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      Application of the Maximum Principle to a Continuous

                     Path Determination Problem

                   Ryoichi MluRA*, Takashi OHNO**

                      and Mamoru YAMAGUCHX***

                             1. Introduction

     Recently some technical methods based on the maximum principle have

 been developed. Most of them, however, seem to require a considerably
 extensive computer system to determine the initial conditions of the auxiliary

 vectors in comparison with the conventional PID controi method, and seem
 to lack in investigations on the relationship between the cost required for such

 a computer system and the benefit derived from this type of control system,

     To clarify these problematic points, it is necessary to investigate the

 problems: i,e. the operational time of the computer system, identification of

 the plant, non-linearity of control e!ements, disturbances to the control process,

 correction of errors resulting from component apparatus of the system, etc.

     The authors have developed a unique method by which the optima!

 control technique in the linear system by Pearson and Chaudhuri et ai.3,`) is

 applied to the general solution of the system derived by the Pontryagin's

 existence theorem and thereby the time (T) required for the condition of the

 plant to be changed optimally to the target value is obtained directly. That

 is, a method has been developed by which T is increased or decreased in

 accordance with the determination of error functiont as to its sign which

 varies with varying control process and thereby the optimal value is obtained,

 in an attempt to simplify the computer system involved. As a result, the

･optimal condition can be computed in a comparatively simple manner on

 a digital computer. Furthermore, it was found that an optimal control is

 possible, in principle, also with the analog techinque without necessarily

 resorting to the digital technique and with no ioss of generality.

     Then, as an example, the application of this control system to the sub-

 marine depth control problem was shown, together with investigations made

 to verify the validity. The following is a detailed report of this subject.

   * Faculty of Engineering, Hol<kaido University.

  ** Electronic Application Industry Division, Nippon Electric Co,, Ltd.

  *** Electronic Application Industry Division, Nippon Electric Co,, Ltd.
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                                     '

                  2. System description'and analysis

    The maximum principle was established basically by Pontryagin in 1956.

Since then many theories concerning this principle have been developed. In

practice, however, most of them require an extensive computer system to

determine the initial values of auxiliary variable vectors which determine

optimal values of the system and can not replace the PID control system ln

the general process control.

    The purpose of this paper is to present a method to obtain by the zero

method, initial conditions of auxiliary variable vectors which are encountered

in the application of the maximum principle to the general process control, to

eliminate the complexity of the computer system and to derive a procedure

for controlling with sequential correction of any deviation of the path which

may occur during control operation.

    The characteristic of the plant is assumed to be described by an n-th

order linear process variable vector as shown in Eq. (1).

         .        X=- AX+BU-f(x, u) t
or                                                               (1)
             n ?t        alt=:Zawxj+Zbijuj--A(X,U), i--1,2,･･･,?z
             j=-rl s'=1

    Now consider the case where the process changes between t=:=O and t= T.

Since the generality of the theory is not lost by taking X(T) at t=T at the

origin of the coordinates, let X(T)=O, and the cost function is generally

glven as

        J-- SXF(.X, U) dt (2)
Then, control U that makes J minimum can be obtained by controlling H
given by the following equation so that it is always maximum by the maxi-

             n

        H=-Z¢,n(X, U)-F(X, U) (3)             i-=o

          ･ OH
where ¢i=- oxi,i=i,2,3,･･･,n

Eq. (3) is rewritten in vector form as

        H-TTilf'(X, U)-F(X, U) (4)
The cost function J is given as
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        .T-Sg(X27iCX+RliUl12)dt ' (5)

where XTR:transposedmatrixofX
         C : constant matrix

        2 :constant
         llUli2-U3+Ul?+･･･+UIZ,

    Substituting Eq. (1) and Eq. (5) into Eq. (4) gives

       H- ZP'ive(AX+BU)-(XWeCX'+Rll Uli2) (6)
    The necessary condition for making H maximum with respect to U is
obtained by differentiating Eq. (6) by U and finding such U that satisfies

eH/OU=:O. Therefore, the optimal value of U, UO, should satisfy

        uo .., iB"iw' (7)
             21

On the other hand, from Eq. (4)

Denote initial conditions of X and W by X(O) and T(O) and Iet W(t) and R(t)

                             --be the fundamental matrixes of X===AX and er=-ATRT, respectively, then
the following relations hold true.

        .       ¢(t)==A¢(t), ¢(O)=-[1], X(t)=:=di(t)X(O) (9)
        .       R(t)--ATRR(t),R(O)-[1],W'(t)-:R(t)ZP'(O) (10)

       di-i(t)=Rl'n(t) (11)
    Denoting the solution of Eq. (1) by the fundamental matrixes (1) gives

       X(t) =-: di(t) (X(O)+Sg di-i(t) BUdt) (i2)

Under the optimal control, X(T)==O at t=:: T, hence the following equation

 . -di(T)x(o)==di(T)S,Tdi-i(t)Buo(t)dt (i3)

The scalar product of Eq, (13) and X(O)ZF7i(T) is given as

        -St(O)･X(O)-SfX(O)･di-i(t)BUO(t)dt , (14)

Substituting Eq. (7) and Eq. (11) into this gives

        -X(O)･X(O) :== S2 j,TX(O)･RTR(t) BBi7tLif(t) dt (ls)
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Substitute Eq. (7) into Eq. (1) and solve it simultaneous}y with Eq. (8), then

we have

       [i]-=[,A. Sz [iiE:'Rl[ii] ,,,,

Denote the fundamental matrix of this equation by V(t), and Eq. (17) holds

true

       [$E,`j]-= v(t)[ iliE,Oj] (i7)

where V(t) is represented by a matrix of 2nx2n. Denote each element of

V(t) by w,, and put V(t) as

       gllll=-=-Vw'1.'.j,,,T':'j"li,lleZliiig'i..,.,.., i,j'=i,2,3,,..,n) (i8)

and

       v(t)-[¥lii(,i),ll:(,i),] . .(,,)

then

       X(t)-va.(t) X(O)+ K,(t) T(O) (20)
       T(t) =- Vl,.(t) X(O)+ Vb,(t)W(O) (21)
Putting t-T in Eq. (20)

       Vce(T) ur(O) == - Vltre(T) X(O)
                                                        (22)
       LP' (O) - - VILbi(T) Vle.(T) X(O)

as X(T)=O, which shows the relation between T(O) and X(O).

    Substituting Eq. (21) into Eq. (15) gives Eq, (23).

       -X(O)･X(O) - 2iR S,TX(O)･RTR(t) BB77t(v,,(t) x(o)+ v,.(t) zlr(o)) dt

                                                        (23)

Now put R(t)==[r.] and Eq. (24) holds true.

                                                    '       -22j'l,(uj(o))2=S,T,#,xa(O)(tll,rcj(O),,iS.,v:Yjtl',r"tt/,bik'bmk

                     +tV.,sbj(O),tll,w?d'iidi'j,2.,riitt/,b,k･b,,,,)dt (24)

Therefore, putting
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        TvE'jX(T)-=S,T.#.,v9.Xjt?.,r.,Z"..,b,kb.,,dt ' 'i''.,. '' (2s)

                                      tt        'xv&e(T)-S,'.£.,v:Y,tt/,rlr,,Z"=,b,,b,,,,clt .,' ･,･(26)'

        [ve'w(T)]=I'IIIbi(T)Vlcx(T) (27)

gives Eq. (28) and Eq. (29). ･'
                                                 tt t                                                    '        -22tA (x,(o))2-: tl/,x,(o)(te.,x,(o) zvg･y(T)+ tl.I,di,(o) w:g(T)) (2s)

                      '                                      '                 n

        ¢j(O)--Z x.(O) wj.(T) (29)                2) --1

Since Eqs. (25) through (27) are determined, as the characteristic of the p}ant
is determined, substituting ' Eqs. (25) through (27) for the characteristic of the

plant is permitted. Thus, the initial conditions based on the maximum prin-

ciple can be obtained easily by obtaining T or Wj(O) at the time when the

solution ZEj(O) of Eq. (29) satisfies Eq. (28) as T is increased.

                                     tt t
             3. Application to the actual control system

    For the purpose of this article, a control system may be divided into

b!ocks as shown in Fig. 1. The problem considered here is that the coef-

ficient of Eq. (1) should be obtained from the signal given by the input of the

plant within the block marked Identification, and the system be controlied to

eliminate the difference between the output X(t) and the set value .Xi(O) when

the process of computing w:,"･(T), wY,di･(T), wtj(T) (where i,j'=1,2,3,･-･,n,

&(o) (-) xco)

(+)

ldentificatlon
tt

computer

s},stem

er(o) contro/

derv'ces

u(o)
clynamic's

  of
 p/ant

/(t)

Fig. 1. Block

      Note:

diagram of general control system

X(q)-X(t)-Xr(O)
 X(t) : out put vector

 Xi(t): in put vector
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T=O,At, 2At, ･･･,pat, ･･･,nat) is in effect. Since the generality of error X(O)

which occurs when the set value X}(O) is given is not lost if the end value

of X(e, X(T), is taken at the origin of the coordinates, it follows that

        X(O) ==-(Xl(O)-X(e) (30)
If X(O) is given as the input to the computer system, Tj(O) is obtained by

simultaneous solution of Eqs. (28) and (29), and by calculating it as the initial

condition for Eq. (16), the system is controlled to satisfy Eq. (7), then it is

the optimal cont'rol. However, the actual control is affected by indentification

of the plant, non-linearity of control elements, disturbances, etc. and it is very

difficult in many cases to carry out the control as computed. At this point,

the problem of path determination arises which carries out the correction of

initial condition X(O) sequentially. The block diagram of Fig. 1 illustrates

this method. The computer speed is increased to determine control U(O) by

the initial condition W(O) at the present time, and then similarly, by a new

initial condition at the next time. This will be described in the following.

  3.1. Determination of optimal time by error function

    If the optimal time Te is given in Eq. (29), it is immediately possible to

obtain T(O) from X(O). In general, however, the value of TO which must

satisfy Eq. (28) can not be obtained easily. Now, put arbitrary T in Eq. (23)

and denote the resulting difference between the right and left side (hereinafter

referred to as error function) by e(T). Let e(T) be

      E(T) - X(O) X(O)+ 212 S,TX(O)･lili7i(t) BBiV2(Vle.(t) X(o)+ Vl,,(t) Zif(o)) dt

                                                          ' (31)

then, e(T) is zero T=TO and e(T) must not be equai to zero for any T

meetingtherelation '

Because, if T=== Tl which satisfies Eq. (32) exists and e(71)==O, it means that

a control with a control interval shorter than TO is possible and this fact is

inconsistent with the optimal time 7'O. If, therefore, T is taken for the

abscissa and e(T) for the ordinate as shown in Fig. 2, e(T) intersects the

abscissa only at T==TO for any T which satisfies Eq. (32). Therefore, the

sign of e(T) is inverted between T=:=TO+At, that is, when T is changed

slightly in the positive direction from optimal time T==TO 'and T=:TO-At,

that is, when the change is in the negative direction. The sign of e(T) is

not inverted for O<T<TO as mentioned above. Thus, the following equation

holds true.
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         e(n

8(O+)

L

Te'

T

7

                  Fig. 2. Characteristics of error index E(T)

        sign [e(T)] -: -sign [e(TO+At)} (33)

Since Eq. (33) must hold true even if T approaches zero infinitely, it can be

put that

        sign{;l,lg}.E(T)]==-sign[e(TO+At)] ' (34)

On the other hand, the value of lim e(T) when T of e(T) approaches zero
                              T-O+
infinitely is obtained as follows. First, the procedure for obtaining of Te

from Eq. (31) will be shown. Give T-=71, and find T(O) from Eq. (22).

        T(O) -=-Vts,i(Z) Vle.(7}) X(O) (35)
Substitute this into Eq. (31).

     E(7'l,) :== X(o)･X(o)+ 212 j,TiX(O)･RZR(t) BBiVi(vb.(t) x(o)+ vL,,(t) w'(o)) dt

                                                             (36)

    Let T be increased by the relation 7'L=CZ-li+dt until e(71t)=O, then the

following relation holds true for e(At).

        e(At)!iE(O)+dtE(O)

increase or decrease T in accordance with the determination of e(T) as to
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            # x(o)･.x'(o)+lim i                         ,-, 22 6X(O)'RTR(6) BB'R (v;,,.(6) x(o)

     X -'Vl,,(6)Vtslhi(6)Vl.(6)X(O))+21ftAtX(O)･RTR(O)

              xBBTR(Vb.(O)X(O)-Vl,,(O)I7tsl6i(dt)7V],.(At)X(O)) (37)

In this equation, from the definition of fundamentai matrix,

        R"e(O):-[ll, Vb.(O)-[O], V),(O)-[1] (38)
Since the vaiue of Vts.(At) is the value at t==At given as the solution of Eq.

(16),

        Vxx(At) !i [1]+AAt (39)
The same applies to Vts.(6).

Since V)b'(dt) is the inverse matrix of Vlee(At) and 7Vtsdi(rit) is the solution of

Eq. (16),

        V!,e(At)iiat 1 BBzR

                   2R

Therefore,itcanbeputthat ･.

                 2R        Vtsbi (At) ii                    [BB77i]-i (40)                 At .                             '
Substituting Eqs. (38), (39) and (40) into Eq. (37), we have

        E(dt) == -X(O)-X(O)-AtX(O)･AX(O) (41)
If dt is se!ected sufllciently small in Eq. (41),

        e(At) == -x(o)･x(o) :so (42)
The equality holds true only when X(O)･X(O)=O. However, X(t) is initial!y

zero, and therefore, there is no need of control. Then,

        -signIe(TO+at)]-signI}!/I}.e(T)l-signIlim-,,e(At)l<O (43)

    From the result so far obtained, a method is conceived to seek the optimal

time TO of T, by which T is increased or decreased toward TO based on

a judgement

        e(T)<O: T-T+At

        E(T)>O:T-T-At ' (44)
        E(T)==O: T-TO

or an important relation is derived by which a servo mechanism which can
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positive or negative sign, if constructed,'will enable a continuous obtaining of

TO. Throughout the description given above, e(T) was assumed to intersect

abscissa T at T=TO as shown in Fig. 2. A special case is conceivable where

e(T) is tangential to abscissa T at T=TO. Under this, condition,

or

 l[TT:)'=Ag)<O a.".dd E,1((TTO,)'.=Ag).SOl (4s)

That is, since the condition of e'(T) that satisfies Eq. (44) is reciprocal to Eq.

(45), the fo}lowing relation must hold true when T' is taken in the vicinity

of TO.
                                                        '

That is, the conditions of Eq. (47) must be satisfied.

      X(O) Ri7t(T') BBiLR(Vb.(T') + Vb,(T') Vts1,}(T') V..(T')) X(O) > O (47)

The authors checked Eq. (47) for rnere Go'nfirmation in marking the judgement

on Eq. (44), but have no experience with a case reciprocal to Eq. (47), that

is, the problem of tangential (T), in control!ing many initial conditions of the

submarine mentioned later. This special case is of considerable interest to us.

In practice, however, it presents no significant trouble in the control because

scanning is made from T=O and such T=TO that makes e(T)=O is obtained.

  3.2. Computing procedure

    A linear plant has the characteristic given in the form of Eq. (1) in

general. When non-linear elements are involved, the plant is controllable by

the present method if Eq. (1) is given approximately as an equation of small

perturbation. When Eq. (1) is given, the vaiues of A and B are determined.

Thus, by solving,

            rrn(t)112(t)------7Al.(t) all-----------al.711(t)1'12(t)----11.(t)

         iZ ,ili,(),li)"'(t>'xll,.ili(,)=- i2)l"-:iKl(l.,ill. ,11i,,:,))1)'e:(`fS',i,)

                                                             (48)
for the initial conditions

         .?1i(O) 7'i.<O) 1--------O
           XXXxs-.(o)-L..-(:il = Iiii,.×11'

         7'ni(O)----------)'r,1'l:(O) O--------).1
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we can obtain rij(t), (t=O, rit, 2At, nAt).

   Next, rewrite Eq. (16) in the form of Eq. (49) and obtain vij by solving

             ?Yli.(t)..Vi2(t)"'--";IVhs(4

        ,d, I.)Jwij(t)l(. iil

             Wnl(t)' -'-'--- --'V7in(t)

            `'i/"tt)ei:.-,,],ZJi")i'` d/i'/J'}l.,-,'-,]:Ii`1i" Z";/({IY,t2,lt"- .;,.,"･tf`(`)

            ani-""--""- ann d.i- -(l,,. I Xx/ l
        = V,il(t)---"iV,ij･(t)----TJ,in(t)
            2,///,i.i.i,Ci?/7'--'/l{'I.l`;-'C6,Il,illi)iil"-i'i:.,`ililll .,i,･s,/fl/..1--)))X>b-.i,(,)

                                  . (49)
for the initial conditions

       [wi,(O)] - [ll

              1       [cle,]- [b,,][b,,]
             22

    Classify vaj(t) (t= O, "t, 2At, 3At, ･･･, nat) obtained from Eq. (49) as shown

by Eq. (18) and obtain v:･g(t), v;,e･(t), v;P,X･(t) and wgjdi(t). Using the result, calculate

wg,"･(T), wg･S(T) and zu.(T) from Eqs. (25), (26) and (27). The authors have

X(o).

Xr(o)

X2te)

Xjfel

X4tO)

nEx,･(o)w,er･JX(f)÷jE.,ebJl(o)wY･,{(T))
iXrito)

･L-'---------------"-n

: -ernro)

XI(e) W,(o)l

X2CO)

An?llJ･(o)===-xzp(o)･wJ･p(r)
ort2tO)I s

A'3co) W3{OJl

X4tO)
P'1 W4(O)[ E=--=O

iiXnfe) IIIIllVn(O)aEi

7'=T+zit,When8<O

'T=`T-At,whenE>O

T

Fig. 3. Computer system for optimal control

4r(o)
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applied the Runge-Kutta-Gill method and made the calculation of Eqs, (25)

through (27) by the trapezoidal rule, that is, l]f(x)cin=-ll-(.f6+.1(l)･ The

block Identification shown in Fig, 1 represents the process up to the obtaining

of zv. In Fig. 1, if a difference X(O) between the set value Xr(O) and output

X(t) occurs, it is sent to the computer where the optimal control U(O) corre-

sponding to X(O) is ca}culated. This biock is shown in detaii in Fig. 3.

Referring to the figure, when X(O) is given, a certain value of T is set and

in block A, ¢i(O) is calculated by Eq. (29) and the result is used in block B
to calculate s(T). The calculation is repeated by the relation T==T+at or

T=T-At depending on whether e(T)<O or e(T)>O until e(T)c:O, that is,
T=TO is obtained. Now, close the switching circuit S and send T(O) to the

next stage, then W(O) becomes the initial value of the initial variable vector

for X(O)iW(O) given in Fig. 3 is once held in Fig. 4.

                                                            U(o)
                                                      == :=>

                      Ll                     V;,(o) unco)
                     Fig. 4. Networlc of control devices

    If control uj is given by

                                                              '
        uj(O)- 21R t?.,b,,¢,(o) (so)
the optimal value of uj is obtained. The action of uj is fed.back to X(O)

through the characteristic of the plant and is given as input in Fig. 3, thus

completing a closed control loop. This means that a chance is given for

repeated correction of errors of the entire system including the computer

errors. On the other hand, a certain optimal value Tg is given by the

judgement on Eq. (44) and thereby an optimal control qj(T2) is given.
Thereafter, give 7- b:=:T?-At as the estimated value of the initial va!ue of

7b for the second time onward, and the operation .time becomes shortest.

Generally, it is possibie to !imit the number of repetitions of calculation of

Eqs. (28) and (29) to zero or 1 so that practically no repeated calculation is

needed, by using

        T.-:TB"i-At, (p-1,2,･･･,n) (51)
for the initial value of Tlo.

'ai(e) u,(o)

p(cl qeT.(o)

'hold

circuits
ur3(O) uj(o)=

"ttl.ibijop7ico)
UitO)

U3CO)

U4tO)V4(O)

i i
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          4. Application to the 4th order line'a'r m6del for

                 submarine pitching motion control '

    It is already well known that the pitching motion of the submarine can

be represented by the 4th order !inear equations9). To be noted is that the

equations of motions of the submarine have coethcients which are a function

of ship speed and so vary frequently. When a digital computer is introduced

in the control system, Eqs. (25) through (27) can be calculated easily and no

problem arises in the caiculation of these equations necessitated by any change

of data given by the Identification. In the case of analog control, however,

it is difficult to change the values of Eqs. (25) through (27) as described later

and this may make the control impossible when the characteristic of the plant

changes largely. In the case of the submarine, it may be assumed fixed as

a result of normalization of the motion9), and generally the following expres-

sion may be used.

        fl,8-'.A,2/r.'.llis･/r.'.A,s･0-''.£Ee..==.12iP.e -.A,pzP,ef l (s2)

where 0:pitchingangleindegree
         h: depth in meter
        P..: angle of stern plane in degree

        P,f: angie of bow plane in degree

Now put

        x=h, x2=h, x3=e, x4==el
        ui=Pea, u2==P.f ( (53)
then the following relations hold true.

        "ii=-t(2:'2S:)･ "3i=t(::'S;2:)

        ai3=-t(2f-2:::)･a33=-t(S:-2;2f) (s4)

        "i4=-t(1:'2?::)･ "34=t(::'2t2:)

        bi!-t(2:-2S:)･ b3i-t(Si-2i2:)

                                                             (55)
        b,,-=-t(2i+A.3,B.7,), b,,-t(BB7,+B.,iAi)
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where A:=
(i-liltABi)

Take for example a 1,OOO ton class submarine to show values of A and B in

the foilowing.

              -O.03739 O -O.02431 -O.OO1671

                1.0OO O
                        o               O.1361                           -O.1113                                      -OO02615

                  OOO 10
             ODO03664 -O.OO03043

                 oo        B=o.oo2267 o.ooio67 (57)
                 oo
R(t) shown in Eq. (10) is the fundamental matrix of the equation expressed as

        ZP'(t)--ATZP'(4, (58)
where T:transposedmatrixofA
Now let Wi(O), T,(O), T,(O) and Zlr,(O) be

                O1                                          oo        T,(O)-- ,T,(O)- ,T,(O)- ,T,(0)-                                                             (59)

                OO1                                                       o

then, [rii] (i=1,2,3,4) is the solution of Eq. (58) for the initial condition

taken as W'i(O), Generally, [r,j] (i=1,2,3,4) is the solution of Eq. (41) for

the initial condition as ZP' ,(O) (Ur',(O)-1 if 7'-i, ll"j(O)-O if 7' )Fi). For [vij],

the solution can be obtained similar!y from the eight initial conditions and

Eq. (16). Fig. 6 shows the difference between the conventional automatic

steering and the steering on the maximum principle presented when the ship

is to change its depth 5m in a horizontal travelling conditions. The bontrol

conditions are as follows.

(I) Automatic steering

    In Eq. (52), let the relation between P,. and P,f be

    Assume a feedback to be represented by
                                                            '
                         .        Pea=-kee+khh-kti0 (60)
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    Then, for various values of elements k,, k. and ksi of this feedback, the

root locus for the control system is as shown in Fig. 5. If the values of ko,

k. and kci are selected to correspond to the dot, that is, ke=2, kh==1 and

kci==5, then the result of control of this system is as shown by the dotted

(2) Steering on the maximum principle

    The solid line in Fig. 6 shows the result of control obtained, by the

calculating method shown in Fig. 3 and Fig. 4 for such data as [C] =[1],

R==:1 and At=2.0s in Fig. 6. Since the vaiue of Llr(O) calculated for X(O) in

Fig. 3 is once held before being supplied as U(O) in Fig. 4, the steering

shovirn in Fig. 7 takes a stepped form, and the path shown in Fig. 6 is an

approximate solution of the optimal path.

          B.7a Or l3qf in doptees

30

20

IO

o

-io

 Pef

Klea

o 20 40 60 se ioo  t
in sen

    In
Eq. (5)

    (1)

    (2)

           Fig. 7. Values of stem plane and bow plane

5. Extension of the scope, and control mode discussions

the application of the maximum principle to the general process

may be construed as follows.

 Normai controi di-Sg(t4.,x3(t)+t9.,u;･(t))dt

 Minimum deviation control G=S,Tj*,x3(t)dt

control,
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    (3)Minimumucontrol G=Sgt?.,u3(t)dt

    (4)Shortesttimecontrol di･=Sgclt

    The normal control and the minimum u control can be determined
uniquely by the method described in 3, whereas the minimum deviation control

and the shortest time control can not be determined simply because of the

restriction imposed in the derivation of Eq. (7). If such a control in which

2 in Eq. (5) approaches zero as near as possible, is called the minimum devia-

tion control, a considerably precise approximation of it can be obtained by the

path correction method described in Fig, 3. The minimum deviation control

in the strict sense shows up as a fluttering control, whi}e the minimum devia-

tion control modified as defined above to have 2 which is selected very small

allows the restriction on u to be alleviated so that calculated value of u is

h (m)
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accordingly large and a saturation may be considered for it. Thus, the

difference between the calculated value of u･'and the saturated value u... can

be corrected by the path correction to a consideral[)ly presice approximation.

As an application of this concept to the submarine. Fig. 8 shows the result

of control for the data ･
        uC,.=..[//O:,k..iEs960dOeigrees l (6')

when the submarine changes its depth 5 m.

    This figure indicates that the control speed is consideral)ly faster than the

path of Fig. 6 shown by the dotted Iine and that each control becomes
satuated. The minimum u control corresponds to C=[O] in Eq. (5) and the

control method equivalent to the normal steering may be used for this control.

Fig. 9 shows the result of this control for the data C=[O.O] and 2=O.OOI.

In the case of the shortest time control, it is impossible to apply the path

correction in this limited condition where 2 approaches zero and other methods

should be resorted to. Generally for the actual processes, however, the
shortest time control shou}d hardly be needed if the minimum deviation control

         m, or ahgtee

e,h

5,O

4.0

3,O

'2.0

 i,o

 oo

    Pef(xlo)

t!t,a (XIO)

e

h

2D                  80 iOO 40         60

Fig. 9. U minimum control

t
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and the minimum,,u ,eontrol are possible.:-,Especially in the･Lcase of a sub-

marin,e,.,there, ･is･absQlutely･norneed,of･:this 6ontrQl, because depth hunting

must be･ avoided`.tfor.tsafety･.purpose, t:hus the meaning oft the optimal･ condition

bedemes ambiguotts i/ut this limite.d case.iwhere the characteristics..change

severely, and the fluttering control is always accompanied by' hazards: it is

only necessary to change the mode of normal steering between specific ranges

of R. T,his description, however, does not mean that the shortest time control

is meaningless, but that for the purpose df simplifying the computer system

and offering a generalized approach ,in place･,of the,,conventiopal PID,,system,

as: intep,ded,by: tkeg,aqthQrs, the shortest time control may be, discQynted from

thg,consideration. ･From the discussion given qbove, it is seen th4t the com-

puter,,syste!n shown in Fig. 3 and Fig. 4 can.be ,applied in the same form to

normal control,sminim/ m deviation. control .and minimum u.,control, and that

the generaiityJof-the control' exists including the.cases where saturable contrpl

elepaents. ar'e, involved, and-measurement errors of the plant are present.
Especig.11y,,. .i'n the latter case of the measurement errors s, very precise control

is,obtained if the char.acteristic of the plant is simulated precisely by the

RungerKutta=Gill method apd w is calcuiated by the first approximation of

the Newton-Cotes' integration formula, that is, the trapezoidal ru!e. The last

problem left in the application of the control method to general process control

lies in the mode of simplification of the computer system shown in Fig. 3 and

Fig. 4. At this point, the authors considered an analog computer system and

have proposed a system for continuous control.

                  6. Control by analog computation

    Taking for example the control of a submarine, it means that the control

on the maximum principle can be carried out entirely by analog computation.

Fig. 10 illustrates the technique for a fourth linear control system. A total

of 48 potentiometers to generate function ww, zvgjX and wY･Y (i,7'=1, 2, 3, 4) are

prepared (the number 48 will be used here for the clear explanation of the

relationship between Fig. 3 and Fig. 4 although only 32 are actually needed)

and mounted in such a manner as to interlock with each other on the same

shaft which is driven by a motor supplied from the comparator which detects

the polarity (+ or -) of e(T). Since the angular displacement of the potenti-

ometer shaft is proportional to T, potentiometers provide outputs ww(T),

zvee(T) and zvgb"(T). As can be seen in the figure, composite output of

potentiometers xvii, wi2, 7vi3, wi4, appears in the output of amplifier Fi and

corresponds to'ip(O) which satisfies Eq. (29). Similar}y, composite outputs of

Zev2i, W22, ZU23, W24, ''', and w4i, w42, w43, w44 appear･ in the outputs of amplifier
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4, .Ph and a and correspond to

other hand, outputs of amplifier

wY2), ''',

from (Wf,d･', We2",, TUf3", TVf4di' ), ･･･, (W4"i",

the output of multipiier MPY,
x2(O),･･･,x2(O). Multiplier outputs

which another input

provides output s(T) which

r".""T--l

:
:

+ E

moy

MPr

MT)r

1.

A

mu/tiplier

                                    technique

                                      ip4(O),

                                      obtained
(w4diiX, w4e2M, wa"3X, xukX) and outputs of amplifiers Iib

                                       multiplied

                                      together-

                                      applied.

           comparator

        Analog computation

            ¢2(O), ip3(O) and

          LFL, Ib, '4 and 4

            zu4di･2di･, zvE'3¢, w4di-4di') are

           where･. sums 'are'
                        '                         '              are.summed
22(xr(o)+ cg(o)+Jcz(o)) is also

       satisfies Eq. (28) and is

      ) 22Ii (e)

   respectively. On the

    from (wgr, 2vf,x, we,x,

,Lo, Ei and E2 obtained

summed appropriately in

        by input xi(O),

     in amp}ifier A to

      Then, amplifier A

sent to the determinant
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mechanisth where it is used to shift the potentiometer shaft so that T for

ecr-O, .that is, the optimal control time TO is obtained.'When switch groups

Si, -&, Si and S4 are turned on, the calculated result W(O) is provided at the

output to detetmine the value pf control properly, The potentiometer used

for this' control is required only to have an ordinary class of precision for

practical purposes: a slight difference between the potentiometer setting and

the characteristic of the plant, if present, may be corrected by the path

correction as mentioned previously. Similarly, a servo system having an

ordinary degree of delay may be used with almost no inconvenience for the

control of a submarine. Furthermore, as mentioned in the preceding section,

once T is determined, the control may be continued in quite the same way

as a general servo, or rather smoothly as compared against the digital system.

    The analog control system, as compared with the digital system, is

characterized by its very low cost for new installation: in this regard, it may

be considered as one of the aconventional mechanical servo systems of single

function type, being convenient for the control of a submarine. To simplify

the system of Fig, 10, substitute Eq. (29) into Eq. (28) and we obtain

         -22£,(x,(o))2-tl/,x,(o)(tll,x,･(o)w.di･,x･(T)

                         -tl/,Tv:･i(T).Z"=,xj(o)w,.(T))

                      F.,,,z"=,x,(o)tt/,x,(o)(z.:,?.(T)-te.,.y,s(T),..,(T))

                                                                (62)

Noting that

                          7t        zv2･j(T)==zvX･9(T)-ZwS$(T)xu.j(T) (63)
                          p=-1
it is possible and yet practical to simulate by means of two sets of potenti-

ometers of w,j(T) and wg･j(T), xv2j(T) being used for the generation of

functions by potentiometers.

                              tt
        .. 7. Conclusion
    In summary, on-line application of a control device based on the maximum

principle in place of the general PID control device is not so diflicult, and

especially upon the development of analog control systems, it has been found

that the principle of copventional servo systems seeking continuously for the

optimal value by zero-method can be applied also in this case. Whether the

PID control device or the control device based on the maximum principle is
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superior can not be said generally, but, most PID control systems requTire

various tests which are repeated after the device is manufactured to determihe

the optimal value and moreover, it is impossibly to determine at present

whether the result of control is truly optimal or not. This difficulty increares

in intensity in a complicated multi-variable control system. In contrast, the

application of the maximum principle is advantageous in that most procedures

are eliminated and that optimal control is insured even for a complicated .

system.

  J:

X:
XT:
 C:
  2:

U:
A:
 B:
 T:
  t:

 T:
H:
AT:
BT:
 op :

 R:
 v:
wg,,x.:

wyg:

WiJ' :

  e:
 A,:
 B, :

  0:
  o:

  h:
  h,

 Pea :

 Pef :

                    Notation

Cost function

Process vector, X= [xj], 1' = 1, 2, ･･･, n

Transposed matrix of X

Constant vector

Constant

Control vector, U== [uj], 7'=1, 2, ･･･, n

Constant of the plant, A=[aij], i,y:=1,2,･･･,n

Constant of the plant, B== lbw], i,j' h- 1, 2, ･･･, n

Optimal time required for the proccess change

Time
Auxiliary vector, T=[ipj], j=1, 2, ･･･, n

Hamiltonian

Transposed matrix of A

Transposed matrix of B
                      .Fundamental matrix of X=AX
Fundamental matrix of 'ut= -ATT

Fundamental matrix which satisfies

Charac'teristic equation represented

Characteristic equation represented

Characteristic equation represented

Error of the determinant

Coeflicient of the equation of motion of

Coethcient of the equation of motion of

Pitching angle in degrees

deldt (deglsec)

Depth in meters

tthldt (m!sec)

Angle of stern plane in degress

Angle of bow plane in degrees

 Eq. (16)

by Eq. (25)

by Eq. (26)

by Eq. (27)

the submarine, i= 1, 2, ･･･, 7

the submarine, i= 1, 2, ･･･, 7
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                              'tl'pperia'i.. nL

    (1) Flow chart for cofnputation ,,. ..
    The flow chart is shown in Fig. a-1. The coefllcients aij and,bij, and

initial conditions xj(O) must be stored automaeically from externa! soisrces.

    (2) Symbols ･
    SymbolsemployedinthecomputerareshowninTable1. .

                          s/gn,'lfftolv ･'

                  coef}ioientsQiJ･,bij'-'''･-----stored s)LstemofJdentification

initia1.i･setting, 1'S=D

catculate nJ', ViJ'

ca/culate
 ent'
WiJ',

Wier'J'ur

).

cagculate [UiJ'] -J  i= , l--n,'J"=n+'-2n

    yes

          nog(r-At)<o

calculate op (o)

calculate E(T)

T--1+rit na 6CT)
.;.

8(T-At･)<O

IO

yes

    . no..

       '
Mes .

StipPly X(O), flrDM

signat soutzre

extemal

' T== T-At

calculate uS･ '･

p

stotle u,･ te output memot;y
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out put
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TABLE 1. Table

Ryoichi MIuRA et al.

of sypabols employed in the computer

T -----･･----･-･------
DELTAT ･+･･････--････････････i･

A (I, J) `･･･････

B (I, J) -･-････

X (J> ･.･".."..

U (J) H.........

XO(J) ･････-･･

FO(J) ･･-････-

D (I, J) ････････

--------4---------:---

----------------4-----

4------------[[4----tt

-I4----+, ----- ----------

----4-----------------

---------------l------

4-----------------4---

R <I, J> --･･･････････-･･････-･･･-････

V (I, J) ･････････--･･-････････-･･････

AUXW (1, I, J) ･L･-･････････.....

AUXW (2, I, J) ･･････････････････

AUXW (3, I, J) ･･････････････････

AUXWO (1, I, J) ･･････････-････

AUXWO (2, I, J) ･････････････-･

AUXWO (3, I, J) ･･･････････････

UMAX(J) ･--･･･-････-･-････････

9R (I, J>

9V(L J)

QA(I, J)

QX (I, J)

AUXV (I,- J)

DIF symbols ･･････--･････････････

Computer ･････････････-･･-･･･････

Compiler ････････+･･･--･････････････

t

if'

z,

uj

xj(o)

ipd(O)

did

 [d6j],.lA -Sii-BBra

      L2Cr -A
2Vj

ViJ'

zvidijX (t+At)

,org.,p(t+At)

xvij(t+At)

w,e-,x (t)

XVew'J (t)

ww (t)

upper limit of uj

auxiliary variables

employed in subroutines

NEAC 2800 (NEC's scientific and

purpose computer)

AUTOMATH 3800

engmeenng

    (3) Main program

    The main program determining the
control U is shown in Tal)le 2. (as this

a waste of time, it should be rewritten

initial condition W(O) and the

program contains repeats itself

into a well-formed chart.)

optimal

   ,causmg
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