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On Torsion of I'lbeam with a Web of Variable Height

Fukuji HAMAYOSHI

Synopsis

Problems of the torsion of I-beam with constant cross section have been
analyzed.

In the present paper, the differential equation defining the torsion problem
for the I-beam so that the web height is tapered in accordance with a linear
or second order formula, has been introduced and solved.

As examples, two types of I-beams with the web height variation above
mentioned which are fixed at one end and twisted at the other are given. The
stress states of them were analyzed, and compared with the characteristics of
the I-beams of the constant cross section.

1 Differential Equation and Solution for Torsion of
I-beam in which Web Height is linearly variable

When an I-beam of constant cross section is fixed at one end and twisted
at the other free end, it may generally be assumed that the distortion of cross
section is restrained at the fixed end and free at the twisted end. The resultant
twisting moment M, of external forces might be resisted by the Saint-Venant’s
torsional rigidity and the horizontal flexural rigidity of flanges in any cross
section. For this condition the differential equation has been given by

nd d
EL % %% _GJ, P =—M,, 1
o dxt " dx ' (1)
where
EI, : flexural rigidity of a flange through L—L axis,
GJ,: torsional rigidity,
M,: resultant twisting moment of external forces,

h : distance between center of gravity of upper flange and that of lower
flange,

¢ @ angle of twist,

x : coordinate distance along I-beam from free end.

Now, when the height of web is tapered in accordance with a linear formula
and the origin of the coordinates is taken as shown in Fig. (1), X axis is
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a torsional axis and passes the center of shearing force; 4, and J, are denoted
by the expressions:

hy,=ax-+h, ' » (2)
Jd:%#;s@t,:_;. {laz+h)+2b,8)
L af £ op)
= pti(ax+h)+-2- 20,1, 3
3 l(ax 1) tf | (3)

where

p o coefficient in cross section of I-beam,
Si t;+ breadth, thickness of strip.

Provided a twisting moment M, is applied at the free end of the variable
I-beam, the twisting moment I}, produced with the torsional rigidity in any
cross section is

d — 1 3 3 d¢
GJ.oF =G-pflaz+h)B+2ba]

X
do
- +h)+rl e 4
pllaz+n)+1} 57 (4)
where
1 £
— Gt =1 .9p, .
=G £

The bending moment i, and shearing force (, applied to the horizontal
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direction in any cross section of the upper flange are respectively given by
& /1 '
" dx? < 2 ¢
a (-—— hy- > .
T dx?

The torsional moment Q. h, produced with the two opposite Q, applied
at the upper and lower flanges is expressed as follows :

and

&1 S dp)
—EL hy—— (= h,p) = — l@ , o
”df(z”") . d gt | (5)

where
1
= = Kl .
« 2 f

Hence, it may be assumed that the {ollowing equiribrium equation is satisfied
in any cross section:

Oy ot My = M, . (6)

By substituting M, and Q- &, into the equation (6), the differential equation
for ¢ can be written by

a(ax—l—hf% +3a-a(ax+h)%@;—ﬁ{(a:c+h)»|—r}%s —M, .

(7)
Then, by replacing new variables with
d
X=ax+h, @0=22, 8
ar+h, oY _ (8)
and arranging the constants, Eq. (7) can be transformed

a@ 3 do | 1 /pr Y\ 1) M,
P NS 5 e - @ e L. b
dX* X dX < / ]/ > o X

(9)
where 7 denotes y—1. ‘
The solution @, of the hornogeneous equatlon of Eq (9) is given as follows:

@y = X" P- Jo(wi-X Y4 Q- Y, (wi -X“f)] , (10)
where ’

P, Q: arbitrary constants,
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v 2/14-%,
0
w: 7]/7618;,

J, (wi-X“%),Yy(wi-Xﬁ%): Bessel functions of the first kind of order v
and the second kind of order v.
The particular solution @, of Eq. (9) can be introduced by the method of
variation of parameters, namely

XY, — M,

(DI:X”‘-JV-I | : dx
(XXX YV {X I ad’X
—x-. X, =M gy
(X IV XY —{X Y VX ) adX
= X [1| Yax—v. | Jax ] Mo (11)
aa
Therefore, the complete solution of Eq. (9) is given by
O =@, +0, ’
= X[ PL+QY,+J. | .MdX~Y,{JMdX], (12)
where
M=o
' aa’®
Integrating Eq. (12) to get ¢,
p=P{X"JdX+Q{X" YdX
+{x g {{v.Max}ax—{ x- v {[JMdX}dX+R,
(13)
when v is not an integer,
oo v+2m 1
— P S;n w‘LZ) . . +l E("+27'L? _“_2.—
v=L2 ( 9 Z) (az+h) v+ 2m
+Q 3 S (P Tt 2
sz=:o < 2 Z) (ax 2) —v+2m
© 2(m+mn)
+2M, % % 808 (2d) T Hazrn)™t L
mZ:"OnZﬂ < 2 z> (az-+h) m+n+1
><< 1 -1 >+R, (14)
—yv+2n+2 v+2m-+2
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where
R : arbitrary constant,
Sy (=1
" Tm+1) - T'im+v+1)
S;v: ('— l)n

Fn+1)-I'n—v+1)

213

The constants P, Q and R must be determined so as to satisfy the condition

at the ends.

It may be assumed that both the angle of twist and the slope of each

flange are zero at the fixed end and the bending moment 9}k,
each flange is zero at the twisted end, namely

[§0]z=z:0,

[ are)] =0

Accordingly,
p{x7ax]" "+ Q- [[x Yz]

al+h

applied at the

(15)

(16)

(17)

+[[xr g {[V.dx}ax—{ X v, {(rdx]ax] - MAR =0,

al+n al+h

p[r] +Q[¥]
+[ 2 {fv.ax} =, {Jrax}]" " a0,
PX A+ L] +Q (X Y+ Y]

(18)

(19)

+[{x g+ (Ydx—{x Y, +Y} [7aX]" M =0

follows :
the numerator of P

(20)

Solving the Eq. (18), (19) and (20), constants P, Q and R are given as

e ([} o ) T v

al+h

LT ) X (Y a6

(21)
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the numerator of Q

[Ju' {SY,,CZX—— Y, {SJ"dX}]lf“h[X_l'J,,-l-Jﬁ];h.Ml

L+h

x4} [ Yax— (XY, Y (Lax] (2] M, (22)
the numerator of R

({x=.0- [{Y.dx}ax—{ x7v, {{Jax}dX]

al+h

al+h

al+h

x{[xd+2]v] =[x v+Y] 4]

b M,
al+n

+[ 2 {[v, dX}—Y -'{nydX} ]

cllax] ot x| e

“1
+[{X g+ (Yax—{ Xy e v (dX
x[ I (X V.dx—v, (x7dx]"" L, - (23)

the denominators of P, Q and R
[ Jv ]I'll+/1,.[ X—l . Y;_*__ Y,’; ]IL_[ Y,, ](Ll+/b'[ XAI_JV_I_J’/‘ ]IL'. (24)

By the determination of constants P, Q and R, ¢ to satisfy the conditions
at the both ends may be obtained.

The descriptions of the stress state of the Ibeam can be derwed from
¢ as follows:

m,— GJ, ;ZSD :/a{(cwc+h)+r}%T | (25)
M, = — EI, a <_ hm¢> = —a {Za j;‘; + (ax+h) } -~ (26)
Q, = —EIf (w/ugo) = —q {3a~;7x£+(ax+h) } (27)

2 Differential Equation and Solutioh for Torsion of
I-beam in which Web Height varies in accordance
with a second order Formula

When the height of web is tapered in accordance with a second order
formula. h,==ax’+bx+h as shown in Fig. (2), by repeating the preceding argu-
ment in the same way, the differential equation corresponding to Eq. (7) may
be readily introduced.
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e
NN\ \\‘t AR \‘\ |

Fig. 2.
Namely,
GJd—@ = G__# {(ax +bx+h)+2b tz}
dx
= llaz*+ b+ 1)1} (28)

—ELh & < h, ;D>
= ——ahJESa——@ +3(2ax+b) =L d’p ? 1 (ax® +bx+h) =L
dx dz?

where

1 1
= EI,, =G ut}, ~——2b
@ 2 b B 3/1\1

l

Accordingly, by substituting these into Eq. (6), the differential equation for
¢ can be written by :

alax®+bx+ h)zégi +3a(ax’+bx+h) (2azx -+ b) “dig
dxa i . dxz

+{(6ac—B) (az®+ b -+ h)— g1} d‘” =M. (30)
Then, by putting % ] and arranging, the above equation can be
T .

transformed as follows:

(Cf) B,

P 3 2ax+b  do
ax*+bx+h (ax*+bx+h)

dx? ar*+bx+h dx

M,
alax®+bx+h)

(31)
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(a)

Assuming that the coefficients of»?,

Fukuji HAMAYOSHI

Solution of Eq. (31) in thc vicinity of an ordinary point x=0

@ and the right hand side of Eq.
x

(31) can be expanded in a Taylor’s series, x=¢ denotes any point in the complex

plane which is ordinary for all the coefficients of Eq. (3

and a domain of

1);

o can be constructed by taking all the points x in the plane, such that |z—g¢]|

<|e,~—0a|, where g, is the nearest to ¢ among all the singularities of all the
- coefficients.
2ax+b i
LY = ST A (x—a), 39
axr’+bx+h Eo (x—a) (32)
6@—‘& _ﬁl
a a B (e . (33
ax*+bx+h {ax* +bx+h) ~7§0 w(z—o)" )
—M ©
1] — Cn L\ , 34
alax* +bx+h) nZ::O (=) (34)
where for ¢ =0 specially
b 2a b 3ab b
A,=3"—, A, =3 2, A, =3(—224 )
h ( h /1"‘) ( h® + ]f)
a=3(—2 A - 3(5-’551’ =S B,
h? n ht h® n h
A= 3<gq_3_9a%2 6Lb‘__£>  A,=3 (_7aab+14a2b3__7ab5 ﬁ) e
h h ht h ht h AR X
= 1 [(6a—"L- ]__ﬁf_ B= 2 (6a—B\(—p)+ P . 20)
° ( a>l a hzl(a a>( ) o ni’
B! (60 f +ﬁ"ﬁ3ﬁ_ﬁ 2a3]
l< a>< “ h/ a( T h )]
B L {(oamB)(2b By 67 (B _bab),
' l a )( ) o < h h? >I
B f6a_ B _3ab, B (5 _12a*  3a )
l< )( R h ) ( ht h h? )J ’
C. — — M, :—M( 2b> _—Mo<3!) _E)
Coak ah? h ab* \ b2 R’
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— M, 46 | 6ab — M,/ 56" 12ab*, 3a°
Cy="o (20" 4 , C="2% — +00
ah’ < h h* > ah’ < h ht R )
C :.?Mo<__§§i+@£‘3_.1£€1212‘
? ah’ h® h h )’

The solution of Eq. (31) can be taken in the form of a power series

21D, (x—c)*. Substituting this series in Eq. (31) and equating the coefficients for
L]

n=

each power of x to zero or ), C,(z—o)", the coefficients of the solution @, of

n=0

the homogeneous equation and these of the particular solution @, of Eq. (31)
can be determined.

The complete solution @ converges within the domain of o, specially for
6=0 @, and @, are respectively denoted in the following form :

Q=0+, . (35)
1 1, 1,.1,
O, =Pleta(— 1A )+ (—La—Lp +La:
T ( 2 > * < 6 6 6 )
—m%*im+la+ima+imA—iAQ
27T 12 8 24

-m%—im—i&¥i£+iBHiAAﬁiA@+iA&
2077 20" 407 12070 15 24 30
mLMA—iAMAJAM%m%—l&—L&+iAAﬁiA£2
20 40 120 307 30" 24 0
+laa+ 7l AB+iaB+ Lt BB —Laa—1tan
36 360 60 120 36 48
~lap 1 oap—taaB+laa+ LAgBO_LA(g) .0
80 240 48 72 180 720 J

+Qﬁﬁm%_%&ym%—%&+%Aﬁo

+var(—L B+ L AB— LB+ AR+ L B)
12 24 24 12 24
(= LBt S ABoh CABoA L AB BB~ A,
20 60 20 40 30 120
—me—im&&+iﬂwgﬁﬁ~i&+iA@+i&a
60 24 120 30" 30 60

+raB+ Lt aB+- L BB+ L1 a1 apB
90 120 -~ 360 180 360 80
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—%A&&—lﬁﬂmiﬂﬁ%iiﬁ T AABA+ L A3

120 720 720 720
1¥BLF AﬂqB 1%39+~J (36)
2@ 720 f
_afd e f 1 ]
@1 — — Co + 1= Cl"‘Aoco
x(z )xl6( )|
1 1 1 1 \
+alLl(c—ac—Ltac—-Lpc+La
* U2< 2 2 2A“%%
+2° [ <C3'_A2Co __LAICI'—LB1CO —leCz—*l“Bucl
120 2 2 3 6
+imq+£Aﬁ@+i&aQ—imaﬁ+m (37)
6 - 6 3 6 J

Integrating these with respect to x, the solution of Eq. (30} is obtained :

o = P[ 2+ %x ( 1 Ao>+—1.x*<~%Al~%Bo+—é~A§>

4
+le%L&—LR+Lm&+i&A*lA®
5 1277 127 12 8 24
+%xe(... )+%x1(... ) e ]
1 1 1 1
=t — A *AoBo
+QP+3x< B) 4x<‘68+6 >
+lw%nl&+-mﬂ—~ﬁa+iA&+i&>
5 127 o 24 12 24
_{_%1_336(... )+~1~JC( YA e J
4+ 1= hco + = — Cz'—AoCO ]
[3x<2 > 176 )
+1f”(c Ac—iAc 1&Q+imqy
5 112 2 J
1 (1 ] L 1 ]
+ = il (A +__ P +R, 38
5" 120" T J (58)

where P, Q and R are arbitraly constants.

(b) Solution of Eq. (31) in the vicinity of a regular singular point
X = o

In order to investigate the singularity of Eq. (31) in the range denoting
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the large values of «z, Substituting the néw variable x:%in Eq. (31), the
differential equation for @ with respect to & may be obtained as follows:

d'0 [ 2h&—bE—4a) dD.
de l&(h$2+b$+a)l de
BT _ B\ e _Pb :_pa
<6ah a>i—|:<6ab a>$+<6a a>}q)_ﬁ M
o & (& +bE + af (h&+DE+a)

£=0, namely x=o0 denotes a regular singular point of Eq. (39), so that the
regular sulution @ can be obtained.

+

The coefficients of Cé%, ® and the right hand side of Eq. (39) can be
expanded in a power series

2he—bt—4a _ Aen o
E(h&*+bE+a) < Z & (40)

h B _ Bh 6ab— P - pa
(60,1 " )5+< >§+< a‘> :E—zigng?l, (41)

52(1152+b5+a) : 7=0
=M 5o | 42
alh&+bé+a)f n=o :
where A :
Aty A=), A= (o=, 4, —~(—9b_h .
a a a a\: a a
1 < 6 12b2@_ﬂ) A, __<15bh2 15!)3/1+ 3b5>
a a at &)’ a a at at /)’
1 B8 b8
Bo—‘ h— 6 = B - ba b+
y (60— E) Bim(~oae ),
B,= L. ( 6ah+6b'— ﬂ7+-@.}3~22@),
a a a aa
B,= L(lzbh_ﬁﬁ + 207 2bBh + b*p > ,
a a aa aa aa?
B L (e 80 6O 2T ST VY
a a a aa aa aa aa aa
0 = _‘]\240 s C :‘:‘l\zf_ﬂ< 26 > 5
ad aa a

G=Mh (3 _Zhy oo =M B By
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5 4 3

4 3 a a

a a at

_ =M, < 5b4_12hg+ghi> C— —M(,(_ 6b° | 20hb°_ 12k > .

aa® aa’ a

The solution of Eq. (39) can be taken in the form of a power series

&t i D,g*.  Substituting this series in Eq. (39) and equating the coefficients of
n=0

each power of £ to zero,

0 :Dofo(z) s

0 =D, ,(}+D.fi(2+1),

0= D, f;()+ D, fi(a+1)+ D, f,(2+2),

0= D.fo(A)+ D, f,(A+1)+ D, f,(2-+2)+ D, f,(2-+3),

By these equations the coefficients of @, can be determined as follows:

where

D, = D, —5H)
fia+1)

D,= D, 92()
fi(A+1)f(242)

Dy=D,—— g:(2) -
Fold+1)fo(A+2) fo(2+3)

E

3

Jold) = 4(2—1)+ A2+ B,,
SolA+1)=Q+ 12+ 40+ 1)+ B, ,
ﬁ(zﬂ.tZ) =QA+2)A+1)+A,(2+2)+B;,

fi)=Aa+B,,
f;('z):A?/{—I"Bz s
f:() = A+ B;,

f,(l-:Fl) =A,0+1)+B,,
f(A+1)=A,(a+1)+B,,
fa(H.—l) = A (2+1)+B;,

9:(A) =£1(A) /1 (2+1)—Lo(2) /o (2 +1),
9:(A) = — (A /12 +2) +fo(2+2)- /1 (A) /(A + 1) =/, (2+1) /o2 +2) /5(3),
9:(2) = —ga(A) fi(A+ 3)— g2 (A) [2(2+2) - fo(2+3)

Q) SLA+1) S 2+ 3) S +2)—fA) S+ 3) Sola+2) Sl 2+ 1),

However, fy(l)=21(1—1)+ A+ B, must equate to zero, so that two different
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2, and 1, are determined as follows:

7= 1= Ay +/(1=AF—14B,

. , (43)
. 1—Ao—/E—W—4‘E. (44)

1) When A is not equal to 2, and the difference of both is not integer,
@, = PIS’“ + —fi(4) ght g g:(4) ghte
U fila+) Sl +1)- A +2)

Gs(4) 43 gL, ]
M RS AT s W R |

fxz — 1 (4) 2, +1 92(22) 2,42
+Ql5 +fo(xz+1)$ +fo(zz+1)-fo(zz+2) s

s (4:)
ft‘)(/zz + 1) 'ﬁuz +2) ,fﬂ (22+3)

where P and Q are arbitrary constants.

Slz+3+

2) When 2 is equal to 2,,
:A { 2 ’_ﬁ (/21) 1, +1 gz(xl) 2 +2
e R T S TR A TS TR AT T
93(21) SR ‘
ol 1) Sola+2) fo(+3)° J
[ 22, —/1{A) 2+1 gz(zn) 2,+2
et L res e

+ ga(/?l)
ft;(/21+1)'f;(21+2)'ﬁ(/21+3)

1 2,“;@____ —f;@)_ _ 1,+zi gz(/?)
i lE 02 <f0(2+1) >l=: = (j;(,2+1)-fo(,2+2) >H,

EMtI L . } log e

nes O g:(3) 1
e az(f;(z+1)-ﬁ(z+2).ﬁ(z+3) >x=h+ J]' (46)

8) When A —s=2, and then s is a positive inieger and not zero,

o=Ple g D] +Q[enloge S {a-2D] - &

n=>0 n=s A=2,

e E() e ] -
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Substituting @=¢& 3, D,&"* in Eq. (39) and equating the coefficients of each

n=0

power of & to >, C.E",

n=0
2,
b o

‘ (2) 3
Dy £i(2)+ D £o(3)

Do * 2(2) +D1 'ﬁ(3)+ Dz '.ﬁ)(4) 5

il

Il

i

Q00>
I

By these equations the particular solution @, can: be easily obtained as

follows :
— Co 2 Czﬁ(Z)—Cgﬁ(Z) 3
0, =
e e
1 Gl A(2)-A(3)—/2) - /i 3)} — Cifl2) fi(3) + Gy £ 2)/4(3) Et o
ARVAGIIACY

(48)
By integrating @=0,-+®, the complete solution for ¢ with respect to =
can be obtained.

(c) Solution of Eq. (31) in the vicinity of a regular singular point
g, or 0,

Defining that the two roots of ax*+bx+h=0 are respectively ¢, and a,,

Eq. (31) is represented as follows:

det T o) r—ar) dz

a0 2ax+b d(b+{ (6“—%> _ %r
(

= M (49)

alx—ao,) (x—a,)

To obtain the regular solution of Eq. (49) in the vicinity of a singular

point x=g¢,, expanding the coefficients of —dz@—, @ and the right hand side of

dx
Eq. (49) in a Taylor’s series,

3 20Tth oy Y Az

(x—a,)(x—a,) . n=0
I6aal+3b (1) Z;GaaerBbi(x

| o0, n=1(g,— 0g)""? |’

= (x—a,)
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6a———ﬁ— B ’
T—a)z—a)  (@—aflz—af (w=0) "% Bufe—a.)
[ B 6¢z—fﬁ— (‘71““02)24‘(?1—{-1)&
:(Qf—ﬂl)le _((J‘I—i]'y+(_1)7"*l7§1< a>(01~02),,+2 « (x"‘(}'l)" ’
(51)
— a(x—aj\){zx_a ¥ :($~61)_27§)C7,(x~—01)" |
=) 2SI ] 52

The regular solution in the vicinity of x=¢, can be taken in the form

of a power series (x—a,)' ), D, (x—0,)", and converges for values of x such that
n=0 .
|lx—a,] <oy —0.) .
Substituting this series in Eq. (49) and equating the coefficients of each
power of (x—a,) to zero, by using the same notations and method described
in the preceding article (b), the coefficients of @, can be determined as follows :

D= p_ S

SERANAVERY
z:Do gz(z)

S(A+1)-f(2+2)

gs(2)

" AAFL) A +2) fo(a+3)

2

>

3:

However, f;(2)=a(1—1)-+ A2+ B, must equate to zero, so that two different
roots A, and A, are determined as follows:

4 :% {1—A,+/1—AJ—4B,}, _ (53)
b= {1—A—T=AF—1B,}. (54)

1) When 2 is not equal to 2, and the difference of both is not integer,

plmapa A @)
@, P\(x ) +ﬁ(x1“) (rc> ) +f9(11+1)-f;(2+2) (x 0)
ga“l) - (x__o.l)h“—}_... ]

+
Jold 1) fola+2) fo(4 +3) : |
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g Yok — fi(Z) o \2,#1 ge()\z) 3,42
+ Qo+ Al y) FT T e )y
_ gs(/zz) o et ]
T D At ) s T o (55)

where P and () are arbitrary constants.

2) When 2, is equal to 2,,

— ) _f;('zl)/__ ULV S ﬁ___*gzul) g )t
0= Plle—aft o e gy
+ 93(21) (x_gl)ll-f3_|_... l
ﬁ(21+1)'ﬁ(21+2)'ﬁ(21+3) j
I e\ _’"ﬂl_x)_ AN+t g:(4) N +2
+Q| fle—a) TRy T kg T
ga(/zl) ol Va3 L 1 —
T Atz At T j loglz—al

I —g X,-vaaﬁw —‘.fl (/Z) —a xmzi ' gz(/z) }
et <f0(/1+1) >M,+(x P <ﬁ,(z+1)-fo(z+2)>l=,
0

)t ga(z) l
+z=a) 2 (fg(z+1)-f;(z+2)-f;(z+3) >1=1‘+ J' (56)

8) When A—s=2a and then s is a positive integer and not zero,

@, = P{(x—al)‘n;’ D, (x—ol)“]

=2

+ fle—ap log (w0l 5 {1-2)D}_ (z—a

1=1,

+ (x___gl)izﬂz;o <idj&> : (x—ol)"} . (67)

Substituting @ =(x—a,)* Y, D,(x—a,)* in Eq. (49) and equating the coe-
n=0
fficients of each power of (x—ay) to (x—a,)* 2 C,(x—0,)", the particular solution

@, can be easily obtained as follows:

Co + Czﬁ( ) uf( )( 0-1>

J4(0) fo( )+ /o(1)
4+ G{/i00)/1(1)—/2(0)- /o (1)} = C.f5(0)-£1 (1) + C. /5(0) - £o(1)
Jo(0)-fo(1)-15(2)
X (2=, - . (58)

)=




On Torsion of I-beam with a Web of Variable Height 225

By integrating @=@,+®, the complete solution ¢ with respect to x can
be obtained.

The constants P, Q and R must be determined so that they satisfy the
conditions at the both ends. The necessary three end conditions are exactly
equal to those of the preceding article, namely;

lol-r =0, (59)
(5] o
ljdf;<% /ugo)lzo =0. : (61)

Substituting ¢ in the above Eqgs. (59), (60) and (61), and by solving them,
P, Q and R can be determined.

As described before, the descriptions of the stress state of the above
mentioned I-beam can be derived from ¢ as follows:

o do _ . dop
ea=GJ, 0 = pllaz*+ba+h) 47} 52, (62)
a1
=KL — (=h,
M fdﬁ( 2" gD)
= —q f2£Lgo-l-2(2aa:—Irb)iiw——l—(a:cz+b:z:-|—]1) d'p | , (63)
| dx dz* |

081 ()

= —a r6aéﬂ+3(2ax+b) d*p +(ax2+bx+h)@] . (64)
I dx ko dz* |
3 Examples

As to the application of torsion problems, as shown in Fig. (3), consider
a riveted I-beam which is assembled with the same two flange plates 180 x
10mm, four angles 80 x 80 x 10 mm and a web plate of 1 cm in thickness, with

a length of 400 cm in which the web height varies in accordance with %*x%- 50,

from 50 cm at the twisted end to 130 cm at the fixed end.
Assuming that the twisting moment M, is applied at the free end, at first
the values of P, Q and R may be calculated by using;

E=2150t/em®,  G=830t/em’, = 1.30.
Accordingly, by using these constants, ¢, %, M, and Q, have been



226 Fukuji HAMAYOSHI

calculated and presented with the suffix 1 on
the shoulder for convenience in Figs. (4), (5),
(6) and (7).

Next, for the riveted Ibeam the height

of the web plate varies in accordance with

,,1,,,,,,:,: +Lx+50 from 50 cm at the twisted

4000 10
end to 180 cm at the fixed end while the other
dimensions are the same as in the above defined
I-beam. The values of ¢, Mk,, Ik, and Q, have
been calculated and presented with, the suffix
2 on the shoulder in Figs. (4), (5), (6) and (7).
In order to compare the previous two
riveted I-beams with I-beams of constant cross
section, assume two different I-beams in which the height of the web plate is
a constant 50 cm and 130 cm respectively while the other dimensions are the
same as in the above mentioned variable I-beams.

180,

Ve [ 80mum

Fig. 3.

Therefore, solving Eq. (1) so as to satisfy the end conditions:

d d’p
wer =0, Ly =0, =0,
2 [a’xJ [d@}

M, sinh kxr  sinh %/
d — +k{l—
kGJ, [cosh kI cosh kl “ x):l ’

= —M, cosh kx _1}
e [ cosh %l

M, }iglhkx:l

~ kh | cosh &l

0, = M, Lcoshi/ex}

=

h | cosh &l

where

G J,
=y G2

By using these, two sets of ¢, Ik, M, and Q, for the two I-beams with
a web height of 50cm and 130 cm have been respectively shown by marking
with suffixes 3 and 4 in Figs. (4), (5), (6) and (7).

It may be seen in Fig. (5) that k) and k% are larger than M, in the
approach of the twisted end, while in contrast, &% and IR} are always smaller

than M,.
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Though it} and k; are always plus values, Ik} and M} vary from plus
values to minus values near the twisted end as shown in Fig. (6).

L and F being respectively the gradient of #R; and I} must be varied
from plus near the fixed end to minus near the twisted end. Further this is
evident for the reason that Q) and Qj should be varied from plus to minus so
as to satisfy Q,h,+M,=M,.

Q; and Q; are the gradients of #R) and #k;, and must be satisfied by
O, h+Mo=M,, so that they always indicate plus values as shown in Fig. (7).
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In general, the difference of the stress state between the I-beam with variable
web height and that of constant web height may be sufficiently infered by the
results shown in the above mentioned examples.

The author wishes to express his thanks to Prof. T. Sakai and Prof. T.
Kon for their assistance.



