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Mathematical Investigation of the Flow in a Stream

     with a Finite Drop on the Free Surface

       By

   Ikuo IKEDA

(Reeeived June 17, 1957)

                           Abstract

    By means of eonformal representation several examples o£ stream-
lines with the free surfaee have been caleulated by A. R. Richardson
and Fr. Prfigi}." The inclinations of the free surface were represented

by certain funetions of q and the inclinations of the free surface at
infinity were assumed to be zero. In this article, the inclin.ations are

represented by a more simple £unction of q Henee the calculations
are easier and the results are more adequate for diseussion and appli-

catlons.

                        I. Introduction

   Let

         X== q(x, y)+iO (x, y) (1)
be an analytical function of

where q is velocity potential and ip is stream function. Hence it
follows

         delXz = Oeg -i aA'yua = vx-ivy,

          [illll'= -ili,7. ("x+iv,),

where v is veloeity and v. and v. are the components o£ v with respect
to x and y; the direction of y being taken to direct upward. For the

eeA.R.Riehardson,Phil.Mag.1920. .
  Fr. Pragil, Teehnische Hydrodynamik, J. Springer 1936.
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/ianse tehleeMreelnattioanS O£ the Streamline and its components elx and ay one

          elVhclVx m. elVg '
            -nd- ･          els alx cly

If the angle between the streamline and x-axis be denoted by a, one

has on the stream line v.=vcos a, v.:=:vsin at, (3)

         v=:-Z#=3S･ZY,-g:･-:･L-Zssina･ (4)

    On the other hand, one has Bernoulii's formu}a in the same fiux
of the flow

         y+-U+!r'm=y,+Po+V;', ' (s)
             r2g r                              2g

where P is pressure of fiuid, r specific weight and g gravity constant,

and the suMx O is the notation whieh shows the initial values of the
quantities.

    Now !et it be assumed that op:==O and di =-O at the origin x=O and

y==O, and o=O is the free surface on which it may be put P=O. Hence

Bernoulli'sformula(5)willbewritten ･
                                   '              oo         y,+ vf .. vfi, (6)                  2g             2g

where the suffix f is the notation whieh shows the values on the free

surface.

    Changing the unit of op, x, y,t and v into q', x', y', t' and v' as shown

in the £ollowing ･
         2gip=q', 2gx=x', 2gy==･y', 2gt=t' andv==:v',

one gets Bernoulli's formula expressed by

         yf+v; ==' v3'. (7)
    Let the start be made from this formula; after the numerical
calculation is completed, the original unit will be used again.

    On the other hand, if one puts

   . q=6q',x::=bx', y==by' and t==vY
he obtains

         ,. = oq = -f}- aqL= LE- ,2.

              ex vaxi ty
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    Then Bernoulli's formula (6) is written in terms of the new unit,

          -;/ 2"//'VY;'=;i' %''

       2If v==e3 be taken, Bernoulli's formula remains invariable. Hence it
follows

              22 J          x=.e3xt, y=::E3yi and vf--E3vf.

Thus if one makes use o£ the initial velocity Eg times as Iarge as the

                                                                z
orginal one, the scale of x and y must be rnultiplied by the £actor E3.
    In bhis ease besides the condition v,::=egv6, sin a must be a £unction

of Eop instead of g. Hence sina is evidently different from the original

one. It may be unnecessary to add that if sina remains the same
and the initial velocity.alone differs from the original one the conformal

representation can not be obtained by means of enlargement or con-
traction.

    Now from Eqs. (4) and (7) one gets

          Sin crfelip =:'L il v,O'-yf cly, .

Integrating both sides, one obtains

          C- S,rpsin afalrp = -ll- (v3-yDG ,

where integral constant C is determined by the magnitude of the
veloeity at q=O and e =O; then one puts gC--v:. Therefore

         v:-gS," sin afde == (vg-y,)ij =v?,

         v?. == [v:-gs,9 sin a,elq]. g. (s)

From Eq. (3) it follows

         zf=S:, ee"de ==S,' [,,.erm,3X"s,p(ka,'.cl.q, ,,]e (")

Hence

         X'=S,P [,:-gOg,gcr,1.rp .,,,]g' ('O)

,
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         yf == So9 [,?,-illi'?gat, sl: .,de]g (n)

   If ip<O be assumed to be the veloeity field of the stream, the
coordinate of a point in the inner stream is expressed by the following:

         x=ReaipartofS:[,:Hei2Ps{,.Zk(.X)i(elxX)dx]g' (i2)

         y=:=imaginarypartofS,X[v:peiltilPs{x,Zsai(nX)i(elxlax]g (i3)

         IL FIow with a Finite Drop on the Free Surface

    In natural phenomena it is o£ten observed that there are flows in
a stream with finite drop. The inclinations of the free surfaee will

be expressed by various functions of op. If it be assumed that the
inelination at infinity is zero and there is only one drop in the stream,

the inelination may be expressed by the function

the most simple £unetion the author takes

          . -1 -1         SM af = eg ie-9 = 2cosh op '

Since

          .p        ' j, sin afdg = - tan'ieP + -l} ,

it follows

         vf = [v:+g tan-iep--Z- n]g,

         vo-yf = [vts' + g tan-i eg Hg T]g,

         zf =S,P '[,,. gX,Z.{ ta, i,al! Lg- .]k

of e p and em9.

(14)

(15)

As

f

il

X Richardson assumed

         v? H- - 23pt (B-tanhEq)3

 and Pragil assumed

         "         v7 = (C+ tanh eq)L'.
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are

The values of sinctf, vf

shown in the following:

sin af

vf

vg-yr

and yf at the points ip=-oo,O and +ioo

op=-oo

o

[,:･-g .]e

[v:-g .],

 ve!ocity

op=o

-1
  i

Vo

vis'

q== + oo'

o

[vg+g .]g

[vg -- -:ne .] g

Asiseasilyseen,the atinfinityisuni£orm.
    Therefote the depths of the stream at -oo and + oo are inversely

proportional to the velocity of the stream,

         [D.pth .t +co] " r[V:-'grm--n]i'

                         h}          [Depthat-･Do] [.g+rg-.]g

If v: equals -S- rr, v at q=-oo is zero, and the depth at q=-oo tends

            8
to infinity, while the depth at op=+oo keeps finite.

III. Bed of the Flow

    Even though the free surfaee of the fiow appears to be smoothly

curved to make a finite drop, the bed o£ the fiow just below the drop
makes various geometrieal forms. In other words a slight difference
in the form of the free surface causes considerable variations of the

form of the bed.
                                     -1    For example, one may put sina--                                          in the general velocity
                                   2coshX
                                                     'field. Hence one has from (9),

         z- Sl eXi,(!Si/i-i:( 2, C,-'gS,ih, X, )]),elX a6)

By separating

         sin a

the real

= R+il

and

,

imaginary parts of sin at, and putting

a=:L- a+ib, (17)
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one obtains

         R,.. -COShopCOSdi ==sinacoshb, (18)
              cosh 2q + cos 24,

         I= sinhqsinO =eosasinhb. (19)
             cosh 2¢ + cos 2di

    Since the magnitude and the direction of the velocity must change

continuously in the stream, the singularity of the factor exp{ia(X)}
and [v:--:-S,Xsinaclx]-l must be inspected.

  ' First, the continuity of a will be investigated in general complex

domain. From Eqs. (18) and (19) one has on the locus of op:=O

              2 cos th

Hence there are three' possible cases.

    1) 6=O, a=-S, consequently R==-1.

    2) b==O, a･-･･-･arbitrary,consequentlyR=sina.

    3) b#O, a=--ZL, consequentlyR=-coshb.
                      2

    Case 1) is where Q=--IL; 2) is the case where a limiting con-
                         3
dition lel<g exists, because sina<1; 3) is the case where the con-

dition of continuity does not hold. In this case from (18) one has

            1                 >1
          2 cos 0

Consequently the interval where ¢ exists is limited from -- li- to -g,

    Denote the domain

                                  n         -oo<g<+co, O>0>--!r
                         'by Di, and the domain'

                                                        e,
         moo<v<+oo, mg>di>mS

by D2. In Di,b changes the sign on passing through q=O, as b=O on

                        ,
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the locus g==O, while in D2, b cannot change the sign, As coshb is
always positive, from (18) and (19) it follows that

         op<O sina<O, eosasinhb>O
         op>O sina<O, cosasinhb<O.

   -Therefore on the locus q==const,, a and b vary in the £oilowing

In Di

             q<O op =O g>O
       [2>.%>-s -(g'!ug--[2'.z'-g

or (::-,rr-a･>-ii･i-.iz-1.-urz--(2>.u"-">rmg.

In D.

       [2>.%>-g -(z:uS-I:;-,z-a>-g

or 12>.in-a>-SofI::if-[:>.a8-S .

                                  '
   So long as b varies continuously, in D2 a varies into a different

quadrant as ¢ increases from -oo to +oo. .Therefore there appears

a discontinuous part of a on the locus e=-- ll-. Since the discontinuity

o£ physical quantities in the velocity field is excluded the domain

]¢l> -li- must be exeluded.

    Every streamline may be assumed as bed of the stream, but as

above shown, the domain of the existence o£ velocity field is Iimited.
The lowest bed of the fiow may be found in some cases. Next, it

is needful to investigate the £actor

         v: - -:- Sge sin a dX

The zero of the factor may be the singular point of the velocity field.
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Again
lowest

another
bed of

 eondition

the fiow.

becomes available to use in obtaining the

                         IV. Example

    When the inclination is given by a function of ip

veloeity by a certain value, the geometrical £orm of the
be determined. For examples the following two cases

         vZ==2 and vg=-{}-rr.
                           8

    Let the inclination be assumed

          . -1         sma== ,                eP +em9

and the initial

streamline will

are calculated:

1). Free surface: q=O.
   As shown in Eq, (15),

              q cosrsin
                   tXi =So

the

-1(

free

-1

surface

2 cosh op

)]

is obtained by

[v: + -li- tan-" eq -g .]
  cl(p s

e

-1
sv                       2 eosh op

         Yl              , [v?, +gtan-iep -ll- T]g

   The numerical results are tabulated
exampeles.

 2). The locus of q=O.
    From Eqs, (20) and (21) one has

         a==a-sinmi -1 .
2 eos ip

dip .

in Table I for

Since

1+sindi

the above two

sw -i
, 2 cos 9

eldi .. - -g- log

by putting

         vh-gS,' i,Z8Zdiq =

cos ip
'

A+iB=[A2+B2]}eiB, B = tan-i iliJ ,
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TABLE I.

a) v: =;2       nn
op =±       30

n

o

1

2

3

4

5

6

7

8

9

10

11

12

13

14

15

16

17

18

19

20

21

22

23

24

25

26

27

28

29

30

q>o
Xl

  ×10-?･

  o.

 0.3652

 O.7274

 1.0878.

 1.4472

 1.8071

 2.1678

 2.5296

 2.8418

 3.2568

 3.6220

 3.9879

 4.3547

 4.7223

 5.0903

 5.4586

 5.8270

 6.1955

 6.5639

 6.9322

 7.3002

 7.6681

 8.0357

 8.4030

 8.7700

 9.1368

 9.5033

 9.8697

10.2358

10.6016

10.9674

Yl

×lo-L)

o.

O.2100

O.4155

O.6143

O.8045

O.9853

1.1557

1.3149

1.4629

1.5996

1.7253

1.8404

1.9454

2.0412

2.1281

2.2069

2.2782

2.3427

2.4010

2.4535

2.5009

2.5437

2.5822

2.6169

2.6481

2.6763

2.7e16

2.7245

2,7450

2M632

2.7802

q<o
x]

   ×lo--L}

 o.

- O.3699

- O.7462

- 1.1305

- 1.5238

- 1.9270

- 2,3409

- 2.7656

- 3.2014

- 3.6478

- 4.1046

- 4.5710

- 5.0466

- 5.5308

- 6.0226

- 6,5216

- 7.0276

- 7.5396

- 8.0572

- 8.5799

- 9.1071

- 9.6384

-10.1735

-10.7120

-11.2536

-11.7987

- 12,3464

-12.8956

-13.4468

-13.9997

-14.5544

Yl

× lo-2

o.

0.2129

O.4263

O.6381

O.8461

1.0486

1.2440

1.4310

1.6085

1.7760

1.9331

2.0798

2.2160

2.3420

2.4581

2,5650

2.6629

2.7525

2.8343

2.9089

2.9768

3.0385

3.0946

3.1455

3.1916

3.2334

3.2712

3.3054

3.3363

3.3643

3.3895

b)
     3
 3-Vo--8-"

      nn
q= ± --       30

n

l
l
l

I
il･

II

I
I

!

il

l
l

l

o

1

2

3

4

5

6

7

8

9

10

11

12

13

14

15

16

17

18

19

20

21

22

23

24

25

26

27

28

29

30

p>o
Xl

  ×lo-2

 o.

 0.4337

 O.8608

 1.2827

 1.7003

 2.1163

 2.5311

 2.9451

 3.3591

 3.7724

 4.1858

 4.5986

 5.0115

 5.4246

 5.8375

 6.2499

 6.6619

 7.0734

 7.4843

 7.8948

 8.3047

 8.7139

 9.1225

 9.5306

 9.9382

10.3453

10.7519

11.1581

11.5638

11.9691

12.3743

l yi

× lo-L]

o.

0.2497

O.4920

O.7246

O.9456

1.1546

1.3505

1.5328

1.7016

1.8568

1.9991

2.1289

2.2471

2.3547

2.4522

2.5405

2.6203

2.6923

2.7573

2,8159

2.8688

2.9164

2.9592

2.9978

3.0325

3.0638

3.0919

3.1172

3.1400

3.1605

3.1789

q<O
Xl

I

i

:

:
!
]

I
1

   ×10-:

   o.

- O.4434

- O.8991

- 1.3696

- 1.8572

- 2.3640

- 2.8915

- 3.4415

- 4.0152

- 4.6136

- 5.2374

- 5.8875

- 6.5644

- 7.2688

- 8.0012

- 8.7625

- 9.5533

-10.3740

-11.2259

- 12.1098

-13.0260

-13,9760

-14.9605

- 15.9809

- 17.0381

-18.1334

-19.2683

-20.4439

-21.6614

-22,9138

-24.2117

YI

× lo-L,

o.

0.2553

O.5137

O.7730

1.0310

1.2853

1.5344

1.7764

2DIOO

2.2345

2A491

2.6532

2.8470

3.e302

3,2030

3.3658

3.5188

3.6624

3.7969

3.9230

4.0409

4.1512

4.2543

4.3506

4.4405

4.5246

4.6029

4.6759

4.7444

4.8077

4.8667
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one has

A=v:, B==2 log
1+sin 4,

tanB =- 43
v,
, iog

      cos ip

1+sin¢
.

,

cos 0

It follows

., =- !r sin (a-E
    3

)

[A2 + Bi]
±-

6

ely ,

TABLE II.

a)
vg=2 q=o ¢=-

nn
60

n

  o

  1

  2

  3

  4

  5

  6

  7

  8

  9

 10

 11

 12

 13

 14

, 15

 16

 17

 18

 19

 20

XL}

   ×lo-e
  o.

- O.1055

- O.2100

- O.3139

- O.4174

- O,5209

- O.6246

- O,7290

- O.8343

- O.9410

- 1.0496

- 1.16e6

- 1.2746

- 1.3923

- 1.5146

- 1.6424

- 1.7770

- 1.9207

- 2.0750

- 2.2413

- 2,4289

YL,

   ×10-2
  o.

- O,1838

- O.3682

- O,553e

-- O.7377

- O.9226

- 1,le71

- 1,29iO

- 1.4741

- 1.6561

- 1.8366

- 2.0153

- 2.1917

- 2.3651

- 2,5348

- 2.6997

- 2.8583

- 3,O077

- 3.1450

- 3.2641

- 3.3331 l

b)  ,3ve= s n 9=O di=-
nTc

60

n

o

1

2

3

4

5

6

7

8

9

10

11

12

13

14

15

16

17

18

19

20

XL'

   × 10 -2

  o.

- O.1255

- O.2485

- O.3699

-- O.4893

- O.6076

- O.7255

- O.8429

p- O.9602

- 1.0781

- 1.1969

- 1.3178

- 1.4408

- 1 5673

- 1.6979

- 1.8342

- 1.9786

- 2.1326

- 2.2979

- 2.4780

- 2.6857

YL'

   × 10-2

  o.

-- O.2199

- O.4403

- O.6622

- O.8842

- 1,1066

- 1.3291

- 1.5510

- 1.7719

- 1.9918

- 2.2097

- 2.4260

- 2.6393

- 2.8495

- 3.0551

- 3.2556

- 3.4484

- 3.6311

- 3.8010

- 3.9510

--- 4.0464
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        ,, =' gcb cos(a-I(l) ele.

              UO [A2+B2]C .
The numerical results are shown in Table II.

3). The extreme bed line: ¢=--ii-.

   Again Iet it be put

                                 '        vz-gI,P-`K3'sinaelz=A,+iBt.

Now
         i,9 -ig sin a clx = i,-`gsin a ax + S9- I(g sin a ax .

The first integral is already calculated; it equals -O,9877. 0n the

locus cb =-Z, sina can be separated into real and imaginary parts

     J3as shown 'in the following

        R,., -coshop .. -coshg ,
         ･-- 2eosh2g-1                         4sinh2Q+1

        I, ,. =.Yum3 sinh¢ .. -f3 sinhv.
             2 cosh 2if -1                           4 cosh'` ¢ -3
Since

         ,1 R(de = m -li- tan'-i (2 sinh q),        s

        S8pdn - - {I- iog -:--g-g-llfb ¢,i,Y".!'-,ua + u}iog (2-/e"),

it £ollows

        I,"J,`i;rc3 sin aelx - S,9 (R' +ii') aop ,

        A' == v,- l}- tan-i (2 sinh g),

                4.
        Bt =- -{}- log 2eOSh if"Y-li'.

                  2 cosh ¢ + f3-             8
and
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         Bt            =:: tanBt,
         At

Next it is neccessary to

         a= a'+ibi

If one puts e'b'=s, then

         sin a' cosh b' ==

         eos a' sinh bt =

     Va.re

      Ikuo IKEDA

 separate a into real

s is always positive

-ll- sin a' (-si +s) = Rx

-} cos a'(t--s) = lt

              tt

 and

and

 -/ -lmaglnary

he has

parts

-

x

tl Rtee

Z･
Beti eSFtotoV' ='3 '

SuvCtce
P.o

ta
'

-

Plate A. v: = 2.

'Rtfleststfocees.-o

tt

/t

'E},a'
o;:fNpt"4"'g

z' 1.-

x,.7
Z

va

X.'t.XZ..-.!t/X

Piate       3B. vg=hin.
      8
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TABLE III.

a) vg =2       nnq=+-･-   - 30

n

o

1

2

3

4

5

6

7

8

9

10

11

12

13

14

15

16

17

18

19

20

21

22

23

24

25

26

27

28

29

30

q>O
X:3

  × lo-L)

- 2.4289

- 2,2143

- 1.8357

- 1.3418

- O.7947

- O.2352

O.3265

O.8780

 1.4148

 1.9362･

2.4418

2.9331

 3.4107

 3.8765

4.3311

 4.7760

5.2122

5.6408

 6.0627

 6,4785

 6.8887

7.2943

 7.6953

 8,0923

 8.4862

 88770

 9 2647

 9.6499

10.0331

10.4142

10.7938

Y3

  ×lo-y

- 3.3331

- 3.7780

- 4.2398

- 4.6423

- 4.9729

- 5.2372

- 5.4464

- 5.6132

- 5.7469

- 5.8556

- 5.9449

- 6.0193

- 6.0816

- 6.1341

- 6.1795

- 6.2183

- 6.2520

- 6L2816

- 6.3071

- 6.3300'

-- 6.3499

- 6.3678

- 6.3831

- 6.3974

- 6.4096

- 6.4209

- 6.4306

- 6.4397

- 6.4474

- 6.4545

- 6.4607

9<O
X:3

I Y,l

L
e

t

  × lo -2

- 2,4289

- 2.5413

- 2.7224

- 2.9357

- 3,i740

- 3.4342

- 3.7168

- 4.0219

- 4.3469

- 4.6908

- 5.0530

-. 5.4326

- 5.8280

- 6.2382

- 6.6627

- 7.0999

- 7.5494

- 8.0096

- 8.4800

- 8.9596

- 9.4479

- 9.9433

-10.4463

-10.9555

-11.4708

-11.9912

-12.5167

-13.0463

- 13.5800

- 14.1172

- 14.6575

 × lo-L)

-3.3331

-2.9010

-2.6979

-2,5398

-2.4143

-2.3132

-2.2316

-2.1653

-2.1122

-2.0689

-2.e342

-2.0066

-1.9842

- X9663

-1.9525

-1.9413

-1.9326

-1.9260

-1.9204

-1.9163

-1.9133

-1.9107

-1.9092

-1.9076

-1.9066

-1.9061

-1.9056

-1.9051

-1.9049

-1.9047

- 1,9047

b)     3
 3-v, - -SlX

      tnn
q=±      3e

n

o

1

2

3

4

5

6

7

8

9

10

11

12

13

14

15

16

17

18

19

20

21

22

23

24

25

26

27

28

29

30

q>o

X3

  × 10- 'i'

- 2.6857

.- 2.4265

- 1.9487

- 1.3697

- O.7419

- O.1014

 O.5347

 1.1561

 1.7591

 2.3430

 2.9084

 3.4567

 3.9893

 4.5079

 5.0140

 5.5088

 5.9937

 6.4698

 6.9379

 7.3991

 7.8541

 8,3034

 8.7479

 9.1879

 9.6240

10.0564

10.4856

10.9122

11.3362

11.7579

12.1775

e･/3

  × 10-2

- 4.0464

- 4.5316

- 5.e225

- 5.4429

- 5.7837

- 6.0531

- 6.2648'

- 6.4321

- 6.5632

- 6.6719

- 6.7597

- 6.8316

- 6.8923

- 69433

- 6.9867

- 7.e240

- 7.0566

- 7.0847

- 7.1092

- 7.1311

- 7.1500

- 7.1673

- 7.1821

- 7.1954

- 7.2076

- 7 2184

- 7.2275

- 7.2357

- 7.2434

- 7.2500

- 7.2561

q<o
X3 l Y:I

  ×10-L)

- 2.6857

- 28454

- 3.0755

- 3.3398

- 3.6337

- 3.9561

- 4.3076

- 4.6877

- 5,0964

- 5.5347

- 6D025

- 6.5005

- 7.0290

- 7.5882

-' 8.1790

- 8.8020

- 9.4576

- 10.1458

-10,8673

-11.6234

-12.4147

-13.2412

- 14,1045

-15.0050

-15.9443

-16.9233

-17,9417

-19.0004

-20.1009

-21.2447

-22.4330

I

I
!

i
!

i

l
!

i

i

i
l
i
t
L

1
I

i

1
i
1

'
I
!

i

 ×10-L,

-4.0464

-3.6985

-3.4g67

-3.3332

-3.2220

-3.1470

-3,1015

-3.0827

-3,0883

-3.1169

-3.1669
 '
-3.2368

-3,3260

-3.4337

-3,5597

-3.7031

-3.8633

-4.0403

-42347

-4A459

-4.6740

-4.9189

-5.1806

-5.4587

-5.7546

-6.0673

-6.3974

-6.7ca9

-7.1102

-7.4933

-7.8954
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Hence
         cos2a'=-S-i{-(Rt2--l'2-1)+/(Ri2+J'2-1)2+4I,L'}

               - sinhq (2 sinh ip+f4sinh2 if+3)

                         4sinh2q+1 '
             s .., -It+ff'2+eos2ai ,

                      cos al

Thus one obtains

         x3 = xA+S,9 -[A)-, /--Bb ,,]6cos (a'- 33' ) de ,

         y3 = y6+S,9 tA,,e+-i .]gsin (a'- B3' ) de ,

where xS, and y6 are the values of x,7 and y2 at q::=O, ip----!!. The
                                                       3
numerical results are shown in Table III and the two curves of the
comforrnal representations are shown in plates A and B.
    Above va]ues show the actual measures by means of dividing the
numerical values in calculation by 2g; the adopted unit in Iength is

metre. In the use of such a unit, when v,=1,26mlsec, the depth of
the stream is only several centimetres. Such a stream can be realized
in the Iaboratory or observed only in the shallow part of a brook, If,

however, a new unit as vo-=1.26×10mlsec==12.6mlsec is employed the
depth of the lowest bed of the stream is about 6 metres, For a laminar

fiow such a ease can hardly exist. The medium cases whesce the initial

velocity v, lies between these two values are observed in nature.

   In this first report the author clears up only the basic part of
the problem. It is expected that extension and applications of this
result will be published later.

1


