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Summary

The Johnson backward-wave tube theory was modified to apply to fre-
quency pushing. Theoritical dependence upon space charge and circuit loss
was calculated. Good experimental confirmation was obtained with backward-
wave oscillators.

1. Introduction

The backward-wave oscillator has several usefull properties as well khown ;
it tunes fully electronically and rapidly over a wide band of frequencies; it
has an efficiency comparable to that of a reflex klystron; its frequency is
rather independent of load impedance; it can be designed to be unusually
stable in frequency.

Frequency pushing in O-type backward-wave oscillators is the variation
obtdined in the frequency of oscillator when an electron beam current is
changed, the voltage of slow wave circuit being kept on constant. Several
experimental results of frequency pushing appear in literature'™'”, but no
analyses have been given. It was assumed that this variation of frequency
was caused by the space charge of the electron beam current. This means

*  Received September 29, 1962.
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that the Pierce’ velocity parameter changes with the beam current, as the space
charge in the tube increases with increased beam cwrent. Now, a general
formula™~*® of frequency pushing in the O-type backward-wave oscillator can
be obtained after some modifications of Johnson’s theory®. This paper describes
an analysis depending upon both space charge and circuit loss, based on the
following assumptions ; the phase-velocity conditions are satisfied ; the value of
the interaction parameter C is small and the tube acts as a linear device.

2. The Variation of Frequency for Small Space Charge
Let # be the average electron velocity. We have then by definition

w=1v,(1+5C), ' N (1)
where .

v, = phase velocity of a backward-wave
b = Pierce’ velocity parameter

C = interaction parameter

When the electron beam current is increased and the voltage of slow wave
circuit being kept constant, from equation (1) the following was obtained

Upst (1 +05,Cop) = vy (1+0,Cy) (2)

A subscript st refers to a quantity when /=1, and a subscript 0 refers
to quantity when I>1,,. I,; is the value of beam current to start oscillation
and [ is the beam current operating value. Let f and f;, be the frequency for
the beam current operating value and the frequency when I=1,,, respectively.
If |f—ful €fs, it may be assumed. that the velocity parameter, &, is independent
of C in the case of small space charge
({QC<0.25) and circuit loss, L =0, as
shown in Fig. 1. This figure shows the

Z theoritical curves of b, vs QC at start
. by=/1aC oscillation, where QC and L are space
charge parameter and the distributed loss
“of the circuit, respectively. Here, it was
assumed that space charge parameter and
ol . . guide wavelength on circuit are not thg

o o om am i ‘function of frequency. This approximation

1230 Lz Civéult Joss

leads to an accuracy of the order C in the
theoritical value of frequency pushing.
Under these conditions the difference of

Fig. 1. Theoritical curves of by
vs QC at start oscillation
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phase velocities may be written as

—_—
w
~—

‘Upst—vpu : vz)stbst (Co'— Cst) 3
and the interaction parameter when [>1, can be given as
C'0 - Cst (I/]st)l/a' ’ ( 4 )

From equations (3) and (4) the variation of phase velocities for QC<0.25 and
L=0 is derived

vpst—vpo = vpstbstcsl [(I/Ist)l/a—l] ( 5 )

On the other hand, the phase velocity of backward-wave for frequency
close to f,, is approximated by the first two terms of a power-series expansion

about f,,

. 0v,
Uy (O hony, + l0—0) (52-) (6)

where w, = 2xf,,.
Remembering that

%_l’f_<
o =~ @ 1o

Up
v,

) : (7)

where v, is the group velocity of backward-wave. The equation (6) becomes

4

U = o (L 27 ) (o). (8)
From equations (5) and (8), it is calculated that
. bst . 1/3'
Wgi~— W = m[(]/lst) —1]
Csta)st
. bst 1/3
= L]
)
u |Vgse|
Cu 1
U -
_ 21 (CN)yb,, "
B (Tb + TC)St [(I/ISt) _1]
_ 2 (CN)ubs o

Using these calculations, the difference of frequency when I>1,, can easily
be obtained, '
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Ju—tfo= £<€17\{ )S{b“ (/L) —1] ~ (9)

hence
{ =length of active portion of beam and circuit
T, =llu, transit time of an electron beam down the length, /
T.=1[/}v,|, transit time of r.f. energy down the length, /
Te="T,+ T, ’
N = wl/2zu, number of guide wavelength on circuit

(CN)yuby, = value of parameter when I=1,, as shown in Fig. 2 and
Table 1.

(CN)st'bst ¥

.8
L6
L4
L2
Lo
2]

0.6

[} ] 1 ] 1.
0A 5 "oz5 os0 o7 ioo  IE
Qc ‘

Fig. 2. Conditions at start oscillation

TABLE 1 Theoritical (CN)ﬁ,-bs,

\L\{ 0 0.25 0.50 0.75 1.00 150
0 0.478L 0.5154 0.6117 0.8546 1.0182 1.3799
2 0.4873 0.5304 0.6466 0.8927 10642 14398
4 0.4974 0.5453 0.6841 0.9309 11145 15025
6 0.5074 0.5620 0.7238 0.9665 11698 15676
10 0.5290 0.5974 0.8034 10457 1.2828 17134
15 0.5574 0.6472 0.8969 11559 1.4192 1.8959
20 0.5881 0.7027 0.9865 1.2761 15564 2.0808
25 0.6204 07627 | 10755 1.3973 L7018 | 22772
30 0.6548 0.8270 1.1686 15221 1.8539 2.4758
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This is the formula of frequency pushing for small space charge (QC<0.25)
and L=0. Conditions at start of oscillation, (CN),0,, can easily be calculated
by results of Johnson®. (73,), can readily be obtained from dispersion curves
of slow wave circuit and operating conditions of oscillator, likewise.

3. The Variation of Frequency for Large Space- Charge

3. 1 Lossless Circuit

As for the case of large space charge (QC=0.75) and no loss (L==0), it
can be shown that in the evaluation of the charactristic of the oscillator, only
two waves are of importance. In this region, it can be given that b=+4QC.
(see Fig. 1) If |fo—Sful = Sfar, (QC), can be approximated by '

(QC) = (QC), (/)" (10}

Here subscripts have the same meaning of Section 2. Then the difference
of velocity parameter is given '

by—bs = 2 (QC)* [/ 1,)"—1] (11)
Next, from equation (1)

b= (u—uv,)lv,C

and hence
db w 1
dv, ~~ Cv: =~ Cv,
dv, . 1
S | a2

where the phase velocity, v,, is approximated by .

If the variation of frequency is very small, it can be assumed that the
parameters except & are independent of the frequency. In other words, the
tube parameters C, N and QC are not considered to be functions of frequency.
The only parameter considered to vary with the frequency is the phase velocity
parameter, b. The variation of & is determined by the dispersion charactristics
of the space harmonic. However, C and QC are functions of I, making the
frequency pushing term a function of I - In this manner the beam current
affects the frequency of the backward-wave oscillator. The approximation
which conditions C, N and QC to be independent of frequency leads to an
accuracy of the order C in the value of frequency pushing.

Expanding & about @, in power-series of (v,—wv,,) and approximating
by the first two terms, we obtain
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db>

b5 Bhyespes + 03— 0) (i (13)

Vg =V pst

From equations (12) and (13) the velocity parameter b, as I>1, is

bo_bst-:._m » (14)

CO‘U pst

Using equations (8), (11) and (14), it is calculated .that

2 (QCy
1 + [0 pse/Vgs |
Cowst

bys

=T (Toe
2z (CN), (/1)

(/1) *—1]

Wo— Wy =

(/1) —1]

From these calculations, the frequency pushing for large space charge and
zero loss can readily be obtained

(CN)stbst

T v L I (15)
Remembering that
(CN)o= (CN).. (I/L)" (16)
and
(CN)u=5-(QC) (17)

We can derive from equation (15) for frequency pushing as a function

of (CN),,
S do= 2 E e e — s

Theoritical values of (CN),, and b,, are given in Fig. 2 and Table 1.

3. 2 Loss in Circuit

With largd space charge (QC=0.75) and loss (L>0) two waves are of
importance in the characteristics of the oscillator. In this case the value of
b, is approximated by 44QC in the same manner of large space charge and
zero loss, as shown in Fig. 1. According to the dervation described in Section
3.1 the frequency pushing for QC=0.75 and L>0 is given by equation (15)
given above.
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4. The Variation of Frequency for Middle Space Charge

The formulas of frequency pushing that QC=<0.25 and QC=0.75 were
shown in equations (9) and (15), respectively. For middle space charge and
L=0, we will take the average between equations (9) and (15),

(CN)stbst [(I/I,gg)l/z—]‘] (19)

JamSo =" T,

The conditions at start oscillation are shown in Fig. 2 and Table 1.

I I/T,
/ 2 My 4 7 / *ts %
(2] T T 7 o T T T
\\\
oy
o
IS
50 - QC\\o o 50 - \\\ \\\\\ L:OGZ
G b N
= o ~ /o
lg % “i‘ \\ oD
- 0'7\5\ |- oS 3o
oo 9 z foor Qc=02 PN
(Tbdss=5x10 1, "% . =0 N
L.= 10 db —--@C=oa7s
150 1501 T) = 5x00 sec

Fig. 4. I/Isx vs 4f with L

as parameter

Fig. 3. /Iy vs 4f with QC
as parameter

Qe
o 025 050 o075 1.00 25 .50
(2] T T T ¥ T T
I/1y
/ 2 & % 50
o T T T
\\\:: i-’Ec)itj Ifx‘n?}?sec >
7 4
L8 RS /
X o5 RSN 05 A er
T~ Joo | -7
< -— Q=025 2}‘ - \} (Thedst = 5x16 sec
--- Qc=ays 07 L= /o db
Sol- C
L=v0db
$ol”
Fig. 5. I/L: vs 4f with (Tsc)se
Fig. 6. QC vs 4f with I/l as parameter

as parameter
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5. Further Considerations of Frequency Pushing

The variation of frequency considering both loss and space charge were
given by equations (9), (15) and (19). The conditions of start oscillation in
various of QC and L were shown in Fig. 2 and Table 1, using Johnson’s
paper®. From these results it is seen that in order to have as small a {re-
quency pushing as possible, the electron beam, the circuit loss and the space
charge should be made as small as possible, but the transit time should be
made as long as possible.

When (7}.),=5x10"*sec. and L=10 db, the theoritical curves of I/I,
vs the decrease of frequency, df, with QC as parameter are shown in Fig. 3.
For (To)se=5x10"*sec. and QC=0.25, 0.75, theoritical values of I/, vs Af
with L parameter are given in Fig. 4. In the case where L=10 db and
QC=0.25, 0.75, plots of 4f, the decrease of frequency, as a function of /I,
with parameter (73.),, are plotted in Fig. 5. In the region where L=10 db
and (7T%.),=5x10""sec. curves of 4f as a function of QC are presented in
TFig. 6. In this case the decrease of frequency where QC=0.25, 0.25<QC<
0.75, and QC=0.75, were calculated by equations (9), (19) and (15), respectively.

6. A Comparison of Theoritical and Experimental Values

The Formulas described above indicate that as a result of induced fre-
quency pushing higher beam currents at fixed slow wave circuit to cathode
voltage, produce a drop in oscillation frequency. This is in conflict with data
reported by Kompfner and Williams”, but in agreement with those reported
by Sullivan”, Johnson®, Chang”, Menke”, Beaver®, Pallul and Goldberger”,
Okamura®, Higuchi® and Kamihara'®.

Because the dimensions of tube were known in detail the comparison of
theoritical and experimental values was made with backward-wave oscillators
of Sullivan® and Okamura®. First, let us compare the theoritical values with
the experimental data of Sullivan’s oscillator®. Experimental values of fre-
quency pushing at 10000 Mc were shown in his paper. The circuit voltage
was 1150 v at that frequency. In the first place it was assumed that the
electron beam was spaced out at zero in. from the circuit and the thickness
of electron beam was 0.0118 in., which was equal to a gap of defining aper-
ture. From [,=0.62 ma, the theoritical value of starting current calculated
by him, an impedance parameter, K, and interaction parameter, C, are

K=1720; _ Q=238
C,=0.99%x10"?; (QC),, = 0.0235.
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The values of CN and b, presented below, were calculated from conditions
at start oscillation,

(CN),, = 0.3165
by, = 1.5197

where it was assumed that the loss in circuit was zero as seen in his paper.
Using values calculated

(T})s: = 3196 x 107 %sec; (7,):=1.988 x 107* sec,

the drop in frequency is calculated by the following equation

I/Ist
/ /-2 1.4 .6 1.8 20 22 24 26 28 30
0 T T 13 Y T T T 1] T T
@
LN
& N @
WO
WS
[0t N
\\\
\:\\\ €=0,0035in,t=001I8 in.
/5t NV NN
\‘\\‘\ g=000/3in t=00118 in.
20T \\ ;\ N g=0,‘t=o,o//8 in,
o SO
Z N \\ \\
25t \\\0 ~. \\\
~
w Flectron beam NN \\\
ot t \ S ~ S
3 \_‘ l ‘l' \\ @ \\ N

f A \8 \\\Q \\\\
35- ] N \\.

Slow wave civcuit AN
40- \\ \\
~ ~
~ ~
~
A5t g=0 t=0.017T7 im. >
§=0, t =0,0094 in. h
5ot g=o0, t =0.0059 in.

e ° Experimentai values

Fig. 7. Check of theory of frequency pushing by Sullivan’s
experimental data
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fumtim af =GP gy

= 90.05 [(I/L,)*—1] Me

Theoritical values calculated from this equation are plotted in Fig. 7 with
Sullivan’s experimental data. In the case where #=0.0118 in., ¢=0.0013,
0.0035, in. and in the case where g=0, £=0.0059, 0.0094, 0.0177, in., theo-
ritical values are also shown in the same figure, where ¢ is the thickness of
beam and ¢ is the gap width between the beam and the circuit. As seen from
Fig. 7 good experimental confirmation is obtained with Sullivan’s oscillator.

Secondly, let us compare the theoritical values with data of Okamura’s
tube®. This was a helix type backward-wave oscillator and frequency pushing
measured at 9000 Mc band was shown in his paper. Theoritical values of
frequency pushing were calculated from the following conditions ;

[ =79 in., length of active portion of beam and circuit
Jw=9750 Mc at V,=1500v
See = 9600 Mc at V, = 1400 v

which V), is a circuit-to-cathod voltage. These comparisons are presented in

0, e EXPeYimentai values
9900 }
7800 | P ,
o - Vh = I500 ¥
§$ 7700 1 \m
)
w9600 | @ ,
Vh = 1400"
9500 | o
@ ‘Q . P
9400 |
2300 4 2 i L L N

/ 2 3 4« &5 6 7

I ma
Fig. 8. Check of calculated values of frequency pushing
by Okamura’s experimental data
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Fig. 8. As seen from this figure, the correlation between theory and experi-
ment was in resonably accordance.

7. Conclusions

The frequency pushing depending upon space charge and cicuit loss were
calculated under the assumptions where the phase-velocity conditions are satis-
fied and the tube acts as alinear device. The dervation was based on the
usual backward-wave oscillator model of Johnson.

The general charactristic of frequency pushing could be summarized as
follows ;

1} In the region of small space charge and L=0,

_ (CN)yby s
Sumfo = ALy 1], (9)
2} In the region of middle space charge and L=0,
— — M 1/2
f:s-z .ﬁ)_ Z(Tbc)st [(I/Ist) _1]; (19)
3) In the region of large space charge and L=0,
CN Slei 1/2 1/3
S fo= S gy, (5

where values of (CN),b,, were shown in Fig. 2 and Table 1. Good experi-
mental confirmation was obtained with backward-wave oscillators.
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