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             Phase of the Diurnal Variation of Water

                      Temperature of a River

                                  By

                            Isao YAKUWA,

                        (Received September 30, 1959)

                               Abstract

    It has been observed that the feature of the diurnal variation of water

temperature at the upper stream of a river is distinctly different from that at

the mid-stream. At the upper stream, the mean diurnal temperature of
water becomes higher and the amplitude, of the diurnal variation increases as

the water flows down. But the phase lag of air and water temperature is not

so large, even at a station located far from the source.

    At the mid-stream, on the other hand, the mean temperature and the

amplitude are almost constant, and the phase lag becomes larger with flow.

    The author made an attempt to solve an equation of the water tempera-
ture variation under appropriate boundary conditions, and could explain why the

different variations occur at the upper and the mid-stream. The reasonability

of the solution for the mid-stream was assured by temperature records at

the Tokachi River with a good agreement.

                   - 1.Introduction

    The variation of water temperature of a river is controlled by thermal

conditions of the environment under which the river water flows down from

the source to the river mouth, and also by mechanical conditions of the river

itself. As the variation of the temperature is very complicated, it is quite

interesting from the geophysical view point to investigate the process of the

variation. And as the water at the down-stream is used for agriculture, it is

also very important from the view point of practical use.

    The heat transfer between the external environment and the water through

the river surface is chiefly performed in the following manner:

        (1) heat gain by solar radiation.

        (2) heat transfer between water and air near the river

             surface by contact.



        (3) heat loss by evaporation from the river surface.

        (4) heat loss by long-wave radiation from the surface.

Owing to the heat transfer in these ways, the variation of water temperature

occurs in accordance with the condition of flow-current velocity, depth of water

and width of the river.

    From this thermodynamical view point, Magono et al. and Takatuki et al.

studied on the relation between heat transfer and water temperature rise in

the Bisei Riveri), a branch of the Tokachi River, and the Oi River2), respec-

tively. Many studies3) also on the temperature rise of water-warming ponds

have been published from the same point of view.

    However, report on the phase lag of air and water temperature or on the

causes of different variations of water temperature at the upper and the mid-

stream has not yet been found. In this paper, the author will deal chiefly with

the phase of the diurnal variation of water temperature on the basis of the

new solutions of the equation of temperature variation and observations made

on water temperature along the Tokachi River.

                       2. 0bservational Results

    In 1952 the author and others observed'air and water temperature and

ts --

,i 1

dt

ct

tqe;

l

i

l
i
i
1
l --

c

 s
.....g.." ..

"

..yS4rlvn

 e

t]2 f-41

 v,JfiIAtOt.', l

    `1    . p.AisfrsvtArvl g

u--

2it>?si.i

leKrict"

1
 li

1

mvfn

   '
-±" ''m''L-t

Fig. 1-a･

14d

N
JI

  l

1
  '
.....

t;.

  I  i

  I
  tt  i

  t,1

3siN

s
¢

' u

o to 2o sonML4j-L"

 sn
 gt

 . {Y

 k. g
     'k .,.,i:

       ･･'ta       ･-･hrt
     J's"'
   .,.i,I･,i'i' ,sNS'

 .:ikl"":' g"b

,,

:,tt",.,j,ivla-

  ,,).t"･L

..;ila,･,

･,.･-･ ;-･

f

Fig. 1-b.



Phase of the Diurnal Variation of Water Temperature of a River 3

℃

20

ts

to

5

 srATioN

cmtn em rkth Air

o

oummana

   ,

   Tbmperature

Water femperature

 ps
e -..

g

o 6

Fig

`"

,A

f

 l2

. 2-a.

A, ･N

N N
  N
   N

.-.
A-.

    N

･didituny･

"･
le

.........-....-...-

......... tt..............t...."t-

iv

eq

Ntt.-.
mse

,,,

N
N
N
N

.LT-t.tt-tv-h-L-24

eC
2h O

ts

IO

5

o

STATtON U

l

       ptnt .pt
      '
ttttt ttt ttt rtt t

     t
    '
    '

            r
            l
           /
   ptti"rf

t.t.... .. I..

        /
N
 N   kA ntaf

..

t.tttrttt.tttttttt..t71t.trttt

          6

l

f

-t

-

/

! !N

   N

N

N

N

o

N

s

      l
      r
      i
      i
      i      ttl tttttttt tttttttt
     'l 2

MAY 9. 19S2
  Fig. Z-b.

L-

l

I
l

t'

e

'N"ig"'""x.,

'X --.x..

 N.

    N N
N
 N

24



4 Isao YAKuwA

.c

20
t-.-

STATION tit

v4t N
1 N

1 N
.ttt5 'rr"' Pij -ta f

' N
' N

' N
t N

io Tt

' N

TTiT tttt .t-t-.t. "m -'--s---･

t N

1- s

N

1 N

s --ttLtt-tttt.t
I ""hee

... tt.tt.. Ltt...........t tttttttttttt t..tt.t.t.tttt

N 1
N 1
NN t

w
o
o 6 l2 le Lt.u-.-.rtt.t -24

Fig. Z-c.

aC

20

I5

to

s

o

STATtON IV

        t
        '
       -t'
       t
       '
       r
 .."N t
...."--m-x..-.1.

Nl

/

--------
l-

/eN

/ N x

{
... ". pt pt  Si

N
N

- -
-

t

E
EN

F

f
I

'1

N

N

N

i

-ts-

x

N
N
N
N

o 6

MAY
 Fig

 t2
9, t952
. Z-d.

t8 24



Phase

  ''c

  20

i5

lo

5

o

of the Diu'rnal Variation of Water Temperature of a River

STATiONV

/N---
ttt.-

rtsla..di..pt
IN' Nktates

'
'

sy

.ttttt.

zX
stL

xs

NSNI.L--"..N.-L--l.,m.L-

.r

NlNt
ttt tttttttt

t

1

5

           -6              O6 t2 te 24                             MAY 9, t952

                                Fig. Z-e.

the current velocity of flow at five stations along the Tokachi River shown

in Fig. 1`). The observations were carried out at intervals of one or two

hours, fOr four consecutive days from 7th to 11th May, 1952. Some of the

observed values of air and water temperature are shown in Fig. 2, From

Fig. 2, it is seen that the phase lag of the variations of air and water tem-

perature is about two hours at the station I, and it becomes larger as the

water fiows down. At the station II, the phase lag is four hours, at III six

hours and at IV it is about ten hours. And so the highest water temperature

has been observed about at 12 o'clock p.m. at station IV. The reasoning of

the large phase lag at these stations will be discussed in the following section,

                  3. The Equation and its Solution
              '
    By introducing a symbol D!Dt to denote a differentiation following the

motion of a water mass of a river, the differential equation of the variation

of water temperature can be given as

        c?o i29 :-: 127 [k(T-o)+R) (i)



where C and P are the specific heat and the density of water, 0 and T are

the temperature of water and air near the river surface, k the heat transfer

coeflicient and Hthe mean depth of the river. The terms k(T-0) and R
respectively mean the quantity of heat which the water received from air and

the other thermal sources mentioned at section 1, through unit area per unit

time. The term k(T-0)+R can also be given in another form k*(T*--0),
where k* is the apparent heat transfer coefficient and T* containing R the

apparent alr temperature.

    And so Eq. (1) becomes

            DO 1        CP Dt == ltlzk*(T*-o)

or

        -Z-0-, +Vg9.-- att (T*-o) (2)

whereVis the mean velocity of fiow. ･
    Moreover, if it is assumed that the diurnal variations of 0 and T* can

be represented by sine functions, Eq. (2) gives the following relation by deno-

ting mean values of 0 and T* as e and T*:

           dO k*         V,in, =:= cjoH (TL*-O) (3)
                                                       '
    This is the relation between e- and T*.

    When T*=constant, the solution of Eq. (3) can easily be obtaind and it

becomes as follows:

                    k*                  -a] '        7i*-o=,ecP'W (TL*ro,) (4)
where eo is the mean diurnal value of 0 at the source lecatcd at x=O. Therefore

when x approaches to co, the value of e approaches exponentially to the value

of T*. When the contact with the alr is the only process through which the

water recelves heat, a relation between the mean values of air and water tem-

perature can be given by Eq. (3) or Eq. (4).

    When T* and 0 are represented as

         T* = T*(x) + T eiot

           e =: e(x) + X(x).eiat

the process of solving the clifferential equation (1) can be simplified by assum-

ing that the amplitude of the variation of water temperature at the source is

negligiblly small, namely with the boundary condition X(x)=:':'O at x:[zO.

L
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        e=D- 7'e
                                      k*2 + ((ipaH)2

                 k*2 cos fft+k* CPaH sin at
            +T                      k*2+(CPaH)2

where V and H are considered to be independent on x and t.

    By putting

                     k*
        COS 9 =: /k*ii-('()Pb-t)2

                   CPaH
         sin g = Jk*2 + ('tt'ffH'L)2

0 can be written as

        e..e-7"e"cP"*VEiX･cosg･cos(a(t--il>)-g)+Tcosg'cos(atmg)

    Therefore, the water temperature at x--> oo can be given by

        e== e+ Tcos qcos (at-g) (5)
                             4. Discussion

    By the use of the above result, for example, the phase lag g of 0 and T*

at a station located far irom the source can be estimated with actual values

of C, P, a, Hand k*. Namely, if C, P, a, Hand k* are given as

        C==1 (cal!gOC)

         P=1 (glcm3)

                  2z
         a=24×6o×6o (ilsec)

        k* =r 1×10'3 (cal!sec･cm2tOC)

the phase lag becomes

        -Se- := 3.7 hours for H== 20cm,
         a

         -9- =5.0 hours for H== 5ocm.
         a



    As the most powerful solar radiation is measured about at 12 o'ciock

a.m., it is assumed that T* will tal<e the highest value at about the same time,

Therefore, from the estimated values of phase lag, one can predict the time

of the highest water temperature at about 5 o'cleck p.m. at station I of the

Tokachi River and 4 o'clock p.m. at Shinseibashi of the Bisei River. But a

too large phase lag as at stations II, III, IV and V cannot be predicted by

Eq. (5).

    ,Therefore, it can be seen that at the mid-stream, as in the domain of

the stations I, II, III, IV along the Tokachi River, the temperature variation

occurs owing to a different mechanism from that at the upper scream. Next,

an equation that gives the variation of water temperature at the mid-stream

will be introduced.

    If it is assumed that 0 and T* in Eq. (3) are represented by

        T* ::= T*+Texio

          0 == O+ e.x(.)..ia(t-g)

the boundary condition becomes

        X(x) =-1 at x=- O,

    If it is further assumed that the heat transfer between water and the
external environment is negligible(unc'kupfi-io), a solution of Eq. (3) can be

given by

        o = b+e cos a(t- -:} - e)

    Also when the mean velocity V is a function of distance from the station

x==O, Eq. (3) can be solved similar]y in the same way.

    In this case, the solution becomes

         V=' V(x)

         o:= e+ecosa(t- -:- -S: Cinv]) (6)

    It is seen in Eq. (6), that the phase lag of the variations of water tem-

perature at two stations x, and x2 is equal to the value ofSii'('if"", which is

the time water mass takes to flow down from x, to･x,.

    In the present case, the mean velocity may be given by V== V(x), since

the flow was almost steady when the observations along the Tokachi River

were carried out.

t



Phase of the Diurnal Variation of Water Temperature of a River

                       TABI.E I.
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Station

I

ll

llE

W
v

Distanee

  (K. rp. .)

o

 8.8

19.0

360

48.5

Width of
 river

  .(m)

 57

100

103

 80

185

Mean depth

   (II.l.)

1.8

1.4

1.6

3.5

2.1

 Mean
velocity

(gll.s.ge.)

1.07

1.46

1.35

O.74

O.77

Phase lag of water
Temperature (hr)

obs. cal.

 ol
2.o l

 4.0

 8.0

20.0

o

 2.0

 4.0

 9.0

13.6

    Therefore, the variation of water temperature must be represented by Eq.

(6). A comparison of the observatlonal values of phase lag of water tempera-

ture computed by Sl {(3 at all the stations is shown in Table 1 by taking the

reference phase at station 1 as a standard. A geod coincidence between ob-

served and calculated values can be seen except at station Vl This discrepancy

at station V must be explained by a different mechanism of flow.

    The width, the mean depth of water and the mean velocity of fiow at

every station are also presented in Table 1.

                              5. Conclusion

    In a natural river, an exchange of heat exists between water and the

external environment. Therefore, water temperature at the upper stream may

be easily control]ed by the thermal condition of the external environment,

because the discharge is comparatively sroall there.

    The relation of the mean diurnal values of air temperature (or T*) and

water tempexature is given by Eq. (3). The amplitude of the variation of

water temperature becomes larger with flow, and approaches to T cos p at

x-> oo as will be seen in Eq. (5). The phase lag of the variations of 0 and

T* also increases and will be g at x-F oo.

    On the other hand, at the mid- stream where the discharg increases

rapidly as at the stations along the Tokachi River by gathering some branch

rivers, the flow has a Iarge heat capacity and may be hardly influenced by the

heat transfer. Therefore, the heat is transported only with the flow of water

mass, and the phase Iag of the variations of water temperature at two stations

is equal to the time required to fiow down from one station to the other.

As a result, it can be said that the phase lag of air and water temperature

increases with flow at the mid-stream of a river.
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