.

Herein we shall diseuss chiefly the simply connected plate laden with

sinusoidal or variable pressure. Mixed problems of thin-plate sub-
jeeted to a uniforM pressure are often treated but that is not the
case with thin plate loaded with variable pressure, probably because

the latter problem is too troublesome, and solutions for variably Ioaded

thiek plate' with'mixed boundary seem to be rare]y seen. Now we
shall proceed to investigate several cases. Always in the following
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we shall chiefiy discuss the problem o£ thiek plate under a given normal

load, whose loading £unction is a v-function

       1)mnVmn(X,Zl)i!i1)V(X,Zl)=1)Sinc(.(XA'"a)Sin1I?,,(Zj+b), ･'････ (5.1)

   (a. = -2-iliZ , i9.= illi , m=277z', n=; 2n') which is referred to eo-

                                             'ordinate system I in Fig. 2.

One o£ the eoordinate systems shown in Fig. 2 will be taken in each
ease for symmetry reasons.
                                                 c
   CaseA.' WhenThickPlatewith
Two Opposite Edges BI, CD C]amped and
theOtherOppositeEdges-B'C,MA-Dsimplysudi S･9 S'S
pported is Stressed by the Pressure (5.1). c
   In this case it is convenient to take the
coordinatesystemI.Theboundarycondip Fig'3
                                           c: clamped edge.tions are
                                          s.s: $imply supported
       Uo==Uo,l+uo,3==:O,vo=vd,1--vo,ts=o, edge･

       zvo=zvo,,,+zvo,,3=.o a7Vo,.,aWo,!+OZVo,:s,.o, aty..±b,
                     ･ ay ay ay
                          ･･･････-･-:･･-････････-･-･;･･-ny･･･-･･-････ (5.2a)

       t tt       T,' = T,,,+T,,,, ='O, S, = Si,i+Si,, :=:O,

       Gi=Gi,2+G],:3=O, zvo:=:O, at x:=±a, ･･････<5.2b)

   In the first plaee we shall determine the two basie quantities e,
and X, observing the boundary conditions regarding uo,vo, Ti and Si.

From the form of Ti,,i at x== -.iL-a the £o]lowing expression for X" can
be taken in 'case I,

                               '
              lv                    h:Se, = : (A.sinhay+ C.ycoshay)sinax +    zt, = 2hXo ----

    ･ 31+v r         '      +=B,(aeoshi9asinh,Bx-msinhBa･eoshl?m)sinRy, ･t-･･･(5,3)
        s
       a == eTa--, B ==,-S2t-b--, T=2T', s=2s'.

On inserting fiollmula (5.3) into equation blo=-21>t V!i'Z", weobtainthe

expressions for e, and then for Ze.

Hence, using these expressio'ns, fyom .formu}a.
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       6, =- Eu, =-#--(1+.) mOpZe+Jima-v- .. I, --J--av.r ,

                        om ax ox
and condition

       uo=O, at y=:.lrb,
X"i ean be written as

   XMi ::= : D.a(Z + v)(bcoshab.sinhay-ysinhabeoshay)cosax +

        ol
     + :i] Bs 2Zh [((v-1 + -l¥-hL'Bt') sinhi?a-(1+ y) i?acosh t?a] cosh i?x +

      + (1 + p) Bsinh Ba ･ x sinh Bx] sin By , ･･････i･-･･･L･･･････-･･-･-L (5. 4)

in which D. is a coeMeient to be determined from such re]ations that

   C. == 2h sinh ab'D.,

   Ar == -2h'g"//-ilt'r'.) . '((6 +vhL'aL')Sinhdo +3(1 + v) abcosh a6] D., (5, 5)

Accordingly it results that

   Z" = - ]:I,;, Ar2h[3(1k,)a '((6+vhL'aL')sinh crb+3(1+p)abcoshabl ×

      ×sinhcry--sinhab･ycoshay]sinax+:i:B,2h(acoshBasinhBx+

     -xsinhBacoshBx)sinBy , ･･････i･････････-････････-L･･･････････････ (5.6a)

   {E),=XA.2asinhabsinhaysinax-XB,2BsinhBasinhBxsinBy,

    . . ...,..........-,.".,..",......".-,･(5.6b)

   Xe = ;l;. A.[lHbcoshab-a-¥2-bTasinhab) sinhay+sinhab･ycoshay]×

      × sinax -l- 4 B,[(acoshBa - -l;- (･l L"F-b-)- hgB sinh Ba) sinhBx +

     ---sinhBa･xdoshBx]sinPy, ･･･････････L･･t･･･････t･･t･･-･･LH(5,6c)

   2i==-･:A.(1.-s-v)(abcoshabsinha?.l-aysinhdo･coshay)cosax+

       tt
     -i- :i: B,[･((v-1 -l- --3'-' hUB[')sinhBa -(1. + p) Ba･ eosh Ba,l cosh Bx +

                               '      +(1+v)Bsinhi9a･xsinht9x]sini3zl, ･･t･-･･-n･･i･･･-･t･･J･-+･･i(5.6d)
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    et =- :Ii,]. A.[I(3 --v) sinhab-F(1 + v) a6 cosha'b) coshaty-(]. + v)cr sinhctb ×

     ×ysinhazl]sincrx+:ii:B,[((2+-Il-hL'PL')sinhBa-(1+v)t?acosht?a)×

     × sinhBx+(1 --v) PsinhBa･xeoshPx] cos By , =･i･･-･･i･-･･ny･ (5.6e)

in which we replace D. and B, in the preeeding formulae by A,, and
2hB, respeetively. Now we are left with the followingtwo conditions
unsatisfied.

              Si=,O, atiV7=,-±a,･･itd･･･t････t･(5,7a)
              vo=-=-O,' at ?l=l:b, ･-･-･Ld････････(5,7b)

By (4.7a), (3.4) and (2.lb) of (I) we must have

   S, =- Si,i+S,,, - 3S-gXy-L'+ Q ,ai-,Vy == ;,, A,t 2ha [3 -a- 1--F-b>- ((6+vh?a2') ×

     × sinh ab+ 3(1 + v) abcosh ab) cosh cry -sinh mb (coshay + atysinh aty)] ×

     × cos crx- i: B,2h3 ((SacoshPa-sinhBa)cosh3x-BsnihBa ×

                       o     xxsinhBx)cosBy+Qa2"oVy=o, atx=::･pt-va.･････････-･･(s,8)

Inthesamewayasbefore£rom(5.8)wegettherelation: '
   :l;. A,.2h(-i()ii",sie+s･.b.r,'il..?inh2ab( v3(h(giallt :iS-) + (b,.,2.,t-+7-i :,,,,)]･ +

     -B,hB(2Pa-sinh2Ba)==(-1)'`"'a.B,,Q, for n=s,l
                                                  (5. 9)                       =O, for n#s,S
in whieh eo=1, E2 = eg, =:: e4 = ･･-･･･ == 2,

And by <5.7b), (5.6e), (4.5) and (4.3) there exists the formula

       6,,=zm..+JaV=o, aty=±b,
               oy
that is,

    ;I,;t4,,t((3-y)sinhabeoshab+(1+p/)ab)sincrx+i:B,.I(2+gh2P!)× ,

     ×sinhI3a-(1+v)t?aeoshl?a)･sinhi?x+(1+p)l?sinht9a･xcoshi?x]×

     ×(--1)S'+,1'i?,,(--1)'"e'sincr,.x=O. -･･--･･････････-･･s･････(5.10a)
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From (5.10a) another relation is obtained, which is given by

   A,.･{(3-v)sinhabcoshab+a+v)ab)t+4;B,(-i)""s'g.-fi-b--iT6[,tt-itLlhh--･ZE,9ttsF,,×

      '                     '
      ×(v(6-hL'g?L')(tgs'2-(6+vh2t32)b?T'2) .

                                                  '                                                        '                                                   '                      ...(-ome'"Jnirr, for m==r,l <s.Iob)

                       =O, for m4r.J
                                                      tt ..
   In the next place we shall determine the forms of basic quantities

ei, Xl and X'. By the condition 2vo =O along the boundary we may take

itNintheformula(4.36)tobeoftheform ･

    27=:A.(beoshctbsinhay-ysjnhabcoshaty)sinax+
        'l-
      +:i:B,(aeoshBasinhBx-xsinhBacoshBx)sinBy, ･･････(5.11)

iinac2atSheal.bWyit?4.3r6)=o2fT'(,I)and SL'2S'･ However, taking aceount of the

                                                    '    '
       Gi,3 == O, at x::= ±a and hence Gi,,, ::O, at x== ±a,

and, further, Gi,, is expressible in the form (2.10) o£ (I) by the use of
             - ,J                .2, it woulct be apparent thatformula zvo,2 ==

              k4 ,
           B,ii!IO. L'H'-''･''``-･'･L-･-･･'･･'-･･-d-･････t･-･･･(5,12)

Therefore we see that
                                                    '                  tt              '           -                                         tt tt    zvo -- -k.iJ(:,. A.(bcoshabsinhay-ysinhcrbeoshay)sincrx+(vx,y)]

                            .....,...,....................･･t.･..･･･-･ (5, IL3)

                                                          'satisfies the conditions '
           ?vo==O and Gi=O, at x==:±a,

and when the condition aWe- == O, at y;=: ±b is considered, sequence

{A.}reducesto . .' ･ ･,..･                '       A.=(,---1)""'mp//-/(2ab-sinh2crb). ･･･-･-･････=････････････(5,14)

Consequently we can readily determine the forms of ei and Xl by
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means of the formula zv,,,,=m--2-ij-- ･(hL't9t+(1+v)XII .

                                            '                              '
         -E j   ei := a-=･-il･s- -j?.i A,,,2atsinhabsinhcrysinax , ･･-･･･-･･････････････ (s.Isa)

   XI' =: d {li ,) Li:i Am ((- bcosh crb + a--2--"-) hLa sinh crb) sinh ctzi +

      +sinhab･yeoshaylsinax. ･･-･･-･-････-･････-･･-･･･････････(5,15b)

   ･From (5.9), (5.10b) and (5,14) all coeffieients in the expressions for

£our basic quantities eo, Xo, ei and Z; can be obtained, so the problem
in question may be said to have been solved virtually. By (5.6) we have

    X=Xo - 'Lili' 1i , z2qo == pt. Ar['( -bcosh abH-(1 +1 ,) at (2+ pzL'a2) sinhab]･ ×

                                     '
      ×sinhay+sinhab･yeoshcry]sincrx+:i:Bs[(acOshBcu+ii,×

      × (z'?--ii-h2)3sinhBalsinhBx-sinhl9a･･xcoshBx]sinBy. (5.16)

By (5.15) we have £or X' ..    X'=zZI+c(2tt-+--?-.-sz"tE}i=(ig.,)"/,A.z[(-(1--v)beoshatb+2hL'crsinhab+

                                                         '      m2g"ctsinhab･z2}sinhcry+(1+v)sinhabiycoshcry]$inax. '-

         ･ ･ .,H･"･････-h････`･･-･･･--･-･-･････(5,17)

Foy example, normal stress o. will be given by

       a.=6.,1+a.,L,+a.,:l, ････-････-･･････････,･-i･･･-････t･,t････,(5.18)

with

    ox,i == -//O'yZ-, := pt. A,-(1 S ,) [" ･((1 + v) atb cosh ab + (zL'aL' -2)vsinh ab) sinh aty -I-

    tt       +(1+v)crsinhab･ycoshay]sincrx-:B,(iE-,-s[((1+v)BaeoshPa-F

       +v(ze--}h")t3!sinhBa1sinhPx-(1+v)l9sinhBa･xcoshPx]sinBy,

    Ox,2 = (I-E"--D[,s-jl/}, Aon az [(-(1 -v) abcosh ab + (2v+2h2a2 L- (M2 g" ") .2z") .

       ×sinhab1sinhay+(1+v)asinhab･2Icoshcry]sinax,
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'taking a,,,,i from (4.25) of (I). We omit the solutions in the other three

cases than the above case, since we can proceed along quite a similar

way and needed descriptions are so lengthy.

                        'CaseB. WhenThickPlatewith         c
                        One Edge Clamped and Other Three Edges
                        Simply Supported is Stressed by the Pre-

 s,s 's,s                        ssure (5.1).
                                           /t                                                 '                                               '                          '                                              '                        We shall take the coordinate system I in
        5,S                    Fig.2 for eonvenience' sake, though it would be
      Fig'4 properthatthecoordinatesystemlllshouldbe
referred to in this case, if the edge AB'･is elamped.                                                  The boundary

conditionsareasfollows: - .
       ?t,==o,v,=-o,w,:=:o,aZVo==o,at2y=b, '''
                            oy

       Ti==O,Si=O,Gi=O,zvo=O, atx=.±a, (5･19)

       T!=O,S.,=:O,G,:=:O,zvo=O, aty:=-b. '
    At first we shall want to obtain the solutions of the first kind in

the same fashion as before. In view of the boundary conditions fOr T

wemayputZ"intheform ･ ' ,                                                     '                                      '                                             '    X"=2hZo--li･-1l,h3eo=lll.:(A.sinha(y+b)+C.(y+b)coshcty+

      +IV.(y+b)sinhay)sincrx+XB,(acoshBasinhPx-xsinhPaeoshBx)×
                             s
      × sin3(y+b). ･-･i-･･･････････-･････`･･-･T･･････････････････････--････-(5.20)

in which at=--E-rrEl-, B==gTb--,'T=2r' and s:-Ls'. It is obvious that re-

sultant forces T's derived from (5.20) satisfy the required edge con-
ditions at the three edges. Then by the eondition uo==il}-(xHi+ Jg/) =O

at y=b the expression for X-, obtaihed from (5.20) yields the fol-
Iowingrelations: ･'
                                                '                                                              '
    A,･=(iiC.i)(sinhab--(1+v)crbcoshab+-ll-vh!aL'sinhab)+

      -a-g-fl"s(coshab+(1+v)atbsinhae+-i:-vh2a2coshab), (s.21a)

        C.==asinhabeoshab･C;,, E.=::asinhabcoshab･E;,. (5,21b)



                   On the Thiek ?Iate Problem lL 527

Hereafter we shall drop primes over C. and EL, on the right-hand sides

of equaeions (5.21) £or simplification.
   Now we may write for basic quantities eo, Xo and X.

   eo ti- -:)(X,, (C,,sinhay+E,,eoshat2v)a2sinhabeoshabsinatx +

     - Ii]'B,BsinhBasinh3xsin3(y+b)), ･･････-････････････-･････ (5,22a)

   7.o=Z.ig..o, '''''''''''''''''''''''''`'''''''''-'''''''''''''''''''''(5.22b)

    Z := X. C,･ 21h 'a/'-''"b'>[- {Sinh ab+(1+v) abcosh crb + -l;-vhea?sinhab) ×

      ×sinha(y+b)+atsinhabcoghcrb((1+v)(y+b).goshay-v(z9,LJ.Il-, h?)×

           '                    '                                '      ×aSinh.ay)]sinatX+X.E.2h(i-+,-･s[-(coshab+(1+p)absinhab+

     +-l;-vh!a2coshablsinha(y+b)+asinhabcoshab((1+v)(y+b)ginhay+

                           '     - v (zE - -l;- h2) at cosh cry}] sin ax + :}: B, 2-h-( l+ ,)[((1 + v) aeoshBa +

     +p(z?--il-h2)PslnhBa]･sinhK9x-(1+v)a'sinh(?acosh1?x]sinP(y+b).

                         .･.,L.･･=･-･･･=.･-･･････････-･････････････ (5. 22c)

And Z" (5.20) is by (5.21)

    Z" = :ii.i] C.((fiNl,) (sinhab+ (1 + v) abcoshab + -ii- ph2a2sinh ab) ×

      ×sinhst(y+b)+-}asinh2ab･(ev+b)coshay]sinax+

      -ia 4) E, [(IH+-lp-) 1coshab+(1+y)absinhab +-I;-vh!aEcoshab)･ ×

      ×sinha(y+b)+easinh2ab･(y+b)sinhay]sinax+4B,(acoshPa×

      ×sinhBx-xsinhBacoshBx)sinB(y+b). -･･･････+･･-･･i･･･J･･ (5.23)

Now we must have three equatiens to determine three sequences o£
coeraeients {C.}, {E7,} and {B,}, The condition B, =Ev, =2,+J OV = O,

                                           , ay
at y =b requires that

                            '    [;. C.-4a)h- t( (2+gh9a2) sinhabcosh2ab+ (1-v- ug-h2a2 coshab ×                                               )
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    × sinh2ab +2(1 +v)abeoshabcosh2ab - 2(1 -1-tr)absinh abslnh2crb) +

    + ;. Er Lzllfi((2+-IlvehL'a2)eoshcrbcosh2ab+･(1-v--ll-h2aL' sinhab ×                                                  )

    ×sinh2ab+2(1+v)absinhcrbeosh2exb-2(1+v)abeoshabsinh2atb)']sinax+

    '+4B,-ifi[l2sinhBa-(1+v)BacoshBa+-l;-vh!BL'sinhPaisinhBx+

                          '    + (1 + v)sinhiE?a･Bx cosh I9x]cos2bi? = (-1)m'"i,fB.sin -Zlvean:'X ,

           .･ ･ ･･.....".................,,,....-.･･-･･･:･･(5.24)

andequation(5.24)furnishestherelation ･
            '    C,,g((2+-il-h!a'-[i)sinhabeosh2abi-(1-v---il-h?ag)eoshcrbsinh2ab+

      +2(1+p)abcoshcrbeosh2ab--2(1+v)absinhabsinh2crbl+ .

   ''' E. -S-((?+ -ll-hL'a2) coshabcgsh2a6 tl (1 - p- -g'-h2a2) sinhcrbsinh2crb+

                                                 ,      +2(1+v)absinhatbcosh2atb-2(1+p)abcoshabsinh2crbl+

     '+ 4 B, g,i(i,),I.1 t`.b÷',,is{.phE ka･(- (2+ g vh23L') + --1-Z-,i,".) :-l,SgS-)

Next£romtheeonditionlli8Lii)M"i2hJBM ffOo: 7o7Z7z;.TT:} (s,2s)

                                 '       s.,=-alr'zXLC.QaL'v...o, aty=-b,,,

        - axay axay
                                             a2.Ztiwhere the expression (5.23) is to be substituted in                                                 apd the seeond
                                             ax ay
term comes from (3.4), we obtain the relation among coeMcients:

      C.-(1-a-l-"-)(+<1-+2 ")(2ab-sinh2ab)coshab+ (1+ g h2a2) sinhab +

                             '    +E,`etill".-i--//-s((-ILS")(2crb+sinh2ab)sinhab+(1+-il-h2at2)coshab]+

    +=B,g.Hl)"'6.t2ab2r9s?sinh2Bra ･ ..
      s (b2T?+aL'sL')L'

                      .-.:s-,i)v'i"'Qcr,,tBn･ i&Y l]l,;.,g;]/(s,26)
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in which

       eo==1s El::::e2=E3=:-･=2.

Then we have to apply the last condition,

       s,=-ar'311'C+Qa?V=.o, atxL=,ta,
            axay axoy
In order to consider this eondition it would be appropriate to take the

coordinate system III as shown in Fig. 2. This condition ean be re-
written into the following form, referred to eoordinate system III.

   :i.;Cr[cint'ili'-)`(sinhab+(1+v)abcoshab+-i;vhL'aesinhablcoshay4

      ---li-sinh2ab(cosha(y-b)+aysinhct(y-b)1]a2(-1)"+ '

      + :i;, E.[ct:+1.) (cosh crb+(1 + v)absinhab + -IIT vh!a2coshab) coshay +

      +esinh2ab(sinhat(y-b)+crevcoshat(y-b))]a2(-1)r'+ ''

      +:ll:B,-l---B(2Ba-sinh2i?a)cosBy=:;Qcr,.B,,cos3,,y. ･････-(5.27)

When we represent the left-hand side of equation (5.27) by Fourier
cosine series for range (O, 2b) and equate coeMcients of similar terms

on both sides of the resulting equation, we obtain the required relation.

   .x,, c,. (-1)"'"s e,2b.rc -T--{-?-i--11-6.,h,,a+b /i,"///5--2ab [a-+1.) ((1 + -6- hL'aL') +

      - g-i- "i e) (i+(-i)s)) - (i' (,-i)S) .(9i ,,H.'/2,;.,)]+

                         '                                                        '      + pt,, E.(-i)7''+sE,2.brr-. --TII'--C-1[lil..},a.b:l:"g,,-h)--2ab [a-iiLLs((i+-6-h2a2) A'

      mg-1.-i..y)(1nv(-1)s)]h(1H(2.-1)S)[glr."iII:i,gl'i]+B,-g-mu(23a-sinh2I?a)

                        - l.ll-g"iBnQ･ igXl2:l) (5.2s)

Consequently we ean determine the coefflcients {C.}, {E.} and {B,}

£rom(5.25),(5.26)and(5.28)bysuccessiveapproximation, .
    In the next plaee we shall obtain solutions of the second kind.

The boundary eonditions to be considered herein are relative to the
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quantities woi ･a-1-q-['--, Gi and G,,. Not,{ng the eonditi'on ･zvu==O along the

            ･oy .                                       'boundary, z- in the formula zvo = tt-tr-T lv(x,y)+2(x,y)) can be written as

    Z- = ti :I,I:. A.(beoshab. sinhay -ysinhabeoshay) + 7,1, B. (b sinh crbeosh cry+

                                              '                                      '                                                 '
      -ygoshabsin.hay)}.sincrx+]¥:C,(aeoshBasinhBeq-xsinh3qeoshi3x)×

                             '      X'sini?(y+b),' ･･････････t･･-････････-････it･････････-t･i･･i･･-.-.･･･5.29) ･

     '   '                              '                                             'With cr= Srra, B::=-S2rrb , r=r-2?" and6=s', whigh reCers, o.f eo.urse, to

thecoordinatesystemlinF]'g.2. '  ',
Bythecondition Gi==O,atx=i±a wehave. .. '
       C,=0 ''''':'''''''''''''''''''''''''･'''''`'''''''''''`'''''''(5.30)

                     'and; further, aceording to the condition G.)=-e, at zt:==-b' the relation

8oettWheaetnw.A?b:ed Br is given by B,･･eosh!crb =r- A,,;sinhL'ab

     . A.=:coshLabAI., B.---sinh2ab･B,1. . ････････t････････-･･4(5.31)

and drop primes always in the sequel as before,

Finally, if we apply the condition -t-oZttO-- == O, at ?J=b, it is easilY seen

                                                                '

   A･.=(--1)M'2nrr'b(si.h41.b,-4,b) ,.,'. ' fOr TF7'Z'l (s.g'2)

      ==o, '･ for rt7nJ･
                   '                                          'As a consequence we may write x7 in the form
                                   '       2- = A,,,(eosh2crb･Yl +sinh2e(b･1if.,) sincr.x , ･･-L･=･･･'-･･ (5.33)

                                '                   '                 '

                                                    '       X == bcosh ab･sinhuty -ysinhabcosh cry,

       .K=:bsinhabeoshay-ycoshabsinha'y. (a=cr,,,)
               t/t                              -tWit,,h the aiCl gf'fozrg.tula 2vo,, == =k",J x- -r -El-((1+v))(1+het9,] froiin (5,33)

1,'
, ei == (rE'-,'s'tLJ, VrxL = (i-E.-s iC- /l.,asinh2absinha(y-F6)sinZrpkrr-X- , (s.34a)
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   XI='X'!,zl...o, ･････････････････････････-･･･････････････････････････t(5.34b)

   x' =: zxl + B-(--k-+-e-l-sz:sE?, ==: (i:;+E.)x"-i･-i-zA.[y cosh2ab+ yspinh2a6 +

      + (il-J-) asinh2ab･sinha (y+b) ((2 iV-) zL]- h2)] sinax, ･･･ (s, 34c)

From these basic quantities we can easily obtain the solutions to the

problem eoncerned. For instance, normal stress a. is given by

       a.==a,.,1+o."l+o.,:l, -,･},･･,･,･････,･i･･,･･,･,･･t･･････.-,･,.-(5.35)

where by (5,22c)

                                           '                                 '   ax･i == Z'y24, == ;i,l, C･･ 2h-<-::'l-rlJ-s[m.{sin.ha,b+(1-i-p)dbcoshab+ .

                                  tt
      + g- vhL]aL" sinh abj sinh a (y + b) + -li- sinh 2ab ((1 + p) at (y + b) ×

            '       × coshaty+ (2(1 +p) +paL' (li- h2-zL') )sinh ay]] sinax +

      r.r. 21, I, Er 2h(fL+ ,)[in (, cosh ab +(1 + v)absinhab + ---61--- vh2a!cosh exb} ×

       × sinh bl (y + b) + --S-- sinh 2ab (2 (1 + v) + vaL' (-g- h! - ze) l･ coshay] ×

       ×sinax-E:Bs2-h(li9-!+--JJ,)[((1+v)ctcoshl?a+pBsinhBct･(z]--ll.ht)]･×

       × sinhi?x-xs,inhBacoshkx]sinB(y+b), and.by (s.34)

    ax･g = //ri.,l + (-i2i,// = (- tt.-lll- i- ,-s-kJ-Ji A.a [snih 2ab･sinh at (y+b) + (i -.) ×

       × (eoshL'ab((abeoshab-2sinhab)sinhcry-atysinh ctb･coshay) +

       +sinh2ab((absinhab-2coshab)coshcry-aycoshabsinhay))+

       +a2sinh2absinha(zl+b)･(2Zil"ze-h2)]zsinexx, (a=a,,,).

                                   '                                        '          '
    For o.,,, the form (4.25) o£ (I) can be used. q
                  '       CaseC. WhenThickPlatewith
    'rwoAdjacentEdgesClampedandtheOther ,gs c
    'I'wo Adjacent Edges Simply Supported is
    'Loaded by the Pressure (5.1).
                                                    s,s
    Atfirstweshalltakethecoordinatesysteiin Fig.s
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I as shown in Fig, 2 for convenience' sake. The boundary condit･ions

in this case are

                  owo                     :=O, atx=a,       Uo=Ve=Wo=
                  om

       u,=v,=wo=OaZgO=e, aty=b, .....,(s.36)

       T`==Si---'Gi=wo=O, atx=-a,
       TL,=S2=Ga=wo=O, aty==--b.
Owing to the boundary condition for T at x=-a and y=-b the
following form for Z" can be taken

   Z" = : lA.. sinh a(y + b) + C. (y + b)cosh ay + E,, (y + b)sinh a'y) sin a(x + a) +

          L        7'
      +:･(B,sinhB(x+a)+D,(x+a)coshBx+11,(x+a)sinhBx1×
        s
      ×sinB(･y+b), ･･ny･････-･････-･･･-･ny･･･････-i･････-･･-･t･･････`･･･(5.37)

in which a== ･Ti//-, B= 3rrb ,T==r' and s=s'. T' and s' are positive in-

tegers. Of course, we can adopt the expression (5,37), whether m and

n are even or odd integers. On substituting the expressions 'for eo

and Xo derived from (5,37) into the formula 6i==Eu,=2,+JaV and
                                                     ox
letting the boundary conditions uu=O, at y=b be satisfied, we obtain

the relation among coeMeients.

   A. =" (IM+2.)[C;. (sinh ab+(1 + p) atbeosh ab + -il- h:'a2sinhabl +

    +E;.I,coshab+(1+v)abSinhab+-il-hfea2coshab)], ･･}-････-(5.38)

       C.=crsinh2ab･C;., E,.=atsinh2ab･E;.
and from now on we shall delete the primes over C,, and E. on the

right-hand sides of these equations. Similarly by the condition v,=O,

at x='La we have

   B, =-= (t-Z-+-2.) [Dg lsinhBa + (1 + v) Pacosh Ba + -il-h2BCsinhBa], +

     +I7Ig(eoshBa+(1+v)i9ousinhBa+-3-h232eosh.Bal], tri･･r(5.39)

   D,=Psinh2Ra･D,I, l7I,=Bsi.nh2Ba･Fg and drop the primes as be-
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fore, Accordingly the representation of eo, XoandX can be taken m
the forms

                            '   e, .. tv.. aLSiihh2ab (c,,.sinha'y+E;,coshay)sind(x+a) +

          tgL' sinh23a
                -(D,sinhBx+4coshPx)sinB(y+b), ･-･ (5,40a)      +x
        sh
   )foz:-=Xl.=o, ･･････････････-･･i-･････････t-･･i･･-･･･L-････････-･･･t･･･(5,40b)

   Z :=- pu. C. t-1;-[(--1-+2,s･(sinhab+(1+v)abeoshab+ -il-/hL'a2sinhab) ×

      × sinha(y+b) +a(y+b)sinh2ab･coshcry+1i ,(-g hi'- zL) at2 ×

                                                '      × sinh, 2crb･sinh cry] sin ct (x + a) + :Il;. E,, -2-lh--[(t-:Al?-.-)- (cosh ab + (1 + p)ab ×

      ×sinhab+-6"-hL'aLcoshcrb)sinhat<y+b)+ct(y+b)sinh2dosinhaty+

     + f"e . (--} hL' - zO) aE sinh 2ab cosh ay] sin ct (x + a) +

     + :i) Ds --21h-[(1-+2,)(sinh Pa + (1 + v) Ba cosh fia + -Il- h']Bisinh Ba) ×

      ×sinhB(x+a)+B(x+a)sinh2Ba･coshPx+Ii,(･tt--hL'-z2)B2×

      ×sinh2i9asinh13x]sinB(y+b)+i:I7',-21h---[aT:-ii2･bs･(cosh3a+(1+v)Ba×

                                                      '
      ×sinhBa+--ll-hV3!coshi3a)sinhB(x+a)+i3(x+a)sinh2i?a･sinhBx+

      +iS-.-(-li-hL'-z'!)BL'sinh2BacoshBx]sinB(y+b). ･･････(s,4oc)

Then, using the expressions obtained above, quantities 2i, Zl], Si,i and

S,],i, which are necessary to the following calculation, are found to be

    (Hh)XLi=[;I.lC.ct(-(sinhexb+(1+v)ctbcoshcrb+-g-hL'aYsinhctb)Sinha(y+b)+

      +-}sinh2ab((2+-llT.hYaL')sinhay+(1+v)a(?v+b)coshcry))+

      + ¥E,.a' (- (eoshcrb+(1 +p) absinhab+-E-' hga!coshab) sinha(t.zi+b) +

      +r2i---sinh2ab((2+--g--hL'aL)coshcry-I-(1+v)a(･y+b)sinhay))i･]×
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  ×coscr(x+a)+[!ilD,B･(-(sinhRa+(1+p)i?acoshBa+･-tt-hvePsinhBa)×

               '  ×coshi9(x+a)+-li-sinh2g3a((v-1+-il-hL'lg2)coshBx+(1+v)i9(x+a)×

                         '  × sinhBx)) + X, li',P(- (coshBa+ (1 +p)PasinhBa+ -Il- h2B2coshBa) ×

 ×coshfi(x+a)+-lisinh2Ba((v-1+--3"-h2B2)sinhBx+(1+v)B×

  ×(x--Fa)coshl?m))]sinti?(y+b), ････-･･･････････････････(5.41a)

(-h)Xn2=[:i,;C,.a(-(sinhab+(1+v)abcoshab+-g-h!a!sinhab)×

  ×cosha(y+b)+-}sinh2hb((p-1+--3"---h!aL')coshay+(Z+y)a(y+b)×

  × sinha'y))+ ge. E.al- (coshab+(1+v)absinhcrb+-6"-h2aL' coshexb) ×

 ×cgsha(y+b)+-li-sinh2ab((v--1+-g-htaL')sinhay+a+p)a×.

           '             -  ×(u+b)eoshay)]]sina(x+a)+li:[D,B(-(sinhBa+(1+v)BacoshBa+

 + -g h2B]sinhBa) sinhB(m+a) + E-sinh2Ba((2+-5-hflB2) sinhPx +

 +(1+v)B(x+a)coshBv))+I7',B(-(coshBa+(1+p)BasinhBa+

 +-tt-heB2coshi9a)sinhi?(x+a)+-i-I-sinh2i9a((2+-Il-h21?L')cosh3x+

 +(!+p)B(x+a)sinhBx)]]cosB(y+b), ･ny････････-････････ (5.41b)

Si･i :`' -S2,i == -aai'Xa'y' = di2.)ge. [C.a2(- (sinhab+(1+v)atbcoshab+

  + -g- h2a2sinhab) cosha(g+b) + gt +2 ")siRh2ab (coshcry+a(y +b) ×

  × sinh cry)) + E.a2(- (coshab+ (1 + v) absinh ab+ -il-h2a2coshab) ×

  ×cosha(y+b)+(1-+2--")sinh2ab(sinhay+a(y+b)coshay)l]cosa(x+a)+

  ･･i- arm+2,) i: [ D,BL'( - (sinh i3ct -e (1 + v) Pa cosh Ba + -li- hUBL' sinh iga) ×
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      × eoshi?(x+a) -- gl-IIT-U)sinh2i?a(cosht?x+p(x+a)sinhBx)' ]･ +

      +.P",i32(-(coshi9a+(1+v)BasinhBa+-ill-htB2coshi9a)coshi9(x+a)-i-

      +(1-+2--Y-)sinh2i9a(sinhBx+t9(x+a)coshf9x))]coshB(y+b).(5.41c)

Thus we can deal with the boundary conditions in regard to quantities

zeo, vo and S, S,i, which are left unsatisfied, by letting the expressions

refer to the coordinate system II in Fig. 2 and be represented by

Fourierseriesforrange(O,2a)or(O,2b). '
    Fyom the condition Eu,==2i+JOV =:O, at x=a, in which ZTi is
                               ox
to be represented by (5,41a), it is found that

  pu,. C,, ((bl,.,ll' ".T,i-ssinhabsinh2ab (- (1 + -g- hL'aL') + (<b-l,I -:--).big,iii- (1 + (-1)s)] +

    + 2};, E,+ tS.t.･-.iiil".",/.,S,,scoshabsinh2atb((i + -g-)hL'ag + itt.tt. i)-.bllt,--,l]s ×

    ×(-1+(-1)S))+D,B((1+,-il-hgBL')sinh19a-(1+v)Bacoshi?a+

    '
    + ge- --2 3)cosh i9a sinh 2i?a) + 4i? (- (1 + -i; h2t?2) cosh i?a + (1 + v) Ba ×

    × sinhBa + <-":2nd-3)sinhi9a sinh2Ba]

                      l.:iZ'{am' iO,; ,SX:(';Z;'ll"'Z."'t':) (s.42)

Similarly, using formula (5.41b), from the condition Ev,==2-.+Jat == O,

                                                     oy
at y :b we have the £ormula

  C.a((1+-i'l-hL'aL')sinhab-(1+p)abeoshab+("E3)coshabsinh2ab)+

     + E, a ( -- (! + -il- h!aL") cosh crb + (1 + p) crbsinh ab + (-'=21Ct) sinh ab ×

     × sinh2ab) + X, D, <i,-r,, lf)S://-',i)-sinh Basinh2x?a (- (1 + -il- hL'PL') +

     ' c(t'?t[ol'ii),:,/'i/h[-i (i +(ri)')i + :i: PT-c(i, i,.itlS.bl,k?")eoshx?a･ slnh2i3a x

     × ((1 + --6"- ht'i?L') H- ((bl,,i, l,--:).ail,Sli) (-1 +(-- 1)･)]
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                           i.3elBn' iO,i M.l;:l (s,43)

Then by means of the eondition st= -5-i8j-Zy--CC+Qa22aVy =o, at x=-a

which refers, needless to notice, to the coordinate system I, using

(5.41c), (3.4), we obtain the following relation:

   ;I,], c.(-1)se,--b4-rr.-- TBSi(nb?.f2/i..:,?2ab(- (1 +-g-h!a2) + ((bl..i?.".l,S.i) ×

     × (1 + (- 1)S)] + :Ell, E.(-1)se,-2//- '"3CO(Sbl.} .at. Sl /i..:,ll2ab (- (1 + -g- hLial') +

     +(il.,giiil).".I,Si)(i-(-i)s))+D,Bt(-(i+-ii-hea2)sinhab+

     + (1 S ")coshg?a (sinh2t3ou-2Pa)j + Ii',i3!(- (1 + g hL'aL')coshab +

     -(1lli")sinhBa(sinh2pa+2pa))

                       =(IILIL)Qat.B., fOr 7b:'=m8'1 (s.44)

                       =o, fornts.J
IJastly from the condition s,=r--i]f2t!("--Q.aL'V =o, at y::=-b, referred

                          oxay axay
to the cooxdinate system I in Fig. 2, we have a similar relation

    C.aL'(-(!+-g--hL'aL')sinhab+(1g")coshab(sinh2ab-2atb))+

      +E,ag(--(1+-g-h2a2)coshab-(1S">sinhcrb(sinh2ab+2ab)]+

       + :i: D,(-!)rE,, rrb S3Si(nbli,I.4,".S.i,,n,l})2B"(- (i+-g-hL'fg!) +-ibi.",', ft)£i:;!) ×

       >( (1--(-- 1)r))+ a; F,(--1)rE. "4nb S"COibig,.4,a+Sa2,,R,)21?a ×

       ×(--- (i+-g h'}B:!) + (il,.i.i-Sl?l'iltibrlis (i-(-!)")]

                     -=<l..i21zY-)Qcr,.P., /il@r "Z:="r'l (s,4,s)

                     ==O, for 7?zt-r.J
Once the relations as (5.42) to (5.45) are found, the expressions for sequ-
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ences of eoefficients can be determined by the method o£ successive
approximation and aeeordingly solutions of the first kind to the whole

boundary value problem may be regarded as ebt･ained.
    In the next place we shall determine th,e forms of basic funetions

ei, XI and X' as preparaeory work to obtain solutions of the seeond
kind or basie parts of generalized pla'ne stress solutions. First we

take the coordinate system I in Fig. 2 for eonvenience. From the

eondition eq,==O, at ec =±a and at y=:+-b, zM in zv,= '
k,JZrn
+y(x,y), (4.36)

can be written in the form

      X-=(XA.Yl+:B.X.)sina(x+a)+(:C,Xl+:D,Xh)sinB(y+b),
                                     ss                   ot           't'
in whi,ch

       a = -ilt/,-, B= 2Sf , r==r', s=s', ･･-･･-･･･････--･･･-･･･････- (s,46)

and M=bcoshcrbsinhay-ysinhabeoshaev,
           M-, = b sinh ab cosh dy-y cosh ab sinh a'y ,

           Xl =' a cosh Ba sinh Bx-x sinh 3a cosh Bx ,

           Xi == a sinh Ba cosh ,Sx-xcosh Ba sinh Px ,

in spite of what positive integers the suffixes m and n involved in
the loading funetion may take. [Vhen the substitution for Gi,,･ and G,),,･

･in (2,10) of (I), for example,

    G,,,, ==;- -D (a"B7.V.!,'･L' + v-a']aZyV.ir> -t- 81+o"DhL' -aaL'i/,E t'i"Lv,,,･, D= 3 (21Il-]1iL,-s ,

£rom (5.46) by means of the formula zvo,2 =t･
k･--,,Jzrw

 and the application

of the boundary condition such that the resulting formulae Gi,e and G.i,,}

vanish at the edges x= --a and y=`' -b respectively, yield the following

relations :

        2g"::O,:gl'fi.bl2i; .Bg'li:21.l':111ilig'.A.'IJ:l ････---rT(s･47)

and we shall hereafter drop primes of A;. and Bg as before. Con-

sequently k' (5.46) ean be £uynished by

        2 :;= : A. (cosh2ab･Yl + sinhL'ab･Yg.) sincr (x +a) + :li: B, (coshL't?a ×
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         ×Xl--sinhL'i?a･X,)sini?(zl+b), ･tt･････････t･･t･-･･････(5.48)

Now we are left with the boundary conditions a"ZVO==o, aty-m-b;
                                             oy
                                                        '
eaZ
xV":r- O, at x:=a, that is to say, by the formula wu=t-le,j(2+v) in case

I (m==2m', n =2n'), which exclusive]y we are discussing in this section,

    -Dall'1 = -i?msin ct.b (x+a), at zl ==b;rte;xC'- =: - ct. sin B.(y+b), at x= a,

                          ,......,..........,.......,,.,..,,....････ (5.49)

And, if we let equations (5.49), into which the expression £or XT (5.48)
is to be substituted, be referred to the coordinate system II and be

expanded in Fourier series for range (O, 2a) and (O, 2b) in terms

sinZrc x and sin Srr y and the coeMcients o£ like terms be equated in
              2bthe 2raesuiting equations, we find the foiiowing reiations:

                          (.1)r+s+i2a2b2Tsesinh22Ba       1    A.:l;(4ab-sinh4ab)+:i:Bs .(b2TL,+a2sL')2

                            l.:,ztg7t･ igi :;l:1.ll (s,so.)

    :l,I:.A,.<Hl>-"";'lh-{,".,"+b'/`/U".,S,,i-.i"liL'2ab-i-B,-l-(4i?a-sinh4iga) '

                            :=-ct., for oz=s,}
                                                   (5. 50b)                            =O, for n¥s.S

 From these relations {A,.} and {B,} can be determined and henee it

 may be said we have attained virtually the present purpose.
    By virtue of the formula zve,L･= -k,,ClxU"=12r(hLiei+(1+v)Xll we get

 the following basic functions:

    O[ ==- (-iHE,) -kJ-,, (:l;, A,, at sinh2ctbsinha(y+b)sina(x+a) +

      -t- XB,Bsinh2BctsinhB(x--t-a;)sinB(y+b)], , :±････tt････i･-･･･ (5,51a)

         3
    Zi Jz mm(-Z-l'l'2+ //' 6i}i)af-ZFv) ==r -/)-il--L,･ ････'･･'･････''････'ny-'･ (5･5ib)



                   On the Thiek PIate ?roblem ]I. 539

    Z' -= z)Cl+ 6 (2[tL4L?"f･ ziitE)t = d'itg,) -Z-iT-, z[:,I. A,, (eosht'!ctb･ yl + s/ nhL'ca･b･ y:-, +

     +(-i=1-r;s((2-l6T-?)zL'-･hL)atsinh2mbsinha(y+b))sina(x+a)+

     + IEi: B, (cosh21E?a･X + sinhL'tE?aJ･X2 + (1 li,)((2 iliiUL) zL' -- hL) ×

     ×Bsinh2Ba･sinhB(x+a)]sinB(y+b)]. ･･･････-･･･････(5.5ic)

By means of the formulae (5.51) the solutions of the second kind can

be obtained with ease. Therefore, we get the solutions to the problem

in this section by superposing the three kinds of solutions, As an in-

stance, normal stress a. may be writ･ten by (5.41c), (5,51) and (4.25)

of(I) '
       ffx=apt,1-tJa:e,[-)--ffx,tlj '''''''`''''t''''','.a-.,.:,t,.-.･,,.,--..(5.52)

   Ox･i = rmgi'iin = X,. C,- -2'/tt'[(-t--+--2-p-)･(sinhab+ (1 + v) atbeoshcrb +

      -F -i; hL'aL' sinh ab] sinh a (y + b) + (2 + i i- . (-li- hL' - zL') al'] ×

      ×sinh2mb･sinhay+at(y+b)sinh2atb･eoshay]sinat(x+a)+

      + :i;. E,- 2t[! f(1rm+2.)(coshab'+ (1 +v)absinhctb +-g-hL'at2eoshab) x

      ×sinhat(y+b)+(2+1$.(-l;-hL'-zL')cr2sinh2mbcoshcty]+ct(y+b)×

                                  '
      × sinh2crb･sinh cty] sin ct (x + a) - 2? Ds-2E;-[(1-+2,)(sinh i9a -t

      + (1 + v) Ba cosh 3a + -ll- hL'BL' sinh Ba] sinh l9 (x + a) + (1 : ,) (-k hL' - zL') ×

      ×i9Lsinh2BasinhBx+B(x+a)sinh23acoshf?x]sini3(y+b)+

      m :i: 4 -2tl [a=+t.) (cosh Ba + (1 + v) fia sinh Ba + -il- h!B? cosh Ba) ×

      ×sinhB(x+a)+(1IJ.)(-ll;-hL'--zL')B"sinh2t9a･cosh3x-1-i?(x,-f-a)×

      × sinh 23a sinh Bx si. n t9 (y +b) ,
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    ax,L･ '- an7 (-it'E' li"--il･// -Z'li-': z >II, A.･cr [crb (cosh:iabsinh cry+ sinh:`ab･cosh azi) +

      --li-atsinh2crb'ycosha(y+b)+al,)(v+:aL'(2E"zu-hL')]×

      ×sinh2ab･sinhct(y+b)]sinct(x+a)+(i{ll.)Lif.ii?×

      × 4] B,B[i?cosh2Ba･Xi +Bsinh]Ba･X2+ (-rl-- ,-)(-1+p2(2i"zE--hL')] ×

                        '      ×sinh21?atsinhB(x+a)]sini3(zl+b),

    a.,,,:=[ii-f.I,-[(2v3?,+at;},)sinh2kh･sinhk(z+h)+(4vB?,+3ath)khsinhk(z-h)+

                                       '
       +a7,,(-khcosh2ichsinhk(z+h)+2ic2hL'coshk(z--h)+lez×

       ×(sinh2kh･coshk(z+h)+2leheoshk(z-h))]sinat.(x+a)sini?,,(y+b),

                                            '                                                         'illWhiCh K!IKeibn=1)a,b7t/(S.inhL'2R;h-4kL'hL), 'i

               k =' ko,b7e ::= -/a;e + 51it .

It will be needless to say that these expressions are referred to the
eoordinate system I in Fig, 2 and owing to the property of the problem

under consideration the expressions and relations among eoeflicients

can be utilized in other cases than case I by making slightest alter-
  .atlons.

        c CaseD. WhenThickPlatewith
                        One Edge Simply Supported and the Others
                        Clamped is Bent by the Pressure (5.1).

                        Also in this case we can proeeed quite
                     similarly, so we shall give only a brief de-
        c                     scription of the proeess of ealculations. At
       Fig･6 firstwechoosethecoordinatesystemlandle't
the edge x=a be simply supported. We shall determine eo and Z,
by pu'tting X" in the expression of the following.form in view of the

boundary eondition

           T,==Tl,1+T,,3::=O, at x=a;

    x" = X (A, sinha!l + C,,ycosha21) sin cr (x + a) + X (B, sinh B(x - a) +

                                          s         .lt
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      +D,(x--a･)coshPx+fi,(x--ce)sinhBxlsinBy, ･･････-･････(5.53)

                                                   'in which a=: Srra, i3=2Srrb, r=r' and s=2s'.

If we derive eo and Zo from 1"' (5.53) and substitute them in Ez{, --

Eu,,,+Eu,,c,= 2i+J aV and apply the condition uo=O, at y:= ±b, A.
                ax
and C,. are found reaidly to be expressions of the forms

   A6i' !- (-i.-2s-ig)h-.iab .(2..:rm"6 hL'"L)Sii)h"b+(i-2-") abeosherb]A;,, l (s s4)

and further, applying the eondition

       Evn = E!vt,,i+Evn,3= X7L,+J-l?/ll=O, at x=:: -- a,.

                            ey
we see that

   Bs = -(it-[l2I ,) i? [ - Bg ((1 + -g- hL'i?L') sinh i3a + (1 + v) Ba cosh ,ga] +

      +Cg((1+-g-hL'p2)coshPa+(1+v)3asinhBal], -･･-･････(5.55)

       D, = sinh2Ba･Bg, 17I, = sinh2Ba･Cg.

We shall delete dashes of A;,, Bg and Cg below.

Thenwemaywrite£orX",eo,.X,,andZ .
   Z" =: :i.; A. at [((1 + -ii- h!a2) (1 Z ,) sinh ab + ab cosh ab} sinh ay +

      -agsinhab･coshaty]sintcr(x+a)+2?B,}[B(x-a)sinh2Baeosh3x+

                                     ,
      la''(-t-l･li-..-･">((1+tt-hL'i?:')sinhi?a+(!--i-v)i?acoshi?a)sinhp(x--a)]×

      ×sini?y+41C,-ilg-[P(x-a)sinh2Basinhi9x+(12,)((1+-llh2BL')×

      ×eoshBcr,+(1+p)Basinhi9a)sinhi3(xra)]sini9:iJ, ･･L･･-(5.56a)

   t9,un--lh--[--:i,:A.,,asinhab･sinhatysina(x+a)+:l,:･(R,Bsinh2BasinhBx--
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  +C,t9sinh2Ba･coshPx)sinBy], ･･･････････d･････････(5.56b)

Zo'=-Zl2-o, '''''''''''''''''-''''''''''''`-''''''-''''''''''`''''''-(5.56c)

X == X,. A','2h aiiJ.) E2 [((2 + vZ`2a2)sinh 6tb + (1 + v) abcosh do)･ sinh ct:u +

  -(1+v)aysinhabeoshay]sina(x+a)+:i:Bsl2/h(11+,)B[(1+")B×

  ×(x-a)sinh2Bacosh3x-2((1+--g--hL'BL')sinhBa+(1+v)Raeoshi9a)×

  ×sinhi?(x-a)+v(-13h2-z?)f?2sinh2/?asinhi3x]sinBzl+

  +;,Cs2-h'"'//tt'li"il's",4?[(1+v)i?(x-ct)sinh2g?asinhf?x+2((rt+.t;.hL',eL')×

  × coshBa+(1 +v) t?asinh 3a) sinhP(x -- a)-1-v( 13 hL'-- zL') ×

  ×i?L'sinh2Bacoshi?x]sinBy. ･･････d････････t･4d･･････････(5.56d)

 the forms o/ff X-i and zT,, can be written as

(-h)Z7i == -hEuo,i == :4,;. A.(-t g--"-)a (bcosh exbsinhay-ysinhmbcosh aty) ×

  ×cosat(x+a)+l;gB,[-((1+-g-hL'32)sinhBa+(1+v)BacoshBa)×

                                     '                                              '  × eoshB(x-a)+ i-sinh23a((v-1+-ll--h2i9!) coshBx+(1+v)B ×'

                                                 '
  ×(x-a)sinhBx)]sin3y+¥C,[((1+-g-hL'B])cosh3a+

  + (1 +p) BasinhBa)coshB(x-a) +l-sinh2Ba((v-1+ tt-hL'i3L') ×

  ×sinhBx+(1+v)B(x-a)coshi?x]]sin3y, ･ny･･･････`･･ (5.57a)

(Hh)XT2=-hEvo,i==]:i.I;A.[->---l(3-v)sinab+(1+p)atbeoshab)cosha･y+

 '

  - gltLgLU/) asinh ab･y'sinh ay] sin ct (x + a) + 1¥ B, [-((1 + --g- h2BL') ×

  × sinhx?a+(1+p)i?aeoshBa)sinhB(x-a)+ (1-l- ll- hL3L') ×

  × sinh23a･sinhBx + gll--2" ")Bsinh2Ba,･(x -a)eoshBx] eosPy +
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     +puC,[I(1+--ig-hL'BL)coshBa+(1+v)BasinhBa)sinh3(x-a)+

                     '     +(1+-ll-hL'i9!)sinh2x?acoshBx+Qt+2-")f?sinh2Ba･(x-a)sinhBx]cosl?y

                         ････-････････-････････i･･･L･-･･････.･･･i ny･ (5. 57b)

   Now we shall apply the three eQnditions left unsatisfied eoncerning

solutions of the first kind. Let th.e expressions for shearing force and

disp]acement on the middle pJane be referred to the coordinate system

IV in Fig. 2 and the resulting expressions be expanded in Feurier
series. First, according to the boundary condition Si==Si,i+Si,3==
=ar'X" +Q OL'V ..o, at x=a,, which is referred to coordinate system I,

exoy oxey
we obtain the relation among coeMeients

    ;,I;. A,,g=1-)'(i,S,i I, slb-.'- ,/',-?,,l' I}tL'/a--'b- (lll-]//-"-(im2-F -l;- hL'aL') + <'6,,,?';b:liZ'I'Zrs･r)) +

      +B,B(tt-.i:t.)(2--ghLB2)sinhf9a+(sSnh2Ba-2Ba)eoshi9a)-F

      + CsB ((ttli- IL- -tt-s (2 + -g- h2i9!) eosh Ba + (sinh 23a + 2Ba) sinh pa] =

                     'L(,1i)'`'Qav･bB?t･ lgr, nllll::l (s.ss)

By the condition Eu,=Z",+JOV =Eu(x,y,O)==O, at x:=:-a, referred to
                         ax
the coordinate system I, we have the rela'tion

,･.

 ;.A.(-1)s'"i(l ilV)4"i"bb:,,r.iS-,,-Si.n,,i,'` )',ab+B,[(1+-t7h2(32)sinhtga･+

      + (-(1 + v) 3a + llllL3 sinh 2Ba] cosh Bd] + c, [(1 + -g- h2BL') cosh Ba +

      L ((1 -- v)pa+ -" -2 3sinh2Baisinh i?a] ==

                     ..(-1)n'ha.J, for                                         n == s,l
                     =O, ' for n7!s.t (5'59)

   Finally from the conditions Evo==2."+J aV ::=liv(x,y,O)=::O, at y=±b,
                                    ay
which are referred to the coordinate system I, we obtain similarly
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    '    A.,, (3 --4 "sinh2atb + <-1 li P) ab) + :ny B,, -(---1):'.r.1.:t71e-i{..E.i+'ill,B,,")Sinh 2t9-C.e ×

      × (- (1'"ll- hveE) ' (1""2b[,;?,L'£1.S,,(,)-!)'")) + i: Cs ×

      . <..:.l..)r:.'S'.2b(ieg,c,,o+sh.E,,g)sinh2R.a(- (i + 6mhL?L)) - (i + v()b[,;g"+(i.:.,,,()'i)"j

                                                        '                           !-,hEn'･ igi Ih'l:･: lj (s..6o)

From the relation (5.58) to (5.60) coeracients {A.}, {B,} and {C,} can

be determined and so we have virtually obtained solutions of the first

kind. .In the next place we shall get the forms of basic functions e,,

ZI and Xl Proeeeding according to the same way as in the foregoing
eases, the representation of z" in the formula 2ve =: Iiii'J (v(x,y)+2] can

easi]y be obtained. By noting the eondition in regard to 2v, we ean

take x- in the form

    X7=;l,;A,.(bcoshctbsinhay-ysinhatbeoshcrev)sin･at(x+a)+

                             '           t       +=･(B,(acoshBasinhBx-xsinh3acosht9x)+C,(asinhRaeoshBx+
         s
       -xeoshBasinhi3x))sinBy, ･-･･･-････････-･･････-･-･････････(5.61)

inwhich ct::::-ilg,P-･Sg,r==r',s=:2s'.

   From the condition that bendi･ng moment Gi vanishes at the edge

x=a we get the relation

       B, :=I cosh:"'fla･Bg, C, == -sinhLi3a･Bg, ･････E･-････-･-･･- (5.62)

since Gi,3:=:O at x=a and erase prime of Bg. On applying the boundary
eonditions that

                                        '
       OoWyo=.o, at gy=±b and {2i//J--q=o, at x=:-:---a･, that is,

                                                      '    az                        ox    ay == -B7LSiiiatm(X+a), -a-hi- =(-1)'L'"ia,,,sinB.y, respectively, which

are referred to the eoordinate system I in Fig. 2, by letting all the

expressions be relative to the coordinate system IV in Fig. 2, it is

readily found that
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    A.-Ili(2ab-sinh2ctb)+4B,<..=1.)'S'."//.g.,t/t.bi'Tr'ti:l,,S-,g)tGh.L?.B"

                          ==-3., for m=r,1
                                                   (5. 63a)                          =o, for 77z#T.J

                                   '   :l,I;, A. (-1)Y(i?.".."+b2/f..S,?)i,,"hL'ctb + B,-41-(4atb-sinh4･db)

                       ==8m;-1)'"'"`ixe,v, ffOo: S,lllllll (5.63b)

Hence coefficients {A.} and {B,} can be detemnined from (5.63) and
now we ean consider the so]utions of the second kind as having been
obtained. Though we shall not indieate the solutions to the･whole
pBeblem, we write basiuc quantities for reference.

   ei m- a -E.) LkJ-,,' cri'i z- -an (i-lli) -zl7 ( ;,: A.2at sinh ab sinh aysin cr (x + a) +

      +14;B,3sinh2Basinh3(x-a)sinBy], ･･-･･･t･･-･`･･-･･････(5,64a)

   xl ==-(IE..)(-ill,, x-+-ili'ie,), -e' Ii.=, , ･･･-･･･････ny･･..･..･., (s.64b)

   x' = zxi + 62(itr/-IJs z3(E>i = k-tt,E-,-> -nH',, z 21]. Ar[(bcoshab+(itirl･i[--i-IJI)･ ×

                                          tt                                             '     ×(Zg.YzE---2hL')atsinhatblsinhay-ysinhabcoshay]sina(x+a)+

     + (i+E.)-ziT z >? B, [coshe Ba (oueoshpa + (-i=i ,)(2 ii "z! - 2h2)3sinhpa) ×

     ×sinhBx--sinhL'i?a･(asinhPa+(1!-,-)(-25L2ze--2hL')PcoshBa)×

     × coshBx- -li-sinh2Ba･xcoshB(x-a)] sinBy. ･-･････1ny･･- (5.64c)

Though we used similar labe]s for ･coeMcients in the solutions of the

first and seeond kinds, they are, needless to notice, essentially different.

   CaseE. WhenThickPlatewithOneEdgeFreefromTrac-
tions and the Other Edges･Simply Supported is Bent by the Pressure
(5.1).
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        f l?irst we ehoose coordinate systen.i{ and
                     tal<e the edge 'u:=-b to be free fz'om tractions.   r
                     So the boundary eonditions a't this edge are to

s,s s･s                     be represented by the following four conditions:

        s,s- T2:=:O, S,il=:O, q,---o and An,--{2L4L' =o.
                                                      ax
       Fig. 7
                        ' ･--･-s･'･'-''''''' (5. 65)  f: edge free from

     traetions･ As viTe stated in the introduction of the
first report, to the order of aecuracy of the proeedure of Miehell and

Love we are obliged to do with resultant forces and coup]es in order
to satisfy the boundary conditions and, further, to use Kirchhoff's theo-

rem regarding the bou-ndary conditions, if necessary, to the effeet that

five eonditions concerning T, S, G, N and H can be redueed, as is well

known, to four by letting torsional couple H be merged into shearing

foree N in such way that we let N be replaeed by N-- .a-H,sbeing

a length of the bounding curve. Ineidentally, it seems to the author

that it is well-n{gh impossible to satisfy the boundary eonditions by

employing the method of attaek described in this paper without ap-
plying this theorem.

    Since the boundary conditions needed in this case to obtain the
solutions of the first kind are that T and S vanish a't the boundary,

the solutions or the forms of Z" are the same as in the case of
reetangular thiek plate simply supported or as in the case of Sec. III,

andhenceweomitthisprocessofcalculationh,ere. t
   Next we shall obtain the solutions Qf the second kind or basic
functions ei, Zl and Z'. First we take the coordinate system I. We
can write 2 in the formula zv,==zvo,3+2vo,2=Ik-J;((v+2) in the following

form, discarding the terms of the type

   =D,(acoshBasinhBx-xsinhBacosh,Bx)sinB(y+b),
    s
      Z'=X(A.sinha(y+b)+B.(y+b)coshcty+C,,(y+b)sinhay)sincrx.

          ?-
                           ..,...,,,.............,.,.....,....--i･-･･ (5. 66)

It is apparent that this expression yields-?vo which vanishes at the

boundary exeept at the edge yr-b. Then we t･reat 'the condition



                   On the Thiek Plate Problem ll. 547

   2Vl.･ -{l;1Ili2 ::L' (N{,,･+M,:i) ----bO-.-- (H,･,,i+fl2,r.) == O, at y= b, ･･' (5.67)

in which by (2.10) of (I)

   2V12,,･ =:'L -D--aasl}- cr}'zvv,t, zvu,.･ =:':- "-k.iJ 2,

                                  ' (5, 68a)
    -- Hi ,t = H!,a = -D (1 --v) a,"-.W5'tt -81+o"DhLi b-.-a12,-y cr?wu,,i,

and by (4.34b), (4.35) of (I)

   N,,:i = =k-,,2- gVy , -H,,, -- UH,,, = IK, {- (2v+1>sinh22kh +

       + 2vkhsinh2kh (eosh2kh - 1) + 4ic2h2 (1 +v+vcosh2leh)) ×

          " L)       ×e2-aV,=-'Q'T,OiV,,' ''`''''''`'''''''''''''''''''''''`'-'''''' (5･68b)

The application of the condition of (5.67) leads to the result

   A.(!-p)a"cosh2ab+B.ag((1-v)2ctbsinhab+(3--v+8g"hgct2)×

      ×coshatbl+C.a2((1-v)2atbcoshab+(3-v+8g"h2atL')sinhab)

           ==g-;i)m'bic-1i-Bn(Lilll,ini+a2n'tQ)'ffOoi ',',Z,llr,1l (5･69)

It is readily seen that bending moment Gi==Gt,r+Gi,,i vanishes at the

edges x==±a according to th.e forms of 2 (5.66), o£ Gi,,･ (2.10) of (I)
and of G,,,, (4.36) of (I). [Eiirom the conditi.on GL･=G2,is+G2,u=FO, at y=-b

it is found that

       B,,:r-coshab･Bi,, C.=sinhab･BI. ･････-･･････-･i･･･(5.70)

with Bl, introduced anew. By the condition G.･=G,･,,,+G,i,!i=O, at y:L'b

we get the relation

    A.(1-p)atsinh2･mb+B,1((2+8--/t-"h2ag)sinh2ab+2(1---v)ctbeosh2atb]==O.

                          it-tttttt:tttiti--L--tttitisrT;-t:t-)ettJ- (5iii'j.)

Aecordingly, fz'om (5.69), (5.70) and (5.71) we obtain the expressions for

coetlleients:
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    A. = - (2 (1-v)abcosh2atb+ (2+ 8ii."hLaL')sinh2ab] BSI ,

    B. == (1-v) at coshmb･sinh2ab･BS: -,

    C., =(1-p)atsinhab･sinh2utb･Bin',･ in which

    B;£' = a -B)2a3(si.2h4,b-4,b) ' (-1)M'Dk,',T`mPn (:iil,g, +a;',bQ ) ,

             ' ' A.-=B.-b,.==o) ig; r,;Zll (5･72)

                                               tt
Thh.USf,S,O.1",tig?Se9i txhl e.:edeOx",dbgl',n.d 9r9 very simple･ We, indicate merely

    0i =' aE.,) LZiTi", 7?2 " E'2;,-B;,:2ut2sinh2absinh at(y+b)sinmu, (s:73a)

    Xl L' (i+E,])-Zll,-2-(1k],)e` =-ISC'm ..., ' ''''''''''''''''''''"'' (5'73b)

 , z'==(igi)L/7,ny;,:z[(a-p)2abcosh2mb+(2+(2-,)(,-/rl-Lll'L).L･).

                    tt                          . .t.      ×sinh2ab)sinha(y+b)-(1-v)asinh2abo(y+b)cosha(y+b)]sinax,

        '                           --････････-･･--･-･････････-･-･･････････-･･ (5. 73e)

       'CaseE WhenThichPlatewithOneEdgeFreefrom
    Tractions and the Other Edges CIamped is Bent by the Pressure

    (5.1). . .
    First we let the representations be re£erred to coordinate system
    ･ ･･ ･ IinFig.2forconvenience'sakeandtheedge
    ･f ･y=bbefree£romtractions,thoughweshould
                     take eoordinate system III in Fig. 2 from the

 C C beginninginaccoydancewiththe£eatureof
       ' the problem in question.
         c We shall obtain solutions of the lirst kind.
                     Since boundary conditions to be considered he,re

       Fig.8 .                     are similar to those in case D, that is, case

where thick p.Iate with one edge simply supported and the others
clamped is bent by the pressure (5.1), we can easily at'tain the object

to obtain basic funetions ee, Xo, X only by intterchanges of x and y, a

and b, a and B, r and s,

   Hence, now' we turn to the problem of obtaining the basic functions
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ei, Zl and Z' associated with the solutions of the second kind. Boundary

conditions are as follows:

   w, = .O-Zgo =o, ae x==±a; zv, == -Q-?Y-g ==o, at y= -b;

        ox oy    G,,[=.zvl,-aH2-=o,aty=:b. ･･･-････-E･････i･--････i･････-･-･(s.74)

             ox

In view of the conditions concerning zvo the representation of XM a'n the

formula wo=lrJ(v+z-) can be of the form

    beU = :l;. (A,,sinha(y+b)+B.(y+b)coshay+C.(y+b)sinhay) sin atx +

      +:D,(acoshBasinhBx-xsinhPaeoshBx)sinB(y+b),
        s
in which

       a==--//-':-IT,t?=-S-Z-,r==2r',s=s'. -･････-･･･-r･･t･-･-･･<s,7s)

From the condition G2=O, at y==b by means o£ the formula just written
and of G,, (2.10) of (I) we readily get the relations

    A. ::= - (2 (1 -v) abeosh ab + (2 + 8-g- -" hL'aL') sinh ab] at B; +

        - (2 (1 -v) ab sinh ab + (2 + 8-g-" h2atl) cosh ab) a C,i,,

    B.='(1-v)atL'sinh2mbBI,, C.=(1-v)aL'sinh2abC;,, ････i･(5.76)

since G.,r.=O, at y=b, as seen from (4.36) oE (I), in which B;. and C;.

are introduced anew for convenience, and we shall delete primes
over B. and C. hereafter. Now we are left with three condi'eions

    aZVe ..,, o, at x,,-. ±a; ."O-ZYI' =O, at y= -b;

     ox ey    A]'..-eU.t=.o,aty=b. .,,.,,...,.....,.,...,....,..,...,....,(5.'77)

      " ex

These are ]rewritten in the fomns.

    ¥,ll B,(- J>' 'ct"[-- [2(1--- p)atbcosh txb -i (2-s- 8- 'g "h"a") sinh ab) ×

       ×sinhat(･y+b)+(1-p)ctsinh2ab･(:?1+b)eoshct･y]+ '
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      + pu C.(-1)''a2[- (2 (i -v) absinh ab-- (2 +8g "hLa2)cosh do) ×

      × sinh at (y + b) + (1 -p) cr sinh2ab･(y + b) sinh ay] +

      +¥D,-12-(2Pa-sinh2Ba)sinB(v"-b)=-ct.sinP.(･y+b), (5.78a)

   :;;. B.aSi- (2(1-v)ctbcoshab+ (2+8g"h2a2)sinhab] +

      +(1-p)sinh2ab･coshab]sinax+X,,C,.a2[-･(2(1--p)absinhab+

      +(2+8g"h2a2)coshab]-(1-p)sinh2atbsinhcrb]sinax+

      +XD,(acoshBcasinh(I)x-xsinhBacosht?x)B=(-1)M"iB.sina.x,
        s
                        ･･････-････････-･･････-･･-････-････-･`-･･･ (5. 78b)

   :i.l(1-v)a"[B.((2+8g"h2a2)sinhab+(1-v)(sinh2ab-2ab)coshab)+

      + C. {- (2 + 8 g "h2a2) cosh ab + (1 -p) (sinh2ab +2ab) sinh ab)] ×

      ×sinax+E:D,(-1)si9L'[l-(1-v)i?acoshBa+(-2v+8li"h2BL')×

      ×sinhBa)sinhBx+(1-y)BsinhBec･xeoshi?x]

      =--(----iB--/-.M'k-4-B.(f,+ag.LQ7)sina.x. ･････-･･･t････････+･-(s.7sc)

By letting equations (5,78) be expressed in terms of coordinates of
the reference system III in Fig. 2 and by the aid of Fourier expansions

the desired relations among coeMcients are obtained as follows:

   ¥.(-i)""sn,riZi..S,,i."h./,,a,,)b[B,l(2+8g"h2ab)+-[i,,,ui,//･2d-tL,:r,l2-(i+(-i)s)]×

      ×sinhab+c,.((2+8-g-"hL'aL')+g-i----nv-r-Y-)(-Z./,.IZ-:/ld--,,si,()r-i-)S))coshab]+

           i      +'D,2-(2Ba-sinh2Ba)=-de., Eor ez::.=ms,}
                                                 (5.79a)                         ==o, foir 7?･#s.J'

                                           '   B, aE((1 -p) (sinh2a'b -2ab) eoshab + (2 + 8---s-1-Y- hL'aL) sinh ab] +



                    On the Thiek Plate Problem ll. 551

                                              '      +C,,a2(-(1--v)(sinh2･ab+2ab)sinhab+(2,+81g2h2ae)eoshab)･+

      + : D, .(.ri.i...l)""t.l8aL'Cirr..s.r. sinh:pa

         s n(b2T2+a"-"sg)2
                                                '                        =(-1)M'+li.?., fOr                                           vn := r, )
                                                    (5. 79b)

                        ==O, £or                                           7n;r ,- J

   (1-y)ai[B.((2+8g"hL'a2) si'nhab-y(1-p)(sinh2ab-2ab)coshab +                                                       ]

      +c.(-(2+8g"h2a2)coshab+(2-y)(sinh2ab+2ab)sinhgb)]+

      + ¥ D, -(=....i"/('.//' /t,i/tttr/r.///l,.?.h..I,7. E...g- ( - ( - 2, + 8･ .g-v hti?Li) + (1 - v) (6/,-ii ･,･trSh,,,,)]

              =..(..=-B--).-ilt'LEil'fe`B,,(-icP-,1-+alivQ), fOr 'M=:'`T'l (s.7ge)

              =O, for m;r,J
From these relations coefficients {B.}, {C.} and {D,} ean be deter-

mined. We do not write the representations of basic £unetions.

                (b). Some Rernarks on Other Cases.

   As it is bothersome to eontinue to diseuss other eonceivable cases

in tbe same detail as in the foregoing, though the descriptions up to

now may Iack eZarity, we shall explain only the glst of the proeess of

approach to problems. Of eourse, the process of caleulation followed

in this paper itself is very simple. There£ore, the above examples will
be adequate enough to make this proeess eomprehensible. We shall
be concerned with the remaining cases only for yeference. In the
following ten eases, viz,, from case G to case P, the bonndary con-
ditions are indicated in figuyes for brevity and expressions refer to

the coordinate system I in Fig. 2 and, needless to say, the pressure

o£ the type (5.1) is applied to the upper surface o£ the plate,

    CaseG. Itwillbeeasilyseenthat c
the solutions of the first kind are of the same

forms as in ease C, since the boundary
eonditions to be iniposed upon the pyoblem 5'S (
of cle'term.ining basie functions e, Z, and Z

aresimilartothoseincaseC.He･nee,we -f
havenoneedtoindieatetheproeessof i'eig.g
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ealculations renewedly here. Then, with a view to obtaining the
solutions of the second kind the representation of 2 can be taken in

th,e form

    2=X･(A,,sinha(y-b)+B,.(･y-b)coshay+C,.(y--b)sinhay)sina(x--a)+

        7t
      +:(D,(acoshBasinhBx-xsinhBaeoshPx)+E,(asinhi?acoshBx+
        ti       '      -xcoshBctsinhBx)sinB(y+b) ･････････-･････････i････-･-･････-'(5.80)

inwhich a==--Ti-rra-,i?='-ZZ-,T=:r',s=:s',

r' and s' are positive ineegers. And by tbe application oE the conditions

that Gi,2 and G,),.. vanish at the edges x= -a and y= -b respectively, five

sequenees of coeMcients in formula (5.80) can be readily reduced to
three sequences as in the foyegoing eases, sinee Gi,,. and G,,,,i tend to

zero at the respeetive edges. Next these three sequences of coeflicients

ean be determined from the remaining conditions by the use of Fourier

expansions o£ equations deriVed from these conditions in coordinates
                    of the reference system II in Fig. 2 in a similar
         c                    manner as before.

                           CaseH. Onaecountofthesimi-
                        larity between the boundary conditions in
                        'this case and case B which are to be satisfied

        E･S in order to obtain the solutions of the first
      Fig･ iO kind we can utilize the solutions in thelatter
    case as they are. Then, for the form of 2 we can put

    2 = :. (A.(bcoshabsinhay-ysinhabcoshagy) +B,.(bsinhabcoshay +

     - .y cosh ab sinh a･y)) sin a (m + a) ± X (C, sinh B (x + a) + D, (x + a) ×

                                 s
     × coshBx+E],(x+a)sinhBx)sinB(y+b), ･･････t･････--･･･････ (5.81)

inwhich cu=-T2-rra,B--- 3Z,r=r'ands=s',.

By s-b$ti'tuting this expression into the eonditions Gi,,,.:::70, at xr=- ta

and Gw ::r-'O, at ?J =- --b wi'th 'the aid of formtLla ?v,, ,. ･-= ---"J tz, five sequenees

of eoefllcients in (5,81) are reduced 'to two sequenees and these are

to be determined .Crom the eonditional equations
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         c OWo ==o, aty,=b and AT,-aHi=o, at x=.a,

                       ey 3y
 s,s .f inthemannera$explainedabove.
                            CaseI, ' Undeirsimilarconditions
                        in this case and case A to obtain the solu-
         C
                        tions of the first kind, solutions to the latter
      Fig. 11                        case are easily seen to be applicable to the

   former case. Next 2 can be taken to be of the form

   2 == XA,, (bcoshabsinhay-ysinhabcoshay)sina (x+a) +
        r
      +X(B,sinhi9(x+a)+C,(x+a)coshPx+D,(x+a)sinhi3x)sint?y,

        s
                           L･････L･･････.････=.･.･-･･･J..･.･.･.,.. .. (.5,82)

                                                   '                             'inwhieh at= iirra,l9==3ii-,T=2T'ands=s'.

By app}ying the conditions Gi,a =O, at x== ±:a, C, and D, ean be merged
in {B,} and two sequences {A,.} and {B,} can be determined from two
coniditional equations

       ei91o.,.o, at y..+b and N,--a-H-`=o, atx==a,

and, needless to notice, the condition P-Z-V-" == O, at y=-b yields no ad-

                                   oy
         c ditionalresultforsymmetryreasons.
                        CaseJ. Undersimilarloadandcon-
 s,s s,s ditions applied to the plate to get solutions of
                    the first kind in this ca$e and case B 'the
                    solutions obtained in the latter are usable. In
         f ordertoobtainsolutionsofthesecondkind
      Fig･iZ thefollowingformof2canbetaken:'

    tc':..:(A,,sinha(･y-b)+B,,(y--b)coshaty+C.(y-b)sinhay)sinatx,

        r
                           ny･i･･･-s･-･`･････''i･･･''''-'''''''''''''' (5.83)

'inwhich a=--X{e--, 7"::::2rf,
               2a

By (5.83) the condition Gi,n---O, at xrT- :-La is satisfied obviously and the
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condition G!,E=O, at y=- -b leads to a simple relation among A., B,. and

C.. Then the remaining two conditions

       t-aZ£O lo, at y.:=b and N,-atx:' ==O, at y=-b

serve to determine unknown coeMcients.

                        CaseK. Forbasicfunctionseoand
         C 1,weeanmanifestlymakeuseoftheformsof
                    the solutions in ca$e A. Thus for x- we can set

                 . Z--=:A,,(bcos'nabsinhay･-ysinhab･coshay)×
             ･ e-                            .         o xsmax+
      Fig. i3 -l- $, (B,sinhBx+C,xcoshBx)sinPy,

                 ･ ････-･･･-･･･････････-･･･････-･-･････････(5,84)

in which a:'= T2rra, B= S2"fii,r=2T' ands=2s', From three condition

                           1
       LO-Z.V.`L=-,o,aty..±b; N,--aij-L=e, atx==±a

         C and G,,,=O, atx=::±a,
                    we ean determine three sequences of coeMcients,

                            CaseL, ForeoandZowecan
        s,s tal<e the forms o£ these basic functions in
      Fig. i4 ease B in view of the similar conditions
                        and load. Then XM can be tal<en to be of

the form

                                   tt
    X =-=: : (A,, (b eosh ab sinh ctL?y -y sinh atbcosh c,'･y) + B,, (b sinh a'b cosh cvy +

        vt
      --ycoshcrb･sinhay))sinax+4(C,sinhBx+D,xeoshPx)sini9(y+b),

                            T:--･･t･--･･`･hs･･･i･･････L-･-･.･..････-･･ (5.85)

inwh,ich at=:':u-S'afr,B='=---i//'-,7'=2r'ands=:rs'.

  ttt

          '
Next the a,pplieation oE two eonditions Gi,,.,=--O, at x:--:;a anct G,.!,,,i;=O, at

                                               '
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tr--- ---b yields 'two simple relat.ions be'tween, C,, ancl D" ancl betweeii A.

and B,. respectively. Hence, the J:emaining unknown. sequenees of
eoefficients may be determined from the two conditional equations

       -t--i･･Z-ttif- =･o, at y==b and N, --OoHJi=o, at x=-a.

                                           '
From symmetry two conditions Gi,, =:O, at x==-a and Ni-0tlSJii=O, at

                    x==r-a lead to no additional result.
         [f:'

                           CaseM. Solutionsofthefirst
s,g s.s kindareof'thesameformsasinthecase
                        where plates are simply supported at the
                        edges. 2' can be put in the following form:
        f
      Fig.is XM=:ll,l(A,sinhcyLzl+B.2Ieoshcr?I)sina'x,(5,86)

               'inwhich a=:.r.11.-,T==2rt.
               2a

Condition G],,=O, atx=±a is evidently £ulfilled by (5.86) and from the

condition G2,,,==O, at y= ±b a simple yelation between A. and B,. is
                     obtained, therefere, they are determined easlly
         C
                     from the condition N,-e4L':=:o, aty==±b. In
                                           ox SS f this case series z- reduees toasingle temn･

                        CaseN. FortheformsofeoandXo
         f wecanutilizethesolutionsincaseB.The
      Fig･i6 representationo£2canbetakenintheform.

    Z-=X(A.sinha(y-b)+B.(y-b)coshay+C.(y-b)sinhay)×
        o'
      × sin at (x + a) + : iD, sinhB(x -- a) + E, (x + a) cosh Bx +

                   s                              '     +E,(x+a)sinhBx)sin3(y+b), ･･-･･･L･-=-･････i-･･･L････-･=･(5.87)

inwhieh' et== iiali,3I:-////-,r::iT'ands=::s'.

By applying the condition Gi,,=O, at x=･!, a, E, and 171, can be ex-
pressed in terms of D, and by the eondi'tion G,],g=-O, at ty=-:- -b A. is

merged in B. and C,.. Thus three unl<nown sequences of coeffieients

are to be determined from the three eondit･ions
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           '       aZe.o=o, at y=b; N, --a..U...f :-k- o, at x,..a; AxL-aLtllL, ..o,

        C                           at 21:==--b.

 f. C CaseO. Therepresentationsof
                        eo and Xo are of the same forms as.those

        f in case C. ZM can be given by the following
              '                      '      Fig.17 form: ･' '                  '
    2=IIII.l･(A.sinha(y-b)+B.(?l-b)coshay-i-C,.(y-b)sinhaty)･sina(x+a,)+

      +:i:･(D,sinhB(x--a･)+ll,(x-a)eoshBx+li',(x--a)sinhpx)×

      ×sinP(y+b), -･･-･･L･･JL･･･････-････-･･--･+--･-･･･L･････････-･･･(5.88)

inwhich a---S-rra-･,P==-grrb-,r-r--r',s=-s'.

By virtue of the condition･s Gi,,,:=O, at x=-a and G.},2==O, at y== -b D,

is expressible in terms of E,, FL, and A.'in terms of B., C. respect･ively.

Thus the remaining four sequences of coeMeients can be determined

£rom the following four conditions:

        OWn-.,,o, at x=a; aiVo-=o, at y==b;

        ax oy .
         c AilHaHi=o, at x=-a;

 f. .f N,.-DaEyl2ri-L-e,aty=-b.
           '
                            CaseP. Planestresssolutions
         f                        to the problem are'of the same forms as
      Fig･ i8 those in case B. The representation of XL
can be the expression of the form

    Zn=X(A.sinhat(y-b)+B.(y--b)eoshcty+C,,(y-b)sinhay)sinax+

        ,]t
      +X(D,sinhBx+4xcoshBx)sinB(y+b), ･･･････`････-･････(5.89)
        s
inwhieh a==!2rrtt-,B==-SZ--,r==2r'ands-:--s'.
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]]"ive se(.{uenees ol'. eoefricien'ts in 2' (5,89) are to be determined £M'oin
five conditions,

       Gi,,)=O, at x=:a; G,],,, =-e, at y=-b;

       e-ZY-g =-o, at y=b; N, -e.4...i.==:o, at x=:a; NrC.4..tt;=o,

       at y==--b.

The conditions Gi.=0, at x:=:-a and All-91-i(i =-o, at x=-a are, of

                '` oy
course, unneeessary from symmetry reasons. As stated before, in the

above examples we took only ease I (m:=2m', n:r-2n') for the sake of
simplification, where the sinusoidal pressure applied to the upper surfaee

of the p3ate is expressib]e in the form (5.1). Accopdingly, when we
take one of the other three eases, slight changes must be made in
the preeeding expressions of this seetion, The needed modifications
may be readily found, applying such. proeedures as explained in Secs.

III and IV. It is evident that modifieations are very simple, if the

solutions are obtained under circumsta'nees that boundary conditions
to,be imposed on two opposite edges are not similar, that is, if the

expressions £or Z" or 2, yeferred to coordinate system I, are neither
even nor odd E'unetions of x or y. At any rate, to the degree o.f

aecuraey furnisheot by the procedure o£ Love, solutions of the first
and second kinds can be obtained to some extent separately; this fact

is of interes't and serves to save laborious ealculations. Thus problems

of thiek plate under variab}e normal load, though this section is con-

cerned with a sinusoidal normal load only, and various boundary eon-

ditions may be treated readily, employing the method of Love, to say

nothing of the regret that we have to apply Kirchhoff's four boundary

conditions. And ye"t other types of mixed boundary conditions than
those sta'ted above are eonceivable, confining ourselves to the problem

of rectangular thick plate.

             (c). A Few Remar}cs upon Other Particular

                     Varieus Edge Conditions.

    Herein it is not our purpose to diseuss composite rectangular thick

plate problem, beeause a composite plate is eomposed of plates of
various thicknesses and elastie constants and we are under such re-
straints that we have to apply Kirehhoff's eight conditions of eontinuity

at the joining lines of the composite piate, though this problem may
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'be treated by resorting to the method to be b]riefly explained below

regayding the following complieated problems. Fu.rthermoz'e, we cannot

solve a problem of thick plate, whose thickness varies continuously, by

employing the proeedure of Love. Hence, the situation in the vieinity

of the joining lines may be said to be severe.
    In the next place prob]ems of continuous reetangular thick plate'')

under any variable load can be solved in a similar manner easily, i.f

continuous reetangular thick plates are defined as those which are
simply supported at all edges and interseeting !ines which are perpen-

dicular to their edges. It appears that we cannot but treat each span
of continuous plate separately and, henee, we need one coordinate systein

for eaeh span. Now we take a case where a continuous plate has three

                        spans as shown in Fig. 19. The eonditions

   Y, `hy3 attheintermediatelinestorepresentthe
 B& A eontinuityo£platewillbeasfollows:
                            on the line G.Ei

                           ,w,=,w,:=o,OgZxVo=0-g/.V".o., ･･････(s.gob)
        Fig. 19

          L,Gi =]Gi for the so]utions of the seeond 1<ind,

    on the line E.P"

        2Uo=3Uo,2Vo=3Vo,L,CZ'i==3Ti ･'･･'････････････,･-･i････-t･･(5.91a)

            L}Si= `-r,St, for the solutions of the first kind;

        ,?V,==r,i2V3=O,,,(it,=:,G!1, a--"rZVO,,,.a3ZVO, .,....,..,.....(s,glb)

                               ax ox
            for the solutions of the second l<ind,

in whieh subseripts 1, 2, 3 are plaeed to the le.ft o:f labels 'to indicate

that quantites represented by labels with these svtbscripts re£er to the
left, middle and right side span respectively. First, we expand the
intensity of Ioad applied to each span in Fourier se]ries in each coordi-

na'te system and then obtain particular solutions for single sinusoidal

terms in double Fourier series by applying the ealculating process
exp}ained in the first report. If we proeeed to caleulate with a view

to obtaining the solutions of the 'first kind in the same manner as
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above concerning each portion oji the plate, we are left with eight

sequences o£ eoeMcients undetermined after we apply the edge con-
ditions and four of those sequences belong to the middle span of plate

and these coeffieients are to be determined from eight eonditions at the

intermediate Iines (5.90a), (5･91a). When we employ the foregoing

proeess of calculation 'to get the solutions of the seeond kind, all

coeflleients can be determined from the conditions at the edges and

intermediate lines, So finaliy we obtain complete solutions to the
problem by combining three kinds of solutions as before.

   We turn to cases where boundary conditions vary abruptly across
the intermediate polnts on 'the edges and
thereexistsnoportionwhiehissupportedin AY, IVz
･the interior of the bounding eurve. If we
investigate a problem as indicated in Fig. 2e,

as an instanee, we first divide the whole
domain into two rectangles by an intersecting

line through point F, across which the
boundary condition varies, and draw two
coordinate systems (xi,evi),(xpty.,). [l]hen we

treat the two rectan gles separately in the same

manner as in the preceding examples for a
out the continuati.on-process between the
rectangles by means of the eonditions that

    for the solutions of the first kind

       luo := L,zeo, lvo == -.vo, ITI = L,Tl

               '       IS,:=-,.SI, atx2=Ooratxi=al
                    '
    for the solutions of the second ki'nd

       ,?,v, rr.:=. ,,w,, -a-IZ-V9-= rm{ill'l!!ZV-' , ,G!i ::=F.,,G!i

                 OXi OX?.
       ,N, ---- -O-DliH;gi = -- (,lv, - aS,i), at x.,==o

                                    '
in which subseripts 1, 2 placed to the left

labels belong to the left side

,tively. Thus, when we
[ffour sequences of coeMceints, left unknown

conditions, can be determined from (5.92a).

together with edge eonditions serve to

B

5,S

c

  while
solutions

'

    i
  Fig. 20

and finally

 relative to

A

c

D

earry
 two

････････-
 (5. 92a)

                   Or at X,:=:a,, (5.92b)

                  of Iabels denote that the

      compartment and right side one respec-
undertal<e to get the solutions of the first kind,

                   after we apply the edge
                   Also the eonditions (5.92b)

               determine coeMcients in the
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solu.tlons of the seeoncl･l<incl. Of cou.rse, the deg't'ee of ace'uraey o.E

the solutions in the vicinity of th,e intersecting line is inevitably the

Same as near the boundary. And so in order to solve such a problem
         '･ ' , as shown in 'Fig. 21, £ollowing the pro-, l cedure,ofLove,wewillhavetodraw B, l5LS frfA intersectinglinesperpendiculartothe
 c l'I' edgesthroughintermediatepointsonthe
 . i lc boundaryF,G,I,aerosswhiehthebounda-
sEs'"------il11I-Ill--"''B-i-- r.Y.CX".Swai;V,Zr,¥.fig.de.gniX6.Zh.9,"st8."9,'

    f･F CI                          and we ean proeeed in the same manner
                i asabove,applyingconditionssimi]arto
        Fig. Zl
                          (5.92), but the computation will be very

laborious. Now we shall explain, for re£erence, the derivation of the
solutions to the problem shown in Fig.20 in more detail. Let a given

intensity of load applied to the upper suz'face of compartments of plate

be expanded in double Fourier series in the coordinate systems (xi, yi),

(x.,,?v,.) respeetively･ In the followlng we consider only a pair of single

tel'ms

           17),.,,Sin,la,,,xlSing?,,zlb L}ip..Sin,)a'.x,,sinL},(?,.zl,,,

i'iWhiCh icrne='2-.rr,･iB7e=
IIIi,!ct.,=-iin.:,,,,3.=-lli-i, (5'93)

   (m==2m', n=2n') For the purpose of obtaining ehe solutions of
the first l<ind we may put iZ"==2h･i7.o--g---i."-,hX@o in the following

f orm:
    '
   ,z" = :A.(bcoshimbsinhicr(iy,-b)-(yi-b)sinh,atbeoshia(yi-b)} ×
         ?t

      ×sinia'xi+:(B,sinhii?xi+C,xicoshiBxi+D,xisinhiBxi)sini3(ys-b),
                ･s
                           ･･t･--s-･･-･････"-･--･''･'i･''''''''''i''' (5. 9`l:)

inwhich ,ct=-2r-E' IT-;-,,B=S2rrb,T::=2r'ancls==s'.

Bioy ,,X" we can put in view of the eondition for T

   ,X" = pu. IE!,.sinh,at (v,,-2b) +F',, (y,-2b) coshga y.,+G,, (y,i-2b) sinh L)aty,,) ×

      × sin2ax,, + :i] H,(sinh2F3x2 + .I, cosh L,X?x2 + eJkx2cosh2,Bx,) +
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      '      +Kkx2sinheBx,･')sinL,By, ･････-J････････ny･････････-････････-････(5,95)

                 i

inwhich L,at=-2Z:],,,B==-3t'-,r:.=r',s==s'.

                 -
We obtain two simple relations among E7,,, liT,,, G. and among za, l,, eJk,

Kk from the conditional equations

buo=:O, at zl!=O and 2ve==O, at x,=2a,, respectively. [Vhus we can
determine four sequences of coeMcients in (5.94) and five sequences
in (5.95) from five edge conditions

       ]S,,=O, at yi=:2b; iSi =T-O, at xi=O; 2uo=O, at x,, ==2at,,;

       ,,v,=e, at y,)==O; .,)S=O, at y,,=2b,

and the conditions on the intermedite line (5.92a). Next in order to

get the solutions of the second kind we may set ,af and 22 in the fo]-

lowing forms aceording to the conditions regarding iwo and L)zvo.

   be'i = :l;, (A.sinh,a(yi-2b) + B,, ('yi-2b)eosh,ay, + C,.(y,-2b) sinh,ay] ×

      ×siniaxi+141(D,sinhiPxt+E7,xieoshtBxi+l7',xtsinhiBxi}siniByi,

in which

                                              '       itt ==-tt-!.-1, ii9 -7･-S-rr6-, r=T', S:=::S', ' ･-･ny･･-･-････-･････ny･･･- (5.96)

          '
and

   2-X' := i.:[G,.(bcosh2absinh2a(y,,-b)-(y,-b)sinh,docosh,a(･y,,-b)) +

          t.t     +H.(bsinh,abcosh,a(y,-b)-(y,,-b)cosh,absinh,a(y,-b)]]sinhcrx,,+

     +X･(T,sinh2P(x,)-2a2)+4(x,,-2a!)eosh,3x,+Kk(x,-2a,)sinh,Bx,)×
        s                                                           '
      ×sin,}By,･, ････････-･････-･････････････ny････ny･-･････････････････････(5,g7)

inwhich L}a=-Srra-,,,)B==-6i6-,r:r',s--s'.

TwQ simple relations among A., B. and C. are found from the con-
ditions iG2==O, at yi=O and iG,,==O, at yi==2b and one simple relation

among D,, E7, and a can be obtained from iGi=O, at x,==O, Further,
from the condition .-G,=O, at y,=2b we easily get a simple relation
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between G. and ff,., Aecordingly, we ean detevmine three sequenees
of coetheients in (5.95) and four sequenees in <5.97) fyom three edge

conditions

        IN,-OIHL' ..,o, at yl=o; aL'ZVg :=: o, at x,:=2a,;

              ox ax,,
e2ZVo=o, at y,.=O, and the conditions on the intermediate line (5.92b).
 ey,

    As is readily understood, solutions obtained coneerning one com-

partment of the plate do not hold in other eompartments and, henee,
of eourse, we eannot wri･te down solutions whieh are valid in the whole

domain. That is a ma¢ter o£ some regret. Yet it is manifest that,
if we apply the proeedure deseribed above, we may easily treat problems

of thick plates whose edge lines a]re parallel with or perpendieular to

               E;S S,S tE? S･S 'A
                                     li
                                     }t           c cfMi 5S
                                     II                                     lip                                c                    cc
                   (ca) ('t!)
                              Fig. 2Z

one coordinate axis and, further, whose domains are multiply-connected

or which have holes, foy example, problems of plates which have sueh

forms as shown in Fig. 22. These situations are, needless to notice,

similar to those in the theory of thin plate. But their numeTieal
calculation will,be very troublesome, sinee for the determination of
solutions to the problem as indicated in Biig. 22b we must Cleal virtuaily

with eight thiek plates. Here we only point out that even sueh in-

tricate problems are not beyond the scope o£ the presented method
of obtaini･ng solutions to the problem of moderately thiel< plate under

any variable load and various edge conditions. Additionally, though

this paper is not coneerned with the problem of thiek plate under
variable tangential load, we can obviously solve it in the same way
as in 'the case of variable normal load. Further, the discussion of plate,

whose bounding curve is such that it is eonvenient to refey expressions

to other cylinder coordinates than eartesian, shall be postponed to later
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