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Stresses in Multi Layered Systems

Jin YOSHIMURAX
Shunsuke USHIO*
Teruo SUGAWARA¥*

Abstract

The analysis of elastic layered systems is required for the design and analysis
of flexible pavements or rock mechanics. This paper presents a general analysis
of three layered systems due to a variety of surface loading conditions and shows
some numerical examples including a principal stress analysis.

1. Introduction

The analysis of stresses and displacements in a semi infinite elastic solid with
a vertical surface load was originally established by Boussinesq.

Burmister”, Fox?, Jelinek® and others gave some solutions for a two layered
systems and Acum® and Fox analized three layered systems under a uniformly
distributed normal load. These solutions, however, are only for a limited case,
that is, stresses and displacements in a vertical axis through a center of the nor-
mally distributed circular surface load (r=0) and in an interface between layers.

Snedden® has presented a method of analysis by integral transforms (Hankel
transforms) for three dimensional problems in the theory of elasticity and success-
fully used to determine the distribution of stresses in a semi infinite solid and
other interesting problems under various loading conditions. .This method is,
however, restricted to the axisymmetric case.

Muki® has extended and generalized Sneddon’s method for the axisymmetric
problems of the theory of elasticity to the asymmetric problems. This method
is applicable to the analysis of layered systems. Schiffman” has applied Muki’s
method to several interesting problems.

This paper presents a general solution for the three layered systems. Stresses
and displacements in any point of layered systems under a vertical and tangential
load on its surface were obtained.

2. General Solutions
;/

In an asymmetric cylindrical coordinate
systems the stress tensor is

Ty () [

0;,1(?”, a9, z) = 1079 Op  Ops ( 1 )
Orz  Op  Oo Z
and components of stresses are shown in Fig. 1. Fig. 1. Components of stresses in
The displacement vector is cylindrical coordinate
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7
wh = | uf (2)
u;
The index (7) referes to the layer for which the stresses and displacements
are being determined.
The equations of equilibrium in terms of the displacements, u,., u#, u, in the
7, 0 and z directions are

Vzu,‘+~—1%~84—i<2 oo, u")z 0

1—2v or r 7-00 r
1 o4 1/ u, 1 0u,\
’72””+T—_2;?3v7“?<7—27 W)“ 0 (3)
1 o4
Pt 15, 3 =0

where F? and v denote the Laplacian operater und Poisson’s ratio respectively,

and 4 is

u, 1 ou, ou,

8r+r+r 86’+62. (4)

Equations of equilibrium (3) are satisfied if we take in ith layer by defining
stress functions @, and ¥, for each layer,

o liw | &0, 2 W,
U="F, \" ooz r
s liw [ 1 o0, _ oW,
%=, {_ r 000z —2 or } (5)
1+U7; azw
uz = EZ { ( —V,J V2@ 027 },
where,
Vo, =0, FW,=0. (6)
The components of stresses in each layer are:
d 0’0, 2 9 |o¥, 1
T 2 —_ k2 — K2
I = 52 {”*V . or* }+ r 00 { or r %}
0 1 0, 1 99, 2 9 [d¥F, 1
¢ . 9 2 e = s\« 9 i~
T00 = 52 {uiV 0.~ ” ¢  r or } r 0f { or r IFZ}
7 D,
2 I A .
L1 @ (o, 90, ., &V, (
9= 0oz Tar T T a2
1 ¢ o' o
0?z=730“{< V.~ azf} oroe
.0 P01,
T = Ty {( )l — 5 }*7 -0z .
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The steress functions @, and ¥; can be written in the following forms,

o0

D,(r, 0,2)= 3, Do(r, 2) cos nd

n

1

(8)

8

D,(r,0,2) =2, Ui(r,2)sinnd.

%, and U7 are the solutions of the following partial differential equations

I R
’74"@":<W+73? az>@ (9)
L (01 8 oA N
Lk :<W+ r or T g >w” =0. : (10)
Applying Hankel transform to Eq. (9) and (10), we have
Sm7'l7;§@Z;Jn(mr) drz( — )S (7)) dr =0 (11)
0
e : d?
S VLT, (my) dr = < g —mz>8 " (mr)dr=0. (12)
0 Z 0
If we write,
Gitm, =) = |04 (s, 2) Juomr) dr (13)
0
Hi(m, =) — S” UL, 2) T, (mr) drr (14)
0

where, J,(mr) is n** Bessel function,
Hankel transforms G% and H?Y must be the solutions of the ordinary differential
equations

d2 2
(dzz ——mz) Gi(m,z)=0, (15)
dz 2 (2
W—m H,L(m, 2) =0. (16)
The general solutions of Eq. (15)‘and (16) are:
G (m, ) = { AL (m)+ Bi(m)-2} e+ {Chim) + Di(m)- 2} e (17)
H(m, 2) = Ei(m) e+ F(m) e (18)

where the arbitrary constants Af(m)---Fi(m) are to be determnied from the given
boundary conditions on the surface and interface between layers. Once these
constants have been determined, G% and HY are known functions of z and of the
parameter m, and the expressions for @, and ¥% may then be obtained by means
of the Hankel inversion theorem

Dl (r, 2) = S‘” mGi (m, 2) J.,(mr) dm (19)
0 - .

ilr, 2) = ij (m, 2) J,, (mr) dim. (20)
0
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Next, transformations of expressions for the displacements and stress compo-
nents into relations including G?, H? and their derivatives are required. These
results are as follows,

. 1+y, 2 . )
. = ZEV 2 { 1 VZH} cos nf
7 mn=1
. 1+y, & . .
U= "5 Z_}O Ut 1+ Vi i sinnd

co oo 20 %
wl = L+, 5 {S [(1 Zui)f%G—— 2(1— vi):mZGfL] oI (mr) dm} cos 70
Zo

0

Oy == g}o{gjm d;/V:L J(mr) dm — n_z—i-?:_l_ Ui, — %— V;"L_l} cos nf

O = go{uzgjm[ d;g’i —m? ddGz:‘ ]Jn (mr) dm + n; 1 Ui+ VZ'H} cos nf

g, = n}i]o{gjm[(l - vz)%{i— —(2—v,) m’ ddG; ] J;Inzr);im} cos nf (21)
oy = 20{8: m*H e J, (mr) dm— ﬁ;—l Ui, + % i 1} sin 70

ot = % io{g m [Wi dg" ] S (mr) dr +

+ SO I:Wn—-%g—z] o1 () dm} sin 70

o=y 5 | e Wi G o) dm—
) 2

Smm [Wfl dI,, ] Jpus () dm} cos nf

where

Ulin= Smm [ CI;GZL + ZHn] i1 (mr) dm
0

t = Smm [%—ZH ] Jy_r(mr)-dm (22)
0

’ d*G’, )
W, = Vi gt +(1—v,)m*GE .

3. Stresses and displacements in three layered
systems under normally distributed
circular loading on its surface

The solution of a layered system problem consists of determining the constants
A? through F? for each layer. This will determine the functions G? and H? for
each layer. Then, stresses are determined by Eq. (21).

For the boundary conditions and continuity conditions, transformed stresses
and transformed surface load are used.
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In the case of axisymmetric normal load as shown in
Fig. 2, we can put n=0,
and H? vanishes.
The surface loading conditions are

79

ok(r,0)=—p(r) 0=r=a ]
aiz(r> 0) =0 r>a (23> X
71, 0)=0 0<r<oo [ Fig. 2.
In th =py= .
n ¢ case of p(r)=p,=const., transformed (T o
surface load is 5
H GO Ar, B1, Cr, Dy
B |4
M(m) = —SO rp(r) Jo(mr) dr Y Ao, B, G300
X=h
= "POS 7‘J0<7717‘) d?': —"27—?01& Jl (ma). 6'5 AJ/ 33'. 031 03
0

(24) Fig. 3.

A coordinate system for the three layered system are shown in Fig. 3.
In the case of flexible loading, boundary conditions at an interface are as follows,

for 2=—H: ol,=M(m), oL, =0
for z2=0: ogL.=0%, ot, = o2,

uL = u?, ul =l (25)
for =z=h: ¢,=4d,, ol =0,

ul =, u: =ud.

As the third layer is semi-infinite, the stresses and displacements must vanish at
infinity. This condition is accomplished if

Cd = D3 =0. (26)
These conditions (25) are represented by the following equations.
mP A"+ (1 —2v, —mH) m* B —m*Cie™ ™" +
+(1—2u +mH) m*De ™" = M(im)
P A — 2v +mH) m*Bie"® + m*Cie ™" + (2v,— mH ) m*Die™ ™" = 0
m3A1 -+ (1 —_ 21)1) szl - m3C1 + (1 — 21)) mZDl ==
= m A,y + (1 —2u,) m? By —m*Cy+ (1 — 2v,) m2D,
mP A" + (1 — 2v, + mh) m*Bye ™ —m*Cye™" + (1 — 2v,—mh) m*D,e™" =
= m*Age ™" + (1 — 2y + mh) Bye ™" —m*Cye™" + (1 — 2v;—mh) m, Die™"
m* A, — (Cvpt B)) + m*Cy + 2vmP Dy = m* A, — 2v,;m° B, + mPCy+ 2vgn? D,
myAye” ™ — (2v,— mh) m2Bye™ ™" + mP*Coye™ + (2v, + mh) m? Dye™ =
= mPAze” "™ —(2v;—mh) m*Bse ™" + mPCye™" + (2v; + mh) m:Dye™"
1
;‘EM { —mP A, —(2m—dmy,) B, —m?C, + (2m— 4my,) Dl} = (27)
1
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= —1%:_& { —m*Ay—(2m— dmy,) By—m*C, + (2m — dmw,) DZ}
2
1 Evz { —mPAe™ ™" — (2m + mPh— dmy,) Bye ™" —m*Coe™ + (2m—m*h—
2

1
— 4mu2> Dzemh} — %{ - mZASe—mh — (Zm + mih - 4mu3) Bsegmh .
3

—myCse™ + (2m—mPh—4dmy,) Dsem’”}

m (1 +v,)

M{_mAﬁBﬁmCﬁDl}:T{—mAz+Bz+mC+Dz}
2

E,
m(]E+ Ug) {~mA2€_mh 4 (1 ___mh) Bze—mh + mczemh + (1 + mh) Dzemh} =
2

_ m(l+y,)
=g

{ —mAze™"" + (1 —mh) Be ™ +mCse™ + (1 + mh) D3e’”’”}
Solving these 10 simultameous equations for y=0.5, the ten constants can be
determined and represented in the following,

M(m)
md

+2m*h*—mH )+ 2mhN(1—K? (1 —mH)+ 4mHmZhZK2N] oI Imh |
+ 2KN(L+ 2mh?) (1 + mH e — KN*(L— mE) ¢t 1

At = — {(1 +mH) e —K(L—mH) e "™+ —N1+K?) (1+

+ K*N*(1L +mH) e”} (28. 1)

Bm=— ____]\{7(1722) {e’”” —(1—2mH) Ke™"— KN*1—2mH) g~ 1
+2KN(1 + 2m2h2) e — [ N(1—2mH) + K*N(1— 2mH)— 2Nmh +
+ K2N(1—2mh) 4m*h*+ 2K Zth] e ity RENZ ™ ““’”‘} (28.2)

Com? = Mﬂf—?—)—{—K(l +mH) "+ K1 —mH) e ™"+ N[(1+ K?) (1 +

+2m*hr+mH)+2(1— K mh(1+mH)+ 4K2m3HhZ] grHTEmh
+ Nz(l _mH) e—?}bH~47nh + ZKN(I + ZmZhZ) (1 _mH) e—wLH—ZnLh_
—KN*(1+mH) e"’H“‘""‘} (28. 3)

Dim = ]\fn(,:]n) {K(l +2mH) e — K2 ™"+ KN*(1 + 2mH) e™?~** +

+[K*N(1 + 2mH)+ K*N(1+ 2mH) 4m*h*+ 2Nmh+ + N1+ 2mH)—
_ZKZth] emH——ZmIL_ZKN(l + 2m2h2> e—mH—th__NZe—'InH——4mh (28. 4)

M(rm)

A’ = — md

(1—K) {(1 +mH) e —K(1—mH)e ™+ KN x



where,
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x [1 —2mh + 2m*h* + mH(1 —2mh+ 4m2hz)] gniimh
—N [1 — 2mh+ 2mPh*—mH (1— th)] e*”‘H*Z’”"} (28.5)
. By =— Mm(dﬂ(l — K){e’"H—K(l —2mH)e ™"+ KN[l —2mH(1+ ZmH)] x

x T N(1—2mh—2mH) e ™% 2””‘} (28. 6)
Com? = Mm(jm)— (1 —K){ —N[(l +2mh) (1 +mH)+ Zmzhz] i g

+ N*(L—mH)e ™%+ KN[ 1+ 2mh + 2mh? —mH(1+ 2mh + dm?h,) | x

x e -k KN*(1+mH) e’”H“‘”"‘} (28.7)
Dym = “Aﬁ%) (1 —K){N(l + 2mh + 2mH) enH ik N2gmmE-tmh

—KN[l +2mh(1— ZmH)] e It KN*(1+ 2mH) e’"H““””‘} (28. 8)
Agm? = — i\%iAm—) 1-K)(1 —N){(l +mH) e —K(1—mH) e ™ —

— N[ 1+ 2m2h*— 2mh—mI (1 —2mh) | e > + KN[1 —2mh +

+ 2m*hE+mH (1 —2mh + 4mzhz)] e th} (28.9)
Bon = — ﬂm(zz_) 1—K)(1 —N){emH—K(l —omH) e ™™ + KN[1 —

—2mh(1+2mH )] e imt — N(1—2mh—2mH) e*”””‘zm’”} (28. 10)
Cm*=0
Dm?=0
Mim) =L 1. (ma)
Ketik, *=%

A=—{"T—2K (1 +2m*H?) + K% —2N(1 + 2m2h?) ¢ > +
+ Nie=2nt-smt [ KAN(L 4 4m?H?) + 4K N (L + 4mH?) m?h? +
+ K*N+8N(1—K?) m’Hh + 4ANm’H?|e-* +- 2KN(L + 2m%h) x
(eZmHe*th + e—ZmHAZmIL) - 2KN2(1 + szHZ) 644mh + KZNZeZmH'alimh} .

81
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Substituting these twelve constants from Eq. (26) and (28) into Eq. (21), desired
expressions for stresses and displacements in any point in layered systems are
obtained. Take ¢, and %, as an instance, they are written as follows,

o M

Oz = — 4
]
+mz(1—2mH)]—N- [(1 + K% (1 —mH)+ 21+ K?) m*h*—
—2(1—K?% (1—mH) mh—4K2mSth+mz[K2(l——2mH) (1+4m*h*+)

. {em(ﬂ—z) (1 4 mH+ mZ)_KEA”L(H+Z)[1 _mH+

+2K*mh+1—2mH— th] ]e""(H“"”) +2KN1 +2m*hY (1 +mH+
+mg) gD . K N2t irte) [1 —mH+mz (1— 2mH)] +

+ KNzt (1 4 mH + mz) —K[l +mH—mz(1+ 2mh)] e 4

+ K1 —mH—mz) e"™H= —KNZ[I +mH—mz(1+ ZmH)] gri-inte) 4
+2KN(1 + 2m*h?) (1 —mH —mz) e ™Ht2=2) 4 N2gmmUtir=2) (1T
—mz)+ N[ 1—(1+ K (1+ 2m2h* + mH) — 2(1— K? (1+ mH )mh—

— AP HR*K *+ mz| K*(1+ 2mH) (1+ dm*h9)— 2K*mh ]+ 1+ 2mH +

+ th] e ’2"“)} Jolmr) dm (30)
Uy = -~ IE? SO %OZ) {—(1 +mH+mz)em 2 —i—K[l +mz(1—2mH)—

—mH | & ™ + Ne 0949 [ (1 K3 (1+ 22— mIT)— 2(1— K?) (1 —
—mH) mh—AK*m*Hh* +mz [(1—2mH)+K2(1 —2mH)—2(1—K?* mh+
+4K*(1—2mH) mzhz] ] — 2K Nem @ 2= (1 4 2m2h®) (1 + mH +mz) +

+ K N2 dtinta) [1 —mH+mz (1— ZmH)]—KZNZe’m(”""L‘z) (I +mH+
+mz)— Ke™ ") [1 +mH—mz (1+ ZmH)] + K% ™9 (1 —mH—mz)+

+ Newat=249) [ — (14 K (1+ 2%k 4+ mI) — 2(1 — K?) (1 +mH) mh —

— AR mEHR +mz [ KX (1 + 2mH) (1 + 4m®h)+ (1 — K?) 2mh + 1+ 2m )] | +
+ N2 a2 (1 — i H —mz)+ 2K Ne ™ #22 =2 (1 + 2m*h?) (1 —mH —mz)—
—KNZe"”(H“‘"“)[l +mH—mz {1+ ZmH)]} mdy(mr) dm. (31)

If E,=E, that is, N=0 in Eq. (29), then expressions for the stress compo-
nents a5, and displacement «. shown in Eq. (30) and Eq. (31) are reduced to the
expressions for two layered systems. They are

O'iz — S _W’Z]\‘Z(ﬂ{Kzem(z~h) (1 -—mh—mz) _|_Kem(z+h) [mz(l + th)__
0

—(1+ mh)] — Ke =t [mz (I—2mh)+ (1 —mh)] +

+ e—m(z‘/l«) (1 + mh -+ mz)} Lfo(?n?‘) dm
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1 =
z E1
— th)] Tt K[l +mh—mz(1+ th)] et - K mh +mz—

u

—15 S J\/Iz(lm) {(1—+—mh+mz} e"”(’“z)—l—K[-—l-l—mh——mz(l—
0

—1) e’"‘z“’”} Jo(mr) dm
where, d=¢&""*—2K(1+2m*h?)+ K ™"

Mm)=— L2 J(ma).

Further, if we take FE,/E,=1, h=0, that is, K=0, 4=1, we have the solutions
for semi-infinite solid as follows,

0r= —-posw aJi(ma)e ™ (1 +mz) dm
0

Jad+2t —z ta 2al’(3/2) ]
aja@ + 2 Vi (@ +2

= —Po[a

P PR
P[ (@®+ 2% ]

This result coincides with Boussineq’s solution of the problem. In the case
of the displacement #, (Eq. 31), letting K=0, h=0, =0, z=—h, then Eq. (31)
is reduced to the expression of the displacement of the surface at its loading
center. From Eq. (31) we have

e

ul = —1E5—poaso % Ji(ma) dm
1.5
="F P

This result coincides with Boussinesq’s solution of the semi-infinite solid problem.

4. Stresses and displacements in three layered
systems under tangential load
on the surface

We consider the stress distribution in three layered x
systems under the action of a tangential load applied to
the suface. If the tangential load is uniformlly distributed
over a circular area (Fig. 4), the boundary conditions on
the surface become
0,,{r, 0, 0) = — q(r) cos § r<a
. X
65.(r, 8,0) = q(r) sin # r<a (33)
(f.,z(r, 0) O) = 0'02,(7", 0) =0 r>a
”zz(r’ 0’ O>:O OS?’SOO ¥

Transformed tangential load g¢(r) is Fig. 4.
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Nm) :5: rq(r) Jy(mr) dr

and in the case of g(r)=g,=const.

@

N(m)= qOSO rdo(mr) dr

=% Jma).

Putting n=1 for the series expansion for the stresses and displacements, we can

obtain the solutions for this problem.
Taking the coordinate system as in Fig. 3, the boundary conditions for this
problem become as follows

for e=—H: ¢,=0
or, = —q(r)cos f r<a
oy, = q{r)sin @ r<a
o, =0cL,=0 r>a 34)
2=0: o,=0k, O.=0., 0,=0, (
ul =2, w=ul, u = ul
z=h: =0, O.=0., oL=0a,
w=ul, U =yl , UL =1y,

After solving these 15 simultameous limear equations for y=0.5, we can obtain
the following coefficients considering the semi-infinite solid of the third layer,

Am

Bm=

Clm

. _ Nm)

T 4dm

+ e[ (1—K*) 2Nmh? | —mHe':[ Ke™ + N(1—2mh( + KN(1 + 2mh+

{m,Hell [ZKN(I +2m2h2)+eZ?}Lh+K2N2€—Z1zLIL]+

+4m2/12)+KNZe‘2’”’”]} : (35. 1)

N(m)
4d-m

+ 4’1+ KN"e "+ K —mHes 2K*N(1 + dmh?) + 2K N'e~ ™" +

{e“ [2RN(1+2mPh)+ et -+ K2N%e #m*|— ¢+ K*N(1—2mh +

+2Ke 4- 2N ]} (35. 2)

2 {J—j%”;l {e‘l[(l—-Kz) 2Nmh? |+ mHe | K2N(1—2mh + 4m*h?) +

+ Ke + KN%e >+ N (1+ 2mh)| —mHe*| K™+ KN+
+ N2 - KN(1 + 4m2112]} - (35. 3)

N(m)
4-m

Dyn = {e‘l [ N(1—2mh)+ Ke™ + K*N(1++ 2mh+ 4m?h?) | —
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—mHe[ +2KN(1+4mh?) + 2KN%e ™ + 2Ke*+ 2N | — e[ KN+

+ K2 + KN (1+ 4m*h?)+ N 2e‘z"””:l} (35. 4)
Am® = I\j(;zn) (1 ——K){—e‘* - 2KNm?h* +mHeh [KN(l —2mh+ 4m*h*+
+ ez""‘] + e’ 2Nm*h?—mHe* [N (1—2mh)+ Kez””‘]} (35. 5)
N(m) :
Bm=-"4 " (1—K)ie [+ KN(1+2mh)|—mHe"- AK Nih—
—et [Kez’”’” + N(1+ th)]—-mI-Ie‘z (2Ke™* + 2N )} (35. 6)
N
Cym? = T_(:}? (1—K) {e“ [2Nm®h?]+ mHeh | KN%e "+ N(1+ 2mh)]—
— " 2K Nm*h* —mHe* [KN (1+2mh+4m*h%)+ N’ 2(3’2””‘]} (35.7)
Dym = —JZ(—Z) (1—-K ){e‘l [KN 27 - N(1— 2mh)] —emH(2KN% " 4
+2N)— e[ N?e ™+ KN(1—2mh) |+ mHe" 4Kth} (35. 8)
Am? = J\Z(ZL) 1—-K)(1—-N ){—— b - 2KNm*h’e ™" + mHe" - 2Nm*h%e ™" +
+mHen [e””’ +KN(1— omh + 4m*h?) e""’L] —
—mHe* [Ke””‘ + N (1—2mh) e"’”"]} (35.9)
Bym = %}7—(7;—) 1—-K)(1+ N){ezz [e’”" + KN (1+2mh) e*"”‘]—
—mHe": AKNmhe " — ¢:[ Ke™*+ N (1+ 2mh) e] —
—mHe* [2 (Ne™™" + Ke’”")]} (35. 10)
Cym?* =0 (35. 11)
Dymn=0 (35. 12)
N
Em = # (14 KNe~ ") (35.13)
- Ni
Fom =N (K g N (35. 14)
N(m
Eym = E—En)_ (1—-K) (35. 15)
Fym =) (1 _ gy N (35. 16)

o-m
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Egn = 5(’”) (1—K)(1—N)

F3m=0

where, N(m)= Z:f Ji(ma).

1-“]3 Ez
K= 1+%, k= E
1““71 E3
N= 1+n , "="E,

= mH+mh, Jo = —mH—mh

d=— {EZmH’_ ZK(l + Zmsz) 4 KR tmH _ ZN(l + Zmzhz)e»mn + N2~ m'Hn_

_ [(1+4m*H?) K*N+4AK*N(1 + AP H) e+ KN -+ 8m* A (1
—K) N+ 4m2H2N] et 4 QR N(L 4 2m2h?) (20 . g meady
L 2KN?(1 -+ 2m2H?) et KzNzeZ”"H‘Z")}

8 = e"*(1 + KNe#*)—¢ ™4 (K + Ne )

(35.17)

(35. 18)

(36)

Substituting Eq. (35) into Eq. (20), we obtain the solution for this problem. Take

gi, and ¢l, as an instance, they are written as follows,

glﬂz} = —{S ____"m]\;( m) [ e (1 — g H —mg) [ZKN (1+2m2h* + & +
+ KN | et [ 9N (1— K?) mh? + (1 —mz) [ KAN(1 —
—2mh + 4m?*h?)+ KiN*e¢ ™" + Ke™" + N(1 + th)] ] -

— mHemEtente) [Kez””” + N1 —2mh{+ KEN(1 + 2mbh + 4m*h?) +
+ KN —(L—m2)| 2K*N(1 + Am*h?) + 2K N*e™"* + 2K ™"+
+ 2N ]+ e 249 [ 2N(1 — K?) mh? + (1 + m2)| N(1—2mh) + K"+
+ KEN(1+ 2mh -+ 4+ KNe ™| | + mHem 2+ [ KEN(1—
—2mh + Am*hE) + K" + KN% " 4+ N(1 + 2mh)—(1 + mz) x
x [2KEN(1+ 4mPh?) + 2K Ne 2+ 2K + 2N | | —e =2 (1 4

+mH+ mz)[K2 &+ Ne " + 2K N(1 + 2m*h?) } WAGS!

* mN(m)

Jo (my)] dm -+ So 5

[e—— me + KNeVZILm —mz ___ Kemz _ Ne—zmh—l-mz] b%
|sind

[JZ (mr)EJ, (m7)] dm (c0s0
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Putting N=0, the results are reduced to the solutions of the two layered
system. They are

1 o
o _ l{ —S N [e"’“z"") (mh—1+mh)+ Ke ™=+ [1 +mh—

o) 21 ) 4
—mz(1+ th)] + Kem=tm [l —mh+mz(l— th)] — K2 (mh +
= mN(m) C 88
+1+ mz)] [JZ (mr)=.J, (ma)| dm + S 5 (e Ko x
0
e . | sind
X [JZ(m?)+ Jo(mr )] dmr cosd.

Further, if we put E,/E,=1, ie, K=0, these expressions coincide with the solu-
tions for a semi-infinite solid with a tangential surface load obtained by Muki.

5. Numerical Examples

Numerical calculations were carried out for various cases hy a electronic
computer. A calculation of a definite integration was done by the‘-help of Simp-
son’s formula. Many interesting results and important characteristics of the multi-
layered systems were obtained. IHere, only two examples of them are shown in
Fig. 5 and Fig. 6. Fig. 5 shows the pressure bulbs and Fig. 6 shows the principal
stresses in the two layered system subjected to a normal load and a tangential
load simultaneously on its surface.

L 2a S _ 2a
|
v T e e 0 ([T
/] N - ' I £ 4 ——
d\—=— NN RIS
/o & 2 ) PN
[ EN | b\ AN
1% i , AT NN
N / A N
s
\‘ ~ e 7 / l \ .
o\ /| N
\ / \ ~.]
N\ / \
. S \
3 \\\ p /,/ 3 \\\
T =g | T~ -
fﬁf‘zz:qv 7 T —-—*-Z?f;‘;q
5=
Fig. 5. (a) Fig. 5. (b)
Pressure bulb of 6%, (in the case of a/h=1.0) Pressure bulb of 0. (in the case of a/h=1.5)
(Numerical values on each curve show the Po

(qo=-"5-
percentage to (pu+q0) (g =20 2
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Z2a /go'

/
T

1
N
|

Fig. 6. (a) Principal stress line (solid curve) and Principal shearing

stress line (dotted line). (F;/E,=9) <q0=£2°_)

2a /g-o .

o /
e g

Fig. 6. (b) Principal stress line (solid curve) and Principal shearing

stress line (dotted curve). (Ey/E;=99) (g, :_'PZL)
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