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       New Formulae of the Generalized Sampling Theorem I

                 - Formulae making use of the Sampled
                       Zero.th Order Derivatives-

               Ei Iti TAKIzAwA*) and Shih Ming HslEH**)

                             (Received July 7, 1974)

                                 Abstract

    New sampling formulae are presented, based on the generalized sampling
theorem by Takizawa a.nd Isigaki. Some examples given in the present paper

include the sampling formulae, by means of which one can reconstruct a con-
tinuous function from its sampled values and sampled derivatives. The sampling

formulae stated here can be effectively applied as interpolation or extrapolation

f'ormulae.

                             Zusammenfassung

    Neue Abtastformeln werden in der vorliegenden Arbeit auf der Grundlage

des von Takizawa und Isigaki abgeleiteten verallgemeinerten Abtasttheorerns

angegeben. Die hier behandelten Beispiele enthalten solche Abtastformeln, mit

denen man eine kontinuierliche Funktion durch Ihre abgetasteten Werte und
abgetasteten Ableitungen wieder konstruieren kann. Die hier beschriebenen
Abtastformeln k6nnen als Interpolations- oder Extrapolationsformeln erfolgreich

angewandt werden.

                            gO. Preliminaries

    The generalization of the sampling theorem and the reconstruction of a
band-limited function from its sampled values and sampled derivatives were made

by Kohlenberg'), Foge12), Jagerman and Foge13}, Bond and Cahn4), and Linden and

Abramson5). The sampling theorem was also generalized by Balakrishnan6) to the

case of a continuous-parameter stochastic process. On the other hand, it was

pointed out that the sampling intervals need not be uniformly distributed').

    In previous papers8)Ni2>, one of the present authors (T.) proposed a generalized

sampling theorem taking the reciprocity relation of integral transforms into

account, and gave new sampling formulae as examples. Takizawa and Isigaki'3)

also presented another generalization of sampling theorem to reconstruct a con-

tinuous function from its sampled values and sampled derivatives. They also
suggested some of the new sampling formulae as special cases of their theorem.

Recently Takizawa'4> made some comments on their generalized sampling theorem,

and introduced the notion of the generalized frequency and generalized band-
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limited spectrum function, in order to discuss the condition on which their

theorems were based. Truncation error of the sampling expansion was also
estimated by him.

    In this paper, the authors present several examples of the generalized sam-

pling theorem, based on the expressions given by Takizawa and Isigakii3), and

Takizawa'`). Expressions in the references 13) and 14) shall be quoted with
authors' initials, e. g., (TI-2-1), (T-1-1) etc., respectively.

    We shall begin with the consideration of the examples of the generalized
sampling theorem (TI-2-1), (TI-2-1'), (T-1-'1), (T-1-1'), and (T-1-1"), for the case

of small m.)O.

         g1. Examples of Sampling Formulae making use of the
             Zero.th Order Derivatives of Sampled Function

    We shall refer to expressions (TI-2-1), (TI-2-1'), or (T-1-1)t-v(T-1-1"), mainly

for the case m.===O, which corresponds to the case for the sampling formula making

use of the sampled values of an entire function. For m= O in (TI-2-27) or (T-2-5),

we obtain the sampling formula (TI-2-23) or (T-2-9), which reduces to the expres-

sion suggested by van der Poli5), i. e,, (TI-2-26) or (T-2-9).

1) If we take an orthogonal polynomial ip(2;s) of degree s, in the interval:

a(z(b, with its s zeros 2. (n==1, 2, 3, ･･･, s), i. e. ¢(z,,; s)== O, and

       g6(x;s)E(g6(x;k);Sr,W(z)･sz5(2;nz)･¢(z;r)･de--6.,,.), (1-1)

with the weight function W(z), then expression (T-2-9) approximates f(z) by

       f(2) =:= tfi.,f(Zn)' (x-.ip.g¥a,i.),,; ,) +K'¢(z; s), (i-2)

the first term of which is a polynomial of degree (s-1).

    Function f(2) in (1-2) with K==O, coincides with f(x) at the s points 2.(n=

=1, 2, 3, -･･, s), and therefore is identically equal to f(x), if f(z) is a polynomial of

degree (s-1). In this case, K:=lim....f(2)!¢(x;s) vanishes, Iff(z) is a polynomial
of degree s, then the second term of the right-hand side in (1-2) is necessary

to express precisely the function f(x), where K=lim.nt,.. f(x)1¢(2;s) does not
vanish but remains finite.

    Of course, if f(x) is of higher degree, function f(z) in (1-2) with K ==O, does

not representf(x) exactly, but only approximately. And this formula is known

as Lagrange's inte2polation formula.

    If f(2) is a polynomial of degree as high as (2s-1), it is also showni6) that

        l?, w(z)･f(z)･de -- SZw(z)･f(z)･de, a-3)

with W(z) the weight function associated with ¢(2; s), Because f(z)-f(z) is a
polynomial of degree at most (2s-1) and certainly has among its zeros those of
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¢(2; s), since

        f(2n)=f(Zn), fOr ip(Xn;S)=O･

Therefore, we･can write

       f(2) -f(Z) -- ip (X; S)･7" (Z),

where r(2) is a polynomial of degree at most (s-1). Then

        S: W (2) ･f(2)･de-S: W(2) ･f(z) '･ de -

                ==: S: W(z)･ip (z; s)･r(z)･de -o,

because ip (x; s) is orthogonal to every polynomial of lower degree.

    We put expression (1-2) into (1-3), and obtain

        S: IV(Z)'f(Z)'de == ,#.,2n'f(Xn),

with constants:

        2,t=SZW(z)'(...¢.gZ.a,i.).;,)'de, (n-1,2,3,･･･,s)

which are often called the ChristoLfflel nttmbe7is.

    Formula (1-7) states that if f(z) is a polynomial of at most

then the integral can be evaluated if one knows the value off(z)

than s points. This formula can be used to evaluate integrals

f(2) is not a polynomial of at most degree (2s-1), and is noth'

quad7zztu7T fo7"mtcla.

    In some practical approximations of Lagrange's formula, one

              s        g(z)==n(z-rpk), (alltherpk'saredistinct)
             k=1
in (T-2-9), and obtains the sampling formula

              s       f(2) - Z f(rp.)･L. (2) +K･g (z),
             m=1
where

       L. (z) = ,ij., rpZ.1rpi ,

               k±7n
with

       Lm(rpp)=Sm,p･ (1(l'(S)

    As an example of (1-10), we shall take:

       f(z)=z", (N=naturalnumbernotexceedings)

with g(x) expressed by (1-9), then we obtain:

(1-4)

(1-5)

(1-6)

(1-7)

(1-8)
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     degree (2s-1),

       at no more
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     often takes:

         (1-9)

(1-10)

(1-11)

(1-12)

(1-13)
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       -''i(l) ==:.iS.,rlrT.tt'-rp;/,ithLij'7'('rp,.) +KN, ("gTith g'(rp･n)=f//.l.Ili;,,(rpnbmrpA)) (1'14)

with K"T==1 for N=s, and KNT:-=O for 1({N<s-1, because of condition (III') in
(T-2-2), or (III") in (T-2-4).

    Expression (1-14) with 2==O, reads as follows:

       .#.,g'Z//.,)==O, (fOrN==O)1,2)''',s-2) (1-ls)

                                   'and

             s-1       ,,II.I, gl7Zrpb ,.) =1' (lm16)
    If expression (1-9) has double zeros, the sampling formula (1-10) is to be

modified by means of (TI-2-1) or (T-2-3). The detailed expression shall be given

in another paper28).

Z) If we put:

        g(z)-cos(ct･cos-iPz), (cr･P,£O) (1-17)
in (T-2-9), with constants cr and P, we can approximate f(z) by:

       7'('Z-)=E.(-1)'L'f(2･L)'sin('-2'Z:1rc)･ '

                ･--9--O-S.(pa-.k-gO-' -S.9X)-+ K･cos (cr･cos''P2), (N8)

with

        cos (ev･cos-' fll2,,)=O, (1-l. 9)
i. e.

                  (2n+ 1) rt
                     2.mu'-･ (n=integers) (1-20)        cos"i Px,, :=: -

If functionf(2) is a polynomial of degree (s-1), we have:

        f(2) == 1" ' jpti (- 1)" 'f'(2.) ･ sin ( 2 'E "---L .,).

                 cos(s,cos-iPz)
                ' P.(z:']iT'-2Jl,1) '", (S==Positiveinteger) (1-21)

referring to condition (III") in (T-2-4), where 2. (n--O, 1, 2, ･･･,s-1) are zeros of

cos (s･cos"'P2), i. e., x.=(11P)･cos ((2n-f- 1) n12s).

    In expression (1-18), if we put P2== cose and Pz.=cos0., we have

        Lf ( COBS 0-) = T}-'jtl,(-1)'i･f( CPBS e't )･sin 0.e

                    cos (sO)
                'cosormcoso-+K'cos(se)･ o-22)
                           n
                                     '
Accordingly we obtain:
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       Sgf(COpS-0)･de--l;-･iz,-i(-i)n･f(COSpO't)･sino.･

                  I' ..,CoO-S (,SO.), eJl:- de+K･ sin,[sn), (IH23)                ･N

where the integration SI' de 'is to be understood to take Cauchy's principal values

at0=e.==(2n+1)n12s. Hence we obtain:

        Sl.f-(COpSe),de===-g-･,izli(-i>n･f(COSp0't)･sin(se.),

                                    (s=::positiveinteger) (1-24)

by making use of the integral formula:

       fS['-cosCeOigltSoes)e*de=TSg:･.(Sefi**>. (s=non-negativeinteger)

Expression (1-24) corresponds to the approximate quadrature formula given by

Multhoppi7) and Kond6i8).

3) If we take:

        g(z)-sin(Px+7'), (P40) (1-25)
in (T-2-9), with constants B and r, we obtain Sonzaya's sa77ipling fbrmztla,i9)

referring to (T-4-10'):

        f(.) .= .:ze-eco f( 'irrp- 7' ), Si"p.(P+2 +r!i,.'Zrr) , (1-26)

with sampling function sin (Pz+r-nrc)1(Pz+r-7zrt), provided that f(z)･exp [-IPI･

.Iyl] vanishes for large lyl, with 2=x+iy. Function (sinz)lz is oftell called sinc z.

    If we take f(z)=constant and g(x)==sin(Pz+r) in (T-2-9), then condition
(III") in <T-2-4) is expressed by:

        l't,. ini' S. (g"-2)･fsi(nC)(pc+r) dl; == O, (1-27)

from inequality (T-4-10'). In (1-27) the integration contour is taken to be a

circle of radius R with its centre at the origin. Hence, from (1-26) and (1-27)

we obtain:

        1..,,='z-oa..sinpLPi;!';,;z). (p,#o) (1-2s)

    It is also known that condition (III) in (TI-2-4), (TI-2-25), or (T-1-4), is

satisfied, provided that the following inequality3)'i`) holds:

         11        TpTU<-w""･ (i-29)
with W the maxinzt{,m fo"equency of a banclLlimited .ftt.nctio7z f(2), and that the

total variation of the Fourier-Stieltjes spectrum of f(z) is bounded. If we take
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r==O in (1-26), then under condition (1-29) we have Shannon's formztla20)'2'):

        f(z)-.'-LzOi..f("pT)･Si"i3ilii3iili:i,;in). (p=t=o) (i-3o)

    From (1-26) and (1-27), we have:

        cos(crz)=.ii-.cos('ZTp-r･cu)･Si"i3ii/9i:il]21il,."rc), (te#=o,tcui<lpD

                                                              (1-31)
and
        sin(cr2)=.:zO-Ocosin('ZrrpMr･a)･Si"p(.Pl;lli;iiZn), (pso,icrl<lpl)

                                                              (1-32)
provided that lal-IPI<O (qlC (T-4-10')), i. e.

         11        iPi-< lcri' (1-33)
4) If we take g(z) as a product of two entire functions gi(x) and g2(z):

        g(z)-gi (x)･g2 (x), (1-34)
we obtain, from (T-2-9), the following expansion formula for an entire function

f(z), under condition (III") in (T-2-4):

       f(x) = ¥, f(zn)' (.mY.')IZg)t'(gz2.5X･i,(z.) +

               +;.f(xm)'(.-..g,l,(2'(g;,IZ.)g,,(..)+K･gi(2)･g,(z), (1-3s)

with simple zeros z. and 2la,,, respectively of functions gi(2) and g2(2). Thus we

have g'(z.)==g{(2.)･g2(2.), and g'(z.)=gi(z.)'gE(2.)･

    As an example of (1-35), we shall take:

                        s       g(z) -= sin(Pz+r)･ n (z-rpk), (PiO, all the rp,'s are distinct) (1-36)
                       A:=:1

in ('I[L2-9). This gives the following sampling formula:

       f(z) == ,,:ZOi..f(2n)' Si"p.(k;l;,.va) ' ,]Sl., S,irprpk, "

               +,tfi.,f(rpm)'sSiin-((pPi,.++7r))'k.,i,iwurprpk,, (P*O) (1-37)

                                     A:±m
with z.=(nn-r)/P (n =integers), all the rp.'s (m==: 1, 2, 3, ･･･, s) and z.'s (n ==integers)

being distinct, i.e., v.¥(nn-r)!P, provided that f(z) is entire and that
liMg.･eo f(X)/g (Z) == O･

5) Ifwetake

        g(2)-x･sin(Px)-A･cos(P2), (P･A=#O) (1-38)

        g(x)Fz･cos(Pz)-B･sin(Pz), (P･B40) (1-39)



               New Forrnulae of the Generalized Sampling Theorem I 55

in (T-2-9), with constants A, B, and P, then we obtain respectively:

        f(X)=2.='ZLOO..f(2n)'2p2.C+OS,(iP.R(t2)m.)'Z'Si"(PZ;--A2.'COS(PX), (1-4o)

              ftio
or
       f(X) == "2.='ZLco..f(ptn)' 2ppt,S,!n,(iP.pt(b2) ppt.) '

                7Z*O
                                           z.cos (P2) - B･sin (Px)                 z･cos(Pz)-B･sin(Pz)
                ' z-pt. +f(O)' z･(1-P･B) '
                                                              (1-41)

where R. and Lt.(n=integers) are roots of the following equations, being arranged

in ascending order of magnitude:

        2n'Sin(P2n)-A'COS(PRn)==O, (1-42)
and

        P?t'cOs(Pptn)-B'Sin(Pptn)=O･ (P'B#=1) (1'43)
The roots R.'s and p.'s are taken to be positive for n>O, negative for n<O, and

we put Ro==:pto==O. 2o is not a zero of g(z) in (1-38) for AlbO, while pt,:t O is a

simple zero of g(z) in (1-39) for B*O.

    For an even function f(z) in (1-40), we haveiO)Ni2),22),23):

       f(2) = 4 ,'Z,!OO, 2n･f(2n)' 2pR,:2S,(iP.2(i2) pR.) ･ Z'Sin(PZ.),IA2:'COS(BZ) ,

                                                              (1-44)
with positive roots 2.(n=1, 2, 3, ･･･) of equation (1-42).

    For an odd function f(z) in (1-41), we haveiO)Ni2),22),23):

       f(2) - -4 1=Oe, pt.･f(pt.)･ 2ppt,?L",(iP.P('2v) py.) . Z'COS (Pe,)iBpt?; Sin (Pz) ,

                                                              (1-45)
with positive roots pt.(n ==: 1, 2, 3, ･･･) of equation (1-43).

    For the limiting cases: A-->O in (1-38) and B-O in (1-39), we obtain respec-

tively the following formulae from (TI-2-1), (T-1-1), or (T-2-10),

       f(z) =: ,,:Z"i.. S. ･f( iiiT ). Z'Sipnx(ill/l:-.nn) +

             VltO
               +(f(o)+z･f,(o))･Si"p.(P2), (p*o) (1-46)

and
       f(2) = .i-..(-1)'t"i' (2 .2+Pl). 'f( 2'SX l-' n)･

               ･B.-X('2CO.StililZ))./2-t-f(o)･cos(p2),(p#=o) (i-47)

which are somewhat different from Shannon's formula (1-30). Let us note that

z.sin (P2) has a zero of second order, and x.cos(Pz) has a simple zero, respec-



56 Ei Iti TAI<IZAwA and Shih Ming HslEH

tively at the origin.

    Examples of (1-46) and (1-47) read as follows:

       sin (cv2) == .Xeum". Sn .sin ( 7ZScr-). X'Sip-z(-ti7i7Zrr-) +

                ･niO

               +-:l-･sin(pz), (p=t=O,lcri<lPi)

        Cos (crz) = ,,IZOIe-..rn'fiP'}Er･cos ( 7Znpcr ). 2'Sip-x(giz-n 7in) +

                71tO
                  sin (P2)
               + N , (P=#o,lai(lpD

        tJL (crZ)== .:tL.. 7i 'L7L( 'tia )' X'Si/t"(-PZ.Iii 'ZT) +

               71tO
               +(.IL(o)+-cr-2Z-･(.IL7,(o)-.JL.,(o))]･-ELaptPX), (p=to,i.1<lpD

                                                              (1-50)
       si" (crz) = .:Zco- co(H1)"'i' i(r2 .2+Pl) . ･sin ( 2 'E i} 1-- zcr)･

                    2･COS (PZ)
               'p2-(2n+1)./2, (P=tO,1crl(iPl) (1-sl)

        cos (crx) == ,,:Ze-Oou(-1)"'i''(2 n2+Pi')'.m ･cos ( 27Eili 1 Tev)･

               ･p.il2C?,SEP12)).12+cos(Px), (p=i=o,icr1(ipD (1-s2)

        ulL (crZ) =" .:Oi..('1)'""'r2',,2-yPl).vr 'blL ( 2'SX1 na)･

               ･p.li2C9iSiPi)).!2+tJL(O)･cos(Pz)･ (P*o,icrl<lpD (i-s3)

The expression corresponding to (1-50) for v==:O ancl a=P==1 was given by
Wheelon2[S),

6) If we take Bessel function of integral order v for g(x) in (T-1-1):

        g(z)-=L(Pz), (PtO) (1-54)
with a constant P, we obtain, by means of (T-2-3), (T-2-4), and (T-4-10'),

       f(Z) == ;:ltkOi..f(Z")' tL-il(p2.) ' p?2(-t?.) +E(Z)' O-55)

       E(z) .: ilzl]i ,zSl=,tt-;-Tj2-･ (",liiSS.;i?-. ･zs･ t'L.SP,,X), (i-s6)

provided that lim.-,. f(x)11(Pz)=O. In (1-55) and (1-56), f8":-f`j'(z,) ==f`j'(O),

(1-48)

(1-49)
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H(,Sr'j)==H(Srmj)(2,)=H(Sumd'(O) with g(z)=L(P2), and Bz. are zeros of Bessel {unc-

tion ,7;(z), i. e.

       u]L(P2.)=O, (7z-:integers) (1-57)
where 2o==O is a zero of lv]-th order at the origin (for p*O). In case v==O, we

have no 2o and function E(z) reduces to a null function.

    If either a) f(z) is an even function and v is an even integer, or b) f(x) is

odd, with v odd, we obtainiO)Ni2) from (1-55)t--v(1-56).:

       f(z)-2,'Z,-e.e,f(z.)･ J.-ets..) ･ (p.",E9p).,,)2 +E(z), (i'm58)

with positive roots 2,.<n=1, 2, 3, ･･-) of equation (1-57).

    When we put f(2)=l,(az) in (1-58), we obtain

       .T),(atx)-2,X..O.e, Pit'iiZIL'l3(.cr.Z)") ･ (p.i;,{tSieXl31i,,)2 +E(x). (o# Ia]<IPI) (l-ss')

    It is interesting to take g(z)= 2,{IL(Pz) in (T-1-1), instead of (1-54):

        g(z)=z･.7L(Px), (v==integer) (1-54--1)
and we have

        g'(x)-Pz･J;(P2)+L(P2). (1-54-2)
For (1-54-1), under condition lim,u... f(z)!(2･c7L(P2)]=O, the sampling formula

reads:
                                           '       f(X)=,,:Zoo]-..f(2")'pz.･,ILI,(p2.)'XkJnv'(S,r)+F(z), (i-ss-i)

              7tlO

       F(z)=ttl, ,zS:=, fj(9I" ･ge,ISj-.)"t.' ･2s･ bZIS' £iZ) , (i-s6pi)

where fY)=f("' (z,) =f(j) (O), HSSL") =:H(S7j) (z,)=H(S-j) (O), with g (x)=z･L(P2), and

Px. are zeros of Bessel function ,7L(z), i. e,

        tlL(Pz.)--O. (7i-integers) (1-57-1)
For v=YO, zo:=:O is a zero of (lvl+1)-th order at the origin. In case v==O, we have'a

simple zero 2, -O at the origin, and F(2) reduces to f(O)･4(Pz)!A(O)==f(O)･4(Px).

    If either a) f(2) is an even function and v is an even integer, or b) f(x) is

odd, with v odd, we obtain from (1-55-1),

        f(X)==2,t)'lff,f(Z")'pz...ILI,(Bz,,)'Z2112t7-L(.P2,i{)+17(z)･ (1-ss-1)

    If either a) f(z) is even, with p odd, or b) f(2) is odd, with v even, we

have from (1-55-1),

       ''f(Z)=2,i/l.;.OO,f(2n)'p.,7;-1,(p..)'XS2b-TL(.Pa,;)+F(X)･ '(1-58-1')
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    In case pt==v=O, expression (1-58') reduces to the following one27), if we put

z =O:

        i-2,I4.ea,p8.ii'Uiiiiil})..). (oeiIcrl<pi) (i-ss,t)

                              '
While, in case f(z)==const and v==O, (1-58-1) reads:

        i= -2.tLco, p,,,.t (p.,,) ' Z2i41i(£iX) +%(p2)･ (i-ss-i")

7) More generally, we shall take25):

        g(z)-z･J;(Px)+h･1(Px), (P･h=#O) (1-59)
in (T-1-1), with an integer v and constants P and h. The right-hand side of
(1-59) reduces to g'(z)IP in (1-54-2), when we put h=1!P. For (l-59) we obtain,

referring to (T-1-9), (T-2-4), and (T-4-10'),

        f(2) == ;,i".f(R")' (h2+2P,.R)'tp2-,2 '

               7biO
                    1 z･J;(P2)+h･1(Pz)
                'JL(P2n)' xm2. +G(X)' (1-60)
        G(2)-'l#it/t.,fi.¥'･(H,2SS.)'i･xs･2'J;(PX).+,.,h'uiL(PZ), (im6i)

provided that lim.-.. f(x)/{z･tJC(P2)+h･4(P2))=O.                                               In (1-60), the values R.
(n--integers) are roots of the following equation:

        2n'tJ'C(I3Rn)+h'tJ]･(i3Rn)==O, (1-62)
with Ao=O a zero of ivl-th order at the origin (for viO). In case v=O, RJ=O is

not a zero at the origin, and G(z) reduces to a null function.

    If either a) f(z) is even, with v an even integer, or b) f(2) is odd, with v

odd, then we obtain iO)NiZ)'Z2)'23) from (1-6o),

       f(Z) = N2,'£,if(2n)' (h2+RP,.R)?`p2-v2 '

                   1 2･J:(P2)+h･1(Pz)
               'Jl,(PR.)' z2-2?, +G(Z)･ (1-63)

    If we tend h to infinity in expressions (1-59)N(1-62), we have the expres-

sions which are essentially the same as (1-54)N(1-57).

    The formulae corresponding to (1-44), (1-45), and (1-63), were also given by

Krol122) and Isorniti23), based on the integral transforms'O>Ni2) of the sampled function.

s) Further, let us take25) a linear combination 71,(x, z) of Bessel function .L,(z)

and Neumann function 11,(z) of order pt:

        Z, (x, 2)-X(x)･L (2) --l(x)･g(2). (1-64)
We shall put:
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       g(2)==7;(ax,Bz), (v==integers,a=tP,aPtO) (1-65)
in (T-2-9), with constants cr and B. Then we obtain'O)N'2), from (TI-2-4) or (T--1--4)

with (T-4-10,), ･
       f(z)=--SzO-a..f(2,,)･ttit('L.£f2tff'i)3?(X2.$`)･7Licri>,,P2), (i-66)

                  7t"O
provided that lim.eln.. f(z)l7-L(crz, Pz)= O. The values R.(n==integers) are roots of

the following equation:

        Z(crRn, i3JRn) == O, (1la67)
i e.

        Yl, (aRn)'ell, (P2n) == ell, (ar2.)' Yl, (P2,,), (1-68)

being arranged in ascending order of magnitude for increasing n, where Ro=O
is not a zero of 7'L(az, Pz). We referred to expression (1--68) and the Wronskian

of cylinder functions q(2) and X(z) in order to obtain the sampling formula
(1-66).

    Function 7-L (ax, Px) (v= integer) is an even function, because of .1;(-z)=(-1)'.

1(z) and Y,(-x)=(-1)"･YL(z) for an integer v. So, if f(x) is an even function,

expression (1-66) reduces toiO)"i2):

       f(z)--n･iz,]=ee,f(2.)･Ri>;.?.S)Ri')ii$((S21f)t)･T".(2cr-Z'aBZ), '(i-6g)

with positive roots 2.(7z=1, 2, 3, ･･･) of equation (1-67).

If function f(2) is odd, expression (1-66) reads:

       f(x)"=-n'JZ,if,f(zn)･23iil.li:fm")ir<}(XPEf)')･X'{l,(rm':?,PZ). (i-7o)

    If we replace f(x) by f(z)･B.(z) in (1-66), we obtain a sampling formula for

f(x)･B,(z), which reads:

       f(Z)'Bv(2)=-g,,i-..f(Rn)'Bv(2n)'

                       n*O
                 27t'blL(cr2n)'tll･(l92n) 71(crx,Pz)
                'tJ?(aRn)mul'3(PR.)' 2'2. ' (IH71)

with a given function B.(x), under condition:

        lim f(z)･B, (z)/ 7} (cr2, P2)-O, (1-72)
        X--oa

which corresponds to condition (III) in (TI-2-4) or (T-1-4).

    If we take

        B,(x)-J?(2)+Y?(z), (1-73)
in (1-71), we obtain a sampling formula previously given by one of the
authorsiO)--i2).
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9) If we take

        g(z)-sin(Pz2+r), (P･r#O) (1-74)
in (T-2-9), we obtain:

                       sin-(Pz2+･r-nff)
        f(2)=¥,f(X")' 2Px.･(x-z.) ' (1-75)

where z.=±V(nn-r)IP (n==integers), and the summation over n covers all the
values of z,. i.e., positive and negative square roots. In case r=O, sin(Pz2+r)

has a double zero at the origin, and expression (1-75) needs modification.

10) If we take g(x) to be a product of two entire functions, such as sin (Pz+

+r)･.I;(pz), (a Lagrangean polynomial)× ,IL (p2), etc., we obtain a sampling formula

from (T-2-9) by similar calculations as in (1-35). ,
    Truncation error of the sampling expansion (T-2-9) can be easily estimated,

The bound for truncation error'`)'26) of (T-2-9) in case m.=O was already given

by (T-2-13) or (T-6-7).

  Concluding Remarks

    In this paper were given several new examples of sampling formulae, based

on the generalized sampling theorem (TI-2-1), (T-1-1), or (T-2-3). Formulae

which make use of the sampled zero-th order derivatives (i. e., the values of tlte

sampled function itself), were mainly treated. Our formulae coincide in rnany

cases with those derived from formula (T-2-9) with K=O, as was suggested by
van der Poli5). While, it seems to the authors that formulae such as (1-10), (1-

14), (1-l8), (1-24), (1-35), (1-37), (1-46)rh-(1-55), (1-58), (1-60), (1-63) etc,, were

newly presented in this paper. Examples of the generalized sampling formulae

which make use of the sampled higher order derivatives, will follow in another

Paper28).

    In concluding the paper, one of the authors (T.) wishes to express his sincere thanks to the

members of Departments of Physics ancl of Mathematics of Taiwan University in Taipei, for their

constructive suggestions and hospitality during T2s stay in Taipei in the early autumn of 1972,
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