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Regularities of ground states of quantum field models

Asao Arai* Masao Hirokawa'and Fumio Hiroshimat

Abstract

Regularities and higher order regularities of ground states of quantum field
models are investigated through the fact that asymptotic annihilation operators
vanish ground states. Moreover a sufficient condition for the absence of a ground
state is given.

Keywords: Ground states, number operators, boson Fock space, scattering theory,
infrared divergence, generalized spin boson models.

1 Introduction

A basic object in a quantum field model is a ground state of it which is defined to
be an eigenvector of the Hamiltonian H (a self-adjoint operator on a Hilbert space) of
the model with eigenvalue equal to the infimum E(H) of the spectrum of H, provided
that F(H) is an eigenvalue of H. In this paper we investigate regularities of ground
states of quantum field models. Here we mean by regularities properties of what class
of subspaces ground states belong to, including absence of ground states in certain
subspaces.

As is well known, the existence of a ground state of a quantum field model may
depend on properties of objects contained in its Hamiltonian such as a one-particle
energy function and cutoff functions. In particular, it is subtle in the case where the
quantum field is massless ([5, 2, 10, 11, 12, 13, 19] and references therein), being related
to the so-called infrared divergence [21]. From this point of view, it is important to
characterize regularities of ground states, in particular, absence of them, in terms of
objects contained in the Hamiltonian of the model under consideration, as generally
as possible. This is the main motivation of this work. Preliminary work concerning
this theme was done in a previous paper [5|, where the absence of ground states of
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an abstract and general model, called the generalized spin boson (GSB) model, was
discussed. In the present work we extend results obtained in [5] to a more general class
of quantum field models, establishing new criteria for regularities of ground states. In
particular we consider higher order regularities of ground states, where higher order
regularities means properties that ground states belong to smaller subspaces indexed
by powers of a nonnegative self-adjoint operator. In [8, 16] the higher order regulari-
ties of ground states of the Nelson model and the Pauli-Fierz model are investigated.
In [8], the functional integral representation of a semigroup generated by the Nelson
Hamiltonian is applied. Our method is based on the functional analysis and different
from [8, 16].

This paper is organized as follows. In Section 2 we define the quantum field model
to be considered. We prove general results on regularities of ground states. Section 3
is concerned with absence of ground states of the model and discuss the Nelson model
with and without infrared cutoffs, and the Pauli-Fierz model. In Section 4 we consider
higher order regularities of ground states for general models. In Section 5 we apply the
general results established in the previous sections to the GSB model, where we study
the absence of ground states, and higher order regularities of ground states are shown.
In the last section we give an appendix.

2 Regularities of ground states: general aspects

2.1 Fock spaces and second quantizations

Let IC be a separable Hilbert space over complex field C, and ®7X denote the n-fold
symmetric tensor product of K with ®2K := €. The norm and the scalar product on
Hilbert space X" are denoted by || f||x and (f, g)~, f,g € X, respectively, where (f,g)x
is anti-linear in f and linear in g. The norm of bounded operator from & to a Hilbert
space ) is denoted by || X||x—y and the domain of unbounded operator Y is by D(Y).
The Boson Fock space over K is defined by

Fi(K) = PIRiK] = {¥ = {¥W [ [19]% 1) = D 1020 < 00}
n=0 n=0

The Fock vacuum is defined by Q := {1,0,0,...} € F,(K) and the finite particle
subspace of Fy,(K) by

Foo(K) == {{\IJ(”)};’LO:O € fb(lC)|\I/(n) = 0 for all n > ng with some ng} )

It is known that Fy, o() is dense in Fy,(K). The annihilation operator a(f) with f € K
is defined to be a densely defined closed operator on F,(K) whose adjoint is given by

(a(fy )™ = v/nS,(f ® ¥"Y), e Dla(f)"),
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where S,, denotes the symmetrization operator on ®"IC, i.e., S,(®"K) = QK. We
note that a(f) is anti-linear in f and a*(g) linear in g. The operators a(f) and a*(f)
leave Fy,o(K) invariant and satisfy the canonical commutation relations on Fy, o(K):

[a(f),a*(9)] = (f, 9)x, (2.1)
[a(f), alg)] = 0, (2.2)
[a*(f),a"(9)] = 0. (2.3)

Since a(f) and a*(f) are closable operators, their closed extensions are denoted by the
same symbols, respectively. Define ng(IC) with subspace D C K by the finite linear
hull of
{Qru{a™(fi)---a"(f)Qfj € D,j=1,...,n,n>1}.

It is known that F[(K) is dense in Fy(K) if D is dense in K. Let C' be a closed
operator on K. Define dI',(C) : @K — Q7K by

dr,.(C) ::Zn:1®1---1®é‘®1---1®1, n>1,
j=1

n

and dl'o(C') : C — C by
dro(C)Z = O, z € C.

The second quantization of C' is the operator defined by

dr(C) = @) dT'(C)

with D(d[(C)) := Fiy”(K). Note that
dr(C)Q =0
dU(C)a*(fr) - a*(f)Q = Z_:a*(fl) cea’(Cf) - at(f),

fj € D(C), j = 1, o, n.

For a nonnegative self-adjoint operator K, dI'(K) is a nonnegative essentially self-
adjoint operator. We denote its self-adjoint extension by the same symbol, dT'(K).
dl'(1) is referred to as the number operator, which is denoted by

N :=dI'(1).
It is known that, for all ¥ € D(dI'(K)Y/?) and f € D(K~'/?),

()l < 1K 2NN E) 2P 5 o), (2.4)
la* (H) N0y < K2R E) 25 o) + 1A IR o (2:5)
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Lemma 2.1 Let 0 < ¢ < 1 and n be a non-negative integer. Let f € D(K~'/?)n
D(K™1Y). Then a*(f) maps D(dT(K)"**/2) into D(dT'(K)"*€). In particular, it
follows that W € D(a*(f1)---a*(f)) for ¥ € D(I(K)"?) and f; € D(K™'/?)n
D(KWP/?2), j =1,...n, where a* denotes a or a*, and [n/2] the integer part of n/2.
Moreover it follows that

Proof: See [1, Lemmas 2.3 and 2.5]. O

2.2 Total Hamiltonians
Let 'H be a Hilbert space over C. Then one can make the Hilbert space
F:=H® FK).

Let A be a self-adjoint operator bounded from below on H and S a nonnegative self-
adjoint operator on ‘H. The decoupled Hamiltonian

Hy:=A®1+1®dl(S)

is self-adjoint on
D(Hy) :=D(A®1)Nn D1 ®dl'(9))

and bounded from below. Let Hj be a symmetric operator on F such that D(Hy) C
D(Hj). The total Hamiltonian under consideration is the symmetric operator

H := Hy+ gH;
on F, where g € R is a coupling constant. Assumption (A.1) is as follows.
(A.1) There exist constants a > 0 and b > 0 such that
| Hw|| < all Ho®l| + 0|9, W € D(Hy).
Proposition 2.2 Suppose (A.1). Then for g with |g| < 1/a, H 1is self-adjoint on

D(Hy) and bounded from below. Moreover it is essentially self-adjoint on any core of
Hy.

Proof: 1t follows from the Kato-Rellich theorem [23]. O

It is known that there exist a finite measure space (M, u), a nonnegative measurable
function Fs on (M, 1) and a unitary operator U : K — L?*(M) := L*(M, du) such that
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(1) W € D(S) if and only if Fs(-)(UW)(-) € L2(M),
(2) (USUN) (k) = Fs(k)¥ (k) for ¥ € UD(S) for almost every k € M.

Hence, without loss of generality, we can take K to be an L?-space. Thus, in what

follows, we set
K = L*(M,dp),

where we do not assume that p is a finite measure, but o-finite measure, and take S
to be a multiplication operator on K by a non-negative function Fg(k) such that

0< Fs(k) < o0, p—a.ek.
In what follows, we write Fs as S and set

M., := D(S™).

2.3 Regularities of ground states

We denote info(K) by E(K) for a self-adjoint operator K. Let us assume that a
ground state p, of H exists. Then
Hyp, = E(H)p,.

We fix a normalized ground state ¢, of H, i.e., ||¢g||# = 1. Let B and C be operators
on a Hilbert space W. We define a quadratic form [B, C]§, with form domain D x D
such that

D cC DB )ND(B)ND(C*)nD(C),

by
[B,C)E(¥, ®) := (B*V,C®)yy — (C*V, Bd)yy, W, dcD.

Assumption (A.2) is as follows.

(A.2) There exists an operator T'(k) : F — F a.e. k € M such that
(1) D(H) C D(T(k)) for almost every k € M,
(2) T(k)®, ® € D(H), is weakly measurable in k,

(3) M @al(f), Hp™" (v, @) = /M F(k) (0, T(k)®) rdp(k) for ¥, ® € D(H).
Define
at(f) = e*’itHe’L'tH(](l ® a(f))efitHoeitH — efz'tH(l ® a<€it5f))eitH.

We want to investigate a;(f) as ¢ — oo strongly. Let o(S), 0,(S) and 0..(S) be the
spectrum, the point spectrum, and the absolutely continuous spectrum of S, respec-
tively. Assumptions (A.3)-(A.5) are as follows.
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(A.3) The operator S is purely absolutely continuous.
(A.4) There exists a dense subspace Cy C L*(M) such that

(1) Co C M_y/5, and for any f € M_;,2N My, there exists a sequence { fi }n C
Co such that s-limy, e fr = f and s-limp, e f/V'S = f/V/S,

(2) for f €Cyand V¥ e D(H),

[ F®R) (W, e ED ST (k)0 rdu(k) € LX([0, o), ds)

(A.5) [[T(-)pgllr € Myj2 N M.
Lemma 2.3 Suppose (A.3). Then p({k € M|S(k) =a}) =0 for any a € R.

Proof: Let N := {k € M|S(k) = a} and suppose that 0 < u(N) < co. Since p is a
o-finite measure, M = U2 | M,, with p(M,,) < oo for all n. Then there exists m such
that u(M,, " N') > 0. Let 157, ~n be the characteristic function on M,, N N. Then
Las,rw € LA(M) and S1y,n = alyg,qn, which implies that a € 0,(S). It contradicts
(A.3). Thus u(N) = 0. 0

Lemma 2.4 Assume (A.1)-(A.5). Then for f € M_1,3 N My,

[T = B(H) + S(6) ' TRl =dp(k) < oc

and
(I®a(f))es=—9g /M f(k)(H — E(H) + S(k)) "' T(k)pgdu(k),
where the integral on the right-hand side above is in the strong sense.

Remark 2.5 (1) Lemma 2.4 is a generalization of [12, 13] and [17, Lemma 2.7].

(2) By Lemma 2.3, S(k) # 0 for almost every k € M. Thus (H — E(H)+ S(k))™*" is
a bounded operator for almost every k € M.

(3) T(k)®, ® € D(H), is strongly measurable since T'(k)® is weakly measurable [22,
Theorem 1V.22].

Proof: Note that
[ IR (H = B(H) + S(0) 7 T (K)ol =dp(k)

< WS lion ([ TR/ SR <00 (26)
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and g € D(1 ® a(f)) follows from the fact that ¢, € D(1 ® dI'(S)) and Lemma 2.1.
We see that for U, ® € D(H) and for f € Cy,

d

S(Wa(f)2)r = igll®a(e™f), ™ (e, e o)

_ / —ztS(k U, e T (k) ) rdu(k).
Then

(U, a,(f)®)r
= (¥, (1®@a(f))®)r +ig /Ot ds </

Since s-lim;_ a¢(f)pg = 0 for f € L?*(M) by [18], it follows from (2.7) and (A.4) that

(B)e= 50 (W, eI T (R)e D) (k) ) . (27)

(W, (19 a(f))pe)s = —ig [ ds ([ FOIw, e HIEOSOT (1)) rdu(h) ).
We have

(V. (1@ a(f)e)
= —igling [~ dse ([ FOI(w e EDESOT (k) pa())

= —g | (W FR)(H — B(H) + S()) " T(k)pg) (k).

Here on the first equality we used the Lebesgue dominated convergence theorem and
(A.4)-(2), on the second equality, Fubini’s theorem and (A.5). Hence by (2.6), for
[ € Co,

(W, M@ a(f))pe)r = (¥, —g /M JR)(H — E(H) + S(k) ™ T (k) ppdp(k)) 7

and then

(@ alf))ee = —g [ FEIH = E(H) + S() T (k) (28

We can take a sequence { f,,} C Co such that s-limp, oo frn = f and s-limy, .eo fr/V'S =
fIV/S for f € M_12 N M. We see that

s lim (1® alfm))pe = (1® al /)y (2.9)

la(£)®]lx < 1SV l2an |dT(S) 2| 2, W € D(L(S)Y?).
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Moreover from

I [ ) = T — BCH) + SO T (R)gud(B)]

<N Tlh) ~ TN Sz ([, IR/ )th)
it follows that

s lim [ Fa(R)(H = B(H) + S(k) " T(k)pudn(k)

m—00

= /M F(k)(H — E(H) + S(k)) ™' T (k) pydp(k). (2.10)
By (2.9) and (2.10), (2.8) can be extended for f € M_;/5 N M. Thus the lemma is
proved. O

We want to find a necessary and sufficient condition for ¢, € D(1 ® dI'(G)Y/?) with
a nonnegative multiplication operator G on L*(M). We define kg (k) € F by

ka(k) == /G(k)(H — E(H) + S(k))'T(k)pg, a.e. k€M,

and Tg : L*(M) — F by
Tof = /M F(R) (k) du(k)

with the domain

< o0}

D(TG) = {1 € O | [, fRImckyau(h)]| |

Note that Ty is unbounded. Then by Lemma 2.4
(1®a(VGf))pe = —gTaf, €M 10 My. (2.11)
Lemma 2.6 (1) The closure of Tg, Tq , is a Hilbert-Schmidt operator if and only if
| Ik (R)lEduk) < oc. (2.12)
(2) Suppose that T is a Hilbert-Schmidt operator. Then
T(TeT6) = [ lro(®)dutk).

Proof: The adjoint of Ty, T, : Fy, — L*(M), is referred to as a Carleman operator with
kernel kg, i.e., TAP(:) = (ka(:), @) with D(TE) = {® € Fy|(ka(), ®)r € L*(M)}.



Regularities of ground states 9

Then it is established in e.g., [26, p.141] that T is a Hilbert-Schmidt operator if and
only if (2.12) holds, and

TIETE) = | lka(k) 3 du(h)

Hence the lemma is proved, since Tp5* = T is a Hilbert-Schmidt operator if and only
if so is T¢. O

Lemma 2.7 Let K be a bounded operator on KC, and {e,,}>°_, a complete orthonormal
system in K such that e,, € M_1/5 N Mq. Then (1) and (2) are equivalent.

(1) ¥ € D(dI(K*K)Y?).
(2) ve ﬁlD(a(K* m)) and Z |la(K™ e, \Ifob < 00.

Suppose that (1) or (2) is fulfilled. Then ||dU(K*K)2U||% o) = Xov_; [|a(K ) V|%, o) -

Proof: See Appendix A. O

Theorem 2.8 Assume (A.1)-(A.5). Let G be a nonnegative multiplication operator
on L*(M). Then (1) and (2) are equivalent.

(1) ¢y € DL d0(G)2),
(2) Jy GR)||(H — B(H) + S(k)) " T(k)g||2du(k) < .

Furthermore suppose that (1) or (2) holds. Then it follows that

(1@ dl(G)*)ggllF = g / W)(H — E(H) + S(k) " T(k)pellFdu(k). (2.13)

Proof: We divide the proof into two steps.

(Step I) The case where G is bounded.

Let {en}2°_, be an orthonormal system of K such that e,, € M_; N My, m > 1. By
Lemma 2.7, ¢, € D(1® dI'(G)Y?) is equivalent to

> L& (vl < (2.14)

and, if (2.14) holds, the left-hand side of (2.14) is identical with ||(1 ® d['(G)?)ps||%.
By the definition of T and (2.11), (2.14) can be rewritten as

Z (1 ® a(VGen)) gl = g Z ITcemlx < oo,

m=1
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since e, € M_1/5 N Mg for m > 1. Then T is a Hilbert-Schmidt operator. Hence by
Lemma 2.6, (1) is equivalent to

| Irc()lEdu(k) < oc. (2.15)

Namely (1) is equivalent to (2).
(Step II) The case where G is unbounded.

k k) <A
Let ¢g = {py” }iZo and Ga(k) = { f,( : ggki h
Proof of (1) = (2). Note that

(1 & dra(Ga) eI, = [ (z Gwm) l60 Gk, k) 12 TT dpths).
j=1 Jj=1
Hence we see that

(1 ® dL(Ga) )l = 11 @ dT(Ga) )l |5,

n=0

is monotonously increasing in A. Then the monotone convergence theorem yields that
fm 1118 NG Pl = Jim 3 (1@ A6 el B,
=3 lim (1@ NG e, = (1@ DG e

Since ¢, € D(1 ® dT'(GA)Y?), we have by (Step I),

I(1 @ dT(Ga)"?)pgllF = /M Ga(R)||(H — E(H) + S(k)) T (k) @yl dp(k).

Take A — oo on the both sides above. By the monotone convergence theorem again,
we obtain that

00 > [|(1® dT(G)*)pg 7 = /M G(k)||(H — E(H) + S(k)) T (k)gg || Fdu(k).

Thus (2) follows.
Proof of (1) <= (2). From (2) it follows that

oo > [ GARI(H — BUH) + S() " T(R)pal (k) = 3 11 @ dPu(@) )3,

n=0
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Then by the monotone convergence theorem, as A — oo on the both sides above we
obtain that

00 > /M G(k)|(H — E(H) + S(k)) T (k)pg| Fdpu(k)

= > 1@ dlW(G) ) 1%, = (1 @ dT(G)?) g5

n=0

Thus (1) follows.
Finally (2.13) follows from the fact that

(1@ dD(G)' ) gl = 9° 3 IITeenllF = 9 Tr(TET6)

m=1

=g [ GU)I(H = B(H) + S(6) " T(k)pyl 3n(h).

Thus the proof is complete. g

Corollary 2.9 Let G be a nonnegative multiplication operator on L*(M). In addition
to (A.1)-(A.5), suppose that NG||T(-)pgl|#/S € L*(M). Then ¢, € D(1 ® dT'(G)Y/?).
In particular suppose that | T(-)pgl| /S € L*(M). Then ¢, € D(1 ® NV/2).

Remark 2.10 (1) Theorem 2.8 is a generalization of [17, Theorem 2.9]. (2) Condition
VG| T()psll#/S € L2(M) is a generalization of an IR regularity condition in [4].

Proof: Since

[ GUNH — B + 50) TW)eal2dn(®) < [ S 1 (kg ) < oo,

m S(k)?

Theorem 2.8 yields the corollary. O

3 Absence of ground states

3.1 Abstract theory

Let P, be the projection onto the one-dimensional subspace {zp,|z € C} of F.

Theorem 3.1 Assume (A.1)-(A.5). Let G be a nonnegative multiplication operator
on L*(M). Then H has no ground state @, such that p, € D(1 ® dU'(G)?) and

VG(pg, T(-)pe)#/S & L*(M). (3.1)
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Remark 3.2 Condition (3.1) is a generalization of an IR singularity condition in [4).
Proof: Suppose that there exists a ground state ¢, such as in (3.1). We have
/M G(R)||(H — E(H) + S(k)) ™' T (k) pq | Fdp(k)
2A/N@WH—EUﬂ+5%»A%T%WJ%M%)

Since

I(H — B(H) + S(k)) ' P,T(k)pq| 5 = Hpgg((l,?)fg“f = |<@g’g((lz))fg)f| :

it follows that

e G(k) 2
[ G = E(H) + S(R) T (ke (k) > [ (Wmog,ﬂk)gogm) du(k).

Since the right-hand side above diverges by (3.1), ¢, € D(1 ® dT'(G)"/?) follows from
Lemma 2.6. Thus the desired result is obtained. O

Setting G = 1 in Theorem 3.1, we have a corollary.

Corollary 3.3 Assume (A.1)-(A.5). Then H has no ground state ¢, in D(1 @ N'/?)
such that (5, T(g) /S & L*(M),

3.2 The Nelson models

In the remainder of Section 3, we assume that w is the multiplication operator on
L*(R”) by
w(k) := |k|. (3.2)

The so-called Nelson model was introduced by Nelson [20], which describes an inter-
action between nonrelativistic particles and a scalar quantum field. Here we consider
only the case where one nonrelativistic particle interacts with a scalar quantum field
in R”. Then the Hilbert space for the Nelson model is defined by

@
Fr = LA(RY) ® Fy(L2(RY)) z/ Fo(LA(RY))dx,

v

where [ ---dz denotes a constant fiber direct integral [24]. The Nelson Hamiltonian,
Hy, is defined by
Hy = Hxo + gHng,
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where g € R is a coupling constant,
1
Hyp = (—2A + V) ®14+1®dl'(w)

with V' : R — R an external potential, and

Hyp = /nj o(z)dx

with

Here for each z € R” we define f*, € L?(R”) by

oa(k) = Ak)e ™ [\Jw(k).

Proposition 3.4 Assume that \/\/w, \Jw € L*(R") and that V is relatively bounded
1
with respect to —§A with a relative bound strictly less than one. Then for all g € R,

Hy is self-adjoint on D(Hy o) and bounded from below. Moreover it is essentially self-

adjoint on any core of Hy .

Proof: See [20]. 0
We see that

1@ a(f), Byl ™ (0. @) = [ Flk)(0, s (6)2) sk

v

where

TN(k) =

)\(k) ®e—ikx T
J2w(k) / Lo

Under the following identifications
H=Hy, Hy=Hyx; S(k)=w(k), T(k)="Txk), Co=CiR"\Y),

we can check that Hy satisfies assumptions (A.1)-(A.5), where

Y= U {(ks, o k) € RYJn = 0. (3.3)

n=1

Note that | [, €% f(k)dk| < ¢/s? holds for f € CZ(RV\Y). See (5.4). We introduce

an assumption.

(IR) On a neighborhood of {0}, A is continuous and (k) ~ |k|P, where 2p < 3 — v.
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Suppose (IR). Then /w32 ¢ L2(RY), and if a ground state o, of Hy exists, then
1 i A
Z(wg’TN(')*Og)fN = (pg e )sog)fNW

Thus it follows from Theorem 3.1 that, if A\/w*? ¢ L?(R”) holds, then Hy has no
ground state ¢, in D(1 ® NY/2). Actually the absence of ground states of Hy under
condition \/w®? ¢ L?(R) has been established. See [11, 19)].

¢ L*(R?). (3.4)

3.3 Infrared regular representation of the Nelson models

The Nelson model in a non-Fock representation is introduced and investigated in [2].
The Nelson Hamiltonian in a non-Fock representation is given as a self-adjoint operator
on Fy by

H\® := Hyo + gH\Y,

where HY Y} := ﬁlﬁf% — gW ® 1+ ge, and
)\(k) e~k 1 ryre @
W(.CE) = /RV m * dk €= 5")‘/(")‘&2(]1{”)7 HN,% = [RV ¢reg(x)d2j
Here 1
Preg () 1= /2 {a*( ox — fon) Halfiy - B,\)}-
It is known [2] that in the case of \/w®? € L?(R¥), there exists a unitary operator U
on Fy such that UHU™' = Hy®. However, in the case of \/w®? & L*(R"), Hy and
H® are not unitarily equivalent. We see that

@) = [ TRV, TRER)D) sk,

1@ a(f), HE "™

where
Treg(

\/f/u

Suppose that a ground state ¢, of H*® exists and ||(|z] @ 1)@z < co. Actually for
some V, e.g., V(z) = —1/a], f2, [(}2]® 1)gllz, < 0 has been established. See, c.g.
7,9, 17]. Then

S T Wmnl < 7 il © Vel
A

(F)
2w(k)

l@ellz (2] © Vgl -

Hence 1
(e I (- )pg)m € L*(RY). (3.5)
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Remark 3.5 We do not assume \/w3? € L*(RY) in (3.5).

In [2], the existence of a ground state o, of HyY® such that ¢, € D(1 ® N'/2?) is
established without assuming \/w3/? € L?(RY).

3.4 The Pauli-Fierz models

The Pauli-Fierz model [21] describes an interaction between nonrelativistic particles
and a quantum radiation field. The Hilbert space of the Pauli-Fierz model is given by

For = () © F(@* () = [ R0 P(R))dr.

The creation operator and the annihilation operator are denoted by a*(f1 &---® f,—1)
and a(f1 @ -+ @® f,_1), respectively. The Pauli-Fierz Hamiltonian is defined by

Hpy = Hpy o + eHpp 1,

where
Hpp o = (—;A + V) ®1+1®dl(®" 'w),
Hepp = —(p®1)- A+ §A~A.
Here p = (—i0/0z4, ..., —i0/0x,) denotes the set of generalized partial differential

operators, e € R a coupling constant, V' an external potential and A = (A;,..., A,)
denotes a quantum radiation field defined by

®
A, ::/ A (x)dx, p=1,..,v,

where 1

A(@) = =5 {a*(@Zlel f2)) + a(@iziel o)}
and e/ (k) = (¢](k),...,el(k)) , j = 1,..,v—1, denote v-dimensional polarization vectors
such that e/(k) - e/ (k) = 6;71 and k- e/(k) = 0, 5,57/ = 1,..,v — 1. We can take

el,e?,...,e’"! such that ei (uw=1,..,v,j =1,..,v —1) is continuous on R” \ Z for
some Z C R” with Lebesgue measure |Z| = 0.

Proposition 3.6 Suppose that \/w\, X\, \/\/w, \w € L*(R") and that the external po-

tential V' 1is relatively bounded with respect to —=A with a relative bound strictly less
than one. Then Hpy is self-adjoint on D(Hpg ) for all e € R.
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Proof: See [14, 15]. O
We see that

v—1
1@ alf® & for), Hora B (0, 0) = 3 / T5()(W, Top, (k) ®) 7y d,
j=1

where

(k)

v/ 2w(k)

and uy : Fprp — Fpr is the unitary operator defined by u; = ]g’,i e~ **dx. Under the
following identifications

Tor;(k) == — upe? (k) - (p®1 —eA)

H = Hpp, Hy= Hpp1, S(k)=&""'w(k),
T(k) = @/ {Trp,(k), Co=CiR"\ (ZUY)),

we can check that Hpp satisfies assumptions (A.1)-(A.5). Suppose that there exists a
ground state ¢, of Hpy such that ||(|z| ® 1)@g|| 7, < 0o. Then we obtain that

Trpj(k)pg = zf()k)ukej(k) (—i)[r ® 1, Hpp|pg
RV N
=~y e~ B () (9 Dy
A L
= 2olh) {(HPF — E(Hpp)) +(p®1—eA)-k+ §|k\ }Uke (k) - (z ® 1)g.
Then
VZ:: ((‘Og’ TPFJ (k)(pg>-7‘—PF
Ak I
- Jj=1 ' 2w(7€) ((pg’ {(p @l 6A) i §|k| }uke (k) ' (I ® 1)90g)7:PF‘ (3 6)

By (3.6) we can obtain that

v—1

| > (e Tor; (k) @) rox] < (calkl + colk ")l @gll mer | (2] ® Dol 7 (3.7)

J=1

with some constants ¢; and co. See [17] for details. From this we can conclude that

v—1

=3 (o Tor (K)e)ren € L), (39

J=1
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Remark 3.7 We do not assume \/w®? € L*(R") in (3.8).

In [6] the existence of a ground state g of Hpp such that ¢, € D(1® N/2) is actually
established without assuming \/w3/? € L?(R¥).

Remark 3.8 (5.8) holds for the dipole approximation of Hpg, too. We omit the de-
tails. See [10].

4 Higher order regularities of ground states: gen-
eral aspects

Through this section we fix a natural number n and assume (A.1)-(A.5). Higher order
estimate similar to ours can be seen in [25, Section 4], where a massive quantum
field model ((®2"), quantum field model) has been studied and a sufficient condition
for an integral to be finite is given. We shall prove, however, that the integral (1)
of Theorem 4.5 is finite if and only if a ground state ¢, of massless Hamiltonian H
belongs to D(1® [[T/—; (N —j +1)]"/?). Note that ¢, € D(H) C D(N) trivially follows
for a massive case, but not for a massless case. Here notice that [[}_,(N —j+1) >0,
since [[j_, (N — j + 1) is reduced by ®@7'K, m =0,1,,2..., and

- . 0, m < n,
[jl_ll(N—j + D]femx= { >0, m>n

To study higher order regularities, instead of a generalized pull through formula in [25,
Proposition 4.3], we shall consider an asymptotic field

s—tlirn efitH(l ® a(eitSfl) . a(eitan))eitH.
Although estimates presented below are parallel to the case of n = 1 in Sections 2 and
3, domain arguments are delicate.
4.1 Assumptions

We introduce assumptions.

(H.1) T'(k) satisfies that D(H) € D(T(k)(1 ® a(f))) N D((1 ® a(f))T(k)) for a.e.
ke M, and

[T(k),1@a(f)]¥ =0, WeDH), aec kel (4.1)

(H.2) The operator (1 ® dI'(S)"*V/2)(H + 2)™™ is a bounded operator for some m
and z € p(H) NR, where p(H) denotes the resolvent of H.
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P,. denotes the set of all the permutations of degree n and we set for o € P,

n

RY = (H+ Y S(hot)) ™'y B := (H+ S(kow)) ",
=i
where H := H — E(H). Assumptions (H.3), (H.4) and (H.5) are as follows.
(H.3) There exist dense subspaces C, C L?*(M) and £ C F such that
(1) C, € M_ya N My, g, and for f € M_y/5 N My, 9, there exists a sequence
{fm}m C C, such that s-lim,, o frn/VS¥ = f/V Sk for 0 < k < mn,

(2) ¥ € & implies that ¥ € ﬂ”leD(T(km)*e”mﬁ---T(kl)*e“lﬁ) for almost
every (ki,...,km) € M™,

(3) for arbitrary f; € C,, j=1,...,n, and ¥ € &,

d km —iTm S (km) - km
| ke Fr i)

(T (k)" Ty )€™ 0, (1@ (€™ frug) - al€T5 1)) o) 7

is in L'([0,00);dt,,) for m =1,2,....n — 1, where T, :=t; + -+ + tp,
(4) for arbitrary f; € C,, j=1,...,n, and ¥ € £,

/M dp (ko) - /M dp(kom) 11 fous (ko)
j=m
(T (g ) e T Eimn S (k) IS 5o g
an—l—lT(ka(erl)) e RZT(ka(n)%Og)}'

Y

is in L'([0,00);dt,,) for m =1,2,....n — 1.

(H.4) The closure of (H + S(k))~*T(k), L(ﬁ—{— S(k))~'T'(k)], is bounded for almost
every k € M, and ||[(H + S())'T()]|l7—x € M.

(H.5) [|[(H +S() ' Tz € Mo.
Remark 4.1 We give remarks on assumptions (H.1)-(H.5).

(1) (4.1) of (H.1) is introduced to simplify computations. The Nelson Hamiltonian Hy
and GSB Hamiltonian Hsg discussed later satisfy this. The Pauli-Fierz Hamilto-
nian Hpp does not satisfy (4.1); [Ter;(k), 1@a(f1®---®f,—1)]¥ # 0. Nevertheless
arguments in the next subsection can be extended to Hpp with modifications.
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s 15 seen in Lemma 4.2 below, (H.2) guarantees that ¢, € Qalf1)---alfn)),

2) A L 4.2 bel H.2 h . € D(1 f f
which is needed to see that (1 ® a(e™ fi)---a(e™ f,))e™ @, in (H.3)-(3) is well
defined.

(3) (H.3) is a multi-fold version of (A.4). Let @™ u denote the product measure on
M™. Then (@™u)({(k1,...,kn) € M™S(k1) + -+ + S(kn) = 0}) = 0. This
implies that RY and R;’ are bounded on F for a.e. (ky(iy, ..., ko)) € M™ "L

(4) (H.4) is used to show that ([T}, |f;(k; HR"T )---R;’LT(k‘U(n))gong is inte-
grable for some functions f;. Then ( a(fi)---a(fn))ps can be realized as
(—9)"T(fi®- - f,) with some operator T. See Lemma 4.3 and (4.10). It can be

R{T (ko)) - - - RgT(kg(n))gong is square inte-

grable, which, roughly speaking, implies that o, € D(1®N”/2). See Theorem 4.6.

4.2 Higher order regularities of ground states

Lemma 4.2 Suppose (H.2) and let f; € M_1;s " My, 7 = 1,...,n. Then ¢, €
DA ®a(fi) --a(fn)) and (1@ a(fr) --alfm))ps € D(H), m=1,..,n— 1.

Proof: From (H.2) it follows that
1L @ dr(8)" V20l < (|1 @ dD(S) " V2 (H + 2) 7" |l [E(H) + 2™ |l

Hence p, € D(1@dD(S)"+1/2) follows, from which we can see ¢, € D(1®a(f1) - - - a(
by Lemma 2.1. From Lemma 2.1 it follows that (1®a(f1)---a(fn))ps € D(1@dL(S5)).
Together with (1 ®@ a(f1)---a(fn))ps € D(A® 1), we obtain that

n))

(1®a(fr) --alfn))ps € D(A®1)ND(1®@dI'(S)) = D(H).

Then the lemma is proved. O

Lemma 4.3 Assume (H.1)-(H.4). Then for f € M_1/N Mpyg, £=1,....n

/. Hdu (Hm )HR&’T(W)--~R;:T<ka<n>>sogHF<oo (4.2)
and

(I ®alfr) - alfa))pe

)R"T(k ) o BT (Kon))pg. (4.3)
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Proof: Note that ||Rf|lz_r < Hﬁi;’Hfo for j = 1,...,n. From (H.4) it follows that
F ke GDIIRIT (ko)) 7—7 € L' (M) for f € M_1/30 Mg and o € P,. We have

/. Hdu <H|f] )HRTTU%(U)~--R2T<kg<n>>song
<||sagufH [ [, Vot (o ILBST o stk < 0. (1)

Then (4.2) follows. Lemma 2.1 concludes that the left-hand side of (4.3) is well de-
fined. Let f; € C,, j = 1,...,n. Note that by Lemma 4.2, (1 ® a(f1)---a(fn))ps €
D(H) for m = 1,...,n — 1. From this and (H.1) it follows that [T'(k),1 ® a(g9)](1 ®
a(f1)---a(fm))ps = 0. By this we see that for W € £ and f; €C,, j=1,...,n

jt(\lf, eI @a(e™ fi) - a(e™ f))e" og) 7
g z R
@0, (1@ a(e™ f) - ale® f;_ )T (k)1 ® a(€™ fi41) - - a(e™ f))pe)
_ @-g]z:/M dpu(k)e= S ED £ (k;)
(T, T(k) (1 © a(e™ fi) - W™ f;) - ale™ ) pe) 5.

Then by the fact that s-lim; .o (¥, e (1 ® a(e®Sf1) - - a(e®Sf,))e*FHp,) = 0 and
(H.3)-(3), we have

(W, (1@ al(f) - al(f))ee)s
= —ig>" [t [ dulk))e T E (k)
(T (k) e 0, (1@ (€™ fi) ¥ f;) - a(e™ ) pe) 5. (45)
Using (4.5) again, we have by (H.3)-(3),
(T(k;)"e™ W, (1@ a(e® f1) - ¥(€5 f;) - (€™ f,))py) 5
—ig > [Tt [ (e O T () e T () T,
J'= 13’#1
(1@ a(e S f) - J(@ O £) R (@S ) a5 F0) ) 5

We can inductively obtain that

(W, (1@ a(fr)---alfn))ps)r
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—ig) Z/ dtl/d,u

o€Pn
o~ 2o (ko) gmit2 300, Sho(i)
—ig) Z/ dtl/ du(k
oc€Pn

(T(ka(n))* lt” H+Z U(j))) .

Since by (H.3)-(4),
/ H fU(J
(T<ko(n))*eltn(H+Z;L:n S(ka()) . .

is in L'([0, 00), dt,,), we have

[t i (£ i

(T(ka(n—l))*eit"‘l(ﬁ+2?=n—1 Sko()) | .

= lim dt, e /

e—0 Jo

(H Foti

(T<k0(n—1))*6itn71 H+Zj:”*1 Stko@)) .

— (i) | du(k

) (ﬁl fo() (’fa(j)))

(T(ka(nfl))*eitnfl(ﬁ—kzzfznﬂ Ska(i) |

.. T(ka(l)

T(koq)

21

/ dt, / dpi(kio(my) (ﬁfm )

6—itn5’(l€a(n)) (T(k‘ )* itn H

/ dty, / dpi(ko(n)) (ﬁ () ( )

( )* ZtlH\I’,(pg)

)*ezh H—i—z;}:l g(j)))\lj’ ‘Pg)f"'

)*eitl (ﬁ+27:1 S(kO'(J>)) \I]

790g)}'

T (ky) e THEI Sty

e_itn(ﬁ+5(ko(n)))T(/€g(n))Sog)f

G(J )

. T(ka(l)
6—z‘tn(ﬁ+5(ko(n>))T(k0(n))Spg)f

)*ez’tl(ﬁ—i-Z?:l S(ka(j)))\]:/7

T (kigr)) et 2= Sk
RIT (ko(n))e) 7-

o(j)))\p’

Here we used the Lebesgue dominated convergence theorem and Fubini’s lemma. Sim-

ilarly using (H.3)-(4) we can obtain that

/ dtn 1/ d:u o(n— 1)/ dt / dlu

(T<ka(n)>*eitn(H+Z?=n ko)) .

i

T kgq) e T D )
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—i) /OOO dtn_1/ du(/fom—l))/ Ko (n) (H Joti) (ko) )

(T (o))" L ns S (e She D g,
RUT(kU ))@g)]—'

= (—i)® /M dﬂ(ka(n—n)/ ko)) (H fo0) )

(T<kg(n—2))*eitn72(H+Zj:n72 Ska())) . T(kg(l))*eitl(H—i-Z;:l S(ko(j)))\lj’
RZ—lT(ka(nfl))RZT(ko(n))SDg)]-'-

Thus inductively we can see that

(¥, (1®a(fy)- (fn))wg)
Z/ Hdu l:[ (ko) (Us RIT (ko)) - BT (Ko (n))g) -

c€Pp,

By (4.4) and the fact that £ is dense, we obtain that for f; € C,,, j =1,...,n,
(L®a(fr)---alfa))pe
Z / H d'u (H fU(J)(k )) RUT(k ) T R;T(ka(n))wg

g€Py 7=1
Z;/ Hd” (ﬁ (ks )> RIT (ko) - BiT (ko)) (46)

Let f; € M_i2 N M2, § = 1,...,n. Take sequences { fjm}m, j =1,...,n, in C, such
that s-lim,, o fjm/VS* = f;/V Sk, j=1,...,n, for 0 <k <n. Then

s 1im (18 a(fin) - afum))oe = (L alf2) -l fu)) g (4.7)

Moreover by (4.4) it follows that
S'Wllilréo/ . H d:u (H ) T(ka(l ) R} T(ka(n))sog

—/ Hdﬂ (H filk )R”T ko)) -+ BRT (Ko(n)) P (4.8)

Hence (4.6) can be extended for f; € M_y/s N M, 9, j = 1,...,n, by (4.7) and (4.8).
Then the lemma follows. O
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Lemma 4.4 Let {e;}32, be a complete orthonormal system in K. Then (1) and (2)
are equivalent.

(W) ve () Dlales)ales) and 3 aler) - ales, )9 ) < oo

(2) ¥ e D( H —j 4+ D]V,

Suppose that (1) or (2) holds. Then

o0 n

> llalen) - ales) ¥l 0 = ITTOV =7+ DI'"*0)1% )
i1,..in=1 j=1
Proof: See Appendix B. O

Theorem 4.5 Assume (H.1)-(H.4). Then (1) and (2) are equivalent.

[ Hdu S RIT (ko) RET (ko) 03 < 00

o€Py,
(2) g, € D(1®] HN j+ 1))V,

Furthermore suppose that (1) or (2) holds. Then

n

DIV =7+ el % = g2"/ Hdu N Y- RIT (ko) -+ RIT (Kany) gl 7
Jj=1 c€Pp,
(4.9)

Proof: Let us define s (ky - - - k) := YXpep, R{T (ko)) - - BT (ko(n)) g forace. (ki ..., k,) €
M", and T : @"L*(M) — F by

T(H® @ f,): / Hdu e F )Ry ).

Then

A@a(fi)--alfa))ps = (—9)"T(Hr@- & fu) (4.10)
sufor f; € M_1/2 N Mp,2p, 5 = 1,...,n. The adjoint operator T* : F — @"L*(M) =
L?(M™) is given by (T*®)(ky, ..., k) = (k(ky, ..., kn), ®)F for almost ever (ky,....k,) €
M™. Then T* is a Carleman operator [26] with the kernel x. Thus T* is a Hilbert-
Schmidt operator if and only if

[ T autk) stk k) < o
Mm j=1
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Namely T is a Hilbert-Schmidt operator if and only if
/. H (k)| Yo RET (ko) -+ BT () el < 0. (4.11)
o€Py,

Let {e;}52, be a complete orthonormal system in L*(M) such that e; € M_y /5N My /a,
j > 1. If T is a Hilbert-Schmidt operator, then

00 > g2n/ Hd/'[’ H Z R T 0(1) RZT(kU(n))SOgH.%:

Uepn

= g™ /Mn T duaCip) (i - ) 3 = g™ Te(1°T) = g Z T e o)z
j=1

-----

= ¥ 0 ®afen) ol el =100 [TV =i+ 0]k (@412

Thus (4.11) is equivalent to ¢, € D(1 ® [[J(N — j + 1)]"/?). Moreover (4.9) follows
j=1
from (4.12). The proof is complete. O

Theorem 4.6 In addition to (H.1)-(H.4), we assume (H.5). Then ¢, € D(1® N™?).
Proof: Note that D(N™/?) = N}, D([H?ZI(N —j +1)]*/2). See e.g., [16, Lemma 3.2].
We see that for all 1 < /¢ < n,

L
ST 3+ 01 )gul = f, Tt 5 AT )+ BT el

< 0 el N = B + S(k))lT(k)HLfdu(k))f <.

Then ¢, € Ny, D(1 ® [H§:1(N — j +1)]'/?) and the theorem follows. O

5 GSB models

In this section we study ground states of GSB models. Relationships between ul-
traviolet cutoff functions and regularities of ground states are given, and absence of
ground states are discussed. We introduce assumptions (B.1)-(B.7) and see that these
assumptions revive (A.1)-(A.5) and (H.1)-(H.5).



Regularities of ground states 25

5.1 Definition of GSB models and assumptions

The Hilbert space for the GSB model is defined by
Fsp = H® Fu(L*(R")).

Let a(f) and a*(f), f € L*(R¥), be the annihilation operator and the creation operator
of F,(L?(RY)), respectively. Set

S0\ = \}5 (@) +a()), Ae L2RY).

Hamiltonians of GSB models are defined by
Hgp := Hspo + aHsp,
where « is a coupling constant,

HSB,O = A ® 1 + 1 ® dF(w)

and
J
Hgpp:=Y_ B; @ ¢();).
j=1
Here w is a nonnegative multiplication operator on L*(RY), B;, j = 1,...,J, closed

symmetric operators on H, and Z‘jjzl B; ® ¢(\;) denotes the closure of Z‘jjzl B;@¢();).
Assumptions (B.1)-(B.7) are introduced below.

(B.1) A is self-adjoint and bounded from below.
(B.2) \j,\;/vwe LARY), j=1,...J.

(B.3) D(AY?) c N/, D(B;), where A:= A~ E(A), and there exist constants a; and
b; such that

1B fllo < ag| AV Fllac + bl fllaes - 5 =1, 0, f € D(A).
J N
Moreover |a] < (ijl aj||)\j/\/a||L2(Ry)) ]
(B.4) \; e C2(RV\Y),j=1,...,J.

(B.5) (1) we C3R”\Y) and dw(k)/Ok, Z0on R"\Y, n=1,...,v,

(2) w is purely absolutely continuous,

where Y is defined in (3.3).
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(B.6) There exists a dense subspace Dy, C H such that

(1) Do € D(A) N [N, D(B;)],

(2) AD.. C Du and B/Ds C Do, j = 1,..., J,

(3) A™[p,. is essentially self-adjoint,

(4) there exist constants aj and by such that for all W € D and j =1,..., J,

lad® (B;) 9| 2y < agl| A¥TD2W| oy + 04| 2ry, 0 < k <.
(B.7) wh\;//w € L*(RY) and w*\; € L*(R) for 0 < k <npand j=1,...,J.
(B.6) is a complicated assumption. We give examples below.

Example 5.1 Let A and B;j, j = 1,...,J, be bounded. Then (B.6) is satisfied with
Dy =H.

Example 5.2 Let S(R”) be the Schwartz space of rapidly decreasing C™ functions on
R” and V € S(R”) be real-valued. Let A= —A+pV and B; = —iV,, j =1,...,v. Then
(B.6) is satisfied with Dy, = S(RY) for [ with || sufficiently small. See Appendiz C
for details.

We shall see that (B.1)-(B.5) revive (A.1)-(A.5) and are used to study the absence
and the regularities of ground states of GSB models. In order to study higher order
regularities of ground states, instead of (B.2) and (B.3), we have to introduce (B.6)
and (B.7). Actually it can be seen that (B.1) and (B.4)-(B.7) revive (A.1)-(A.5) and
(H.1)-(H.5).

Proposition 5.3 Assume (B.1)-(B.3). Then Hgg is self-adjoint and bounded from
below on D(Hgpy) = D(A®1)N(1®dI'(w)). Moreover it is essentially self-adjoint on
any core of Hsp .

Proof: 1t is easily seen that for U € D(Hgpy),

J
[Hsp1®|| 75 < (Z ajIIAj/\/c_vH%Q(Ru)) [ Hsp o®|| 755 + bl Pl 755 (5.1)
j=1

with some constant b > 0. Then by the Kato-Rellich theorem, the proposition follows.
O

Remark 5.4 In [3] the existence of ground states of Hsp is proved under some condi-
tions on w for a with |a| sufficiently small. Moreover for massive cases the multiplicity
of ground states is studied in [3]. For massless cases, an upper bound of the multiplicity
of ground states is shown in [17].
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5.2 The absence and the regularities of ground states of Hgp

Throughout this subsection we assume (B.1)-(B.5). We see that, for ¥, ® € D(Hgg ),

L& alf), Hyn 0" (9, @) = [ TR)(W, T (k) ®) 5l (5.2)

v

where

j=1
Theorem 5.5 Let G be a nonnegative multiplication operator on L*(R). Then pg €
D(1® dT(G)Y?) if and only if

[ G)I(Hs — B(Hsp) + w(k)™ T (k) el 3tk < o0.
Furthermore suppose g € D(1 ® dU(G)Y?). Then
(1 ® dT(G)?)pgl 5y, = 0 /R G(k)||(Hsp — E(Hsp) + w(k)) ™ Tsp (k)¢ 7y k.
Proof: Under the identifications:
H = Hsg, H;= Hsg;, S(k)=w(k), T(k)=Tss(k), Co=CiR"\Y), (5.3)
it is enough to check (A.1)-(A.5) by Theorem 2.8. (A.1), (A.2) and (A.3) follow from
(5.1), (5.2) and (B.5)-(2), respectively. Since

J
I Tsp () pellrss < 2 A (R)I(B; @ 1)egll 7

j=1

it is seen that || Tsp(-)@gllzss, | T8 (1)@l 7en /v/w € L*(R”) by (B.2). Thus (A.5) follows.
We shall check (A.4). (A.4)-(1) is trivial. It is seen that for k € RV \ Y,

i 1 aw(k) -1 ) &u(k) -1 o
isw(k) _ _ — iso(k) _,
) s? ( Ok, ) ok, (( ok, ) ok,° cop=1v (54)

Then by the integration by parts formula,

/ R (W, e B D T (), ) dk’

0 (w0 [Owk)) e

aku( Ok ) Oky ( Ok, ) FEDS )
< [(, e e E W (s 1)) 5,

o (w0 [Owk)) e

ot o) ot (o, ) T

X H‘IJH]:SB ”(BJ ® 1)‘102;”7‘—513'
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Since the integrand of the right-hand side above is integrable for f € CZ(R” \ V), we
obtain that

[ T, e iesnBlttsn O T (k) o) el € L ([0, 00), ).

Thus (A.4)-(2) follows and the proof is complete. O

Corollary 5.6 Let G be a nonnegative multiplication operator on L*(RY). Suppose that
VGAjJw € LARY), j = 1,...,J. Then ¢, € D(1 ® dT'(G)"/?). In particular suppose
that \j/w € LA(RY), j=1,....,J. Then ¢, € D(1 ® N'/?)

Proof: From vG\;j/w € L*(RY) it follows that
[ GO (Hss — B(Hss) + (k) T (k) etk

<Z/ (k) Pdk]| (B; © 1oyl < oo.

Thus the corollary follows from Theorem 5.5. a

Example 5.7 Typical examples of \j, j = 1,...,J, and w are w(k) = |k| and \; =
pi/vVw, 3 = 1,..,J, with some nonnegative functions p; such that p; € C*(R"),
pi/vw € L*(R") and pj/w € L*(R"), j =1,...,J. Let v > 0. In addition to (B.1) and
(B.3), suppose that pjw’ Jw? € LA(RY), j =1,...,.J. Then ¢, € D(1® dI'(w?)"/?).

Theorem 5.8 Let G be a nonnegative multiplication operator on L*(R”). Then the
GSB Hamiltonian Hgg has no ground state p, such that ¢, € D(1 ®@ dT'(G)Y?) and

\/_Zy 1(Pg: (B @ 1)pg) rep Aji/w & L*(R").

Proof: By Theorems 5.5 and 3.1 under identification (5.3), there exists no ground state
¢g in D(1® dT(G)Y?) such that VG (pg, Tsp(-)pg) Fes/w € L*(RY). Since

J
(ve Tsp(B)pe) rss = D (g, (B @ 1)g) m N (),
7=1
the theorem follows. O

Corollary 5.9 Assume that \y/w & L*(R”) for some £. Then Hsg has no ground state
@ such that o, € D(1® NY2), (¢g, (Br @ 1)pg) > 0 and (g, (B; @ 1)pg)\; > 0 for
all j but j # L.
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Proof: Since ijl(gog, (B; @ 1)0g) 7g Aj = (g, Beg) A, we have

1 J
= (¢g: (B ® 1)) rip Ny & L(R).
7j=1

E

Thus by Theorem 5.8 with G = 1, the corollary follows. a

Example 5.10 Let w(k) = |k| and \; = p;/+/w with some nonnegative functions p;
such that p; € C*(RY), p;j/v/w € L*(RY) and p;/w € L*(R"), j = 1,...,J. Suppose
(B.1), (B.3) and puw" w3/* ¢ L*(R¥) for some v > 0. Then Hsg has no ground state
¢g in D(1® dT(w?)Y?) such that (pg, (B ® 1)¢g) > 0 and (¢g, (B; ® 1)pg)A\; > 0 for
all 7 but j # 4.

5.3 Higher order regularities of ground states of Hgp

In this subsection, we fix a natural number n and consider cores of (Hsg+1)". Through-
out this subsection we assume (B.1), (B.6) and (B.7).

5.3.1 Cores of (Hsg +1)"

We define ad¥(B) by ad’(B) := B and ad®(B) := [A,ad" ! (B)] for k > 1. If D is an
invariant subspace of A and B, we have for all ¥ € D,

B|¥ = Z ( ) ad’,(B)A* W, ad%(BO)¥ = Z ( ) ad’,(B)ad “(C)W. (5.5)

=0

Let us define a Hamiltonian K by
K = KQ + CMHSBJ,

where Ky := A®1+41®dl'(w). The self-adjoint operator (K + 1)" is defined through
the spectral theorem, i.e.,

(K +1)" = /[E(HSB) A= B 1)MB ),

where () is the spectral projection associated with Hgp. Let Fo := Do @alg f,fg"(“’),
where C*(w) := N2, D(w") and ®,;, denotes the algebraic tensor product. Since Hsp
leaves F, invariant, it follows that F, C N>, D(H{&g), and the canonical commutation
relations for a(f) and a*(g) hold on F.

Theorem 5.11 There exists a, > 0 such that for a with |a| < a., (K + 1)" is self-
adjoint on D((Ky 4+ 1)") and essentially self-adjoint on any core of (Ko + 1)". In
particular it is essentially self-adjoint on Fu.



Regularities of ground states 30

To prove Theorem 5.11 we prepare some lemmas.

Lemma 5.12 There exist constants Cy, £ = 1,...,m, such that, for ¥ € F,
(K34 1" Hsn ¥y < 3 () G + 100,
Proof: We see that, for ¥ € F, !
[(Ko+1)™, Hgp ¥ = i( )mKO+1 Hspp) (Ko + 1) "W, (5.6)

Using formula (5.5) we have

e,y (Hyn ) U = " adl (B, @ 1)(1 © 6(\) 0

Jj=1

l J
=33 (1) ol © Dt 600 = 33 () a5 et (000
J /L
:z::llcz:%]()adk )®¢(( )ékﬂk}\)ékqj

From (B.6)-(4), it follows that
lad’ (B;) @ ¢((—i) w7 A;)i" 0| £,
< agl|(A®2 @ ¢((—i) RN U Ay, + il (1 ® (=) Fw ™ N)) || 2
< &g (A2 @ (@D(w) + 1)V2) 0] 5y, + bl (1 ® (@) + 1V W]5, )
where &, ; := ([lw™\; /vl 2@y + 2/|w™ A 2@v))/V2- Note that
[(AWHD2 @ (dl(w) + 1)) U |7y < [[(Ko + D20 £, k>0,
I(1® (d(w) + 1)) ¥ £y, < [1(Ko + 1)'20| 7.
Hence we have
lad’ (B;) @ ¢((—i) Fw'FA;))i 0| £,
< &y (| (Ko + D2 W gy + bl (Ko + 1)20 | 5y )
From this it follows that
|!adKo+1(HSBI)‘I’||fSB

= Z Z ( ) €ty (| (Ko + 1)Uz + bil| (Ko + 1) 70 )

7=1k=0

(Z (1) Senston+ bk>) (Ko + D20 5, (57)

Hence from (5.7) and (5.6) the lemma follows. O



Regularities of ground states 31

Lemma 5.13 There exist constants ¢, k=1, ...,n, such that
(Ko + D)fHsp 1V £y < crpa||(Ko + D)5, ¥EF,, 0<k<n—1. (58)

Proof: We prove the lemma by induction with respect to k. For k = 0, (5.8) holds true.
Assume that (5.8) is satisfied for £ =0, 1,...,m — 1. We see that for ¥ € F,

(Ko+1)"Hgp 1V = Hsp1(Ko+ 1)"V + [(Ko + 1)™, Hsp 1] V.
By Lemma 5.12 we have
(Ko + 1)" Hsp V|| 7y

m o (m ]
< || Hsn (Ko + 1) ¥z + 3 @ Cell (Ko + 1) 2w
(=1

m -~ (m .
< @l (Ko + 17" ¥l + 3 (7) Gl + 9772,

(=1

cO+Z( )cw (Ko + 1) 0] 5,

with some constant ¢y. Thus the lemma follows with ¢,,+1 = co+> 7, (?) Cop,m > 1.
O

Proof of Theorem 5.11
We have on F,
(K + 1)” = (Ko + 1)” + OéHI<TL),

where Hi(n) := HY + aH® + .- + o 'H™, and

HI(1) ::Z K0+ .HSBJ...(KOJFD’

n

n i1 12
H1(2) — Z (K0+1)"'HSB,I -+ Hepy --~(K0+1),

11 <tg

n
n

i1 12 i3
HI(S) — Z (Ko+1)--- Hsgy - Hepy -+ Hepy - - (Ko + 1),

11 <t2<1i3

HI(n) = Hgpy.

We see that
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and Y0, Sk (Z) (;) Al@dl (w)** is essentially self-adjoint on C'(A™)®,C/(dT (w)™),

where C'(A") and C/(dT'(w)") are any cores of A" and dI'(w)", respectively. In particu-
lar F, is a core of (Ky+1)". From Lemma 5.13 and the definition of Hl(j), j=1,..,n,
we can see that for ¥ € F,

| H V|5 < dilI(Ko+ 1) ¥lpgny § =1,
with some constant d;, which implies that

1 (n) || gy < (da + [afda + -+ |a]" " d) | (Ko + 1) ¥ 7

Since F, is a core of (Ko + 1)", we can see that D((Ky+ 1)") C D(Hi(n)) and

[ (n) ]| 7 < (d + [erlda + -+ [af" o) [ (Ko + 1)" V]| 7y, ¥ € D((Ko+1)"),

where Hi(n) denotes the closure of Hy(n)[ £, . Let
o, = max {|al [Ja|(dy + [aldy + -+ + |a"'d,) < 1}

For a such that |a| < a., by the Kato-Rellich theorem

Kn = (Ko + 1)n + OéHI(TL>

is self-adjoint on D((Ky+1)") and bounded from below. Moreover it is essentially self-
adjoint on any core of D((Ky + 1)"). In particular K,[x

oo

is essentially self-adjoint.
Since

(K + 1)n I_]'—oo: K, [fooc K, I_D((Ko—i-l)")
and K[ p((ro+1)n) is self-adjoint for o with |o| < o, we conclude that

(K +1)" = Ky p(Kot+1)m)5

i.e., (K +1)" is self-adjoint on D((Kp+ 1)") and essentially self-adjoint on any core of
(Ko + 1)" for a with |a| < a.. Thus we get the desired results. O

5.3.2 Results

Lemma 5.14 There exist constants a,, > 0 and &, k = 1,...,n, such that for a with
la| < s,

(Ko + 1) rp < &l (K +1)"¥)rg, 1<k<n,  ¥eD(K+1)")

In particular —1 € p(K) and (Ko + D)F(K +1)7%, k = 1,...,n, is a bounded operator
with
1Ko + D (K + 1)l rgp—rn < &
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Proof: We prove the lemma by induction with respect to k. For k = 1, we have

(Ko + D¥]lrp < (K +1)¥[xg + |l Hsp 1P| £y
< K + D) rg + lafeol| (Ko + 1) £
with some constant ¢y. Thus
H(KO + 1)\11”]'—513 < le(K + 1>\D”}—SB’ Ve Fu, (59)

with & = 1/(1 — |alco) follows for av with || < 1/¢g. Since F is a core of K +1, (5.9)
can be extended for ¥ € D(K + 1). Thus the lemma follows for k = 1. Suppose that
the lemma holds for £k = m < n. Note that for ¥ € F,

(Ko + 1) = (Ko + 1)(K + 1)Ko+ 1)™(K +1)¥
+(Ko+ 1)(K + 1)K+ 1, (Ko + 1)™] .

We have
(Ko + 1)K + 1) (Ko + 1)™(K + 1)¥] gy < &l (K + 1) 5y, (5.10)
and by Lemma 5.12,

(Ko 4+ 1)(K + 1)K + 1, (Ko + 1) ]9 4
< §1|04|||[HSB1, (Ko + 1)"¥|| £y

< &iled Z ( ) Cull(Fo + 1) =D,

= dilel <Z ( > Col| (Ko + D)2 | £ 4+ mCy || (Ko + 1)™ 20| £, )

I Ms I

<51|ar( ( )oeu Ko+ 1)™0| 5y + mCy| (Ko + >m+1\1/||f83).

Thus we have
(Ko + 1) 10| 2
g m = m m
: Enll (K 4+ 1)1 | g, + ] Y ¢ | Cell(Ko + 1) ¥| 7

< S
1 — & |almCy =

&1

S oA m+1 |
= 1= glajmC (&Em + |Oz|z< >C£§m WK + 1)V gy, U E Fo, (5.11)

for o with |a| < 1/&mC). Since F, is a core of (K + 1)™*1 (5.11) can be extended
for U € D((K + 1)™*1). Thus the lemma follows with a,., := 1/(n&Ch). O

Let €p = E(A) — 1.
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Corollary 5.15 [t follows that €y € p(Hsg) and (1 ® dl'(w)™)(Hsg — €)™ is bounded
for a with |a| < min{a,, @}t and m < n.

Proof: We have
I(1 @ dl(w)™) ¥ |z < [1(Ko + 1) Wl mg < [1(Ko +1)" ¥ 7 (5.12)

for ¥ € F. Since Fu is a core of (Ky + 1)", (5.12) can be extended for ¥ €
D((Ko+ 1)"). Thus (1 ® dl'(w)™)(Ko+ 1)~™ is a bounded operator with

11 & dl'(w)™) (Ko + 1) ™" Fsp—ren < 1.
Hence Lemma 5.14 yields that

(1@ dl'(w)™)(Hsp — €0) " V|| 7
< (1@ dl(w)™) (Ko + 1) (Ko + 1)" (K + 1)V 7
< &nll V] 7

Thus the corollary follows. O

Lemma 5.16 For a with |a] < a., it follows that
Tsg(k) : D((Hsg — €0)™) — D((Hsg — €)™ "), 1<m <n. (5.13)
In particular
D((Hsg — €0)") © D(Tsg (k) etnilse . Tup (k) e Hse) 1 <m<n,  (5.14)
where Hsp := Hep — E(Hsp).
Proof: Let U € F,,. We have

(Ko+1)™ YB;@1)¥
=(B;@1)(Ko+ 1) "W+ [(Ko+ 1), B;® 1]¥

m—1 1
=1

By (B.6)-(4), we have

ladk, (B; ® D)V| 7y = [[(ad}(B)) © 1)¥||5y,
< aff| (A @ 1) Ul gy + 0|7y < ol (Ko + 1) D20
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with some constant ¢,. Hence it follows that
(Ko +1)" " (B; @ )| 5

m—1

< aoll (Ko + 1" gy, + Y (me_ 1) (Ko + 1) R
=1
< Of(Ko + 1)™ | 7
with some constant C'. Thus for ¥, ® € F_, it follows that
(B; @ D)W, (Ko + 1)1 ®) 5y | < ClI(Ko + 1)™ | 7 [| 0] 7 (5.15)
It is seen that
(B © 1)V 5y < Cll(Ko +1)V* W5y, ¥ € D((Ko+1)"2)).
From this it follows that
1(B; @ D¥ |7 < Cl[(Ko+ 1)V |7, ¥ e D((Ko+1)")). (5.16)

Since F is a core of (Ky+1)™ and B, is a closed operator, using (5.16) we can extend
(5.15) for ¥ € D((Ky+1)™) and ® € D((Ky + 1)™ ). Set

Q(U,®) :=((B; @ )V, (Ko +1)" @) 5y, VeED(Ky+1)™),®e€ D((Ko+1)"1).

For each fixed ¥ € D((Ky+ 1)™), Q(¥, ®) can be extended for all & € Fgp by (5.15)
as a linear bounded functional, which is denoted by Q(¥,®). Thus, by the Riesz
representation theorem, there exists a unique Fy € Fsg such that
Q(V,®) = (Fy,?)ry, PYeD(Ko+1)™), P e Fyp. (5.17)

In particular
(B; @)V, (Ko+1)"'®) £y, = (Fy, ®) 5y, ¥ ED(Ko+1)"),® € D(Ko+1)"1).
This implies that (B; ® 1)¥ € D((Ky + 1)™ 1) for ¥ € D((Ky + 1)™), i.e.,

B;®1:D((Ko+1)™) — D((Ko+1)"1).
Since Tsp(k) = (Z;’ZI Aj(k)B;) ® 1, we have

TSB<k) : D((Ko + 1)m) — D((Ko + 1)m_1).

(5.13) follows from the fact that D((Ko+ 1)") = D((K + 1)) = D((Hsg — €)™).
Noting that R
e""'sm: D((Hsp — €0)™) — D((Hsp — €)™,

we can conclude (5.14) and the proof is complete. O
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Theorem 5.17 In addition to (B.1), (B.6) and (B.7), we suppose (B.4), (B.5) and
\jjwe LARY), j=1,..,J. Then p, € D(1® N™?) for a with |a| < min{a., ..}

Proof: By Theorem 4.6 it is enough to check (H.1)-(H.5) under identification (5.3),

€ = D((Hss — e)") and C, = C2(R”\ Y). Since Tsp(k) = (27, \(k)B;) ® 1, (H.1)

is satisfied. In Corollary 5.15 we checked that (1 @ dI'(w)™)(Hsg — €0) ™", m < n, is a
J

bounded operator. This implies (H.2). Let § := ZajH)\j/\/aH%z(Ru). Then

j=1
I(AV2 @ )03, < (¥, Hspo¥)r, + E(A)|Y) 5,

1 1
(5 + IEADIY 5y + 51 Hspo¥ 5,

N

IN

1 1
— + |E(AD|V]Z —  ||HspV||?
G+ BN, + 55—z 1 Hsn ¥ s

and

R 1 1/2
1(AY2 @ 1)0| 5, < | Hsp V|| 75, + <2 + \E(A)!) | 7y -

1
V2(1 = |al|B)

Hence we have

J
| Tsp (k)Y re < D IXi(F)(B; @ 1)¥|| £,

j=1
< 320 (4" © 18, + 01
< S0 {0+ (105 (5 12) ) 191
< Z 08 (| Fsp ] + )
where w3 i V2o B(Hew)|/VE
=g Bt <2+\E(A)\) AT
Thus we can obtain that
T () (s + (k)0 < Z SO0 0+ s ) 19
from which it follows that
[(Hap + (k) Tan (] < Z S0 (4 + ) 19l
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From (B.2) and \;/w € L*(RY), it follows that
Voll[(Hsp +w()) " Tsp ()]l zgs  [(Hsp +w ()" Tsn ()] ¥ 7 € LA(R).

Thus (H.4) and (H.5) follow. Finally we shall check from (H.3)-(1) to (H.3)-(4). (H.3)-
(1) is trivial. In Lemma 5.16 we obtained that

D((Hsp — €)") C D(Tsp (k) e 55 - Typ (ky)*e™ o), 1 <m <n,
which implies (H.3)-(2). Note that
TSB(km)*eitmﬁSB . TSB(kl)*eitlﬁSB

J R o
= Z )\[m(k'm) e )\51 (kl)(Bém (%) 1)€ithSB Ce (B€1 R 1)6”1HSB’

Using (5.4) and the integration by parts formula, we obtain that for W € D((Hsg—¢0)"),
[ €CERV\Y), j=1,..,n,and Tp,, = t1 4 -+ + by,

dkmefime(km)fm(km)

RY

(Tsp (k) €158 - Tap (k)" €™ P80, (1@ a(€™™ frnir) - al€™™ f1))0g) 7o

1 J
< dk,,
~ |Tm|2 ;[RV

F}(km)(TSB(kmfl)*eitmilﬁsB e TSB<k1)*eit1ﬁSB\I/7

e‘ithSBBj ® a(e"™ frni1) - - (€ f)0g) Fen

1 I PN P
< . _ * _itym—1Hsp T * ltlHSB\I]
I /RV Ao | 5 (K )| HTSB(km 1) sp(k1)"e Fen
|B; @ a(€™ fr1) - - afe T fn)gongSB . (5.18)
where . )
0 ow(ky,)\ 0 ow(kn)\ ——
Fi(k,) = (k)N (k).
]( m) 8kmu < akmu ) ak,mu < 8kmu f ( ) ]( )
Since

|[B; @ a(e™ frsr) -+ ale™ f)lpe] . < C|(B; @ dT ()" ™)y |

with some C' independent of T},,. Then the integrand of the right-hand side of (5.18)

is independent of T}, and integrable by (B.4) and (B.5). Thus the right-hand side of
(5.18) is in L([0, 00); dt,,). Hence (H.3)-(3) follows. Let

RY = (Hsg + > wlko))™", o€ P,
=k



Regularities of ground states 38

Using (5.4) and the integration by parts formula again, we see that
for U e D((HSB — 60)n>, fj S Cg(RV \ Y), j=1..n

L Lt L e
(Tsp (Fogm)) ™ (st 320w he) Ty (ke (1 ))*eitl(ﬁSB+Z;:1w(k”(”))‘lf,
R?n+1TSB(k0'(m+1 ) Ry TSB(kU(n))SDg)]:SB

= /]R ko) -+ /R  dko(n) Qfa<j>(ka<j>)
eitw(kau))ei(t1+t2)w(ka(;) e et At )W (B (m-1)) pi(t1+Htm ) (W (Ko (m) ++w (ko (n))
(TSB(k?a(m))*eitmﬁSB o 'TSB(kz(l)eitlﬁSB\I”
Ry Tsg(kom+1)) - - By Ts (ko)) Pe) Fon

L / A gy - - / dko( H o) (ko)) Ej (Fo(m))

tl te i, j=1 ] =m+1
eitiw(ko)) piltitt2)wko2)) |, piltitFtm—1)w(ko(m-1)) pi(t1++tm) (W (kg (mi1) +Fw(ko(n))

(TSB(kg(m_l))*eitmflﬁSB Ce TSB(kg(l))*eitlﬁSB\If,
e—ithsB(BJ )Rgm—&—lTSB(kU(m-&-l ) - R°¢ TSB(kJ(n))SOg)}‘SB
1 J
S /dkam/ dkon a
_t1++tm]2:1 RV (m) RY (n) H f

j=m+1
| Tsp (Ko (m—1)) "= 158 . Tap (kyy) € B0 | gy

H(Bj ® 1)Rran+1TSB(k0(m+1 ) Ry TSB(ka(n))SOg)FSBHFSBa (5~19>

)| 15 (Ko(m))]

where

—1 -1
0 &u(ko(m)) 0 aw(ko(m)) IS T
Fy(ko(m)) = Ok ( Okom), ) Oko( Ok (im) Som) (Kam)) Aj (Ko (m))-

Lo 2

Then the right-hand side of (5.19) is in L'(]0, o0); dt,,). Hence (H.3)-(4) follows. Thus
the proof is complete. O
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A Proof of Lemma 2.7
Proof of (1) = (2). Let ¥ = {T(M}2 € F,o(K) be U™ = a*(fi")---a*(f()02
Then, using the canonical commutation relations (2.1)—(2.3), we can show that

M

s- lim Y a*(K*epn)a(K*ey,)¥™

M—oo

=g lim Za*(fl(n)) ceat (K %(em,Kfj(n))em) ...a*(fén))Q

=S () at (K ) ot ()0 = (K K) P,
j=1
Hence we have
00 finite 00
2 ol en) ¥l = 2 (B, 3 (el ) ¥
n=0 m=1

= (\If,dF(K*K)‘I’)fb(zc) = [|dD(T* )W )%, )

Since the finite linear hull of such W’s, say D, is a core of dI'(K*K)Y?, we can
choose U, € D for ¥ € D(dI'(K*K)Y?) such that ¥, — ¥ and dI'(K*K)Y?¥, —
dT(K*K)Y2¥ as € — 0 strongly. From the facts that a(f) is closed and that by (2.4),
la(K*em) V|| 7, 00) < |AT(K*K)Y2| £ k), it follows that lim._o ||a(K*en) V|| 5 xc) =
la(K"en) Y|

Fy (k). Then we obtain that

M oo
Z em \II H]:b Z em \II H]:b - HdF(K*K)l/%IIGH.QFb(’C)

and as ¢ — 0 on the both sides above,

Z la(K ) W15, ey < A0 ()20,

Hence we can conclude that 3270, [|a(K*en) ¥ (%, ) < 00 by taking M — oo on the
both sides above.
Proof of (1) <= (2). Let ¥ = {¥™}> = We have

Z lo(K* em) ¥l = 32 3 llalK"en) UG
- M
= lim Z Z |la(K (”)Hégﬁ% = Zj\/lflm > ||a(K*em)\If(”)||?®n71,C. (1.1)
n=1"""m=1 °

M—>oon 1 m=1
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Here on the third equality we used the monotone convergence theorem. The restriction
Ay =M a*(K*em)a(K*em)[gnk is a bounded operator, and

n(K*K>1/2

Then s-limp;oo Ay = dI (K*K) on @7K. Hence we have by (1.1),
00 > Z Ja(K em) V|5 00 = > A}Enoo(‘l’(")7AM‘1’("))®gic
n=1
= YW, AT (KRB g = 3 [T (K7 K)V200|2, = A0 (K202, o

n=1 n=0

Thus the lemma is proved. O

B Proof of Lemma 4.4

It is seen that for ¥ = a*(f1) -+ a*(fim)

lm S alen) e alen) U o = mm = 1)+ (m = n+ D[]

M,y mMn n
Lodim ST la(en) - alen) W3 o = [ TTV =+ DU, o,
""" " i1,ein=1 j=1

Proof of (1) = (2). Let Uy € Fpo(K) be a truncated vector for ¥ defined by

(m)

my | v om < M,

W .—{ 0, m s M. Then
> laten) - -alei)¥ullm e = I TIOV =5+ DWull%
i1ymyin=1 j=1

M n
= Z|HN Jj+1) (m)Hg@gn/c-

m=

[e=]

Take M — oo on the both sides above. Then we have by the monotone convergence
theorem, oo > ¥, la(es) - a(eq, )Ul% ooy = Iy (N — j + D¥||3, ). Thus
(2) follows.

Proof of (2) = (1). Note that

M yenry Mn
Yo lales) - alen)¥[|% ) < | H — 7+ D)% )
i1yeeyin=1 Jj=1

Take my, ..., m,, — oo on the both hand sides above. Thus (1) follows. O
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C Example 5.2
In this section we shall prove that A = —A 4+ gV, V € S(R"), and B; = —iV,(= p;),
Jj=1,..., v, satisfy (B.6) with Dy, = S(R”) for § with |3| sufficiently small.

Proposition C.1 Suppose that |(| is sufficiently small. Then (1) A™ is self-adjoint on
D(A™) = D((—A)™) and essentially self-adjoint on any core of (—A)". In particular
A" is essentially self-adjoint on S(R”), (2) there exist constants ay and by such that
for all Ve S(R”) and j =1,...,v,

lad () 0]| 2y < all AR g + byl 2@y, Kk > 0.

Before going to a proof of Proposition C.1 we prepare some lemmas. In this section
we write || - || for || - || z2(@») for simplicity. Note that [|pj, - - - p;,. @[ < [[(—=A)™/2®|| for
b e SMRY), 1 <jp,.,jm < v, and for k <1,

I(=2)* 20| < Cre(ll(=2)2]| + @l), @€ S®), (3.1)
with some constant Cj,o. The operators A and p; leave S(R”) invariant and we see that
Al sn= ((=A)" + BK1) s,

where

K = Z(_A)"“}“‘(_A)jLﬁ Z (_A)...‘j/l...v...(_A)

i n J1<j2 M
+# Y (“A) -V Ve Ve (A o 4 Y
J1<j2<J3

n

Lemma C.2 There exists a constant C,, such that
1piipss -+ Pjs VIO < Con([ (=) V20 4[| D)), @ € SRY), 1< g1, fm <
Proof: Since on S(R”),

[Pjspis D VI= D > VEtps e Ris s R D

(=1 {i1, i} {1, 0dm}
where Vit = (=)0 /Oy, ...0x;,, we have
lpspse - P VIR < Y > [Vt [[(=2) 920 (3.2)

0=1 {i1,0yig}C{G1,mrjm }

Here || f]loo := €sS.8uUpgepv | f(k)|. From (3.1) it follows that
I(=2)"920|| < Cmmry/a,m-1y/2(I(=2) "2 + [[2]]). (33)
Then the lemma follows from (3.2) and (3.3). O
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Lemma C.3 There exists a constant C, such that

I(=2)Ve| < Cull(-2) @] +[|2]), @ e SE).
Proof: Note that for ® € S(RY),

I(=2) Vel < [[V(=A)el +[[(-A), Vel
Since [(=A) , V] =% i3 ---p3,. V] on S(RY), by Lemma C.2
lI(=2),, VIe| < O(I(=2)# V20 + @) < C"(I(-a)@| + 2]
with some constants C' and C’. Moreover
IV(=2)@| < [V]<ll(=A) @]
From (3.4), (3.5) and (3.6), it follows that
I(=2) Ve[ < (C"+ V] (I(=2) @] + | 2]]).

Then the proof is complete.

----- im

42

(3.4)

such that for 1 < iy < --- <, <n,

[ (=A) - Voo T (22) B < Co i ([(—A)™™D + [ B])), @ € S(®Y).

Proof: It inductively follows from Lemma C.3.
Proof of Proposition C.1 (1)
From the definition of K, (3.1) and Lemma C.4, it follows that
K@ < D181 Cre(l(=A)" @] + [|[@]))
=1

< Gll(-a)ye] + o), e SE),

(3.7)

with some constants C1 and Cry, ¢ = 1,...,n. Since S(R”) is a core of (—A)", we can

extend (3.7) for ® € D((—A)") with

K12 < Ci(l(=A)" 2] + [|2]]),

(3.8)

where K7 denotes the closure of Ki[s@v). Then for 3 with |3| < 1/Cf, the Kato-Rellich
theorem yields that (—A)"+ 3K is self-adjoint on D((—A)") and bounded from below.
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Moreover it is essentially self-adjoint on any core of (—A)”. In particular (—A)" + 8Ky
is essentially self-adjoint on S(R¥). Since

A [s@y= ((=A)" + BE) s C ((=A)" + BK1) [ (-,
we obtain that
A" = ((=A)" + BED) [ p((-aym

Hence for g with || < 1/Cy, A™ is self-adjoint on D(—A)™ and essentially self-adjoint
on any core of (—A)"™. Thus Proposition C.1 (1) follows. O

Lemma C.5 Let g € S(RY) and m > 1. Then there exist gV, ..., g™ b, gj(f) g, €
S®RY), j1,-sje=1,..,v, L =1,...,m, such that

m—1
ad’}(9) = Y ad(¢") +Z Z 95 5P+ Dy (3.9)
=0 =1 j1,..,Je=1

Proof: We prove the lemma by induction with respect to m. Let m = 1. Then

ada(g) = —¢"+2> gip; = ad%(—g") + 2" dip;, (3.10)
j=1

where ¢ = Ag and g = —i0g/dx;. Thus (3.9) follows for m = 1. Suppose (3.9) holds
for m =0,1,....,k. Then we have

ad’fl( )—adAadA Zad“l (8) +Zad,4 g]1 Piy T Die) (3.11)
=0 =1

Directly we can see by (3.10) that
k k k
adA(gj(‘l) GePa 'pjz) = adA(gg('l) jg)pjl “Djt+ g](‘1~)-~jgadx4(pj1 o 'pjz)
k
= (—(g5))" + 22 995 )PPi - Diy + Gy [ViDs, -+ s

{—1

(k) i1y
A7 SHD SR (e Ty T
m=1 {iy,....is}C{j1,rfim } <¢—1
k v k k 11 5ee5]
_(93(1.)..3‘@)// Djy - DPje +2 Z(gj(1~)-'jz>;' PiDjy * - " Py, + g](l) szjl’ o <3'12)
¢ /+1 :ad% (gj('lf-)--jzvjl ,,,,, jg)

Substituting (3.12) to (3.11) and rearranging, we can see that

k+1 v

adk+1( ) Zadg K) +Z Z gjl P Phe

=0 =1 j1,...j¢=1
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with some ¢, g]("‘{)“jé € S(R”), j1,-,Je = 1,..,v, £ = 1,....k + 1. Thus the lemma

follows. .

Lemma C.6 Let g € S(R”). Then there exists a constant Cy,, such that
lad% (9)@I] < Com(l(=2)"2@] +[|2]), @€ S®), m=>0. (3.13)

Proof: We prove the lemma by induction with respect to m. For m = 0, (3.13) follows.
Assume that (3.13) holds for m = 0,1, .., k. Then by Lemma C.5 we see that

k k+1 v
k
ladi (@)@ < Slladi(@ D))+ 3 e o -0, @ll
=0 0=1 j1,...¢e=1

k+1

k
< X lladi(g)e] +C Y II(=A)e|
£=0 (=1

with some constant C. By the assumption of the induction and (3.1) we have
k+1

lad™ (g) @[] < C" S (I1(=A) 20| + [|@]]) < C"(I(—=A) V20| 4 || @)
=0
with some constants C’ and C”. Then the lemma follows. O

Lemma C.7 We have ad’(p;) = Bad’y *(i0V/0z;) on S(RY).
Proof: We see that on S(R”),

adlix(Pj ) = adlf—A)+Bv(pj)
J
= ad{_ o (p;) + B ada)---ady -+ ada)(p;)
J k
Ji J2
+ﬂ2 Z ad(_py---ady - ady - -ad(,A)(pj)
J1<j2
k
3 J1 J2 Ja . ko 1k (o
+0 Z ad_a)---ady -+ ady -+ ady "'ad(—A)(pj) + -+ BTady (pj).
J1<52<J3 %
Since ad(_)(p;) = 0, we have
adli(p;) = PBada)---ada)ady(p))
k—1
J
+ﬁ2 Z ad(—A) e adv e ad(—A)adV<pj)
J
k—1
J1 J2
+53 Z ad(_A) cwady -+ ady "'ad(_A)adV(pj) 4+ 4 ﬁkad’{}‘ladv(pj)
Jj1<j2

k—1

= PBad’ 'ady(p;) = Bad’y H(i0V/0z;).
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Thus the lemma follows. O

Lemma C.8 Let k > 1. Then there exists a constant Cyy, such that
lads (p)) @]l < 18ICva(I(=2)* V20| +||@]), @ e S®).
Proof: By Lemmas C.6 and C.7 we have
lad’s (ps) @l = |8]llady™ (10V/0z;)@|| < [BIO(I(~=A)" D20 + [|2])

with some constant C'. Then the lemma follows. O

Proof of Proposition C.1 (2)
Let ® € S(R”). We have

(=A@ = [[(=A)"+ BK: — BK)®|| < |A"®|| + |8][| K12
< A"+ |BICU(=A)" @] + [|2])

with some constant C. Hence it follows that

n 1 n
I(=A)"2ll < 57 MC(HA o + [|2])

for 5 with |B| < 1/C. Moreover
|Am®| < al| A®| + b, P € S(RY),
with some constants a and b. Then
I(=a) || < C'(JA®| + [|®]), @€ S(R), (3.14)

follows with some constant C”. Since S(R¥) is a core of A", one can see that (3.14) can
be extended to ® € D(A™). Then

I(=2)"2|| < C"(|A"*®|| + [[@]), ® € D(A"?), (3.15)
with some constant C”. By Lemma C.8 and (3.15) it follows that
lad’y ()@l < [BIC"(|A®"V20 | +[|@]), @ € S®Y),
with some constant C"”. In particular
lad’ () @] < IBIC(IAH 20| + || @) @ € S(rY),

follows. Then the Proposition C.1 (2) follows. O
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