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                    Stresses in Multi Layered Systems

                              Jin YosHIMuRA*

                              Shunsuke UsHlo*

                              Teruo SUGAWARA*

                                  Abstract

    The analysis of elastic layered systems is required for the design and analysis

of flexible pavements or rock mechanics. This paper presents a general analysis
of three layered systems due to a variety of surface loading conditions and shows

some numerical examples including a principal stress analysis.

                              1. Introduction

    The analysis of stresses and displacements in a semi infinite elastic solid with

a vertical surface load was originally established by Boussinesq.

    Burmister'), Fox2), Jelinek3) and others gave some solutions for a two layered

systems and Acum`) and Fox ana!ized three layered systems under a uniformly
distributed normal Ioad. These solutions, however, are only for a limited case,
that is, stresses and displacements in a verticai axis through a center of the nor-

mally distributed circular surface load (r:==O) and in an interface between layers.

    Snedden5) has presented a method of analysis by integral transforms (Hankel
transforms) for three dimensional problems in the theory of elasticity and success-

fully used to determine the distribution of stresses in a semi infinite solid and

other interesting problems under various loading conditions. .This method is,
however, restricted to the axisymmetric case.

    Muki5} has extended and generalized Sneddon's method for the axisymmetric
problems of the theory of elasticity to the asymmetric problems. This method
is appiicable to the analysis of layered systems. Schiffman7) has applied Muki's
method to several interesting problems.

    This paper presents a general solution for the three layered systems. Stresses

and displacements in any point of layered systems under a vertical and tangential
load on its surface were obtained.

           Z. General Solutions

                                              ,s(
    In an asymmetric cylindrical coordinate
systems the stress tensor is

                     Zl                              t                    arr are arz

        a$,(r,e,2)==:a3,ea3eaS. (1)

                    ae,`.. aS. ffg.

andcomponentsofstressesareshowninFig･1･ Fig.1.componentsofstressesin
    The displacement vector is cylindrical coordinate
 * Department of Civil Engineering, Faculty of Engineering, Hokkaido University, Sapporo, Japan.
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             u2･

             uS '

    The index (i) referes to the layer for which the stresses and displacements

are being determined.
    The equations of equilibrium in terms of the displacements, zc. zte, u. in the

r, e and z directions are

        72u.+1-12.' OoA. -;(2 .a."oeo + ".')== o

        l72tce+1-12. .OoAe -"I.i-(-l:.llJe -2Lil.1- OoUo")==o (3)

                1 OA
        72･sc.+1.2v o2 =:=O,

where V2 and v denote the Laplacian operater und Poisson's ratio respectively,
and A is

            Ou.                  U. 1OUe                               Ou.        A=" ar+r+T- oo+ox. (4)
    Equations of equilibrium (3) are satisfied if we take in ith layer by defining
stress functions dii and Ti for each layer,

        .g. = 1]i;i}vi I- oa,2to.i +-il.uz aoZPo'i)

        .:= iivt (-ulL.7 oOo2gs m2 OoT.i) (s)

        u: = li"Z (2(1-ve) 72¢eN OS.T,t 1,

where,

The

V4di,=O, 729Y',=O.

components of stresses in each layer are:

ag.. = oOz (v,72di,- Oo2i¢.,i l+-ll.- oOo ( OoWt'.t --ili- ze`,]

age= oOz (v,v2di,-Lil.ii-2 ao2e¢,z -rli- lljdiri1-ril.- oOo (OoZiP'.t

o`
xz = oOx ((2-vz) J72 dii- Oo2zdi2i ]

ag･e= mil.i- oeOo22 ( dire - 0odire ]-2 Oo2rZP,'z - Oa22Zei,'e

a3z = -ili7 8e ((1-va)v2dii- Oo2.¢,`]e o9.2.ZPa'i.

aez= oO,. ((lmpe)V2¢e- Oo2.di,']+" oOe21(lali. .

; zgri]

(6)

(7)
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    The steress functions dia and Ti can be written in the following forms,

                   oo        dii(r, e, 2)=Z dik(fA, x) cos nO .
                  n=O                   oo (8)        dii(r, 0, 2) - Z Tk(r, z) sin ne.

                  n=O
dia and Tk are the solutions of the following partial differential equations

        va¢g, -( oO.2,+ ,loO.- ,2+oO.2, )2 din =-o (g)

        I7geT:==:(60.+r;i-oO.anIll+aO.22)IV'3e=:O･ . (10)

    Applying Hankel transform to Eq. (9) and (10), we have

        I,O07ez;¢kJ;,(mode=-(2SliZ,-m2)2S,Oeropk.7;,(mricb-=o (11)

                              '        Sgyr73,Wkt7;,(miDthA=(iZi'2-m2)S,OOrT:',di,(mr)dr=O. (12)

    If we write,

        G3,(m, x) =- S:rag,(r, z) {7;,(mr) dr (13)

        M, (m, z)-S,co rT:', (r, 2) ti1;, (m7b dr (14)

where,,1;,(mriisn'hBesselfunction, '
Hankel transforms Gi and Hg, must be the solutions of the ordinary differential

equatlons

        (2i(i2, -m2)2 Gk(m, z) == o, (is)

        (2illi2, -m2)H3,(m, x)=o. ' (16)

    ThegeneralsolutionsofEq.(15)and(16)are: '
                       '        Gn(m,z)-(A:(m)+B3,(m)･z]e],-"bx+[Cgl(m)+D3,(m)･2)em" (17)

        H3, (m, x) =Eg, (m) evmz+F3, (m) emx (ls)
where the arbitrary constants A:',(m)`･-FS',(nz) are to be determnied from the given

boundary conditions on the surface and interface between layers. Once these
constants have been determined, G:' , and Hk are known functions of x and of the
parameter m, and the expressions for di3, and Wg, may then be obtained by means
of the Hanl<el inversion theorem

        ¢3,(r,2)==SgemG3,(m,2)4.,(m7bcinz' . (lg)
                                                   '
        T,i,(r,x)=:S,comH3,(m,z)di,(mr)drn. ,. (2o)
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    Next, transformations of expressions for the displacements and stress
nents into relations including Gk, H3, and their derivatives are required.
results are as follows,

    ug. = 12+EV7 t?l.],(U3,+i- iV:lui] cos ne

    u3 = illii}lj.i i.O.,(U:',+i+ V3,ri) sin ne

    ug ==: i2+i,i t/X.,(S:m[(i-2vi) di 91k -2(i-vi)lm2Gs',] a,(m7) dml cos ne

   ag･. = ,X.,(S,eam d,Wix';b .1;,(mr) dm- "2+rl U3,+!- n2-rl-v3,uil cos ne

    as, = t?.:,(v,S:m[ diE9"-b -m2 di:IA ]di,(mr) dm + "2+ri u:',+i+ vn-i] cos ne

    a:z =:: tW.,(S:m[(i-v,) dd'.9t -(2-v,) m2 diEl'`i ]Jl;iS17i-)tt"]cos ne

    ag･a === ,ll.l,IS: m3H:',t7;,(mib duz- ni.1 ug,.,+ iZ2-tl vs-,-,1 sin ne

    os. = -l}- tfl.i,(S: m2[wg, + ddeiEi;L ] ,J;,+i(mr) dr +

                + j,OO m2[ws', - ddeIH'h ] ,];,-,(mr) dml sin no

    a3'･z = -lll-t/i.i,lj:"z2[w3,+ ddeH'' ] l,+i(mr) dm-

                -j,eO m2[w:-, - ddeHo'iz ] J,-,(miD dm] cos ne

where

    U3,+i = ige m2[ d,lt,,k-t + 2H:',] .];,+i(m7b dm

    Y:-,-i :== S,com2[ d,IG.:'t -2Hk] di,-,(mi')･dm

   wi, == v, d2:91 S"b +(i-vi) m2 Gg,.

               3. Stresses and displacements in three layered

                    systems under normally distributed

                      circular loading on its surface

    The solution of a layered system problem consists of determining the

Ag, through Fg, for each layer. This will determine the functions Gg, and
each layer. Then, stresses are determined by Eq. (21).

    For the boundary conditions and continuity conditions, transformed
and transformed surface load are used.

compo-
These

(21)

(22)

constants

 H` for
   ?b

 stresses
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   In the case of axisymmetric normal load as
Fig. 2, we can put n=O,
and Hi vanishes.
     7t
The surface loading conditions are

   oE.(r,0)--p(r) O$r$a)
   aE.(r,0)=--tO r>a i
   a}..(r,e)=O O$r<ooJ
In the case of p(r)=po=const., transformed
surface load is

   M(m) =- -S:ip(r) .lb(mi) dr

        == rmPoSger4(mr) cth'=- --P:a di(ma).

                                  (24)

    A coordinate system for the three layered
In the case of flexible loading, boundary conditions

    forz==-H: a;.==:M(m), a},.=O

    for z=O:a;.=o:., o}..===a?･.
                uh=-u:, ul.=u?.
    for z=h:a:.==o;., a;..=a3..
                              23                 23                Uz=Uz7 Ur==Ur.
As the third layer is semi-infinite, the stresses and

infinity. This condition is accomplished if

    C;t == D?, -i: O.

    These conditions (25) are represented by

shown in

(23)

a a
p(n

8

Fig. 2.
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are shown
interface are

displacements
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Fig. 3.
follows,

(25)

vanis

                                  the following equations.

m3AieM"+(1-2pi-mH)m2BieM"-m3Cie'Mtt+

    +(1-2vi+mH)m2De-M"=:M(m)
m3AieMff- (2vi + mH) m2BieME+ m3CiemMff + (2vi - mH) m2Die-"'U == O

m3Ai+(1-2vi)m2Bi-m3Ci+(1-2v)m2Di==

    =nz3A2+(1-2v2)m2B2-m3q+(1-2v2)m2D2
m3A2e-Mh + (1 - 2v2 + mh) m2B2e-Mh - m3qe"ih + (1 - 2v2 - mh) m2D2e"bh =

    == m3A3e2Mh + (1 - 2v3 + mh) B3e-Mh - m3qeMh + (1 - 2v3 - mh) m2 D3eMh

m3Ai-(2vim2Bi)+m3Ci+2vim2Di=m3A2-2v2nz2B2+m3q+2v2m2D2

m3A2enMh-(2v2-mh)m2B2e"Mh+m3qcl`h+(2v2+"zh)m2D2e"-h::=

    :]=m3A3e-Mh-(2v3-mh)m2B3e"Mh+m3CkeMh+(2v3+nzh)nz2D3eMh

1Xi(-m2A,-(2m-4mv,)Bi-m2Ci+(2nz-4mvi)Di)=

h at

(26)

(27)
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     = IE+,P2(-m2A,-(2m-4mv,)B,-m2Cl,+(2m-4mv,)D,1

  1il}2V2(-m2A2e-Mh-(2m+m2h-4mv2)B2e-""h-m2C2e"bh+(2nz-m2h-

    -4mv2) D2e"bhl = 1i3V3 (-m2A3e-"bh-(2m+ m2h--4mv3) B3e"Mh-

    anm2C3eMh+(2m-m2h-4mv3)D3e"bh]

      '  M(li, Vi) (-mA,+B,+mc,+D,) == M(li, "2) I-mA,+B,+mC+D,]

  M(IE+2 V2) (- mA2e-Mh + (1 - mh) B2e-Mh + mC2e"-h + (1 + mh) D2e"bh] =

    = M(li3 V3) (- mA3e-"ih + (1 - mh) B3eLMh + mCle"i7e + (1 + mh) D3eMh].

Solving these 10 simultameous equations for v=:O.5, the ten constants
determined and represented in the following,

  A,m2=-M.(AM)((1+mH)eM"-K(1-mH)e-mll+[-N(1+K2)(1+

    +2m2h2-mH)+2mhN(1-K2)(1-mH)+4mHm2h2K2Al]e-mUn2"bh+

    +2KllV(1+2m2h2)(1+mH)e"bU-2"bh-KllV2(1-mH)e2?nUr4mn+

  + K2N2(1 + mH) emUH4"bhl

Bim = - Mm/T) (e"b"-(1-2mH) Kemmff-KIZV2(1-2mH)e-"'"ff-4"'"+

  +2KIZV(1+2m2h2)em"=2"bh-[IV(1-2mH)+K2N(1-2mH)-2A]lmh+

  +K22V(1-2mh)4m2h2+2K21Vmh]e-mUr2neh+K2N2e?'bff-4?,eh]

                      'C,m2 - M.(AM) (- K(1 + mH) eMff+ K2(1 - mH) e"m"+ AT[(1 + K2) (1 +

  +2m2h2+mH)+2(1-K2)mh(1+mH)+4K2m3Hh2]em"J2"eh+

  +AI2(1-mH)e""bUn4Mh+2KN(1+2m2h2)(1-mH)e-Mff-2"bhN

  - KN2(1 + mH") emE- 4nvh)

Dim = M.(AM) IK(1 + 2mH) e"bll-K2e"mff+ KIZV2(1 + 2mH) e"tU-`"-h+

  +[K21V(1+2mH)+K2N(1+2mH)4m2h2+21Vmh++N(1+2mH)-

  -2K2Nmh]e"eE-2"-h-2KIZV(1+2m2h2)e-mE-27nnmAX2e-mUm4mh

A,m2 = - M./T) (1-K)((1+mH)emff-K(l-mH)eHmff+KIZV×

can be

(28. 1)

(28. 2)'

(28. 3)

(28. 4)
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　　　・［・一2励＋2珊＋刷・一2励＋輔2）］評　一

　　　一N［1－2励＋2フπ2ん2一？πH（1－2？泌）］・一嚇　　　（・＆・）

．伽一」留）（・一K）レ・一K（・一・呪H）・一＋KN［・一肋H（・＋・畑］・

　　・・一一N（1－2彿1L－2クη11）・一一／

q㎡一惚）（・一K）｛一N［（・痂ん）（・＋物H）＋・瑚押…＋

（28．6）

＋N2（1一解石r）ピ　轍＋KN［・＋2励＋2舵2ん2覗H（・＋2肋＋4呪2ん・）］・

　　　　・・一一一KM（・槻H）♂一｝

　　二一三蹟）（・一K）｛N（・＋・励＋・彫H）・一一醗一一一

　　　　一KN［！十277z1L（1－2フπ11’）］・一一＋KM（・伽H）岬嚇

　　ム旗一際穿）（レK）（・一N）｛（・＋捌）凶K（・一H）・一一

　　　　一N［・＋2彫2ん2－2三一解H（・一2励）］ビ盛　＋KN［・一2励＋

　　　　＋・㎡伽H（1－2z彫ん十4祝21L2）］岬→

　　助一一響（・一K）（・一N）←・一K（・一・刷…＋κN［・一

　　　　一・励（1＋2解H）］・……N（レ・励一・魏H）・一一／

　　C3規2＝0

　　1）3〃z2＝O

where，

　　M伽）一一努必吻）

　　1一々　　　　　　　　　　E2
K＝　　　　　　　ん＝　　1＋ん，　　　　　　　　　　El

N一≒難，・諭
4一一｛二一2K（・＋2…H・）＋K・漣・一2N（・伽・ん・）漣・＋

　　＋N2・一櫨勉ん一［燃（・＋4解2H2）＋4KW（・働・H・）賜・ん・＋

　　＋Kη〉＋8N（・一K2）賜2伍＋4翫2H2］・一日ん＋2KN（・＋2解2ん2）・

　　（♂？’L％『2励＋8－2’紐一2〃漉）一2KN2（・＋2解2H2）・輔＋K2N2・瀞4嚇．

（28．7）

（28．8）

（28．9）

（28．10）

（29）
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Substituting　these　twelve　ponstants　from　Eq．（26）and（28）into　Eq．（2！），　desired

expressions　for　stresses　and　displacements　ln　any　point　in　layered　systems　are

obtained．　Takeσ毒．　and　z‘些as　an　instance，　they　are　written　as　follows，

・一IM（讐）判屡四・＋劃一）一K・一一・［・一辮H＋

　　　　　　　禰（／－2ηzH）］一N・［（・＋K2）（・覗H）＋2（・＋K2励2・一

　　　　　　　一2（・一K2）（・覗H）励一4K2・・3研2柳・［K2（・一目H）（・＋輔2＋）

　　　　　　　＋2K2励＋・一2濾一2励］］・一？’・（π＋躍＋2κN（・＋2・・2ん2）（・＋・沼＋

　　　　　　　搬）・〃・（　　LKN2・一畑酬［・一三禰（・一2醐］＋

　　　　　　　＋K2N2・矯（　　’（・柳H禰・）一K［・＋・・H一刎・＋2痂）］…聞＋

　　　＋K2（・一盟一綱・　（　・’一KN2［・拗H一臓（・＋2綱］・…酬・・＋

　　　十21（二Z＞（1十2zpz2ん2）（1一フπH一国z）8一蜴ατ＋2”一z）十1＞2β一糀（∬＋4ん一z）（1一フ7zH・一

　　　一綱＋N［・一（・＋K2）（・＋2解2ん2槻H）一2（・一K2）（・栩H）七一

　　　一4解3研2K2搬［K2（・＋2沼）（・＋4解2ん2）一2κ2励］＋・＋2規H＋

　　　＋・痂］♂・・一一｝綱伽　　　　　　（・・）

・卜一
Z鶉）｛一（1＋ηzH＋耀）屡・　＋K［・＋一（・一・沼）一

　　　一H］・　囮＋地　（H＋2海＋2’［（1＋1（2）（・＋2励2－H）一2（・一K2）（・一

　　　覗H励一4K2・・3伍2櫨［（・一2・・H）＋K2（・一2規H）一2（・一K・励＋

　　　＋4K2（・一2辮H励2］］一2κ魏”占（丑姻（・伽2ん2）（・＋曜栩・）＋

　　　　＋KN2・　（E＋4　’［1－z吻H十η¢2二（1－2解1ノ）］一K2N2・…（∬一4岡（・柳H＋

　　　＋綱一K・〃・（唖・柳H一刎・＋2盟）］＋K2・一（岳・’（・一H一吻＋

　　　　＋魏・・画・’卜（1＋K2）（・＋2・・2ん2棚H）一2（・一K2）（・轍H）励一

　　　一4K2魏3翫2＋耀［K2（・伽H）（・＋4解2ん2）＋（・一K2）2励＋）・＋2・・H）］］＋

　　　　＋N2〆占（111十4ん一z）（1一クπH一膿）＋2K八セー？’ゐ（互÷2ん一z）（！＋2”z2ん2）（1一辮H一解z）一

　　　一KN2〆じ（　4　’［・柳H一期・＋肋H）］｝嘱（櫓門・　　（3・）

　　　If　E2＝E3，　that　is，2＞＝O　in　Eq，（29），　then　expressions　for　the　stress　compo，

nentsσ圭．　and　displacement砿shown　in　Eq．（30）and　Eq．（31）are　reduced　to　th6

expressions　for　two　layered　systems．　They　are

　　　　　　　　oo　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　’

・劃一
轣B”z画一）｛K・押・（・一ん一）＋K屡一・［脚＋・激）一

　　　一（・禰）］一K・　圃［彫・（・一2伽）＋（・一勅）］＋

　　　＋・一・（・＋励＋一）｝碗（…）伽
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    u; = -Eii5 Sbco M2M) ((i+mh+mz) em(h-z)+K[-i+mh-mza-

        - 2mh)] emMCn+2) + K[1 + mh - mz (1 + 2mh)] e"'(h+X) + K2(mh + mx -

        - 1) em (znh)] ,J6 (mr) dm

    where, A = e2Mh - 2K(1 + 2m2h2) + K2e-mh

                    Poa          M(m) =- -                       di(ma).
                    nz

Further, if we take E2/Ei=1, h:=O, that is, K=O, A==1, we have the
for semi-infinite solid as follows,

    a;. = -PoS,Oe adi (ma) em"bZ(1 + m2) dm

      ==: -po[a V".2v+a,Z;5Z +a2 v;a(r.,(i/21)e ]

      = -po[1- (a2 :3z,)g ].

    This result coincides with Boussineq's solution of the problem. In
of the displacement u. (Eq. 31), letting K=:O, h=O, r=:O, 2=-h, then
is reduced to the expression of the displacement of the surface at its
center. From Eq. (31) we have

    u; = ii5 p,aS,ou .i, di(ma) doz

        1.5
      = E Poa

This result coincides with Boussinesq's solution of the semi-infinite solid

  4. Stresses attd displacements in three layered 2a
          systems under tangential load

                 on the surface i zllt z.Ln
    We consider the stress distribution in three layered
systems under the action of a tangential load applied to
the suface. If the tangential load is uniformlly distributed

overacirculararea(Fig.4),theboundaryconditionson y
the surface become    a..(age,O)==:-q(ricose r<a dv
    ae.(r,e,O)=q(r)sinO r<a
                                           (33)
    a.,(1`,0,O)=:=ae.(r,0)=O r>a

    c..(r, 0, O) ==O OSrS oo z
    Transformed tangential load q(r) is Fig. 4.

(32)

83

solutions

the case
Eq. (31.)

 loading

problem.

/

x

"c.
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   IV(m) -S,co rq(r) %(mr) dr

and in the case of q(r)=go=const.

   IV(m) - qoSgr4(mr) dr

          qoa        = m G(ma).

Putting n=1 for the series expansion for the stresses and displacements, we can
obtain the solutions for this problem.

   Taking the coordinate system as in Fig. 3, the boundary conditions for this
problem become as follows

   for2=:-T-H: o}.=O

               a}..=-g(r)cose r<a
                a}.==q(r)sine r<a

               a}.=:ffb.=O r>a
   for z="o: o;.=a3., al..=a?.., a}.===a,2. (34)

                U;="U:, U:･=U?i, U;=UZ
   for z=hl. a:.=o;., a;..=a?v 6e2,=oe3.

                u:=u:, 'u2.=u?., u3=ug.

   After solving these 15 simultameous limear equations for v=O.5, we can obtain
the following coethcients considering the semi-infinite solid of the third layer,

   Aim2 = NA SMm) (mHeA' [2 KN(1 + 2m2h2) + e2"bh + K2LZV2e-2"th] +

       +eR2[(1-K2)2.ZVm2h2]-mHe22[Ke2"bh+N(1-2mh(+KN(1+2mh+

       +4m2h2)+KIZV2e-2"th]) ' (35. 1)

   Bim= :l¥[SMm) (eai[2KN(1+2m2h2)+e2mh+K21V2eT2mn]-ea2[K2N(1-2mh+

       +4m2h2)+KN2eun2Mh+Ke2"b'h-mHeR2[2K2A]'(1+4m2h2)+2KN2e-2"ih+

       +2Ke2"'h+2N]]. ' (35. 2)
    Cim2 ==I i);SMm) (eai[(1-K2) 2Nm2h2] + mLie2i[K2N(1-2mh+ 4m2h2) +

       +Ke2Mh+KLZV2en2Mh+AI(1+2mh)]-mHe22[K2e2"'h+KN+

       +N2e"2"'h+KN(1+4m2h2]) ･' '(35.3)
                                                          '                                     '       Dim =" `:fSMm) (eRi[N(1-2mh)+Ke2Mh+K2N(1+2mh+4m2h2)]-
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  -mHla2i[+2KN(1+4m2h2)+2KN2er2"eh+2Ke2"'h+2N]-eR2[KN+

  +K2e2"bh+KN(1+4m2h2)+N2eu2nbh]]

A,m2= NimM) (1-K)(-eRi･2KAim2h2+mHla2i[KN(1-2mh+4m2h2+

  +e2"bh]+eA2.2Alin2h2-mHl722[N(1-2mh)+Ke2"ih])

B2m= :iliSMm) (1-K)(e2i[e2Mh+KN(1+2mh)]-mHla"i･4KNmh-

  -e2z[Ke2"Lh+N(1+2mh)]-mHll2z(2Ke2Mh+21V))

C,m2=:= £il.(iliZ) (1-K)(eAi[2A]i,n2h2]+mHla"i[KN2er2mn+N(1+2mh)]-

  -eA2･2KIZVin2h2-mHleR2[KN(1+2mh+4m2h2)+.ZV2e-2'nn]1

D,m = :i)iSMm) (1-K)(e2i[KIZV2e'2Mh+N(1-2nzh)]-eRimH(2KN2em2'nh+

  +2N)-eA2[N2er2"bh+KN(1-2mh)]+mHla22･4KIZVi,nh]

A,m2= NA(mM) (1-K)(1-IV)(-eR,･2KIVin2h2e-"'h+mHea2･21Vin2h2e-"bh+

  + mHleRi [eMh + KN(1 - 2mh + 4m2h2) e-Mh] -

  -mHkiR2[Ke"th+IV(1-2mh)e-?'eie]]

B3m== :l)l$Mm) (1-K)(1+N)(e22[e"Vh+KN(1+2mh)e7mh]m

  -mHb2i･4KIZViFnhem"bh-ea2[K17"bh+IV(1+2mh)e-"bh]-

  -mHl7A2[2(A7e-mh+Kbmh)]1

C,m2 == o

D,m =O

Eim= Sl.(.M) (1+KLzviz-2nbh)

171m- £iil.(.M,) (K+A7le-2"ih)

E,.= IXinn) (1"K)

"}i;im -= il)l.l(.M) (i-K) A]iz-2"bh

(35. 4)

(35. 5)

(35. 6)

(35. 7)

(35. 8)

(35. 9)

(35. 10)

(35. 11)

(35. 12)

(35. 13)

(35. 14)

(35. 15)

(35. 16)
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E、一雨）’（・一K）（・一N）

鞠π＝O

wh・・e，　N伽）一號α肋・＞

　　　　　　　　　1一ん　　　　　　　　　　　　　　　　　　E2
　　　　　　1（＝　　　　　　　　　　　　　　　ん＝
　　　　　　　　　1＋々，　　　　　　　　　　　　　　　　　　El

　　　　　　N一｝〒巽，一眠：

　　　　　　λ、＝フπH＋”zん，　λ2一一解H－7漉
r

4一
ﾎ｛・・…・K（・一・）＋K・・一・N（・一）・一肋一一

　　　一［（1十4刀♂H2）K・N＋・K・N（・＋・漉・H・）め・・ん・＋K・N＋・…研（・山

　　　一K2）N＋4㎜2H2N］・加＋2KN（・＋2彫2ん2）（・2”・（既＋6－2・・剛）一

　　　二・KN・（・＋・那・H・）・一…＋K・N…一・｝

δ一8ηしん（！＋K！＞診一2ηつ78一”占九（K＋地一2襯う．

（35．17）

（35。18）

Substituting　Eq．（35）into　Eq．（20），　we　obtain　the　solution　for　this　problem．

σ1、andσ揚as　an　instance，　they　are　written．　as　foliows，

請｝一去｛∫1弊）・レ・一（・一・沼…）［・KN（・伽・が＋・・一＋

　　　　　＋KIN2・一2一］＋・…（遅＋2ん＋・・［2N（・一K2）・・2ん2＋（・一鯛［K2N（・一

　　　　　一2禰＋輔2）＋醐2・一2’・粋K・2〃・ん＋N（・＋2渤）］］一

　　　　　一磁…（　・…・［施・　＋N（・一・畷＋KW（・＋・励＋翻・砂

　　　　　十1（Z＞2θ一2物ん一（1一刀¢2；）　2．κ22＞（】一十4ηz21L2）十21（ノ＞28｝2？’議十21（♂蜴ん十　　　　　　　　　　　　［

＋2翔＋・？・・（　2　’［2N（・一K2）・・2ん2＋（・＋綱［N（・一2励）＋κ・2　＋

＋K2N（・＋2勧＋輔2）＋KN2・一2　］］栩爾（　＋9’［K2N（・一

一2刀z1L十4形2ん2）十K82？’ぬ・十・1（ノ＞r28一2η誌十2＞（1十2フ2z1L）一（1十フ？zz）×

・［2K2N（・＋4・・2ん2）＋2K亙2・一2　＋2K・2　＋2N］］一・　（π＋2ん一・’（・＋

＋拙一）［K・・…＋N轡＋・KN（・伽剛［姻±

綱］伽＋∫1響＠z）［・一…＋K魏一・一K磨一踊一一］・

［姻訓…）］伽｝謡

（36）

Take

（37）
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    Putting N==O, the results are reduced to the solutions of the two
system. They are

    .a?.il = -l}-(-S,co MIVA(M) [em"b(zmn)(mh-i+mh)+Ke'"e(z+h)[i+mh-

        -mx(1+2mh)]+Ke"i(X+h)[1-mh+m2(1-2mh)]-K2eM(z-h)(mh+

        +1+mz)]M(mr)±4(m7b]dm+sc M:IS(M) (e-"ez+1<em2). I

        ×[JL(m7bFJ6(m7A)]dml2i.",0e.

                                                             t/
Further, if we put EilE2=1, ie, K=O, these expressions coincide with the solu-
tions for a semi-infinite solid with a tangential surface load obtained by Muld.

                                                             '
                         S. Numerical Examples

    Numerical calculations were carried out for various cases by a electronic
computer. A calculation of a definite integration was done by the4･help of Simp-
son's formula. Many interesting results and important characteristics of the multi-

layered systems were obtained. Here, only two examples of them are shown in
Fig. 5 and Fig. 6. Fig. 5 shows the pressure bulbs and Fig. 6 shows the principal
stresses in the two layered system subjected to a normal load and a tangential

load simultaneously on its surface. ,
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