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Summary

This paper presents an analysis of the traveling-wave parametric amplifier
in which the signal, the first upper and lower sidebands around the fundamen-
tal pump frequency and the second lower sideband around the second pump
harmonic are coupled together. The dervation of the equations was based on
the usual traveling-wave parametric amplifier model of Tien and Suhl. The
theoritical results are much closer to the measurements than were the results
of the work presented by previous workers.

1. Introduction

A great deal of attention currently is being given to increasing the band-
width capabilities of parametric amplifiers using ferromagnetic materials, junc-
tion diodes and space-charge waves by application of traveling-wave circuit
techniques. In many respects, this situation is reminiscent of the evolution of
broad band traveling-wave tubes {rom Klystron amplifiers employing resonant
cavities. The analyses'™® of the traveling-wave parametric amplifier were pre-
viously investigated using a model in which coupling between only the first
lower sideband and the signal was considered. However, the basic principles
of parametric operation generate many sidebands at different frequencies. T.
Makimoto® explains a brief effect of including multi-frequency coupling on the

Received September 29, 1962.



436 Ichiro SAKURABA

amplification.  J. S. Coock and W. H. Louisell” show the qualitative effect on the
performance. S. Saito® investigated numerical calculations of the effect of the
higher harmonic components on the amplification and noise figure of the
longitudinal-beam type of parametric amplifier after some modifications of Haus’
formula, but the result is restricted to the case where the signal approximately
equals the first lower sideband. - H. Sobol” presented an analysis of the longi-
tudinal-beam parametric amplifier in which coupling is allowed between the
signal, the lower and upper sidebands around the fundamental pump frequency,
but his calculations are for the degenerate case in which the signal equals the
lower sideband, and he did not analyse the noise figure. In the designing of
slow wave circuits or loaded transmission lines, it is important that the effect
of including higher idler components on the power gain and the noise fignre
be given by a general formula. Then it may be shown that deterioration of
the performance can easily be given after some modifications®*® of Tien’s
analysis,

2. Analysis

The analysis in which more idler frequencies are taken into account is
given under the following assumptions ;

1) The signal (w,) and all its higher harmonics (w,, ,---) are so small
that the small signal theory can be applied.

2) The pumping wave (@) with a propagation constant, 8, has a power
level substantially larger than that of the signal and its harmonics, and is so
small that the second order coupling between the signal and the pumping waves
can be neglected.

3) The signal (), the first lower sideband wave or idler (w,), the first
upper sideband wave (w,), and the second lower sideband wave (w,) are carried
by four propagating circuits. The relation of these frequencies is shown in

Ll L

0 W W W W W 2w

Fig. 1. Relation of pump, signal and idler frequencies.
The frequencies satisfy w=w,+w:, ©=ws—w;
and @ = 20—, .

4) Four waves are coupled through a distributed inductance
L(z,t) — L(z,i)ej(ut_i_LZl;,t)e*jmt — L [e]'(mt—ﬁz)_l_e—j(wi*ﬁz)] (1)

Here 3k denotes the complex conjugate, ¢ is time and =z is distance.
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A variable reacter such as the one shown in equation (1), may be obtained
by feeding a pumping wave to a nonlinear medium in such a way that the
equivalent permeability or dielectric of the medium varies with the intensity of
the pumping field. The medium may be a ferrite sample, an electron beam
or a series of junction diodes. The pumping wave may be supported by
a separate propagation structure or by one of the circuits which carry the o,
., w, and w, waves.

5} The phase and group velocities of all waves face the same direction.

6) The conditions on the phases are

o= =B B=Bth.  B=26-P,

where 8, £, B and B, are the phase constants of w,, w,, w, and w,, respectively.
7) The transmission loss is small and may be neglected.
8) After dividing the propagating circuit into small sections, each section
of the circuit is represented by a filter type network as shown in Fig. 2.

Fig. 2. An equivalent circuit of a traveling-wave parametric
circuit with higher idler frequencies. :

If the ¢ circuit has a series reactance jX,; and a shunt susceptance jB, the
phase constant and the charactristic impedance of the propagating circuit are,

B = (XiBi)]/27 Logy = (Xi/Bi)I/Z’ 1=1, 2, 3, 4. (2)

If Vien and Iy, are the voltage and current of the ¢ circuit, the differ-
ential equations for line are as follows ;

O Vit . d
a; r = —JXidie,ry — ot {L(z,n[lz(z,z) Ly, L(z,t)]}
ol )
a(z't) = — 7B Vie,n
0 Ve, . 0
’ a(z 2= "JXzIm,x) ot {L(z,z)[L(z,z) + Ia(z,t)+ I«i(z,t)]} (3)
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% = B, Vawrs
%ﬁ_ = — 7 Xslyen — % {L(z,n[luz,t) thent I“(””]}
ié(;i’ﬁ = —jB,Vie.n
_8% =i X Lo, — 7’967 {_L<z,z)[11<z,t> F o+ IS(Z”)]}
ifgzi = B Vi

Combination of the first equation with the second, the third with the fourth
and the fifth with the sixth yields

#l..s N w

_az(z > = '—XlBlll(z,t) +JBL 37 {L(z,t)[lz’(Z,t) + Ia(z,t) -+ L(z,t)]}

0L, .y 0 '

_az(z’*t)‘ = '_‘Xszlz(z,t) +]Bz ﬁ {L(z,t)[Il(z,l) =+ Is(z,t) + I4(z,t)]}

oI d | AR
# = —X.Bylyo,ry +jBS§Z lL(z,t)[Il(z,t) + L+ L(z,:)]J’

aZL 2, - a

37(2) = "“X4B4Z4(z,1) +]B4 ﬁ {L(z,t)[ll(z,t) + Iz(z,t) + Ia(z,z)]}

These are familiar equations except for the coupling terms. We shall
assume the coupling terms to be small, compared with the other terms in the
equations so that calculation can be made by the perturbation method. We
should point out that equation (4) is derived by assuming [, to be in the
form A exp jogt, if L, =A%, exp (—jwt) the sign of the coupling term
in equation (4) is reversed. In the following assumptions, let the conditions
on the phase constants and frequencies be

0,=0—0,, ;=0+0, 0 =20—0, (5)

B=B—PB, B=p+P, Pi=28—Pi. (6)
The complete solution of equation (4) must be the sum\of coupled pairs.
Here for simplification, we shall analyse the next pair only. Put
Liw oy = Ay 072509
Lo = Al e
Loty = Aqgyy 705859

U A% e — e
A(Z,t)_Ad(z)e Tl EE
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From the following lines of approach similar to those described in the text
of Tien and Suhl®, we obtain a set of equations

aAl z ; 1 wlBlL X
e g Aot Al
04 _ ;1 oBL X
5= Iz p Aetde | (7)
sy L @Bl
A
iy 1 eBL .
az — J 2 ‘84 2(z)

It can easily be shown that equation (7) satisfies the Manley-Rowe power
relationship, as shown in Appendix. Equation (7) may be reduced in the form

A, | L7 ( 0w, @0, 0,0, > 0" Ay

oz' * "4‘ ZoyZos + ZU2ZO4 — ZiZs, 0%*

L' wwwo,

+ ‘176— ZOIZDZZUSZOAi Al(Z) - O ( 8 )

For understanding the effect of higher harmonics, it is assumed that
ZmZos = ZOZZM = ZmZoz ( 9 )

where Z,, Zw, Zs and Z, are the characteristic impedances of ®,, ., w, and
w,, respectively. Thus equation (8) can be written as

84A1 Z 1 2 2 az141 Z
azf) + ng (372 ~372—1—2)872()
L .
+ 16 s (L—2") 2—n) nd, e, =0 (10)

where &’L*/ZyZ,=8, wJo=n, 0.5=n>0. Then the solution of equation (10)
is
A,@ = q,6"*" + @' 4 ¢, + d, "7 (11)

d can be determined from equation (12),

L(1—712) 2—n)n=0 (12)

4 1 .2 - 2
0+ —— (83" —3n+2) 5 + 16

4

In equation (11), a,, b, ¢, and d, are arbitrary constants. In dealing with
equation (12), let
d=x+jy (13)

From equation {11), we see that, if >0, the wave increases as it travels,
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L 0.6 [ —
- & Y
o /
oz % 21, X4
o |-
i x
“02 2, .7[3
S~ f#
-al/— -
ok » %zl ?z;'y‘f
az 23 o4 o5
= /w

Fig. 3. The a’s and g’s for waves versus the ratio .of
the signal frequency to the fundamental pump
frequency. Here the four waves vary with
distance as exp (—jB+&f)r where &=x+jy.

and if <0, the wave decreases as it travels, and g means the difference of
phase constant after coupling. Curves of § are shown in Fig. 3. Increasing
waves are found for 0.5=7>0.303. Maximum x occurs under the degenerated
case in which 2=0.5. This coinsides with the results by Saito® and Sohol®.
For n<0.303, it is noted that all the coupled waves are neither growing nor
attenuating.

Finally from equations (7) and (11) the following equations may be led

Il(z,t) — ej(mxtfﬁ,z) (aleﬁléuz_’_ble*ﬁléoz_,rCleﬁafuz_*_dle*ﬁaéoz)‘

Ly = €705 [ M@, e —b,e 040%) 4+ N (c,e0— d, e~ )]

L.y = €70 [ Mi(a,@" 8" — b e~ + Ny(c e’ " —d,e %)) (14)
Loy = ¢ 900 [M{a @8+ bie ) + Nicd -+ de)]
where
() e e (G b
Me (f-38) me s N-(—t)n
L wBL
1="3 g,
In the following case
Ly =ae™™ " Lin=ILes=1LHn=0. {16)

For 0.5=7>0.303, equation (14} becomes
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Lo,y = @7t 221D ——W[M cosh (9,6,2)— M, cosh (3} éoz):'
Iy = € iwt=pam0 WZ—W[MZM;* sinh (8,&,%) + My M,sinh (5;"50z)J
ML | L (17)
Lo = ej(wa:—g,zﬁno)M—*_‘.i]w— [1\421\1;* sinh (5,&,2) + M¥ M, sinh (Bi*faz):l
I:’zz = = e - ot — Bz~ B)a ]é\fMM {:00511( 1&02) —_ (“,OSh (6;‘502)/‘!
where
N, =M;F, N,=M, N,=DM; (18)

The amplitudes of Ly, ., I s, Lo and I%, , are plotted in Fig. 4, which
should be compared with coupling only between the signal and its lower

IA!(z)l .

!AZ(m[

Fig. 4. The amplitudes of the wy, ws, w3 and w; waves
plotted along the direction of propagation.

sideband. It is noted that these forms resemble amplitude-modulated increasing
waves and the amplitude of I, , is zero at 4,&2=0, r, 2r, -+
For »n<0.303, we have

Ly = e?ont=pen 2 pp M [N cos (4:62)— M, cos (yl.{-‘oz)}

Ip = e—j((uwﬂzz—o)ﬁj LMaM sin (y,&,2)— M,N, sin (ylfuz)] (19)
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L = ej(<u3z—ﬂ3z+a>N4]__£A7|jMaM sin (y:&.2) — M, N, sin (ye,&,z):!

Lo =€ j(m.z.-ﬁ‘z»a)Tv%[cos (y,&0%) — cos (ységz)]

4

3. Power Gain

It is assumed that a signal is applied at frequency w,. From equation (17)
it follows that the average power transmitted down the line exponentially
increases and that gains can be achieved. The power gain in decibels in
a length s is given by

gain (db) = 20 log (cosh x.&s) .

If the amplifier is long enough so that x,&s> 1, the gain can be expressed
approximately as

gain (db) = 8.68 x,£,s—6 db (20)

so that the maximum gain occurs when n=0.5. Here the second term, —6,
is a loss relating power associated with the growing wave to the total applied
signal. The power gain in various conditions described above is plotted in
Fig. 5. The curve (a) of Fig. 5 shows the gain when the signal, the idler,
the first upper sideband and the second lower sideband are coupled together.
For coupling only between the signal and the idler, the power gain is given

xXE&s
24}
: b
a 2.0'/'/——_‘
-l
(0 6}
+
‘;_:, r2 a
Y opt
a4t
o R 1 1 1
0.2 03 0.4 05
nN=w/w

Fig. 5. Power gain of a traveling-wave parametric amplifier
versus the ratio n=wi/o, a) w1, w2, w3 and w; waves
are coupled together; b) coupling only between
and w;. At n=0.5, the effect of including the multi-
frequency coupling is to reduce the gain to one half
the db value predicted by earlier works.
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by the curves (b) of Fig. 5, as shown by Tien®. From the calculations de-
scribed above, the effect of including the multi-frequency coupling is to reduce
the gain to one half the db value predicted in earlier analyses. These theoritical
analyses are much closer to the measurements than were the results of the

1=5)

earlier workers
4. Noise Figure

The primary advantage of parametric amplifiers is their extremely low
noise capabilities. A discussion of the noise figure of including the multi-
frequency coupling will now be presented.

It is assumed that the input is connected to a matched signal source at
T,=290°K at frequency w,. Further assume that at ®,, w; and w,, the input
ends are matched passive impedances at temperature 7, 7, and T, respectively,
and the output ends are matched to a load at temperature 7,. This is shown

3 Chanmel w, §7_
A ; 7/ /////////////////‘2 s
Coupling region
2 // Channel W, // 2’s
3 7 f 4 57'
73 4 % Channel w; 7K
= Wi L L 1A s
1 channel w, k3

Fig. 6. Schematic representation of four channels for noise
and signal in a traveling-wave parametric amplifier.
The input of ;,, ®z; ws and @, channels are in
matched impedances at respective temperature 74,
T3, T and T,, and the outputs of their channels are
terminated in matched impedances at temperature 7.

schematically in Fig. 6. The pumping wave, signal, idler, the first upper and
the second lower sidebands satisfy equations (5) and (6), so that the noise
inputs, k7.5, /eTzB, kET,B and kT.B of o, v, w, and w, circuits, respectively,
give a noise output

w

“RTB(G—1) + -2 kT B(G—1) + 2, T,B(G—1) (21)

Wy @; [N

RT\B +

at z=s5 of the circuit, where yés¥xnn, n=1,2,3, ). If y&s=nn, the
fourth term becomes zero. ‘
If a signal, Siuwy, is introduced at o, only, then from the definition of
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gain, Soswy =G Sinwy and equation (21), the noise figure, F, is

o, T, G-=1 o T, G—=1 o T, G—1 (20
w, 1: G+w3T1 G_*—auT1 G )

F=1+

If G»1, equation (22) becomeé

F=1+ w, T, * w1} + o, T,
When 7T,=T,=T,=1T,, the noise figure is

T, T, T, (23)

7 7 7
F=1+ 1—n + 14+ + 2—n (24)

Now, w,=w,, it is seen that the noise figure is 4.3 db, which is larger
than that of the coupling only between the signal and idler by 1.3 db. This
relation is shown in Fig. 7. The curve (a) of Fig. 7 gives the noise figure

R N S

Noise F?gure db

R \ .
az 03 o4 Xy
Nn==0/w

Fig. 7. Noise figure versus the ratio n=w/o, a) w1, ©1, W3
and w4 waves are coupled together; b) coupling only
between w; and w,. At n=0.5, the effect of higher
idler frequencies is to increase the noise figure to

4.3 db.

when four waves are coupled together. In the case of coupling only between
w, and w, the noise figure is shown by the curve (b) of Fig. 7, as given in
Tien®. From calculations described above, the effect of including the multi-
frequency is to increase the noise figure. This result agrees with the noise
figure of the longitudinal-beam type computed by Saito®, also.

5. Conclusions

An analysis in which the signal, the first upper sideband, the first lower
sideband and the second lower sideband were coupled together was presented.
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The calculations in this paper yielded the following interesting results :

1)

The deterioration of the performance, e.g. the amplification and the
noise figure, was given in a general form. The dervation of the
analysis was based on the usual model of traveling-wave parametric
amplifier given by Tien and Suhl.

The effect of including the multi-frequency was to reduce the gain to
one half the db value predicted by earlier analyses and to increase
the noise figure to 4.3 db.

The theoritical results were much closer to the measurements than
were the results of the earlier workers.
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Appendix

The Manley-Rowe relation under small signal and weak coupling conditions
are

o M+ w,
or
co 1 da} da >
"y E3 ki — _
2 moto <am de T g, dz=0 (A-1)

where a,, is the normal amplitude and dz is length. The relation between the
mode amplitude, a,, and A,., of equation (7) is

am = Az‘(z)'\/ZTi (A—Z)

Here Z,; is the characteristic impedance of w, wave. The signal (i=1),
the idler (i=2), the first upper sideband (i=3), and the second lower sideband

(i=4) correspond to m=0, m=-—1, m=+1 and m=—2, respectively. Then
equation (7) becomes
0 .1 wBL Ly A A
%(; _ __—]7 w ‘Bl 77 (afﬁ/Zea +a,«/Zoz)
01 wB . i __
agz e wJZL ,/ ZfZM (aZor +a* W7 ) (A-3)
a(ll . 1 (l)aBaL Zos

9z V2 Viz, %
adfz . i a)AB4L ZM %
oz =J 2 ,84 Zoa @

The equation (A-3) and its conjugate satisfy equation (A-1). Thus it was
shown that equation (7) satisfies the Manley-Rowe power relationship.
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