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     On Torsion of I"beam with a Wel) of Variable Height

                         Fukuji HAMAYOSHI

          . Synopsis
    Problems of the torsion of I-beam with constant cross section have been

analyzed.

    In the present paper, the differential equation defining the torsion problem

for the I-beam so that the web height is tapered in accordance with a linear

or second order formula, has been introduced and solved.

    As examples, two types of I-beams with the web height variation above

mentioned which are fixed at one end and twisted at the other are given. The

stress states of them were analyzed, and compared with the characteristics of

the I-beams of the constant cross section.

           1 Differential Equation and Solution for Torsion of.

          '              I-beam in which Web Height is linearly variable

    When an I-beam of constant cross section is fixed at one end and twisted

at the other free end, it may generally be assumed that the distortion of cross

section is restrained at the fixed end and free at the twisted end. The resultant

twisting moment Mo of external forces might be resisted by the Saint-Venant's

torsional rigidity and the horizontal flexural rigidity of flanges in any cross

section. For this condition the differential equation has been given by

        El,IZE'1l91-GJ,"deCip..-.-=-M,, , (1)

where

    EIf: flexural rigidity of a flange through L-L axis,

     Gli: torsional rigidity,

     Mh: resultant twisting moment of external forces,

     h : distance between center of gravity of upper flange and that of Iower

           fiange, .
     g : angle of twist,

     ar : coordinate distance along I-beam from free end.

    Now, when the height of web is tapered in accordance with a linear formula

and the origin of the coordinates is taken as shown in Fig. (1), X axis is



210 Ful<uji HAMAyOsHI

Qb

M,

Lx,xg

-

}

k,

N,
t

 s'

bt

L

Qb

£o

a,
Z
x

                                 Fig. 1.

a torsional axis and passes the center of shearing force; h. and (t are denoted

by the expressions:

                                                         '                tt                                         '        h.==ax+h,' ' .(2)                                           '                '                                   '        Jl, == -l;- pt ¥ si 4 == -l;- pt I(ax + h) t? + 2b,al

                       =-li-ptt?((ax+h)+-tt-i-･2b,l, (3)

where

      pt : coethcient in cross section of I-beam,

    si,ti: breadth, thickness of strip.

    Provided a twisting moment A4h is applied at the free end of the variable

I-beam, the twisting moment £M,, produced with the torsional rigidity in any
cross section is

        Gl, l#Z ==G-g-pt{(ax+h)tf+2b,t:l l2Z

                =P((ax+h)+rl lllZ, (4)
where

        P:-:G-ii-pt?, r=:-l;?･2b,.

                                                            '                 '    The bending moment W}b and shearing force 2b applied to the horizontal
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direction in any cross section of the upper flange are respectively given by

                                                       '        - Illf cldc22 (LllJ hx'9)

and

        L 1iff E{l3, (rll- hx'g) "

               '                        '                  ･,･ ･1    The torsional moment Qb･h. produced with the two opposite 2b applied

at the upper and lower flanges is expressed as follows:

   '        '        -Eif･hx 2£i3, (-l'l-' hm'q) ::: ptcr'hx(3a"illi9 +hi :lllZ]･' '''(s)

                                              tt t
        '                                          '         '              '                                     '        . ,.. m[l. El, .

            2

    Hence, it may be assumed that the following equiribrium equation is satisfied

ln any cross sectlon:
                                                          t tt                                              '        9b'hx+2Ma=Mo･. . (6)
                                                          '                                              '                  tt                               tt    By substituting Md and 2b･h. into the equation (6), the differential equation

for g can be written by

        a(ax+h)2 l£b9 +3a･cr(ax+h)-:£i9 -p[(ax+h)+r) ,`inlip, '=' -A4h.

                                                             (7)

    Then,byreplacingnewvariableswith . .

        X=ax+h,.¢T-d`-l:ips-(, .. ... (8)
                       '
and arranging the constants, Eq. (7) can be transformed

        dd2{2'& ddxdi "((t,/-£-z)2k'(t",-'L.i)2-x'2]¢=-a.A･kem2'･

                                                 '                                                           '                                        ･･ (9)
Wher8hie dseo¥uOttieoSn fdi-, :i the h6mogeneoug eqtiation of Eq. (g) is''given as follows:

        di,;'LXL'[P･.IL(wi･X"//')+2･YL(wi･X-"l)],'1' ' (10)

where
                       '     i    R2: arbitrary constants,



212 Ful<uji HAMAyosHI
   v: 2/i+.P.l''

   w: 2i/-£"'

    Hl m2.TL(wi･.X za),YL(wi･X 2): Bessel functions of the first kind of order v

                     and the second kind of order v.
  The particular solution ¢, of Eq. (9) can be introduced by the method of
variation of parameters, namely

                   x-ix .-M6 dx    diz"=XM''1'S{x-i.1},{x-i.yL}rm{x-i.M},{X+'･1} aa3X2

       -X-i'X ix-i.L},{x-i.y5}:lx-i.x},{x-i.q' i.3anx2 dX           s
     :== X-' US XclX- Yv YdX] 'r.M. 6, .

  Therefore, the complete solution of Eq, (9) is given by

    ip =¢O+ip1
     -X-i･[IUL+2X+diSXMdX-XYA(dX],
where

    Mi - nl¥3 .

        cra
  Integrating Eq. (12) to get g,

    p=PSX-i･4dX+2SX-i･Y.dX

(11)

(12)

      +SX-i･4[SMMdX]dX-SX-i･Y.[S4iL(dX]dX+R,

                                  (13)
when v is not an integer,

    g .. p,tf;.,s;,, (-ll;l. i)"'2:'e(.x + h)li<"'2"? --L-Li ?-2-l}ff

      +2 ,tW.,sx( X2U i)H""ln(ax+h>r2'(rv+2m? .,22"z

      + 2Ml ,tfi.I,tlX.,Srn S7-,"( Z2V i)2(M'T)(ax + h)M'"t'im +ln +1

        ×(-v+12n+2-v+21h+2)+R' (14)
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where

   R : arbitrary constant,

   S;v: (pm1)pt ,
        T(m+1)･r(m+v+1)
              (pt1)n   Sn-": r(.+1).r(n-v+1) '

   The constants R 2 and R must be determined so as to satisfy the condition

at the ends,

   It may be assumed that both the angle of twist and the slope of each

flange are zero at the fixed end and the bending moment swb applied at the

each flange is zero at the twisted end, namely

       [g) ].=, ==:O, (15)
       [dd.({i7hx9)].=,z=O, . (16)

       [-E4t/2'li'2(Ll;hxp)].=,=O' ' (i7)

   Accordingly,

                  al+h                                   al+h       P･[SX'i･4dX]                     + 2･[SX-i･ XciT]

         +[SX-i･JL{SYLdX}dX-SX-i･Y;[S,J;dxldx]･"i+h,Ml+R=o,

                                                   (18)
                     al+h            at+h              + 2･[ M]       Pt[uil,]

                               al+h '         +[1･{SY.dX}-X･ISIdX}] ･M-O, (i9)
                                      tt
       P'[XM''u];+e]ll]h+2･[X-'･YL+Y;]h '

         +[[X-i･1+ag]･SXdX-IX-i･X+Yl]i･SLdX]h･M-O.

                                                   (20)
   Solving the Eq, (18), (19) and (20), constants P; 2 and R are given as

follows :

the numerator of P

         -･U･{SXdX]--jYL･[Ydx]]ifi'h[x-i.yL+y]h.M

         +[{X-'･4+n]･SXdX-[X-i･x+Y),Ydx]h,[x]""h.M,,

                                                   (21)
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the numerator of 2

  U･(SY.dX-YL･IYdx]]ri'h[x-i,L+ny],h.Ml .' ･

                                            '    -[[X!'･di+ny]･Sy,'dx-[x-i.y.+y],Ydx]'b.u]"i"h.M,(22)

the numerator of R

                             '  [SX-i･L･(SXdXldX-Sx-i,x.[Ydx]dx],"i',h.

                                     '                                            al+h                       al+h
      ×I[X-",t7;+el:]h'[Y.] =-[X-''Yv+Y]h'[tJL],                                               l･M

                                 '    +[LIJ･ISYLdX]-x.IS.7Ldx]]`ti+h ･

      ×([Sx-i,.T.,lx],"`"'b,[x-i,y,+y;]hig[Sx-i,yL,lx]･"ite.[x--i.,JL+.Tl]h]A41

                                                    '                                                  '    +[[X"i･4+ny]･SY,dX-IX-i-X+Y]･SLdX]ih ''1i'
                                                   '                                  al+h
      ×[1･SX-i･XdX-X･SX-i･ldX]･ILq,.. ･,(23)
the denominators of e 9 and R

       [cJl,]"`"h'[X-i'Yl,-+-Yll]h-[Y.]`S`'h'[X-i'uTl,'-FeJl]h. (24)

    By the determination of constants LP; 2 dnd R, g to satisfy the conditions

at thslib.otat,e.",diSti[?ha,Y obfe tOhbetag:･,e.ds's ,t.te .f the i-betim'ca'n 'be 6erived from

g as follows:

                                                     ./       ew,i-Gl,:Z-P[(qx+h)+r]:Z, '. (2s)
                                           '                    ttt/ t                   tt                             1       Wtb == -Mf -nt-Z,(-ill- h.q) == -cr (2a %t +(ax+h) tdi9,], ,, (26)

       Qb=--`'EITf,din',(`L'l}Lh.g)=-ev(3a-i-#-Zi-+(ax+h)dd.3Z],. (27)

          2 Differ6ntial Equation and Solution for Torsion of

            I-beam in which Web Height varies in accordance.
            with a second order Formula

    When the hei'ght of web is tapered in accordance with a second order

formula h.==ax2+bx+h as shown in Fig. (2), by repeating the preceding argu-

ment in the' sathe way, the differential equation cbrresponding to Eq. (7) may

be readily introduced.
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                                                      '
                            Fig. 2. '
                                                      '
    Namely,

                                      '        GJ,-l-ilZ-9=GS-ptI(axz+bx+h)t;+2b,ts}

              =B((ax2+bc+h)+rl, ' '(28)

        -Mfh.ttSIIi(-;-h.p) . ' '

         ==-crh.(6atap-+3(2ax+b)ii:18+(ax2+bx+h)d,in',9,]-, (2g)

                                       t t/
       a--ll-Elf,p==G-5pt?･r==-li?.2bi･ . ･...

    Accordingly, by substituting these into Eq. (6), the differential equation for

gcan, be written by . ..,
       cr(ax2+bx+h)2t-[219, +3cr(ax2+bx+h)(2ax+b)t-l:69- , . .

           +I(6acr-p)(aJc2+bv+h)-pr}l2t9 =-A4h. ,/, (3o)

t,..,7.i,iiil-gdb.Y, 7."ititjlLii,lltli =:di a"d arfa"gi"g' the above equation ,,. b.

                  /     ' -tt--t-,-+'3..?a+xb+.b+h ddet +I.(.6,"ib.inPcr+)h - (.h,tPba//-7if,ldi'

                                                        '          '          pa A41,'. ,･ T          -in cr(axz+bx+nr,' (31)
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    (a) Solution of Eq. (31) in thc vicinity of an ordinary point x=o

                                dca
    Assuming that the coefllcients of: cix , ¢ and the right hand side of Eq.

(31) can be expanded in a Taylor's series, x==a denotes, a･ny point in the complex

plane which is ordinary for all the coeflicients of Eq. (31); and a domain of

o can be constructed by taking all the points x in the plane, such that lx-al

 <Ia,-al, where a, is the nearest to o among all the singularities of all the

Jcoefllcients･

                                                         '        3..?"+Xb:b+h=,S.,A.(x-a)", <32)
                            '                                                   '
        (..6,"+-b.Ecr+h-(..,+Pbcrr.+h),l==,jl.,B.(x-a)n, (33)

         .(..i+Mb5.+h)i =:,X.,Cn(x-a)", ' (34)

where for a:=:O specially '
    A,=3-li-, A,==3(-?tt----:ill-), A,:=:3(-3ahb, +-Zll-),

    A,-3(- 2ha,2 + 4f,92 m-kil), A, =-3(--5..zm2,Z7umLll//:?L' +-S:il),

                                         '
    A,=3(IZt:l3in9ai92+6x?`--l,;-i), A,,=3(-7zlb+i4hadlb3-7ahb,5+rlfl),...

                                          '    Be == -iY, ((6a--[l-)h-ir-1, B, =-k, ((6a-{-)(-b)+-litt ･-2h-tL],

                                                    '                         '    B, = -ilT, ((6a-#)(-a+-llll)- Pcrr (3-IPI- mia-)],

    Bs == -ir, ((6a--[l}) ("2--i"i---rri,i}l)+'-'-aZum (4Ll,il'l - 6Zb, )],

    B, == -i--, ((6a'--£ )(f2 --, 3Z?2+LZ.;'i)- P.r (5hb,`-i2ha,b2+ 3ha,2)} ,...

     q=- -.Mh,o, c,=-.Mh h, (- 2hb), c, == iMh 6, (3hb,2-2ha),

                                    '
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  c3=izi/l.ys(- 4tilli-+6ahb, ), c, -= zMh h, (Jllell` -i2ha,b2+ 3ha,2),

  c, - =-.i,'4h, (- S,bi}7- + 29tt)::e,e v. I,/ef,2b..> ...

  The solution of Eq. (31) can be taken in the form of a power.series
X D,,(x-a)'t. Substituting this series in Eq. (31) and equating the coefficients for

et=o

each power of x to 2ero or S] q,(x-a)'t, the coef]ficients of the solution die of

            7Z=Othe homogeneous equation and these of the particular solution di, of Eq, (31)

can be determined.

  The complete solution ¢ converges within the domain of a, specially for

o ::O dio and ¢i are respectively denoted in the following form:

  di,==p(x+x2(-r}A,)+x3(--i;-A,--l}-B,+-g-Az)

    +x`(-iiltlAi-ilt}Bi+;zAoBo+gAoAi-StiA:)

    +xs(-S6A,-EtB,+2tA;+ilt6Bg+ilgA,A,+;tlA,B,+gdA,B,

    -S6A:A,-liltTA:B,+i-ltll6At)+x6(-8tA,-"tB,+SilA,A,+£6A,B,

    +-!A,A,+ZA,B,+1A,B,+2-B,B,--ILA.gA,-LLA,Ai
             60                          48                      36                 120         360     36
    -gtiA:Bi-l}iti6oAoB:-'llgAoAiBo+;21JA:Ai+iiJItXoAgBo-71tl6oA:)+･･･]

   + 2 (1 + x2 (- -l;Bo) + x3(- Lill- Bi + LIIi= AoBo)

                        '    + x`(- i-i2 B2 + t14 4oBi - St:7 4FBe + il2/ AiBo + Stlr B. g)

    +x5(-EtB3+iltAoB2+itA2Bo+4-loAiBi･+i:tlBoBi-ilioAgBi

   '- 6-lo AoB: - lt AoAiBa + ilt6 A:Bo) + x6(- citt B4 + liti A3Bo + i}t A2Bi

    +-1A,B,+lA,B,+-Z-B,B,+ELBz-lAgB,--LA,B,B,
     90                          80            ,･360 180         120                     360
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    --ILA,A,B,-ELA{B,--A,Bg--Bg-.---iLA,A,B,+LAgB,
                           720                  720                      720          90     40              120
    +iiitkio AZBg+ifttT A:AiBom-7-±o AtBo)+'''] (36)

  ¢i=x2(Ell-Co)+ic3(-Ii-(Ci-AoCo)]

    +x`(;t(C,-AiCo"-ll-AoCi-;BoCts+LllnA:C,)]

    +x5(di(q-A,q-tA,C,-iB,q-g.A,q-gB,C,

    +-l.;Agc,+r2-A,A,c,+-l;A,B,ch--i;Agc,))+･･･ (37)

  Integrating these with respect to x, the solution of Eq. (30) is obtained:

  p-p[-;.2+-l;.3(-r}A,)+-tx4(-gA,-.-l;B,+-gA:) '

     g(,i, i, ,i, k ,i,    +-x5 --A2ha-Bi+-mAoBo+"AoAi--A:)

    +kx6(･･･ )+tx'(･･･ )+･･･ ]

      [g(;)2(: g    Q x+-x3 --Bo +-x` --Bi+LA.eBo)

     g(112 214 214 112 214    +-x5 --B,+-AoB,--A:B,+-A.,Bo+-Bg)

   '    +g.G(... )+.-;x7(... )+". ]

    +[gx3(l}-c,)+-li-x`[-l;-(Ci-AoCo)]

    +-g-xs(ilti(q-A,c,--l;A,c,-SB,c,+SAzch)]

    +-l;-,x6(;t(･･･ )]+-l;-x'(-･･ ]+･･･ ]+R, (3s)

where R 2 and R are arbitraly constants.

  (b) Solution of Eq. (31) in the vicinity of a regular singular point

ay = oo

  In order to investigate the singularity of Eq. (31) in the range denoting
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                        'the latge valu6s ,of x, siubstituting the new variable x = ri-'in Eq. (31), the

differential equation for di with respect to 6 may be obtained as follows:

d2op +f2he2-be-4a1 dop
d62 (g(h62+be+a)Jcle

    +((6ahH4ttlpretL)E,:Ll,(2"bb6111.lll)e+(6"2-4f')ldi==.(he,"+Mbh6+.)z (39)

g:='LO, namely x=oo denotes a regular singular point of Eq. (39), so that the

regular sulution di can be obtained.

                   ddi
                      ,¢ and the right hand side of Eq. (39) can be   The coefllcients of
                    d6 '' ''''
expanded in a power series

     2hg2-be-4a ,..g-i£A.gn, (40)     8(h62+be+a) n-o

    (6ah-Uii/1-'-P.h)e2+(6ab-P.bnv)e+(6a2-t..r") co

                                             6-ZZB.e!', (41)
                                                7t==e

                                                        (42)

                 e2(h62+b6+a)Z , -
    a(hgi+ lbt4hs + .)R == ,ii.i, Cne"

   Ao=-4' Ai=Ll,t(3b)' A2=t'(6hLl3-.b;),'A5=t('tdh+3.b23

   A` = -l;(- 6.h2 +12.b22k- 3.b3`), As == :i(15.b,h2-15.b,3h+ 3.b,S),'''

   Be == Ll;(6a--£-), Bi=-iL, (-6ab+--b.E),

   Bh=t,(-6ah+6b2-÷t+gh-b.2.Pr),

                                            '                                   '   B,-=!h2bh--6.b3+ 2b.P.t me 2bph + b3ph,, . ,

        a2Y a cra cra cra                                       2/

   .B4:='t,(6h2-'"8£2h+6.b,`-k2.P----r22£r-3kZ4r+.32kk.P 2ge),..;

                         '                                   tt                                                   '                                             '   Co== iM. 62 ' C'=F't":.'um.M' hr'(ma 2.b))

   q==.'2'i(b'ir(3.b22-'t'.'hL)' C3== ZA.I(ff4.b3um3'6Z9)'

))
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  C` = -.A.4li2 (5.b4`lagltlfh3-b2+la{ZllZ2), Cs = nv.A.4h, (- {ISij;5+ 20.h,b3in 12.h,2b ),'''

  The solution of Eq. (39) can be taken in the form of a power series

62]i± D.6". Substituting this series in Eq. (39) and equating the coefficients of

 n=o
each power of 6 to zero,

    O == D,.A (R),

    O::=D,fl(2)+D,.f5(R+1),

    O=D,fi(R)+D,fl(1+1)+D,]2(2+2),
    O=Do.IZ(2)+Di.fi(2+1)+D,fl(R+2)+D,j`6(R+3),

By these equations the coefllcients of dio can be determined as follows:

    Di =:Do =fl(2) ,
        J(" (a + 1)

    D,=D, g2(2) ,
        .fa (2 + 1) ･.7tll (R + 2)

where

D,==D,v-. g3(2)- m.n,
    .ICS (2 + 1) ･jf5 (2 + 2) ･.7C8 (R + 3)

j`5(2)=:R(R'1)+AoR-I-Bo,

.fG(2+1)::"(2+1)2+Ao(2+1)+Bo,

.7{](2+2)=(2+2)(2+1)+Ae(2+2)+Be,

./rl (R) = A,Z + B,,

7Z(2) =A,R+B,,

.IZ (R) = A,2 + B,,

.ICI (R + 1) == A,(2 +･1) + B,,

/Z(R+1)=A,(2+1)+B,,
.IZ (2 + 1) == A3 (2 + 1) + B3,

g2(R)==f(2)･f(2+1)-fi(R)･A(2+1),

g,(2)=-g,(2)･./Z(2+2)+fZ(R+2)･A(R)･.f>(2+1)-fa(2+1)･f5(2+2)･.IZ(2),

g4<R)=-g3<R)･A(R+3)-g,(A)･A<R+2)･A(Z+3)'

I +f(R)･A(R+1)･A(2+3)･A(2+2)-Y(Z)･A(R+3)･A(a+2)･fi(R+1),

However, .7Ca(2)=R(2-1)+A,2+B, must equate to zero, so that two different
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Ri and 22 are determined as follQws:

    R, .. 1-Ao.:l Y(1=Ao)2-4Bo , (43)
            2,
                               '    2,.,.,1-Ae-il(.1-Ao)2-4Bo. . (44)

                               '  1) When 2i is not egual to 22 and the dij7Zrrence of both is not intager,

                        tt    dio = P (eAt ' .,,Ii6 iR7,(l IRi '1)) eRi"' ' [iz (2, rm.'/'n2J(uzi.mufa'i}(;trr, "t 6"i'2

      +%(2,+1)･Aft9)2),A(R,.3)6Ai+3+... ]

     +g(g2 + fi/l, S221)) 6R2"i + A(R, +¥i fk)(2, +2) eA2"2

      +fa(,2,+i)..fiiiilliRiil)2)..fE(2,+3)622'3+'･･ ],(4s)

where P and 2 are arbitrary constant.s,

  2) IWien Ri is equal to 23,

    di, =p (eAi + fi: i2i)) 62`"i+ A(2, +fi !ft)(2, +2) 6Ai'2

      'A(R,+1),fsftIRt)2),A(2,.3).ftRi+3+ ...,........,... ]

     +2[(eRi + fi{ S-2-i,-)) eAi+i+ A(,, .gi[})(,, .,) e2i"2

       +A(2,+1)･A{#,(2+')2)･fi(R,+3Si'3+ ''''''''''''''' ]log6

       + (eAi "' -/- i ( flt ¥S) ),=,,+ ERi'2 & ( f] (2un+umig'm)2'IA2)(R + 2) ),=,,

      +eRi'3oOR(f6(2+o.AZ3(:>2),A(2+3)),=,,+''' ]]' (46)

  3) When Ri-s==22 and then s is a Positi2ve intager and not 2ero,

    ¢, = P[eR,Z,=,D.(}'t],..,, + 2[6R2 log G.Zco=,[(2-22)D7t],..･,, 4?"

       +g2.£oo=,( d(2 -d:2) Det ),;, en]. (47)

                 2



                                                      e4+ .
                        A(2)･A(3)･A(4)

                                    , ,(48)
    By integrating di =di,+di, the complete solution for g with respect to x

can be obtained.

                                                        '                                        '                     '
    (c) Solution of Eq. (,31) in the vicinity of a regular singular point

        a,ora2 . ･ .                          '                                 tt              '
    Defining that the two roots of ax2+bx+h=O are respectively ai and a,,

Eq. (31) is represented as follows:

                                                tt
    ladi2+3(.nv2.a,x)(±.g.,)'d,,¢,+((.(g".M,)(ii'llm).,) (i..,)P･i-.,)2]di'

                    Mh ''          =- cr (x-oi)2 (x-a2)2 (49)
                                             '
    Tp obtain the regular solution of Eq, (49) in the vicinity of a singular

point x=-oi, expanding the coeMcients of dtlt
a; , ¢ and the right hand side of

Eq.(49)inaTaylor'sseries, , ,･ ･' .
            i
    3 2-a-X+b ==(x-a,)n':A.(x-ai)"
     (X-al)(X-a2) . n==o
     '::'=(rc-ai)ui(6".a,II+Ii.?b+(-l)".X=,8f!?'tr'b?-2'i(Jc-ai)'tl, (50)

         '

                                                            t
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    Substituting ¢:==8A : D.6" in Eq. (39) and equating the coeflicients of each
                   71=O

                                   '            7L=O
                                            tt
        R == 2,

        q== D,･A(2),

        Ci :=: De 'A (2) + Di 'A (3),

       C,=D6･A(2)+D,･A(3)+D,･A(4),

          :

    By these equations the particular solution ¢i can be easily obtained as

                                                    /
                                                  tt
    ¢,.. q e2+qA(2)-qf(2)e,'
        A(2) f6(2)･A(3) .
        +q{A(2)･A(3)-,f5(2)･A(3)}-C,,(.b.(2)･f(3)+C,･A(2)Jf](3) ...
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       6.ma Lpr ･,.
    L(:'v"'="'tt,')(cgUraiM(c-ul')2a(z]nva,)i-=(c-ai)-2,il.l,B.(x-a,)7t

      =(x-oi)r2(-(.lli'llr.,),+(-on",i{.ll,(6`i-r{})[::III:;))i,-.-,(n+i)-i21tL(.nv.,).),

                 . (51)                                                  '            .Ml,
    kecr(x-ai)2(x-a2)2--(Xmaai)-2.£.-oqt(X-o,)'Z , .
                                                 '        :=: (x-ai)22L4, Z:Ii ･ (-(.il"-"'ii)4,.+, i) (Jc-ff,)"] (s2)

    The regular solution in the vicinity of x==a, can be taken in the form

of a power series (x-ai)2 Z D,,(x-ai)'i, and converges for values of x such that

                     7L=O .i:-O-<101'021.
    Substituting this series in Eq. (49) and equating the coeflicients of each

power of (x-ai) to zero, by using the same notations and meth'od described

in the preceding article (b), the coethcients of ¢o can be determined as follows:

        D,=q -f(2) ,
               A(2+1)

        D,=D, g2(2) ,
               .f3 (R + 1) ･.fa (2 + 2)

                                                         '        D,=D, g3(2) , ,               .fa(2+1)･jFli(2+2)･.fG(R+3) .
           .
    However, .fS(2)=2(2-1)+A,2+Bo must equate to zero, so that two different

roots 2i and R2 are determined as follows: .

        2i=:pll-[1-Ao+V(1-Ao)2rm4Bo], ...,(53)

                               '        22 == -l';{1-Ao-f(1-Ao)2-4B-o ]. (54)

                                        '
    1) VVhen 2, is not eqztal to 2, and the cth1ff?i7ence of both is not .intager,

    di,=P((x-o,)2i+fi:Sil))(･TToi)Ai"i+A(R,+g12)(.2i)(z+2)(G/-ai)2i'2

        'A(2,+o･A7,(Ri)2),fa(2,;5')(x-af)ai"a+･･･. }
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    + 9((x-ai)R2+ fi2f, IRi)) (x-ai)Rt" + %(R, +k[Z)(2,+2) (x-oi)At'2

     +fb(2,+1).flZ3,(2+')2),.fz(2,+3)(x-ai)a2'3+･･` ], (ss)

                                         'where P and 2 are arbitrary constants.

  2) When 2, is egual to 22,

  ¢, = P((x-ai)2i + fi: S2il)y (xmffi)R!" + I7 r(';,+kSft)(R, +2) (x-ai)2"2

     +.f](z,+'i).flZ3,(2+')2).ycs(2,+3)(x-a,)Ai'3+... ]

    + 2 [I(x-ai)A' + fi2A, S2i)) (x-ffi)2''i + A(R, . k Sfttizi, .2) (x-oi)"''2

     +A(2,+1),rtZ3,(e)2).A(R,ig")-(X-ai)Ai'3+･･･ ]log(x-.,)

     + ((x-a,)ai"'-t/-2･( f(li2i) ),=,, +(xnvai)Ai'2 o02 (k2 +kf22 (2+2s),;,,

     +(x-ai)ai'3o02(fi(z+i).Ak(i)2).fs(2+3)),=,,+'-' ]]'(56)

   3) When 2,-s::::2 and then s is a positiz,e intager and not 2ero,

   dio=1[)[(JU-O1)A.Z.-eD'`(2;-O1)"]2=i,

                         '     +2[(a-a,)A21og(x-oi),X.,[(Z-R2)Dn},=,,(X-ai)" i

       +(X-ai)i2,,Z=,(d(R'dl2)D"),=,,(X-ff')'t]' (57)

   Substituting di =::(x-a,)aZ D.(x-6,)'t in Eq. (49) and equating the coe-

                 71 =Oflicients of each power of (x-ai) to (x-ai)h2 X C.(x-a,)", the particular solution

                         71=Odii can be easily obtained as follows:

   ¢,= co +qA(o)-gtA.rmmuco.u(.-.,)
      fi (o)           A (O) ･fi (1)

     . q{f(O)･A(1)-n(O)･fi(1)}-C,fi(O)･f(1)+qA(O)･1(1)
A (O) ･f5 (1) ･A (2)

×(X-ai)2+... (58)
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    By integrating ¢=¢,+di, the complete solution g with respect to x can
be obtained.

    The constants R 2 and R must be determined so that they satisfy the

conditions at the both ends. The necessary three end conditions are exactly

equal to those of the preceding article, namely;

        [so].=,=O, (59)
        ["Ei'li""(-ll-hxP)]...,==O, (6o)

        [2£ll2(rll-hx9)].=, ==O･' , (61)

    Substituting g in the above Eqs. (59), (60) and (61), and by solv!ng them,

P; 2 and R can be determined.

    As described before, the descriptions of the stress state of the above

mentioned I-beam can be derived from g as fol!ows;

        ewd=:Gblligg=P[(ax2+bx+h)+r]iilll, .. (62)

        £inb == - Mf £, (-ll- hxp)

            =-a(2ag+2(2ax+b)-,`inlip,-+(ax2+bx+h)l£IZ), (63)

        2b =-Mf£3,(th.g)

                  '
            =-cr(6aCdelip+3(2ac+b)2ili9+(ax2+bx+h)i:lq]. (64)

                              3 Examples

    As to the application of torsion problems, as shown in Fig. (3), consider

a riveted I-beam which is assembled with the same two flange p}ates 180×

10mm, four angles 80 × 80 × 10 mm and a web plate of 1 cm in thickness, with
a length of 400 cm in which the web height varies in accordance with us!'rx+50,

from 50cm at the twisted end to l30cm at the fixed end.

    Assuming that the twisting moment Mis is applied at the free end, at first

the values of R O.v and R may be calculated by using;

        'E::=2150tlcm2, G==830t!cm2, pt=::1,30.

    Accordingly, by using these constants, g, W}d, W)b and 2b have been
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laopt

 eetapt

          Fig. 3.

section, assume two different

a constant 50 cm and 130 cm

same as in the above mentioned

    Therefore, solving Eq.

[SD].=i == O , [
          ps -. M6 rsinhfex
        9          M kGc71,Lcoshkl

        £m, :-: -M, [-:gS,R k--7-i],

        swb- 21,Io [gti,k k,f],

        2, - ¥o [-:g:k-k,f],

where

        k- i i/2 -!ii- tt ･

    By using these, two sets of g, Mb, ew,i and 2b for the two I-beams with

a web height of 50cm and 130cm have been respectively shown by marking
with suflixes 3 and 4 in Figs. (4), (5), (6) and (7).

    It may be seen in Fig. (5) that W},I and 2IY}?, are larger than .Mh in the

approach of the twisted end, while in contrast, llJ}?t and £IJ)2 are always smaller

than Mh.

      calculated and presented with the sufllx 1 on

      the shoulder for convenience in Figs. (4), (5),

      (6) and (7).

          Next, for the riveted I-beam the height

      of the web plate varies in accordance with

      L.-l--x2+lx+so from so cm at the twisted

      4000 10
      end to 130cm at.the fixed end while the other

      dimensions are the same as in the above defined

      I-beam, The values of g, ewd, £EJ)b and Qb have

      been calculated and presented with, the suMx

      2 on the shoulder in Figs. (4), (5), (6) and (7).

          In order to compare the previous two
      riveted I-beams with I-beams of constant cross

   I-beams in which the height of the web plate is

    respectively while the other dimensions are the

      variable I-beams.

  (1) so as to satisfy the end conditions:

il2:]...,=o, [-tt--90,-].=,=o,

       ,Sgg,h ,kf +k(i-.)],
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    Though wt£ and onZ are always plus values, £ERi and ewZ vary from plus
values to minus values near the twisted end as shown in Fig. <6).

    9'b and 2Z belng respectively the gradient of £P}S and £ZJIZ must be varied

from plus near the fixed end to minus near the twisted end. Further this is

evident for the reason that 2t and 9Z should be varied from plus to minus so

as to satisfy Qbh.+£M,t=:A4h.

    2g and 2g are the gradients of ew: and Wt2, and must be satisfied by

2bh+Elltd=::A4h, so that they always indicate plus values as shown in Fig. (7),
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    In general, the difference of the stress state between the I-beam with variable

web height and that of constant web height may be suthciently infered by the

results shown in the above mentioned examples.
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