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Summary

In this paper the hysteresis phenomena and rising time of the oscillation
of the Esaki-diode oscillator were analyzed. Also these results were compared
with experimental results, from which it can be seen that both results coincide
very well. ‘ ‘

I. Introduction

It has been frequently observed that considerable hysteresis phenomena
are observed in the operation of the Esaki-diode oscillator. In this paper these
phenomena are explained to be the results of the shift of the bias voltage,
i.e. the origination of the auto-bias voltage, in the state of the oscillation.
This explanation coincides well with the experimental results.?

Next, in this paper the rising time of the oscillation of the Esaki-diode
oscillator was considered. From this consideration it can be seen that the
rising time is very short, which shows that the Esaki-diode oscillator is suitable
for pulsed oscillation.

II. The Circuit Equations

The circuit equations corresponding to the circuit of Fig. 1 are
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Fig. 1. The circuit of Esaki-diode oscillator.

d‘UD

in,—ifvs) = =) (la)
and
vp+ L din, +rip=F. (1b)
dt
Combining the equations (1a) and (1b), we get
d;"‘;; +—5{1+QZ—CZ%’)—} top 4 rifop) = E (2)
where
T = Wyl
wo = 1}yLC
Z=w,L={L|C
0= (wCr) = rYLJC
Now let
Up = Vpo+ Uy (3a)
and
i(vp) = i(Vpo+4) s (3b)

where v, is the bias voltage supplied to the Esaki-diode when L and C were
excluded from the circuit of Fig. 1, and v, is the component of voltage pro-
duced in the Esaki-diode only when the circuit of Fig. 1 oscillates. It must
be noticed that the d-c component is included in v,. We rewrite v, as
follows ; '

Va= Vg + U ’ (4)

where v, is the d~c component of v, and v is the alternating component of
Ug. U is called the auto-bias voltage generated in the oscillatory state.
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In the non-oscillatory state, v, is zero, and Eq. (2) can be written as
Vpo + 72 (vpe) = E . : , (5)

In the oscillatory state, we shall divide the current flowing in the Esaki-
diode into d-c and alternating components as follows ;

1{Vpe+0a) = i(v, +v) = 1, (v, + V) +ig{v, + V) (6)
where

Uy = Upo + Vo
i,(v,+v): alternating component . (7)
i,(v,+v): d-c component

By using Eq. (6) we can draw the d-c relation of Eq. (2) in the case of steady
state as

vy +1ig (v, +v) = K. o (8)

The rest of the relation of Eq. (2) can be rewritten as follows;

‘j;:: +‘v:ef<v,fz—7:;vo> )
where

e=1/Q

f<v’ _ccizj_ : u,) — _{ Qri(vs+v)+g(v; v) ZIZ} , (10)

polo; vo) = HQZ%

Now we assume that the current i(v) of the Esaki-diode can be approxi-
mated as

i(v) = Zi}hﬂ)"’. V (11)

By considering Egs. (5), (8), (9) and (11) we can investigate the oscillatory
characteristics of the circuit of Fig. 1.

III. The First Approximation”
Assuming that the alternating voltage v may be expressed as
V=acos¢ (12)
where a and ¢ are the functions of ¢ and by substituting Eq. (12) into Eg. (8),
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we get (see Appendix I

Vot 1 Zs: Z ]2](< )< 772> 275,08 a” =k . (13)

H=0m:=0

Especially in the case of a=0, i.e. the non-oscillatory state, we get from the
above equation

Upo +7r Z ]l_;ﬂ)ﬁ, - E . (14)

=0

This equation is identical with Eq. (5).

Now if we assume that the relationship between a and v, can be deter-
mined, then from Eq. (13) the source voltage E can be obtained in relation to
the values of a and v,. On the other hand, the relationship between £ and
vpo can be determined from Eq. (14). From these two results we can compare
v, with vp, with regards to the same value of E. The difference v,—vp, is
the auto-bias voltage in the oscillatory state.

Now from Egs. (10) and (12) the values of a and ¢ can be determined,
within the limitation of the first approximation, by the next equations (see
Appendix II);

da

= = €A, la) (15a)
and
‘;‘f —1+€B(a) : ’ v'(15b)
where
A(a) = —{F\(v)a+ F(v)a' + Fa’ (16 a)
Bya) = =7+ Adal] (16b)
F(v) = % n Qzé Khﬁvg‘"l> - ?{1 +QZg(w,) (16¢)
Fy{o) = iQZKZ3< Ywi™ (164
s _ _
Fy= - QZh, (16¢)

It must be noticed that the value g (v,) in the Eq. (16¢) is the conductance
di(v,)]dv, at the point of the operating voltage v, of the Esaki-diode.
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Fig. 2. Four typical curves which may be drawn from
the equation A4, (a)=0.

Now considering Eq. (15), it can be seen that the amplitude a is respec-
tively in a damping, growing or steady state corresponding to the negative,
positive or zero value of A,(a). Moreover there are three steady states which
are stable, half-stable and unstable. The function A,{a) can not take the plus
value in the region of a sufficiently large value of a from the nature of the
Esaki-diode, so that F, or A, must be positive. Noticing this fact, we can
classify the function A,{a) into four groups which are shown typically with
four curves in Fig. 2. The points at which the function A,(a) crosses with
the axis @ can be evaluated from the roots of A,{a)=0. These roots are

a=0 (17 a)
and

_ —FAyF—4ARF,
oF, '

3

(171)

The nature of stability in steady state can be investigated by determining the
sign of the function

—gz—%la(i) = {F1 (‘Uo) + 3F3(v0)a2 + 5F5(l4} (18)

for the real values of a in Egs. (17). The steady state is stable, half-stable or
unstable according to the minus, zero or plus value of Eq. (18) respectively.
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Now the origination of oscillation indicates the existence of, at least within
the limitation of the first approximation, some limit cycles in the phase plane
of Z(vp)-vp,. By noticing this fact and investigating the nature of the curves
shown in Fig. 2, we can classify the configuration of the trajectories in the
phase plane into four types as shown below :

I) There is no limit cycle but only one stable focal point at @=0, in
the phase plane. In this case the oscillation can not occur. This case corre-
sponds to curve 1 of A, (a)-a plane, in Fig. 2.

II) There are one stable focal point and one half-stable or outwardly
stable limit cycle. This case corresponds to curve 2, in Fig. 2.

III) There are one stable focal point and two limit cycles. One of these
two limit cycles is unstable and the other is stable and larger than the unstable
limit cycle. This case corresponds to curve 3, in Fig. 2.

IV) There are one unstable focal point and one stable limit cycle. This
case corresponds to curve 4, in Fig. 2.

In the first class, there is no real value of a satisfying Eq. (17b) so that
either of the next two conditions must be satisfied : '

I ('Um)

Fl 01
(va) > a

(19a)
or
Fylvy) =0,  F(va)=0. (19b)

Now the condition that the focal point is stable can be decided from Eq. (18)
by [dA.(a)/da],-,, which is

Filvg) =0 (20 a)
or by rewriting
1
ot < . ZOb
g (va) = 0z (20b)

Eq. (20b) shows that the focal point is stable only when the magnitude of the
negative conductance of the Esaki-diode at the operating point is not larger
than the resonant conductance of the passive circuit excluding the Esaki-diode.
It must be noticed that both conditions of Egs. (19) are satisfied by the con-
dition of Egq. (20h).

In the second class, there is only one positive dual-root a, satisfying Eq.
(17b), so that the condition

Fi(vs)

K ('Uoz) = —ZF—“— s Fa('voz) <0 (21)
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must be satisfied. The dual-root a, of this case is

a, = _ﬂ"‘ﬂ . (22)

2F,

It must be noticed that the condition (21) also satisfies the condition (20b).
In the third class, there are two positive roots satisfying Eq. (17bh) which

are
— —E(U03)—«/F§(U03)—4Fl (‘an)Fs
a, \/ oF (23 a)
and
a, = \/ ”‘F:s('voa)+JF;(;)103)“4F1(7)03)F5 , (23 b)

where a,<a,.
Now a, and a, must satisfly two inequalities

[M] = —{F (o) + 3F,(vs)at + 5Fiat} > 0 (24)
da |,
and
[_dé(_“)_} — —{F\(vw) + 3F: ()@} +5Fat} <0. (241)
da
From Egs. (23a, b) and (24a, b) the inequality
F3(‘Z)03)1/F§(‘Z}03)—4F1 (vea) 5 <0 (25)

can be deduced. Now it is seen that the inequality (24a) satisfies the ine-
quality (20b). By noticing this and the inequality (25) it can be concluded that
the condition

M > E ('an) >0> FS(v03) (26)

AF,
must be satisfied in this case. Only one stable limit cycle is the one corre-
sponding to a,.
In the last class, the focal point corresponding to'@=0 is unstable so that
the next inequality must be satisfied :

[_‘_Zilz—a(“l] = —Fy(vy)>0. (27)

Next there is one positive single-root satisfying Eq. (17b) which is
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a, = \/ _Fa(vm) +N/F§(‘U04)_4Fl (1)04)F5 . (28)
2F,
The root a, must satisfy the inequality
[MJ — — {F\(0)+3F, (v,) @i +5Fat} <0 (29)
da J,
The inequality (27) satisfies the inequality (29), so that the single condition is
Fx (7)04) <0 (30 a)
or
—glow) >+ (30D)

It is self-evident that the oscillation occurs in the circuit of Fig. 1 when
the condition (30b) is satisfied. But even when this condition can not be
satisfied, it is possible, as seen in class III), that the oscillation originates only
when the value of the initial condition of a is larger than @,. This phenomena
can be illustrated physically as follows: the oscillation originates when the
magnitude of the average negative conductance gla; v, of the Esaki-diode

. through one cycle of oscillation is
not smaller than the resénant con-
ductance 1/QZ of the circuit even if
the magnitude of the negative con-

ductance at the operating point,
g(v,), is smaller than 1/QZ.

The above conclusion becomes
more clear by analyzing the steady-
state amplitude and frequency of the
circuit shown in Fig. 1 as follows.

Fig. 3. [Equivalent circuit of Esaki-diode We will rewrite the circuit shown
oscillator shown in Fig. 1.

|
|
[
|
I
|
|
|

in Fig. 1 as the one shown in Fig. 3
by considering only the r—f component. The admittance 9,(jo) in Fig. 3 is

Yoljo) = go() +jb0(w)
r . L ]
= 4 ! C——M= 1,
Frlwlyf U 7+ (oly )
The admittance of the Esaki-diode ¢(a, ¢; vo) is conductive so far as the first
approximation is permitted. The relation between the r—f current ¢ and the
r—f voltage v can be shown by using gla, ¢; v,) as

(31)
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i=gla,¢; v v. (32)

It must be noticed that the conductance g(a, ¢; v,) is the function of the phase
¢ or normalized time 7. Now if we assume that the oscillation can occur
only when the next relation is satisfied between the conductance y,(jw) and
the average conductance g(a; v,) of g{a, ¢; v,) through one cycle of oscillation ;

gla; vo)+ya(jo) =0, (33)

or by rewriting

S o) — =0 34
glas v+ 7" +(wL) (342)
and
C——_—~L—- =0. (341b)
»*+(wl)

From Eq. (34b) the angular frequency can be: obtained as

1 Cr®
o=z V- ~ =

The above value coincides with the one obtained from Eq. (15b) within the
limitation of the first approximation.
Next using by Eq. (35), Eq. (34a) can be rewritten as follows;

gla; vo)+é=0. (36)

This is the relation deciding the r—f amplitude.
Now gla; v,) can be calculated as follows ;

27

gla; "00)2L i{acos¢; v,) cosPdd

ra J,
— _l_rﬂ }i‘_, hi(vo+a cos ) cos ¢
Ta o K=o
= ZS] Khpol '+ (ha + 4hsv,+ 1071;0?,) . iOL2 —+ ih,;a‘
&= 4 8
= glv)+—{Fv)a+Fat . (374)
QzZ

Eliminating ¢gla; v,) from Eq. (36) and Eq. (37a), we can obtain the same
condition obtained from A,(a)=0 (see Eq. (16 a)).
It is interesting to rewrite Eq. (37a) as
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2 2 '
~{gla; v)—g ()} = ——Q—7{F3(Uo)a +Fa'}. (371)
If
@< _—Fﬁ”") , (38)

then the right hand side of Eq. (37b) is positive, so that the magnitude of the
average negative conductance becomes larger than that of the negative con-
ductance in the operating point. Noticing this fact and Eq. (36), we can
conclude that the oscillations can originate even when the inequalities

~glas vl > o> —glo) (39)
are satisfied at the r—f amplitude a satisfying the inequality (38). The above
condition coincides with that of the hard oscillation shown in Eq. (26).
Now we will take the numerical examples :
hy, = 0.3216858856 x 10~* \
A, =0.7153101565 x 107"
h, = —0.9813351377 x 10°

(40 a)
hy = 0.5063747180 x 10"
h, = —0.1153375937 % 10°
hy = 0.9760796488 x 10" J
and
C=350pF., L=1,H, (401)

where h; ({=0~5) are the coefficients used in Eq. (11), and C and L are the
capacitance and the inductance shown in Fig. 1. The static current-voltage
characteristics approximated by Eq. (40a) is compared with the one measured,

m Fig. 4.
Now it is convenient to define the next function:
I Fi(w) )
o) = ——— 12 () —1— . 41
& () 07 \ () oF ) (41)
By rewriting Eq. (16¢), ¢g(v,) is
1 (or "
g('vo) = EZ— {2F1 ('Uo)_l} . ‘ (16 C )

For the above numerical example, &(v,) and ¢(v,) are shown in Fig. 5. The
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1(v) (may
2.2

1.8
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1.2

0.6 AN A

0.4

0.2

0 40 80 120 160 200 240 280 320 360
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Fig. 4. Comparison between the approximated v—¢ characteristic (B) and
the measured one (A), of Esaki-diode.
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Fig. 5. —¢& and —g plotted as a function of v,. Hatched regions show F,>0.
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regions satisfying the inequality
Fi(v,) <0,

or

—2h, ~«/Z§h§ —10h.h; << T 2h,+ \/éyzi —10Ah,
15 13

is shown at the same time in Fig. 5.
By using £(v,), gl{v,) and Fi(v,), the conditions (19a), (
(30a) are respectively rewritten as follows;

_5(”°)<$z’_

—g(vo)§é~, Fylv) =0,

—s(vo)=§1—2—, Fy(0) <0,

—s(vo)>—QiZ—>ﬂg(vo>, 0> Fi(v,)
and

—gtw)zsii?.

2

(42 a)

(42b)

19h), (21), (26) and

(19a")
(19 b))
(21")

(26')

(30 a’)

In Table 1 the above conditions are all collected and compared with the
number of curve in Fig. 2. We will show one example of using Fig. 5 and
Table 1 in the case of 1/QZ=2x10"*@. First draw the straight line parallel
to the horizontal axis corresponding to 2x107°#. Next compare this line
with values of —&(v,) and —g(v). By refering Table 1, the conclusion

TABLE 1.

Classified number I 11 IIT v A%
—e—1/(Q2) — 1 o o
~g-1/(Q7) P R N

F, / +, .0 - - / .
Curve number in Fig. 2 corre- 1 1 9 3 4

sponding to the above condition.
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shown in Table 2 can be dedcued.

TABLE 2.
ve (mV) classified No. state of oscillation
v =71 II no osc.
71 vy =219 A% _ free osc.
219 < vy < 264 v hard osc.
264 111 half stable osc.
264 < vy < 315 1 no osc.
vo = 315 11 no osc.

It is plausible to think that there is a hysteresis phenomena with regard
to the characteristics of the r—f amplitude @ versus the operating voltage v,
of the Esaki-diode as far as the hard oscillation is concerned. In the above
example, by increasing v, the oscillation disappears for v,=264 mV. Next for
decreasing v, from this value it is observed, however, that the oscillation does
not occur for v,>219mV and it occurs at v,=219 mV.

It is questionable, however, to believe that the above conclusion is right.
Because in the above conclusion, the fact that d-c current-voltage characteris-
tics of the Esaki-diode in the oscillatory state differs from the one in the static
state is neglected. This difference is shown in Fig. 6. The static characteristic
can be drawn by using Eq. (11) which is

5
i('Uo) =2 hxvd .
=0

Those in the oscillatory state can be drawn by considering Eq. (8) and Eq.
(13); namely d-c current i,(vo+v) is

g = ; & K m LO-m K —om
12 “]‘go mZ:OhK <7n> <771/2> 2 amvo a”, (43)

where the relation between the r—f amplitude a and the operating voltage wv,
can be obtained from Eq. (17b). From Fig. 6 the following interesting con-
clusions can be introduced: First, in the state of curve B the oscillation
disappears continuously with increasing w, at the point Q, where the curve B
meets with the curve A which shows the static characteristic. This fact means
that the hysteresis phenomena can not occur. But in the state of the curve C
the oscillation disappears discontinuously at point J, with increasing v, and
the operating point of the Esaki-diode jumps to point Q;. Next, for decreasing
v, from this value the operating point of the Esaki-diode follows the static
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Fig. 6. Some ig—v characteristics of a Esaki-diode; A: the static characteristic,
B~E: the characteristics in the oscillatory state (B: QZ=10082, r=
27570, C: QZ=1509, r=19.052, D: QZ=3000, r=9524@, E: QZ=
500 2, »=5.714 2)
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characteristic line A to the point R where it shifts on the curve C and the
oscillation occurs again. The same hysteresis phenomena appear in the case
of the curves D and E.

We must also consider the hysteresis phenomena with regard to the
characteristics of the r—f amplitude a versus the source voltage E instead of
the operating voltage v, of the Esaki-diode as shown above. We will plot the
characteristics of v, and vy, versus £ which can be obtained from Egs. (13)
and (14) respectively. These are shown in Fig. 7, Fig. 8, Fig. 9 and Fig. 10
for some cases of QZ and . For example, it can be seen from Fig. 8 that

¢

166 i
Vo 9vvo (mv) : QI
200 , ﬁk
” VM/K !
164 —@ ;
LT v,
180 | I — !
| !
162 ‘) \I
| I
160 ) —> 3 )
|
Voo 160 1
v, ! Vo |1
° |
140 )_é_éT..———
4 158 Se7.0  187.5  167.8  188.2
120
100
Yo
vDD
P
80
60
40 :
40 80 120 160 200 240 280 320 360

E (mV)

Fig. 7. v, and wvpo plotted as a function of E for the case
of QZ=100%2 and »=27.57 2.
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8o Z/
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|

&040 80 120 160

200

280
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320
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Fig. 8. v and vno plotted as a function of E for the case

of QZ=1502 and r=19.06 2.

3

60
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Vo 2%, (mV)
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260 |-

| : "
a0 — /

220 /

Voo

200

180

160 /

140

. 120

100

80

60

40
40 80 120 160 200 240 280 320 360
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Fig. 9. v and vpo plotted .as a function of £ for the case
of QZ=3002 and r=9524 2.
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Fig. 10. v, and vpo plotted as a function of E for the case
of QZ=50092 and »=5.714 8. e
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by increasing E the oscillation disappears discontinuously at the point Q where
" the operating voltage of the Esaki-diode jumps to the point (', and that for
decreasing E from this value, the operating voltage of the Esaki-diode follows
the wpeline and the oscillation can not occur till the point R. The difference
{(v,—vne) is the auto-bias voltage of the Esaki-diode in the oécillatory state.
This value is much smaller-in the case of Fig. 10 when compared with the
case of Fig. 8. In such cases, the operating voltage of the Esaki-diode might
accidentally jump from some point on the wp-line to another point on the
v,line by the external noise-voltage affecting the Esaki-diode directly. In this
case, the oscillation might occur unexpectedly.

It is interesting to note the case of Iig. 7, where there are two values
of v, corresponding to one value of E in the narrow range of it. In this case,
by increasing £ the oscillation disappears discontinuously at point Q, and. the
operating point of the Esaki-diode jumps to the point Q'. Next for decreasing
E from this value, the operating point follows the wpline, and the oscillation
occurs at point Q" so that the operating point jumps to the point Q. -

Finally we will plot the relations of the r—f amplitude @ versus v, and
the same value versus E in Fig. 11 and Fig. 12 respectively, which have been
also utilized in the above analysis. Fig. 13 is the comparison between the
experimental and theoretical values of the r—f amplitude a versus E in the case
of QZ=300R2 and r=9.524 Q. So far as the r—f amplitude is concerned, both
curves coincidé approximately in the region of the large value of E though

a (m?V)
240 |
QZ=1000
P
200 - /—500\
160 / 200 . \
/ : 3 ! \
' [ ) t 1
// L |wo ! B
e AT | : L
120 T T AN 1 ; i f
[ ' I \ I
/ o | | | ! | :
/ we |l ! | | v v v
80, L—"""1 i~ ! 1 W ] 1 :
o ! l | i o
Uia A : ' | \ 1 |
At ) | v 1 i I I
[N A ' \ i ! | ( :
| | | N i | 1
40 : ! f} ) h ! J | : !
[ L v ! 1 1 ! !
BN B | o
o (I ! : , : I
0 (RN | Ly | L ! I 4
60 80 100 120 140 160 180 200 220 240 260 280

y, (uV)

Fig. 11, The r-f amplitude a as a function of v, for many cases of QZ,
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80 " i I X v
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Fig., 12, The r—f amplitude a as a function of E
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they' do not coincide in the region of the small value of E which may be due
to the existence of the higher harmonics. So far as the hysteresis phenomena
are concerned, both curves coincide approximately, except for the region of
the small value of E where a slight hysteresis phenomena exists in the experi-
mental curve which can not be illustrated in the scope of the first approxi-
mation.

1V. The Second Approximation”

Tt is convenient to utilize the following analysis for obtaining the second-
approximated solution.
We put the first-approximated r—f voltage v of the Esaki-diode as

vV =acos¢

p=wltp.

The current flowing into the Esaki-diode by this voltage can be expanded into
Fourier series as
5

i=1(acosg; v) = 2 i.la; vo) cosng , - (44)

n=

where 7,(a; v,) are shown in Appendix III.
Now by the current component 7,(a; v,) cosng, the voltage

Yo p) Hinla; v,) cosng (45)

"is produced at both ends of #,({p) (p=d/dt) shown in Fig. 3.
Put

Ya(72) = |90(R)]D = g4(R) +7bo(2) (46)
where
190 (2)] = /gs(£2) +53(2) \
_ r
09 =Ty
_olc—__ L
o =ofc-——ot | o
cos¢p = — 1 9:(2)
Vg3 (2)+ b3(92)
L by(2)
7 NwrT) )

then Eq. (45) can be rewritten as
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y‘;l (]‘Q) Z’n (a 5 ‘Uo) CcOs 71¢)

= ﬁ%ﬁ%ﬁ - Ccos {nwt+ ngo—gb(nw)}"; (48)
so that the formula of v in the second approximation is X
v =acos ¢+ 7§1 o (Z;;c(z)(; ;Zg)(nw) -cos {n¢—¢ (na))} ‘
=acos¢p+4, (49)
where
_ L(a; v,

R g ne) + b nw) e {ﬂ(/J—ng(nm)} :

Generally Eq. (49) is utilizable only if "

in (a' 5 vﬂ)

£ a, 1. 50
Vgi(nw) + by(nw) «a " (50

The current 7 can be calculated more precisely by using Eq. (49), and can
be expanded into Fourier series as

7= 1(a cos ¢+ 4)
= i(acos¢)+4-1 (a cos )
i,(a) cos ng + I,(a)

-z
+ Zs_: {Im (@) cosng+ I,,(a) sin ng/;} , < (51)

where I,,(a) and I,,(a) are shows in Appendix IV.

Now if we consider that the fundamental component of the right hand
side of Eq. (51) is equal to the fundamental component of the current flowing
into the linear element ¥,(jw), then we have

—Yoljw)a cos (wt+ p) = —|y,(w)] @ cos {mt+ o+ (/S(g))} ,
= 1,(a) cos (ot + @)+ L. (a) cos (ot + ¢)
+ 1, (a) sin(wt+¢) ,
so that
~Jyol)] @ cos (o) = ifa) + L (@) (522)
and -
|Yo(w)| a sing(w) = I,(a), | | (52b)

where (see Appendix IV)
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1 1 dilfa) . |
1,,{a) 5 n;l o) I cos ¢ (nw) (53 a)
and "
L=y —L . 7@ G oima). - : (53b)
n%0,1 !yo(nw)l a ‘

From Egs. (52a, b) and Egs. (53a, b) the r—f amplitude 2 and the angular
frequency o can be calculated in the scope of the second approximation.

V. The Rising Time of the Oscillation
From Egs. (15a) and (164a),

da
= —¢eFdr. (54)
Fl('vo) a+ Fa('vo) aa+a5

Hereafter, we restrict the oscillatory condition to the case where only one
stable oscillation exists. This condition is (see Eq. (27))

Fy(v) <0. 9
Now put |
@ = )TV — AR [w) Fy (56a)
2F,
and
pr = Lalo tAFw) =B ) Fs -y (56 b)

2F, ’
Eq. (54) can be rewritten by using Eqs. (56a, b) as

da

S e = Eﬂdz‘ .
ala*—ai)(a*+ b3)

By integrating this equation,
a .
e = Grexp[— € Fi(vy)t], (57
(af-—waz)ml (bf + aZ)m2 p [ ( ) ] )

where C, is the integral constant, and m, and m, are

bi
m, = 2 2
2 (Cl4 + b4)

2

M, = %

2@
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Now let the r—f amplitude at =0 be a,, and this at t=7 be

a=yp(t)a,, = 1=Zy9()> D 7o« A (58)
a,

Then

C, = o : : 59
(ai _ag)ml (bi + az)m2 ‘ ( )

Eq. (57) can be rewritten by using Eq. (58) and (59) as

7 =C,exp[—€F7], (57')
(lim’ﬁl (1 _02)711,1 (bi + a?nf)mz
or
e=— L fin 1 i 2T g L) 200 ) e
—eFR L n 1—n; 1—(1—73)-2m, J

The first term of the right hand side in Eg..(57") shows the initial state in
the rising of the oscillation. This can also be obtained with the linear-appro-
ximated differential equation of the circuit shown in Fig. 1. The second term
of the right hand side in Eq. (57") shows the latter state in the rising of the
oscillation. This shows the saturated characteristics in the oscillation. The
last term of the right hand side in Eq. (57”) is a corrective term and is of
little importance.
Now we define the rising time 7, of the oscillat%on as

Ty = [T]y=0.9_[7]v=0.1 . (58)
Then by using Eq. (57"), =, is

Ty = —1 In9+m,In —g-)g—m2 In »1;03%) . (59)

L 19 1—1.98m,

By rewriting Eq. (59),

1. = tywod = I'(v,, QZ), (60)
where

I'w,, OQZ) = i[z.ww 1.65072, —m; In i?@’"_z} :

1 +g(v) 1—1.98m,
Q7
(61)

(Note that #, and m, are both functions of v, and QZ). The next relation
has been used in calculation of Eq. (60); '
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Fig. 14. I'(voy, QZ) plotted as a function of wv,.
e=1/Q, Q=rYL/C
0Z—=1/C, Z=JLIC, @ —1}JLC

Ts = Woly

Fivy) = _; {1+ QZg(v.)}

I'(v,, QZ) are plotted in Fig. 14 as a function of v, in some cases of QZ.
If QZ, Z and w, are determined, then three circuit elements L, C and r
can be decided. Assume that QZ and w, are decided. Then the larger Z is,
the shorter the rising time of the oscillation is. Next assume that Zr and w,
are decided. Then the larger the resonant impedance QZ is, the shorter the
rising time is. Lastly assume that QZ, Z and , are all decided. Then the

rising time is the shortest in the neighborhood of v,=120 mV.
We will take one numerical example :

L=1pH, C=350pFL., r=>571482
Vo =120 mV

w, = 5.35 x 10" rad/sec (f, = 8.5 MC)
Z=5358, QZ =500 8.

In this case, by referencing Fig. 14,
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Fig. 15. The initial state of oscillation of the Esaki-diode oscillator :
I'=1pH, C=350p.F. and =6 Q.

. ”%297) = 156 eyels (63)
From Eq. (63) it can be seen that the rising time of the Esaki-diode oscillator
is fairly short. The experimental results of the rising time using the same
circuit constants shown above is shown in Fig. 15. This photograph supports
the analysis which was conducted previously.

VI. Conclusion

The hysteresis phenomena of the Esaki-diode oscillator are observed experi-
mentaly in two regions of bias voltages, i.e. small bias voltages and large bias
voltages. The latter can be illustrated from the first approximated analysis of
the non-linear differential equation, the results of which adequately coincide
with the experimental results. But the former can not be illustrated within
the scope of the first approximation. However it may be illustrated from the
second approximation.

It can be seen from both the analysis and the experiments that the rising
time of the oscillation of the Esaki-diode oscillator is considerably short. This
result shows that the Esaki-diode oscillator is suitabled for pulsed oscillation.
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Appendix 1

5
i(ve+acosd)= 2 hel{vy+acosg)®
K=0

5 n K
= 3 > hpod™ cz’”( >cos””
m

=0 m=0

m—1—8,p

2251. i} 22: ]ZRU((]KWL)QWL(I{)

f (.L) "“(’”)cos (1m0 —2) &

K =0 ap=0 n=90 m l 2 71
m \ 0. )
+ <m/2> o [ K>m, m>2n (A 1)
where
f 0, z: odd :
53; = (A 2)
l 1, x: even A
so that

) : 3 Vo~ M) M K 5 -
ecracm = B (5) 1)

K=0m=0 m om
& . L < K (F-2) .2 i 2 IK (K1) 4 ,
= gt B a5 (k00 (A
and
. gy ’ K-1 3 & (K v—3) 3
[Zu ('Uo +acos (/))](:Os P = {1;::,[{]1](?8 “Na+ I]{Z:L( 3 )]],K'()g/ ‘a
+ %715615} cosp = Ci(a; vo) cos¢ . (A 4)
Appendix II"
flacos¢, —asing)= —Qri,(vi+acosd)+placosglasing .
(A5)
Now put:
CO(v) = ngo(v) dv, ' _ (A 6)

then
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_ (" di(v,+v) )
) J R e

=v+QZi(v,+v). (A7)
From Eq. (A7), @(acos¢} can be obtained as

@lacos¢g)=acos¢+ QZZSJ halve+acos ¢)

R
M= 1:-84p

:acos¢+QZZ§: i ; heo$E™
. TK=0m=0 m=0
BN\ m o m Bm]
a <m>l<7) <n>cos(m 2n)¢+<m/:2><ﬁf ) (A 8)

By partial differentiating @(a cos ¢) with respect to ¢,

90lacosg) (aa;os ¢ _ —asin ¢_Q,ZZS,: i i hpv§< ™.
. am<£§> (m—2n) <%) 7»—1(,):;) sin(m —2n)¢
_ 0D(acos¢) dlacosd) _ L
3acosq) 2 placosg) (—a ?lll- &) . (A9)

From this equation

M=1—0py
5 Fe

placosd)asing =asing+QZ Y, X, Zz] : h](vgzm,;),

=0 =0 n=0
m I< 1 m—1 /.. .
-a <m>(m —2n) <7> <’77;> sin(m—2n)¢ . (A 10)

The component of sin¢g of Eq. (A10) is

[go(a sin ¢)a sin ¢:|siud: = {a +QZC\{a; ‘vo)} sin¢
=S, (a; v,)sing, (A 11)
where
Sia; v)=a+QZC (a; v,)

By using the above equations, A,(a) and B, (a) of Eqs. (15a, b) can be cal-
culated as

27

Ala) = —?ﬂ-J Slacos¢, —asing)singdg

0
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j [go a sin¢)a sin g[)] -sin g do

:——%;Sda;vd

and
Bi{a)= —erf(a cos ¢, —a sin ¢) cos ¢gdy
21 Jo
= 2Q7r7a J:”-[ia(vo +a cos ¢)]cos¢l -cos ¢pdg
_ O Cila; v)).
2a

Egs. (A12a, b) are the same with Egs. (16a, b) respectively.

Appendix 111
From Eq. (A1),
<K

2 )]_LK,U(()]Pz)az
=0

Lola) = 2711(7)0]‘4‘—2
K= 2

85 (KYpygroat

8 =y

; — f (z=1) K o (E—8) 2
ia) = af 3 Khyol™+ £E<3)hhv0 a

+ hsa“1 s

f

_ 21_1_ > (K (Ir—2) K T ange
B(a)=a 12 ]§2<2>hﬁ + = < )/1 VS aj

_ s 1 (K (x—3) 2
ira) al4J§K )hz) 0 h5f,
. ___1_ b /K (](#4)
=L (K

and

isla) = 1 h.a®

(A12a)

(A 121)

(A 13a)

(A13h)
(A13¢)
(A134d)

(A13e)

(A 131
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Appendix IV

M:i’(acosgb)cossb: 2 M'COS”SI” (A 14a)
da o da
%M: i'(acos¢)-(—asing) = — Yini,(a) sinng.

(A 14 b)
By using Eq. (Al4a),

071.

J( "(a cos ¢) - cos pdip

:ai»—x

Z iufa) .irﬂi’ (a cosgb)-cosgb'COS{ﬂg/)—gb(?zw)}d‘ﬁ

1 Iyg (nw)] =© Jo

_ ¥ i,{a) 1 J“Z dizx(a)

cos Kg[;{cos n¢ cos ¢ (nw)
2=y (no)]  w

K0 a
—sinng sing (n(u)}dg/}
_ i(a) | di,la)
B Tylnal]  da
1 1 di (a)

:n§17- o] T -cos ¢ (nw), (A15a)

and by using Eq. (A14b),

- ¢os ¢ (nw)

I, {a) = —l—j 47 (a cos ¢) sin g dg

T

- L 2 b r"i’ (a cos ¢} sin g[){cos ng cos ¢(nw)
r o |ye(nw)|  Jo
—sin ¢ sing (nw)} dg
— Z 1 . 717:,,2L([l) -Sin¢(7zw) . (A 15b)
w1 |y, (nw)| a
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