ol

%{} HOKKAIDO UNIVERSITY
N

x‘

<\

Title Enhanced Binding in a General Class of Quantum Field Models
Author(s) Avrai, Asao; Kawano, Hiroyuki
Citation Reviews in mathematical physics, 15(4), 387-423
https://doi.org/10.1142/S0129055X03001680
Issue Date 2003-06
Doc URL http://hdl.handle.net/2115/38257
Electronic version of an article published as Reviews in Mathematical Physics, 15(4), 2003, pp. 387-423, DOI:
Rights 10.1142/S0129055X03001680 (c) copyright World Scientific Publishing Company,
http://www.worldscinet.com/rmp/rmp.shtml
Type article (author version)

File Information

ArKa.pdf

®

Instructions for use

Hokkaido University Collection of Scholarly and Academic Papers : HUSCAP



https://eprints.lib.hokudai.ac.jp/dspace/about.en.jsp

Enhanced Binding in a General Class of
Quantum Field Models

Asao Arai and Hiroyuki Kawano
Department of Mathematics
Hokkaido University

Sapporo 060-0810
Japan

E-mail:{arai, kawano } @math.sci.hokudai.ac.jp

Abstract
We consider, in an abstract form, a system of “quantum particles” coupled to a

Bose field. It is shown that, under suitable hypotheses, the composed system can
have a ground state even if the uncoupled particle system has no ground state.

1 Introduction

In a quantum system with a coupling parameter A € IR, it may occur that the Hamiltonian
of the system has a ground state for a non-zero A even if it has no ground state at the
zero-coupling A = 0. If such a phenomenon occur, then we call it the enhanced binding in
the quantum system under consideration.

A typical example is a quantum mechanical system whose Hamiltonian is given by
the Schrodinger operator Hg(\) := —A + AV on L*(IR%), where A is the d-dimensional
generalized Laplacian and V : IR? — IR is a potential. Indeed, it is well known that Hg (0)
has no ground state, but, for a general class of V| Hg(\) with A # 0 has a ground state
(e.g., [17]). As a next stage, it is interesting to investigate if enhanced binding occurs in
a quantum system of particles coupled to a quantum field.

Recently the study of enhanced binding in non-relativisic quantum electrodynamics
(QED) was intiated by Hiroshima and Spohn [14] in the case of the Pauli-Fierz model
in the dipole approximation and then by Hainzl, Vougalter and Vugalter [11] in the case
of Pauli-Fierz model without the dipole approximation. In [14] it is shown that, under
suitable conditions, the enhanced binding occurs for large coupling constants. On the
other hand, in [11], the enhanced binding is shown to occur for small coupling constants
and for a class of potentials. The results and methods in [11] have been extended to the
Pauli-Fierz model with spin [8, 9](see also [10]).

In this paper we consider enhanced binding in an abstract model of “quantum parti-
cles” coupled to a multi-component Bose field. We prove that, under suitable hypotheses,
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enhanced binding occurs in this model. This suggests that enhanced binding in quantum
particle-field interaction systems is a general phenomenon, although it may depend on
the type of interactions.

The present paper is organized as follows. In Section 2 we describe the model consid-
ered and state the main results. The model is essentially same as that discussed in the
previous papers [4, 5, 6] except that the Bose field is a multi-component one. In Section
3 we prove the self-adjointness of the total Hamiltonian of the model, where we present
a method different from the one used in [4, 5]. In considering the problem of enhanced
binding in the model, we distinguish two cases: the case where the Bose field is massive
and the one where the Bose field is massless, but, without infrared singularity. We first
prove the existence of enhanced binding in the massive case. This is done in Section
4. Section 5 is devoted to proof of the existence of enhanced binding in the massless
case. In the last section we apply these general results to the Pauli-Fierz type model
without A2-term in the dipole approximation. In particular, we show that, if the regime
of momenta of photons interacting with the quantum particle becomes sufficiently large
with an infrared cutoff fixed, then the model has a ground state at least for the coupling
constant in some bounded open interval even if the unperturbed particle Hamiltonian has
no ground state. The present paper has two appendices. In Appendix A, we formulate,
in an abstract form, the weak differentiability of Heisenberg type operators. In Appendix
B, we establish, in an abstract framework, a theorem on the existence of a ground state
of a self-adjoint operator and a limit theorem of ground states. Each theorem clarifies
a general structure underlying methods used in proofs of existence of ground states in
non-relativistic QED [7, 12, 13]. These theorems may be interesting also in its own right
in the spectral theory of self-adjoint operators.

2 Definition of the Model and the Main Results

We consider, in an abstract form, a model of a quantum system S coupled to a multi-
component Bose field. We denote the Hilbert space of the system S by H, which is taken
to be an arbitrary separable complex Hilbert space. In concrete realizations, S may be a
system of quantum particles or a quantum field system.

In general we denote the inner product and the norm of a Hilbert space X' by (-, )
and | - || x respectively, where we use the convention that the inner product is antilinear
(resp. linear) in the first (resp. second) variable. If there is no danger of confusion, then
we omit the subscript X in (-,-), and || - ||x. For a linear operator 7" on a Hilbert space,
we denote its domain by D(T'). For a subspace D C D(T), T|D denotes the restriction of
T to D. If T is densely defined, then the adjoint of T" is denoted T™*. For linear operators
S and T on a Hilbert space, D(S + T') := D(S) N D(T) unless otherwise stated.

For a self-adjoint operator S on a Hilbert space, we denote its spectrum (resp. essential
spectrum) by o(S) (resp. 0ess(S)) and its spectral measure by Es(-). If S is bounded
from below, then we set

Ey(S) :=inf o (S) (2.1)

the ground state energy of S. We say that S has a ground state if Fy(S) is an eigenvalue
of S; in this case, each non-zero vector in ker(S — Ey(S5)) is called a ground state of S.



To describe the Bose field, one uses the Boson Fock space over a separable complex
Hilbert space X:

Fo(X) = @yl @r X
= {w = {2 > 0,0 € @Lx, Y v < OO} > (2.2)
n=0

where @"X denotes the n-fold symmetric tensor product of X with ®°X := C (the set
of complex numbers).

As is well known [16, §X.7], one of basic objects on F,(X) is the annihilation operator
a(f) (f € X) which is a densely defined closed linear operator on Fy,(&X') such that, for

all v = {p"}72 € D(a(f)), (a(f)¥)® =0 and
(a(f) )™ =S, (fo D), n>1,

where S, is the symmetrization operator on @"X (S = S,,52 = S, 97X = 5,(®"X)).
The adjoint a(f)*, called the creation operator, and the annihilation operator a(g) (g € X)
obey the canonical commutation relations

[a(f),alg)] = (f.9), la(f),a(g)] =0, la(f)",a(g)’] =0 (2.3)
for all f,g € X on the dense subspace
Fo(X) :={v € F,(X) | there exists a number ng such that

Y™ =0 for all n > ng}, (2.4)
where [X,Y] := XY - Y X.
Let *
o(f) = "(f”ﬂ"(f) fex. (2:5)

which is called the Segal field operator. It is shown that ¢(f) is essentially self-adjoint on
Fo(X) [16, §X.7]. We denote its closure by the same symbol ¢(f).
It follows from (2.3) that, for all f,g € L*(IRY),

[6(f), 8(9)] = iS (£, 9) (2.6)
on Fo(X). Moreover we have

¢ i0(9) — o—iSU9) 0@ i) e (2.7)

which is called the Weyl relations of {¢(f)|f € X} [16, §X.7].
For every self-adjoint operator S on X', one can define a self-adjoint operator dI'(S),
called the second quantization of S ([15, p.302], [16, §X.7]), by

dr(S) 1= @°2,S™, (2.8)
with S© = 0 and S™ is the closure of

n ]ﬂl
(ZI@---@ 5 ®~~®I) ’®ZIgD(5),

J=1



where [ denotes identity and ®
is dI'(9).

We assume that the Bose field is an N-component quantum field over IR? (d, N € IN).
Hence the one-boson Hilbert space is taken to be

alg algebraic tensor product. If S is nonnegative, then so

W = eV L*(IRY) (2.9)

(the NV direct sum of L*(IR?)) and the Hilbert space of the Bose field is taken to be F,(W).
Let w be a Borel measurable function on IR? which is injective and 0 < w(k) < oo for
a.e. k € IR? with respect to (w.r.t.) the Lebesgue measure on IR?. Then w defines
a multiplication operator on WV, which is nonnegative, injective and self-adjoint. We
denote it by the same symbol w (wf = (wf1, -, wfn), f = (f1,"-+, [n) € W with
fi € D(w),i = 1,---,N). The function w represents a dispersion relation of one free
boson associated with the Bose field under consideration.
The free Hamiltonian of the Bose filed is defined by

H, = d'(w) (2.10)

acting on F,(W).
The Hilbert space of the coupled system of S and the Bose field is given by the tensor
product
F:=H&FW). (2.11)

Let A be a self-adjoint operator on H, which denotes physically the Hamiltonian of
the quantum system S and B; (j =1,---,J, J € IN) be a self-adjoint operator on H such
that N/_, D(B;) is dense in H. Let g; € W, j =1,---,.J. As a total Hamiltonian of the
coupled system, we take the following operator:

J
HN\) :=AQI+1® H,+\)_ B;®d(g)), (2.12)

J=1

where A € IR is a constant parameter denoting the coupling constant of the system S and
the Bose field system. The Hamiltonian H(\) gives a unification of Hamiltonians of some
particle-field interaction models (cf. [4, 5]).

In the previous papers [4, 5|, the existence of a ground state of H(\) with N =1
is discussed under the assumption that A has a ground state (hence H(0) has a ground
state). In the present paper, we consider the problem of enhanced binding on the model,
i.e., the problem whether or not H(A) with A # 0 has a ground state even if A has no
ground state(hence H(0) has no ground state). We show that, under suitable hypotheses,
the problem is solved affirmatively. For results on the problem of enhanced binding on
the Pauli-Fierz model in non-relativistic QED, see [8, 9, 10, 11, 14]. The method taken
in the present paper is similar to that used in [14], but we do not need such scalings as
done in [14], at least on the level of a general theory.

We now formulate basic hypotheses. To do this, we first recall an important notion
on commutativity of self-adjoint operators:



Definition 2.1 We say that two self-adjoint operators 7" and S on a Hilbert space
strongly commute (or T strongly commutes with S) if their spectral meausres commute,
i.e., for all Borel sets I1, Iy C R, Er(I1)Es(ly) = Es(l2)Er(1y).

A family of self-adjoint operators {S;}7_, on a Hilbert space is said to be strongly
commuting if S; strongly commutes with S; for all 5,/ =1,---,n with j # [.

In what follows, we assume that A is of the form
with Ay a nonnegative self-adjoint operator and A; a symmetric operator.

Hypothesis L. g;, g;/w¥? € W (j = 1,---,J) and (g;(k), qi(k))o~ € R, aek, j,l =
1ooe, J.

Hypothesis II. The operator A; is Ag-bounded, i.e., D(Ay) C D(A;) and there exist
constants a,b > 0 such that, for all u € D(Ay),

[Avull < allAgull + bljull. (2.14)

Hypothesis III. The operator Ay strongly commutes with each B; (j =1,---,J) and
D(Ao) € NJ,.,D(B;By). (2.15)

Moreover, there exist constants ¢, d; > 0 such that, for all u € D(Aé/ 2),

1Byul| < ;|| A *ul| + dyllull (G =1,---,J). (2.16)

Hypothesis IV. The set {Bj};’:l is a family of strongly commuting self-adjoint opera-
tors.

Hypothesis V. D(Ag) C N_;D(B;A;) N D(AB;) and [Bj, Ai]|D(Ap) is bounded (j =
1,---,J). We denote the operator norm of [B;, A;] by ||[B;, A1]]|.

We introduce an operator

Rp = ; XJ: <\% \%>W B;B,. (2.17)

=1
and define
A(\) == A— NRp. (2.18)
Under Hypotheses I-11I, we have D(A(\)) = D(Ap).
Let

A:={X e R\ {0}|A()) is self-adjoint and bounded from below} (2.19)

Hypothesis VI. A # ().



Remark 2.1 Assume Hypotheses I-III and suppose that

a—l—)ji <gj gl> cie < 1 (2.20)
2 A \Vw Vw /]
Then Hypothesis VI holds. This is proved as follows.
By Hypothesis 111, we can show that
1B Buul| < ejeil| Agull + (¢;dy + aady) | Ay *ull + dsdylull, w € D(Ap). (2.21)
Hence
I 9; 4
(A1 = MRp)ul < (a+2jlz::1 <L’w ciar | [|Aoul]
2 / gi g 1/2
+A7 1Y <jw’ o cidy | || A “ul|
=1

<§j§7\%> djdl> ]

Since A(l)/ ? is infinitesimally small w.r.t. Ay, it follows under condition (2.20) that A; —
A Rp is relatively bounded w.r.t. Ay with relative bound small than 1. Hence, by the
Kato-Rellich theorem, A(\) = Ay + A; — A?Rp is self-adjoint with D(A(\)) = D(Ap) and
bounded from below.

A result on the self-adjointness of H(\) is given by the following theorem.

Theorem 2.2 Assume Hypotheses I-VI. Then for all X € A, H()\) is self-adjoint with
D(H(\)) =D(Ao®I)N D(I ® Hy) and bounded from below.

This theorem is proved in Section 3.
To establish an existence theorem of a ground state of H(\) without the assumption
that A has a ground state, we need additional conditions.

Hypothesis VII. The function w is continuous on IR? with

‘kl‘im w(k) = oo

and there exist constants v > 0 and C' > 0 such that

w(k) —w(k)] < Clk =K (1+w(k) +w(k)), kK eR

In general the existence of a ground state of H(A) may depend on whether

m :=ess. inf w(k) (2.22)
keR?



is positive or zero [6], where ess. inf means essential infimum. We say that the Bose field
under the consideration is massive (resp. massless) if m > 0 (resp. m = 0). We first
establish a theorem on the existence of a ground state of H(\) in the massive case.

For s > 0, we introduce a constant ¢s(g) by

J
g.
o) = V2Y (B Al |2 (223)
=1
provided that g;/w® € W. We set
Yy = inf oes(A(N)). (2.24)

Remark 2.2 If m > 0, then the condition g; € W implies that g;/w® € W for all s > 0.
Hence, in this case, Hypothesis I is replaced by the condition that g; e W (j =1,---,J)
and (g;(k), qi(k))en € R, aek, jl=1,--- J.

Theorem 2.3 (Enhanced binding in the massive case). Consider the case m > 0. As-
sume Hypotheses I-VII. Suppose that A € A and

Z/\ — Eo(A()\)) >m + ;)\263/2(9)2 + ])\|01(g) (225)

Then H(X) has purely discrete spectrum in the interval [Eq(H(N)), Eo(H(X)) +m). In
particular, H(\) has has a ground state.

Remark 2.3 Condition (2.25) implies that Ey(A())) is a discrete eigenvalue of A(\) and
hence A(A) has a finite number of ground states.

A new point of Theorem 2.3 is in that the existence of a ground state of A is not
assumed.. Theorem 2.3 is proved in Section 4.

Theorem 2.4 (Enhanced binding in the massless case). Consider the case m = 0. As-
sume Hypotheses [-VII with g;/w* € W (j =1,---,J) in addition. Suppose that

B = By(A) > 5hesalo)” + e (o). (2.20)
and
Nei(g)? 2X%¢1(g)? )\:C 2
S ROTOTE B moE T T <t e

Then H(X) has a ground state.

We prove this theorem in Section 5.



3 Self-adjointness of the Total Hamiltonian

Generally speaking, in considering the enhanced binding problem of a quantum field
model, it would be desirable to establish the self-adjointness of the Hamiltonian of the
model for a wider range of the coupling constant. For this purpose the method used in [4],
which employs the Kato-Rellich theorem, is not useful. Here we take another approach
which is used in [1]: we prove Theorem 2.2 by making a suitable unitary transformation
of H(\).

We need some lemmas.

Lemma 3.1 Let X and Y be Hilbert spaces. Let {X;}7_, (resp. {Y;}]_,) be a family of
strongly commuting self-adjoint adjoint operators on X (resp. Y ). Then {X; ® Yj}f:l is
a family of strongly commuting self-adjoint operators on X ® Y. Moreover, if W (resp. U
) is a self-adjoint operator on X (resp. )) strongly commuting with each X; (resp. Y;),
then W @ I (resp. I ® U) strongly commutes with each X; ® Y.

Proof. 1t is a well known fact that each X; ® Y; is self-adjoint on X ® Y (e.g., [15,
§VIIL.10]). Moreover there exists a two-dimensional spectral measure £; such that, for all
Borel sets 11, 1o C IR, E;(Iy x I) = Ex,(I1) ® Ey,(I3) and X; ® I = [gre 2dEj(z,y),Y; =
Jr2 vdE;(z,y), f(X;®Y;) = [gr2 f(zy)dE;(z,y). It follows that, for all Borel sets K C IR,
Ex,ev,(K) = E;({(2,y) € IR?|zy € K}). On the other hand, the strong commutativity
of X;’s and that of Y;’s imply that {£;(-)}7_, is a family of commuting orthogonal pro-
jections. Hence, for all Borel sets I;,lo C IR and j,l = 1,---,J, Ex,gy,(]1) commutes
with EXZ®YZ(]2)'

Let W and U be as above. Then Eyw(I1)Ex,(l2) = Ex,(Iz)Ew([1), which implies
the commutativity of Ewgr and E;. Hence Eywgr commutes with £ x,;0v;- LThus W ® [
strongly commutes with X; ® Y;. Similarly one can show that I ® U strongly commutes
with X; ® Y]. ]

The following fact is well known or easy to prove (e.g., [3, Lemma 2.33]).

Lemma 3.2 Let {Sj}‘j]:l be a family of strongly commuting self-adjoint operators on a
Hilbert space. Then S := ijl S; s essentially self-adjoint and, for allt € IR,

T

eitS — H eltSj’ (31)
j=1

where S denotes the closure of S and the order of the factors on the right hand side (r.h.s.)

s arbitrary.

Lemma 3.3 Let X be a separable complex Hilbert space and h; € X (j=1,---,J) such

that (hj,hi), € R, j,l =1,---,J. Then {¢(h;) 37:1 is a family of strongly ommuting

self-adjoint operators on Fy,(X).

Proof. By the present assumption, S (h;, ;) = 0. Hence, by the Weyl relations (2.7),
e®(hi) commutes with e®?") for all s,t € IR and j,l = 1,---,.J. Hence, by a general
criterion [15, Theorem VIIL.13], ¢(h;) strongly commutes with ¢(hy;) (j,l=1,---,J). 1
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Let

T,:=B;®¢ (ij) . (3.2)
Then the operator
J
T .= Z T; (3.3)
j=1

is a symmetric operator with D(T') D N/_, D(B;) ®ug Fo(W). We denote the closure of
T by the same symbol T

Lemma 3.4 Assume Hypotheses I and IV. Then:
(i) {T]}j:1 is a family of strongly commuting self-adjoint operators.

(i) T is essentially self-adjoint on N/_ D(T}) and, for all s € IR,
est —_ H €ZSTj, (34)
j=1

where the order of the factors on the r.h.s. is arbitrary.

Proof. (i) By Lemmas 3.1, 3.3 and Hypothesis IV, {Tj}}’:1 is a family of strongly com-
muting self-adjoint operators.
(ii) By part (i) and Lemma 3.2, T' is essentially self-adjoint and (3.4) holds. |

Lemma 3.5 Assume Hypotheses I, III and IV. Then T strongly commutes with Ay ® I.

Proof. By Lemma 3.1 and Hypothesis III, Ay ® I strongly commutes with each 7}, which
implies that, for all s, € IR, eA0®leisTi = ¢isTicitdo®I By this equation and (3.4),
etA@IisT — oisTit40®I  Hence, by a general criterion [15, Theorem VIII.13], T strongly
commutes with Ay ® 1. 1

The following fact is well known (e.g., [3, p.516, Lemma 12-5]).

Lemma 3.6 Let X be a Hilbert space and S be a nonnegative, injective self-adjoint op-
erator on X. Let g € D(S). Then

9 D(dr(S)) = D(dT(9)) (3.5)

and
o L 1
e qr(S)e™ 09 = dT(S) + ¢(Sg) + 5 (g9,99) . (3.6)
Suppose that Hypotheses I and IV hold. Then, by Lemma 3.4, we can define a unitary
operator '
U\) :i=e ™, (3.7)

We set
L:=A®1+1® Hy, (3.8)

9



which is nonnegative.
We introduce an operator

H(A) = AN) @1 +1® Hy,+ dA1(N), (3.9)

where

SAI(N) =UNA DUV - A @1 (3.10)
Lemma 3.7 Assume Hypotheses I-IV. Then, for all A € IR,
UN)D(L) = D(L) (3.11)

and, for all V€ D(L),
UNHNUN = H\W. (3.12)

Proof. By Hypothesis 1V, there exists a J-dimensional spectral measure E such that,
for all Borel sets I; C R (j = 1,---,J), E(Iy X --- x I;) = Ep,([)---Ep,(I;) and
Bj = Jps §AEE) (€ = (&1,-+,&s) € RY). Let u,v € D(Ag) and ¢, € D(Hy). Set
UV=u®yand ® =v® p. Then ¥, d € D(L) and

(@ HY,UN®) = [ (Hy,e9p) du, BE)u),

where G¢ = /\23-]:1 €;9i/w € W. By Lemma 3.6, we have

(Hyp, e 00 p) = <¢,6_i¢(iG5)(Hb +o(wGe) + ; <G§,wG5>)90>~

Hence

(I ® HyU,UN®) = <\If U(\) (1 ® Hy + A zjj B; ® ¢(g;) + \’Rp © 1) <1>> . (3.13)

=1

This extends to all ¥, ® € D(Ag) ®a D(Hy). Using the well known estimates

la(f)v]l <

|| |H 2, (3.14)

la(f) ¥l < SOl IS, € DY), f e D), (3.15)

o L

and Hypothesis III, we can show that
1B; @ ¢(g;)¥|| < C(L+1)¥[|, ¥ e D(L), (3.16)

where C' > 0 is a constant. By (2.21), Rp is Ag-bounded. Hence

<C'|(L+1EZ|, Ee€D(L), (3.17)

J
(I@Hb+AZBj®¢(gj)+/\2RB®I) =

J=1

10



where C” > 0 is a constant. By this estimate and the fact that D(A) ®ug D(Hy) is
a core for L, (3.13) extends (via a limiting argument) to all & € D(L). Moreover,
D(Ay) ®ag D(Hy) is a core for I ® Hy, (3.13) extends also to all ¥ € D(/ ® Hy,). Thus,
for all & € D(L), the vector U(A\)® is in D(I ® H,,) and

J
[ HUN® = U(N) (I ® Hy+AY B, @ ¢(g;) + N'Rp ® 1) ®. (3.18)
=1
The strong commutativity of Ag ® I and T' (Lemma 3.5) implies that U(A)D(Ay® I) C
D(Ao ® I). Thus U(AN)D(L) C D(L). Since U()) is unitary, it follows that D(L) C
UN™'D(L) = U(=A)D(L). Since A € IR is arbitrary, we obtain (3.11). Eq.(3.18)
implies (3.12). ]
In view of Lemma 3.7, we first prove the self-adjointness of H(A) (Theorem 3.11 below).
We denote by [B;, A] the closure of [B;, A;]|D(Ag) which, by Hypothesis V, is bounded
with D ([B;, A1]) =M.

Lemma 3.8 Assume Hypotheses I and V. Then D(I ® H,'*)) C D ([B A ® ¢(zgj/w))
and, for all U € D(I @ H?),

1
11 ® H 20| + ——||%

13, ] i,/ 0)01 < 1185, Al (V2| 22 :

) . (3.19)

Proof. By (3.14) and (3.15), we have
Il < V2 HJ})H I+ AL S € D), v € D). 620

Hence, for all ¥ € D(Ap) ®alg D(Hé/z),

I1Bj, Ax] @ ¢ig; /)W < [[[By, Ad][I[ ® ¢(ig;/w) ||
< 1By, AdJll(V2llg; /NI © Hy* T + llg; /Il W]/ v2).

Hence (3.19) holds for all ¥ € D(Aj) ®alg D<Hk1>/2)- Since D(Ay) @uy D(Hé/z) s a
core for I @ Hy?, (3.19) extends to all ¥ € D(I @ HY?) showing D(I © HY'?)) C
D([Bj, A1] ® ¢(igj/w)) as well. .

We set

EJ: [Bj, Ai] ®¢< w)- (3.21)

By Lemma 3.8, we have
D(I ® Hy) C D(Y).

Lemma 3.9 Assume Hypotheses I-11I and Hypothesis V. Then, for all ¥, ® € D(L)

(TW, A, @ ID) — (A @ [U, T®) = (U, YD) . (3.22)
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Proof. It is easy to see that, for all U, ® € D(Aj) ®ug D(Hy), (3.22) holds. By (3.16), T
is L-bounded. By Hypothesis II, one can show that A; ® I is L-boounded. By Lemma
3.8, Y also is L-bounded. Since D(Ap) ®a D(Hy,) is a core for L, (3.22) extends to all
U, ® e D(L). "

Lemma 3.10 Assume Hypotheses I-V. Then, D(L) C D(6A1(X\)) and, for all W € D(L),
1
54,0 < W (652 @ B9 + (o)1) (3.23)

where cs(g) is defined by (2.23).

Proof. Let Ay(\) = UN)A, ® ITUN)™ and U, ® € D(L). Then, applying Proposition
A.1 in Appendix A with H = —\T, S = A1 ® [ and K = Ay ® I, we see that the
function:t — (@, A;(tA\)¥) (t € R) is differentiable and

d
(e A(NY) = —iM(TU(N) '@, Ay @ TU(tA) ')
— (M@ TURN) ', TU(N) ')},
which, together with Lemma 3.9, yields that
da
dt

Integrating this equation from ¢ = 0 to ¢ = 1, we obtain

(@, Ay (EN)W) = —iX (U(EN) '@, YU (tA) W) .

(@, 54, (\)T) = —i) / )R, YU () W) dt.

Hence .
(@, 04, (M) | < IAI/0 1Ry T (tA) =" |dt,
which implies that
540 < ][IV o
We have

VU)Wl < 3B AT bligy )V ()]
J
S8, AT @ oligs /)

where we have used the strong commutativity of I ® ¢(ig;/w) and U(t\)~*. Hence

[0AL(A)P]| < [A] Z I[Bj, AdllIl] @ ¢(ig; /w)¥|. (3.24)

Using this estimate and (3.20), we obtain (3.23). ]
Let

LA) =A\) ®1+1® Hy,. (3.25)

12



Theorem 3.11 Assume Hypotheses I-VI. Then, for all A € A, H()) is self-adjoint with
D(H(A)) = D(L) and bounded from below. Moreover, every core of L(X) is a core of
H(N).

Proof. We can write

H(\) = L(\) + 64;(N). (3.26)
Let A € A. Then, by the definition of A, L(\) is self-adjoint and bounded from below.
It is easy to see that I ® H&/Q is infinitesimally small with respect to (w.r.t.) I ® Hy,.
Since A(A) ® I is bounded from below, it follows that [ ® Hé/ ? is infinitesimally small
with respect to (w.r.t.) L(\). Therefore, by Lemma 3.10, §A;(A) is infinitesimally small
w.r.t. L()\). Thus, by the Kato-Rellich theorem (e.g., [16, p.162, Theorem X.12] ), H(\)
is self-adjoint on D(L(A)) = D(Ay® 1) N D(I ® Hy,), bounded from below and every core
of L()\) is a core of H(\). ]

Proof of Theorem 2.2

We have D(L()\)) = D(L). By Lemma 3.7 and Theorem 3.11, H()) is self-adjoint on
D(L) and bounded from below. ]

Corollary 3.12 Assume Hypotheses I-VI. Then, for all A € A,

Bo(AX) ~ 2 exa(9)? — Bles(a) < E(HO) < Bo(AO) + S Nerfa). (327

Proof. By Lemma 3.7 and Theorem 2.2, we have

Bo(H(\) = Eo(H()). (3.28)

Hence we need only to prove (3.27) with Eo(H (\)) replaced by Eo(H(X)).
Let U € D(L) with |V] = 1. Then, using (3.23), we have

(UHNY) > (0, AN @ 1) + (¥, ] @ Hy¥) — [|§4;(\) ¥
A
> Bo(AN) + T ® HPUIP ~ ey (@)l © 2w~ Bley )

_ )\203/2(9)2 . m
4 2

v

Eo(A(N)) c1(g),

which, combined with the variational principle, yields the first inequality in (3.27).
Let Q € F,(W) be the Fock vacuum: Q© =1, Q™ =0, n > 1. Then we have

HyQ = 0. (3.29)

Hence, for all u € D(Ag) with ||u|| = 1, we have by the variational principle

Eo(H(N) < (u, A(N)u) + (u® Q,04;(N)u® Q).

By (3.23) and the Schwarz inequality, we have

1
(u®Q,64:(MNu® ) < 5’)‘|Cl(9)~

13



Hence
Ey(H(N) < {u, AN + 5 Mea(g).

Applying the variational principle again, we obtain (3.27) with Ey(H())) replaced by
Eo(H(N)). ]

4  Existence of a Ground State in the Massive Case

In the present case, methods used in [4, 5] is not applied directly to proving Theorem 2.3,
because the existence of a ground state of A is not assumed. Thus we need a new idea.
We note Lemma 3.7, which tells us that [ ()) has a ground state if and only if H(\) does.
Hence one may prove the existence of a ground state of H(\) by proving that of H(\).
We use this structure.

Throughout this section we assume Hypothesis I-VII.

For a parameter V' > 0, we define a lattice
. 271'77,]'

k’j—v,njEZ,j:L"',d}.

B onZ?

Fvi %

Z{kZ(/ﬁ,---,kd)

We denote by ¢2(T'y/) the Hilbert space of square sumable sequences indexed by I'y:

> IR < OO}-

kel'y

P(Ty) = {f Iy — C

Each element f in ¢(I'y’) can be identified with a piecewise constant function in L?(IR%)
which is a constant on each cube

T Y ... _r m d
C(k:,V).—[k:l V,k:1+v)>< x[kd V,kd+v>CIR

centered about a lattice point k& € T'y. In this identification, ¢*(T'y) is a closed subspace
of L?*(IR%). Then, putting
WV = @NEQ(Fv). (41)

we have a natural orthogonal decomposition
W =Wy & Wi,

Hence
Fo(W) = F(Wv) @ F, (W) (4.2)

We define
w, (k) =w(k,), keR?

with k&, a lattice point closed to k:

k, €Ty, |k — (k,);] < j=1,-,d, ke ClkyV).

Kl
V?

14



Let
Hb,V = dF(Wv),

the second quantization of w,, .
For technical reasons, we assume the following as a preliminary hypothesis:

Hypothesis VIII. Each g; : R — C% is continuous with g;,g;/w*? € W and
<gj(k>>gl<k)>®1\’ € Ra j7l = 17' : '7J7 ke IRd-

Let C, v be the constants in Hypothesis VII. In what follows we assume that m > 0
(m is defined by (2.22)) and

Cy = Cd? (g)7 (1 4 1) <1 (4.3)

2m

Condition (4.3) is equivalent to V' > Vj, where V4 is the constant defined by
Oy, = 1. (4.4)
For a constant K > 0, we define a function g, gy :R* — C~ (j =1,---,J) by

gikv(k) = Z gj<£)XC(z,v)(k:)7 k € IR, (4.5)

where yg denotes the characteristic fucntion of the set S. We introduce a lattice approx-
imation version for H(\):

J
Hry(A) =A@ I +1@ Hyy +AY B @ é(gjxv)- (4.6)
j=1

As in the case of T}, one can show that {B; ® ¢(ig; x,v /wy )}/, is a family of strongly
commuting self-adjoint operators. Hence

J .
Thy =Y B;®¢ (zg””') (4.7)
j=1 wv
is self-adjoint. We set '

UK,V()\) = ¢ KV, (48)
Let

Agv()) = A \2 i <gj,K,V gl,K,V>B B, (4.9)

K = - 5 ) i1 .
v 2 ji=1 AN/ Wy AWy /

LK,V()\) = AK7\/()\) X I + 1 & Hby, (410)

51417](7\/()\) = UKJ/()\)Al & IUK7\/(/\)_1 — A1 & 1. (411)
and

Hiy(\) = Ly (\) + 041 v (A). (4.12)

15



Lemma 4.1 For all A € IR,
Uky(ND(L) = D(L) (4.13)

and, for all ¥ € D(L),
Ukv N Hgy MUk (A7 = Hgy (M) 0. (4.14)

Proof. By [4, Lemma 3.1], we have

D(Hy,v) = D(Hy), (4.15)

which implies that
DA®I+1® Hyy) = D(L). (4.16)
Then, in a way similar to the proof of Lemma 3.7, one can prove (4.13) and (4.14). ]

Lemma 4.2 For all sufficiently large V', D(L) C D(dA1 kv(N)) and, for all ¥ € D(L),

1
[6AL kv (AP < [A| <03/2,K,V(9)||[ ® H}i/‘E‘I’“ + 201,K,V(9)||‘I’||> ; (4.17)
where ¢ kv (g) is the constant cs(g) with g; (resp. w) replaced by gj kv (res. wy ).

Proof. Similar to the proof of Lemma 3.10. 1
Let

9i(k) = xxx)(k1) - X (ka)gj(k), keRY, j=1,---,J. (4.18)

Then the following hold [4, Lemma 3.2]:

Jm g kv — g5kl =0, (4.19)
dim gk = g5l] =0, (4.20)
. 9iKVv  GjK
| — = =0 4.21
VO - eiiyod Rl (4.21)
. 95K gj
| = — = =0. 4.22
P bRl (422)
Let
2 Z 95K 9K
AK(A) =A—- — <]7,7 BB[ (423)
2 2\ Ve v ) P

Lemma 4.3 Let A\ € A. Then, there exists a constant Ko(\) > 0 such that, for all
K > Ky(\), Ax(X) is self-adjoint with D(Ax (X)) = D(Ap) and bounded from below.
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Proof. We write

Axg(N) = A(\) + N Dy, (4.24)
where p
1
Dici=5 > (K, V)B;B, (4.25)
ji=1
with
gi g 9i,K YLK
K) .= (2 2\ _ (22 JuA
C]l( ) <\/{;7\/§> <\/§7\/§>
By (2.21),

(cjdi + 1d;)?

15l < (cgr -+ &)lAunl + (9%

+@@yww we D(Ay),

where ¢ > 0 is arbitrary. Since A(A) is self-adjoint with D(A(X)) = D(Ay), it follows from
the closed graph theorem that there exists constant v(\) > 0 and pu(\) > 0 such that, for
all u € D(Ay),

[Aoul < v(MI[AN)ull + p(A)[|ull (4.26)

Hence, for all u € D(Ay),
[1Dxull < ax(MI[AN)ull + Br(V[ull, (4.27)

where

<

v

077¢

|cja(K)|(¢cje + ),
(K|

) J

A) =

(A) == NZI

J C; C )2

ﬂK()\) = ,111(2)\> Z ‘Cj,l <(Jdl4+€ldj) + djdl> .
j,l=1

By (4.22), limg o ax(A) = 0. Hence there exists a constant Ky(\) > 0 such that, for all
K > Ko()\), Mak(\) < 1. Then, by the Kato-Rellich theorem, A ()) is self-adjoint with
D(Ak(N)) = D(A(XN)) = D(Ap) and bounded from below. ]

In what follows we assume that K > Ky(A) (A € A).

Lemma 4.4 Let A € A. Then, for all sufficiently large V., Ak v (N) is self-adjoint with
D(Akv(X)) = D(Ap) and bounded from below.

Proof. We write

Agyv(N) = Ag(A) + XDy, (4.28)

where
1 J
Div =5 2, ¢ju(K,V)B; B,
4i=1
with
95,k 9L,K giKVv GiLK\V
K _ [ dpK LK\
i) <%Tv@> <ww’ww>



In the same way as in the proof of Lemma 4.3 [use (4.21)], we can show that A?Dyy is
relatively bounded w.r.t. Ax(\) with relative bound small than 1 for all sufficiently large
V. Thus, by the Kato-Rellich theorem, the assertion holds. 1

Lemma 4.5 Let A € A. Then, for all sufficiently large V > 0, HKV()\) and Hg v (\) are

self-adjoint with D(Hg v(\)) = D(Hg v (\)) = D(Ao® I) N D(I ® Hy,) and bounded from

below.

Proof. Similar to the proof of Theorem 2.2. 1
The following fact is well-known:

Lemma 4.6 The operator Hy,y is reduced by Fr,(Wy) and its reduced part is equal to the
second quantization of wWy in F,,( Wy ).

Let
Fv:=H F,(Wy). (4.29)
Then we have the orthogonal decomposition
F=F o F (430)
where
Fif = @2, Fv @ [2IWg)] .- (4.31)

Lemma 4.7 The operator Hy v (\) is reduced by Fy and
Hyy(M|Fif > Eo(Hv (M) +m. (4.32)

Proof. 1t is easy to see that g; kv /wy € Wy. Hence, under the identifications (4.29)
and (4.30), we have B; ® ¢(igj kv /wyv) = [B ® ¢(igjk,v/wyv)| @ 0. It follows that Tk
is reduced by Fy and so is Uk v (\), which implies that dA; ;¢ (M) is reduced by Fy.. By
this fact and Lemma 4.6, ﬁK,V(x\) is reduced by Fy. Then a method similar to the proof
of [4, Lemma 3.10] yields (4.32). ]

Let
Z)\,K := inf O'eSS(AK()\)).

Lemma 4.8 There exists a constant e > 0 such that limg_.oo € = 0 and
Y<K +ex (4.33)
Proof. By (4.27) and a general theorem [16, p.168, Theorem X.18], one can show that
(1 = ag)AN) = [ = Eo(AN)]ax < Ax(A) < (1+ag) AN + [ = Eo(A(N))]ak (4.34)

ag = A2 {QK(A) (1 " \Eo<i<k))!> N ﬁKPEM}

with
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where p > 0 is arbitrary. For all sufficiently large K, we have 1 — ax > 0. We fix such
a K. Then it follows from the first inequality in (4.34) and the min-max principle [17,
p.76, Theorem XIII.1] that

(1 —arg)Ey < Exk + [ — Eo(A(N))]ax,

which implies that
X< X\k teéx
with ex 1= ax 2\ + u — Eo(A(N))]. We have limg . ex = 0. ]
Let
Z/\,KJ/ = inf O_ess(AK,V<>\))'

Lemma 4.9 There exists a constant nxy > 0 such that limy_. nixy = 0 and

Yax S UV + kv (4.35)

Proof. Similar to the proof of Lemma 4.8. 1
Lemma 4.10

Jim Ey(Ak (X)) = Eo(A(N)), (4.36)

Jim Eo(Agy(A) = Eo(Ax(A)- (4.37)

Proof. By (4.34) and the variational principle,
(1 = ak)Eo(A(N)) — pag < Eo(Ax(N) < (14 ak)Eo(A(N)) + pak,

which implies (4.36). Similarly one can prove (4.37). ]

Lemma 4.11 Suppose that the same hypothesis as in Theorem 2.3 and Hypothesis VIII
hold. Then, for all sufficiently large K and V', Hx v () has purely discrete spectrum in

[Eo(Hrv (M), Eo(Hiv(X) +m).

Proof. By Lemma 4.1, we need only to show that H k. v(A) has purely discrete spectrum
in [EO(HK,V()\))a EO(HK,V()\>> + m) [note that Eo(h[gv) = EO(HK,V()\)) iEO(HK,V()\))}
By Lemma 4.7, it is sufficient to show that the reduced part hgy = Hgy(N)|Fy has
such a property. By Lemma 4.2, we have

(U, 641 kv (N)O) | < e (U, 1 ® Hyy V) +b.||¥|?, ¥ € D(I® Hyy), (4.38)
where € > ( is arbitrary and

. <A20mf<»v(9)2

1
o0 e (o) (439
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By condition (2.25) and Lemmas 4.8-4.10, we have
Eayv — Eo(Agy () > m + 20, (4.40)

if ¢ < 11is sufficiently close to 1 and K and V are sufficiently large. Note that the spectrum
of hy := Hy v |Fr(Wy) is purely discrete with Ran(Ej, ([0, s]) being finite dimensional for
all s > 0. Hence we can apply Theorem B.3 with Remark B.1 in Appendix B to conclude
that hyy has purely discrete spectrum in [Eg(hg v ), Eo(hky) +m). |

Proof of Theorem 2.3
Let

J
Hx(N) = A®I+1® H,+ A\ B; ®¢(gjx)-
j=1
Then, in the same way as in [4, Lemma 3.5], one can show that Hg y(\) converges
to Hg(\) in the norm resolovent sense as V' — oo. Hence, by Lemma 4.11 and an
application of [4, Lemma 3.12], we conclude that Hg(A) has purely discrete spectrum in
[Eo(Hi (M), Eo(Hi (X)) +m).

In the same way as in [4, Lemma 3.11], one can show that Hg(\) converges to H(\)
in the norm resolovent sense as K — oo. Hence, by the preceding result and [4, Lemma
3.12] again, we see that H(\) has purely discrete spectrum in [Eo(H (N)), Eo(H (X)) +m).

Finally we consider the case where each g; is not necessarily continuous. In this
case we can take a sequence of continuous functions {g](n) °° . such that g](n) € W such

n=1
that ng(n) — gjll = 0 (n — o0). Let H, be the operator H(\) with g; replaced g](-")
(7 =1,---,J). Then one can show that H, converges to H(\) in the norm resolovent
sense as n — 00. By the result of the last paragraph, H, has purely discrete spectrum
in [Ey(H,), Eo(H,) + m). Hence, by [4, Lemma 3.12] once again, we see that H(\) has
purely discrete spectrum in [Ey(H (M), Eo(H(X)) + m).

5 Existence of a Ground State in the Massless Case

This section is devoted to proof of Theorem 2.4. Throughout the section, all the hypothe-
ses of Theorem 2.4 are assumed. For each constant M > 0, we define wy, : IR? — [M, 00)
by

wy(k) == w(k)+ M, kelR

so that inf, i wy (k) = M > 0. We set

which is in W. We introduce a “regularized” version of the Hamiltonian H(\):

J
Hy =A@ 1 +1® Hyar + 1Y B; @ ¢(g8"),
j=1
where
Hb,M = dF(wM)
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Let
Ay o= A— X2RY

M M
ROV . 12J:<g§) 9§)>B.B,
' J
2 02 \Vu W

with

and

Then, by Lemma 3.7, N
UMNHyUN ! = Hy,.

By applying the Lebesgue dominated convergence theorem, one can show that

M
9 _ %
wiy  w*

]\1412) =0 (5.1)

for all s > 0 such that g;/w™ € W. We write
Aw = AN + Wy

with
Wi =N (Rp — Ry") .
We put
pm XY (o) <9§ ),gl(M)>‘.
2 N\VE Ve T\ Ve Ve

Then we can show that
[Warull < en(allA(Null + bl[ul]), u € D(A),

where a and b are constants independent of M (cf. the proof of Lemma 4.3). In the same
way as in Lemma 4.10, one can show that

I Ey(Au) = Ey(AN). (5.2)
By this fact, (5.1) and (2.26), we can take M > 0 (sufficiently small) satisfying

1
Sx — Eo(Aw) > M+ 5N (9) + [\l (g), (5.3)

where c™)(g) is the ¢,(g) with w and g; replaced by wy; and gJ(M) respectively. It follows
from Theorem 23 that Hj,; has a ground state and so does H);. We denote a normalized
ground state of Hy; by W,,.

Lemma 5.1 Forall f e W withwf e W, I @ a(f)Vy € D(HM) and
(Hy — Eo(Hu)) @ a(f) ¥

= {—a wu f) — EJ: < >U(A)[Bj,A1]U(/\)‘1} W

]=1
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Proof. Similar to the proof of [4, Lemma 4.1] except that, in the present case, one uses
an easily proven formula

U @ a(HUN " = I @ a(f) - ?5 (1.9 By
on D(Ay® 1) N D(I ® Hy ). ]
We set
N, := dD(I),
the number operator on F,(W). Then we have for all f € W and ¢ € D(Né/z)

laCHel < IFINNI, lla(h) el < IFINING Il + 1 £1l

which implies that
1
lo(fyell < V2IFINN 6l + ==l (5.4)
Now we can apply Theorem B.4 in Appendix B with (K, B,C) = (A(A), Hy, 6A1()))
so that H = H(\). By (2.25), Hypothesis (B.1) holds. Hypothesis (B.2) is satisfied with
m =M, K,, = Ay, B, = Hy 1, o = Q (the Fock vacuum) and D = Fo(W)ND(H,,). We
denote by P, the orthogonal projection onto the one-dimensional subspace {aQ|a € C}
and set Py.:= I — Py. By (3.23) and the fact that Hy, ,Q = 0 and H,Q2 = 0, we have
for all w € D(Ap) with |jul] =1

~ A
<u ® QvHMu® Q> S <uaAMU’> + |2’cl(g)a

which implies that Ey(Hy) < Eo(An)+|Aei(g)/2. By (5.2), for every i > 0, there exists
a constant My > 0 such that |Ey(Ay) — Eo(A(N))| < n for all M < M. By this fact and
(2.26), we have

— A
Bo(Har) <+ Bo(AY) + Dler() < 3,
for all M < My, where we take n sufficiently small. Thus, if we show that

1
(Sx — Eo(Har))

SNl + 1T © Pl < (5.5)
for some § < 1, then H(\) has a ground state and so does H ().
Let us prove (5.5). Using estimate (5.4) and (3.24), we have

A
[0 A1 (A) W] < |/\|01(9)||N|;/2‘I/M|| + ||621(9)

It is well known or easy to see that N}, > Pg. Hence

11 ® PaWl? < || N2, 2
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Therefore, if

)\ 2 2
+ 1) N0 )% + APerlg)” s, (5.6)
(X5 — Eo(Hu)]?

( 2|AfPer(9)”
(X5 — Eo(Hwm)P?

then (5.5) follows.

To estimate HN];/ Wy, we follow the method given in the proof of [4, Lemma 4.3].
Indeed, by Lemma 5.1, we can show that

AN (= 9
N2 < L J H B, Al .
Il < T (S22 um,
Hence, if
2
2|\%c1(g)? N g A%ei(g)?

(ool ) 5 (S s am) + PP s 6
[Xx — Eo(Hw)] j=1 WM (X5 — Eo(H)]

then (5.6) follows. In the same way as in [4, Lemma 4.11], we can show that

Yim, Eo(Har) = EoH()

We have Eo(Hy;) = Eo(Hyy). Hence condition (2.27) implies (5.7) with M > 0 sufficiently
small. This completes the proof of Theorem 2.4.

6 The Pauli-Fierz Type Model

In this section, we apply Theorem 2.4 to a model of the Pauli-Fierz type in non-relativistic
QED . Namely we consider the case where the system S is a system of n non-relativistic
quantum particles moving in IR? under the influence of a potential V : R™ — IR (d,n €
IN). We set v := nd. We assume for simplicity that

v>3, VeC(RY), V_:=min{V,0}#0.
The Hilbert space of the particle system is taken to be

H = L*(R").
Hence the Hamiltonian of the particle system is

H, =-A+aV

acting in L*(IR”), where A is the generalized Laplacian on L*(IR”) and « > 0 is a param-
eter. We write x = (xq,---,x,) € R” and define

pj = —ZDJ
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with D; being the generalized partial differential operator in the variable z;. By the
Cwikel-Lieb-Rosenbljum bound [17, Theorem XIII.12], H, has no ground state for all
sufficiently small a.
Let g; : IR* = RN (j = 1,---,v) be such that
[ w2 ew. (61)
We take as the total Hamiltonian of the composed system

Hpp(A\) = H,® I +1® Hy, + /\ijlpj ® ¢(9g5)-
=
This model is a concrete realization of the abstract model H(\) with the following choice:
Ay=—-A, Ai=aV, J=v, Bj;=p;.
It is straightforward to see that Hypotheses I-V hold with
[B;, A1]|D(Ag) = —iaD;V.
Suppose that, for all £ = (&,---,&,) € R,

;lz< %, f>§j£z G(g)e? 62)

with G(g) > 0 a constant independent of . This condition is satisfied in the original
Pauli-Fierz model without A%-term in the dipole approximation [2] (see Example 6.2
below). Condition (6.2) implies that

£ {2 2o

Hence, in the present case, A(\) takes the following form:
AN) = —(1 = XG(9)A +aV

Therefore, in the present case,

where

Thus Hypothesis VI holds.
Also we have

- g
lg) = V2ol L ID; V. |2 (63)
=1

where ||F||s 1= sup,epre |[F(2)] (F: R — C).
We set
Vo := inf V(z) <0.

z€lRY
We first consider the massive case.
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Theorem 6.1 Consider the case m > 0. Let v > 3 and Hypothesis VII be satified.
Suppose that

oVl > 5M(9)eya(9) + Alg)ea(s) (6.4)

and the constant m satisfies
1
ol Vol > m + SM(9)%es2(9)* + Mg)er (9). (6.5)

;(9)), Hpp(X) has purely

Then there exists a constant & such that, for all |\| € (A(g) — ¢
) In particular, Hpp(\)

discrete spectrum in the interval [Eo(Hpr(N)), Eo(Hprp(A)) +m
has a ground state.

Proof. Let 0 < |A\| < A(g). By [17, Theorem XIII.15],
Y = inf oes(A(N)) = 0.

Therefore, by Theorem 2.3, we need only to show
1
—Eo(A(A)) > m + 5)\203/2(9)2 + [Alei(g) (6.6)

for all |A| sufficiently close to A(g). We can take a constant € > 0 such that £ :=
Vo +e < 0. Then D := {z € R"|V(x) < E} is a non-empty bounded open set.
Let dp = infuecse (D) uj=1 (u, —Au). Then, by the strict positivity of the Dirichlet
Laplacian in a bounded open set, dg > 0. By the variational principle and the fact that
(u, Vu) < Ellul?, u € C3°(Dp),

Eo(A(N) < (1 = N°G(g))dp + aE. (6.7)

Note that —aE = «o|Vy| — ae. Hence, by (6.5), for all sufficiently small € > 0 and |}
sufficiently close to A(g),

—aB — (1= NG(g))ds > m + sMg)esa(0)’ + Mg)er(9). (63)
Hence
“Ef(AN) > m ot M) eynl0)? + Alg)eas)
> mt V(o) + Malo)
Thus (6.6) holds. "

We next consider the massless case.

Theorem 6.2 Consider the case m = 0. Let v > 3. Assume Hypothesis VII and (6.4).
Suppose in addition that

AMg)*ci(g)? | 1 [(8A(9)*ailg)®
a2%2 2 052‘/02

Then there exists a constant § such that, for all |A| € (A(g)—6,A(g)), Hpr(A) has a ground
state.

+ 1> Mg)Pea(g)? < 1. (6.9)
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Proof. Let 0 < |A| < A(g). By Theorem 2.4 and by the proof of Theorem 6.1, we need
only to check that

Ne(g? 1 ( 2\%ci(g)?

et 3 (B +1) ¥ < (6.10)

for all |A| sufficiently close to A(g). By (6.7) and Corollary 3.12, we have

Eo(Hpr(N\) < (1—XG(g))dg + aE + )\(29)01(9)

< (1—)2G(9))dp — %yvoy + ae, (6.11)

where, in the last step, we have used (6.4). For all |A| sufficiently close to A(g) and
sufficiently small €, the right hand side of (6.11) is negative. Hence, if we show that

Nei(g)? 1 2)\%c1(g)? F1]\2%(9)% <1,
(%5 = az = (1= X2G(g))di]?

(6.12)
for all |A| sufficiently close to A(g) and sufficiently small €, then (6.10) follows. It is easy
to see that (6.9) implies (6.12) for all |A| sufficiently close to A(g) and sufficiently small
e>0. 1

2 — e — (1~ ¥Glg)dsP 2

Remark 6.1 Theorems 6.1 and 6.2 give only sufficient conditions for Hpr(\) to have a
ground state with |A| in an “intermediate” region. Suppose that H,, has no ground state.
Then it would be an interesting problem to investigate if there is a constant Aq > 0 such
that, for all || € (0, \), Hpr(A) has no ground state. Unfortunately we have been unable
to give an answer to this problem.

Example 6.1 Assume Hypothesis VII. Let k > 0 and H{p(\) be the Hpp(\) with w
replaced by kw. Then conditions (6.4) and (6.9) take the following forms respectively:

allhl > 53 Mo evala)? + ~=Mger(a) (6.13)

DaPals) L8

1] \g)? 2 1. 6.14
/iOé2VE)2 k3 IiOé2VO2 + > (g) C2(g> < ( )

For a given a|Vp|, these inequalities are satisfied if & is sufficiently large. Thus Hfip () has
a ground state for all sufficiently large k and |A| < y/kA(g) sufficiently close to /kA(g).
This result is somewhat analogous to the results by Hiroshima and Spohn [14, Lemma
3.3, Theorem 3.4], except that the regime of the coupling constant is different.

Example 6.2 Consider the original Pauli-Fierz model with one non-relativistic particle
in IR? so that n = 1,d = 3 and N = 2. We take w(k) = |k|,k € IR?, and the momentum
cutoff function g; : R* — IR* (j = 1,2,3) as

' X[aL](|k|) (1) X[oL](|k|)
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where X(,.7] is the characteristic function of the interval [a L] (o > 0 is an infrared cutoff

and L > o is an ultraviolet cutoff) and () (e&r), e el ey ) R® — R? (r = 1,2) is Borel
measurable such that

<e(s)(kz),e(r)(k)> = Ogr, <€(T)(k3), k;> =0, rs=12 aekclR’
By the identity
) ()elD (k) = 5,y — "3k i
Z € =041 — |k3|2 , a.e.
and the easily proven fact that
/ FUk|) kol = 5]l/ (1K) K2 dk:

for all f : [0,00) — C such that [Rs f(|k])k*dk < oo, we can show that

Loy - 25, [ XenlR)
<w5’w5 3(2m)3 Ly . ||2s+1
_ 5J13( gt log ;8= 1
5Jl3(§:)3 20—9) (L2(1 ¥ — ‘72(1_5)) ;571
Hence, in the present example, we have
4 (2m)? 1
G(g) = —=(L — A

q@w=¢ﬂw(ngﬂww)
c2(9) ¢TM(ZNDJW%)¢£ZP¢i—2’
cﬂm=VQM(ZNDﬂWm)¢%Z¥§%/;—j;

From these formulas, we see that

log L
A@mm~wm.%},

1
Ag)c ~ const.—,
(9)cs/2(9) I

A(g)ea(g) ~ Const.\/lZ

as L — 0o, where “const.” denotes a constant independent of L sufficiently large. Hence,
for all sufficiently large L, all the assumptions of Theorem 6.2 are satisfied. Thus, in the
present example, Hpr(A) has a ground state for all sufficiently large L and |A| < A(g)
sufficiently close to A(g). A possible physical picture of this result is that the coupling
of non-relativistic quantum particles to photons with larger momenta makes higher the
possibility for Hpp(\) to have a ground state.

27



Appendix

A Weak Differentiability of a Heisenberg Operator

Let X be a Hilbert space. Let H be a self-adjoint operator and S a symmetric operator
on X. Then the Heisenberg operator (“time evolution”) of S with respect to H is defined
by

S(t) =" Se ™t c TR, (A.1)

Proposition A.1 Suppose that there exists a self-adjoint operator K on X such that the
following (K.1) and (K.2) hold:

(K.1) K strongly commutes with H.
(K.2) D(K) C D(S) and there exist constants a,b > 0 such that
IS¢l < all K[l +0ll9ll, ¢ € D(K).
Then, for all ,¢ € D(K)N D(H), the function: t — (¢, S(t)¢) (t € R) is differentiable

and
d ‘ _ ‘ ‘
5 (0.8(1)0) = i{(He ™, SemMg) — (e, He M)}, (A2)

Proof. Tt follows from the strong commutativity of K with H and the two-variable func-
tional calculus that e D(K) N D(H) = D(K) N D(H) for all t € R. Let f(t) :=
(1, S(t)p), F.:= (e7*" —1)/e and G, := e 7 — 1 with e € R\ {0}. Then

flt+e) = f(1)

3

= (Fee ™y, Sem™G.g) + (Fee ™, Se™ ™M)
+ <Se’”Hz/J, e’”HFEgb> .
The first term on the right hand side is estimated as follows:
[(Fee™™y, Se™Gg) | < ||Fa]|(al|Ke ™ Goo| + b G-9)

= [[EY]|(a|GeK | + b[[Geol)),

where, in the last step, we have used the strong commutativity of K and H. Note that
F.p — —iHvy and G.¢ — 0 strongly as ¢ — 0. Hence

}}i% <Fee—itH¢7 Se—itHG8¢> —0

and (A.2) follows. ]

B Ground States of Self-adjoint Operators

In this section we establish two abstract theorems on existence of ground states of a self-
adjoint operator on an abstract Hilbert space. They reveal general structures of methods
used in previous papers [7, 12, 13] to prove the existence of ground states of particle-field
interaction models.
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B.1 Existence of a Ground State of a Self-adjoint Operator
For a self-adjoint operator S on a Hilbert space X, we denote the form domain of S by
Q(S):

Q)= {ve x| [ NdIEsO9I? < oo} = D) (B.1)

where Eg(-) denotes the spectral measure of S (see Section 2 for notations). For ¢, ¢ €

Q(S), we define (¥, S¢) by

(0.56) = [ M (. Bs(A)9).

For symmetric operators A, B and a subspace D C D(A)ND(B), we mean by “A < B
on D” that (¢, A) < (¢, By) for all ¢ € D.

Let H and K be separable Hilbert spaces. Let A and B be self-adjoint operators on
‘H and K respectively. We assume the following:

Hypothesis A. The operator A is bounded from below and B is nonnegative with
Ey(B) =0.

We set
Tho=A® [+ 1R B, (B.2)

which is self-adjoint and bounded from below by Ey(A).
For a sesquilinear form Z on a Hilbert space, we denote its form domain by Q(Z).
Let Z be a symmemtric sesquilinear form on H ® I obeying the following conditions:

() Q(Z) > QU ® B);
(ii) There exist constants a € [0,1) and b > 0 such that, for all v € Q(I ® B),
2, )| < a {0, 1® By) + 0]y

Lemma B.1 Assume Hypothesis A and and let Z be as above. Then there exists a unique
self-adjoint operator T on H @ IC such that Q(T) = Q(Ty) and

(0, To) = (¥, Tod) + Z2(¥,0), 1, ¢ € QTo).

T is bounded from below by Eo(A) — b and every domain of essential self-adjointness for
Ty is a form core for T.

Proof. Let A=A- Eo(A), which is nonnegative. By the present assumption, we have
for all v € Q(Ty),

|Z(, ) < a (v, (A® I+ 1@ B)) +b|ly|”.

Note that A®@ I + 1 ® B > 0. Hence we can apply the KLMN theorem [16, Theorem
X.17] to conclude that there exists a unique self-adjoint operator 7" on ‘H ® K such that
QT = QAR I+I®B) = Q(T,) and T = A® I +1® B+ Z in the sense of sesquilinear
form on Q(7p) with 7" > —b. Then the operator T' defined by T := T" 4+ Ey(A) is the
desired one. ]
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Lemma B.2 Under the same hypothesis as in Lemma B.1,
|Ey(T) — By(4)] <b. (B3)
Proof. By the variational principle and Lemma B.1, we have
Eo(T) > Eo(A) —b. (B.4)
On the other hand, for all f € D(A) and g € D(B) with ||f|| =1 and ||g|| = 1, we have
Eo(T) < (f; Af) + (1 +a)(g, Bg) + b,

which, together with the variational principle, implies that Ey(T) < Ey(A) + b, where we
have used the condition Ey(B) = 0. Hence (B.3) follows. ]

We set
Y = inf 0eg(A) (B.5)

and, for s > 0,
Eo(T) — Eo(A) +b+s

B(s) = o (B.)
By (B.3), we have
B(s) > = > 0. (B.7)
Theorem B.3 Assume Hypothesis A and let Z be as above. Suppose that
Y —E(T)>b (B.8)

and, for some sy > 0, Ran(FEg([0, B(s)]) is finite dimensional. Let m be a constant such
that

X — Eo(T) > m+b, (B.9)
0<m< sp. (BlO)

Then T has purely discrete spectrum in the interval [Eo(T'), Eo(T) +m). In particular, T
has a ground state.

Remark B.1 By Lemma B.2, condition (B.8) is satisfied if

S — Ey(A) > 2b. (B.11)

Proof. Let

~

A Z:A—Eo(A), Tm :T—E()(T) —m.
Then we have on D(Tp)

. AQI+T® B+ Z+ Ey(A) — Eo(T) —m

> AQI+I®(1—a)B—a,
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where
Qp = E()(T) — E()(A) +b+m > m.

Since we have (B.9)
Qp < 2 — E()(A),

one can take a constant § > 0 such that ap < § < ¥ — Ey(A). Let Ps := E;([0,6]) and
Pt :=1— Ps = E;((6,00)), so that Ps + Pj~ = I. Then we have

ART+I1®(1—a)B—ag
= PBAQI+PAQI+Ps®(1—a)B+P@(l—a)B—aPs@I —agPf @1,

Note that R R
PA®I>0, PfA®I>6Pf®I, P®(1—a)B>0.

Hence

AT+1®(1—a)B—a (6 —ag)Pf @ T+ Ps® [(1—a)B — ay]

>

> (Bs®(1—a)B— a),

where we have used the condition 6 > «y. Hence we have on D(Tj)
Twm>Ps®[(1—a)B—ap| > Ps®[(1—a)B— ),

where [(1—a)B — ag]_ means the negative part of (1—a)B—ay. Let J,, := Er, ([-m,0)).
(i) The case where Ran(.J,,) is finite dimensional. In this case T,, has a purely discrete
spectrum in [—m, 0). This means that the spectrum of T in [Ey(T"), Eo(T) + m) is purely
discrete. In particular T has a ground state.
(ii) The case where Ran(.J,,) is infinite dimensional. Note that

[(1—a)B —ao]- = Ep([0, 8(m))[(1 — a) B — ag] E([0, 5(m)).

By condition (B.10) and the present assumption, Ran(Eg([0, 3(m)))) is finite dimensional.
Hence [(1 — a)B — ap]- is trace class. Therefore Ps ® [(1 — a)B — ap]- is trace class. Let
{¥n}22, be a complete orthonormal system of Ran(.J,,). Then, for all N € N,

N

N
0 > Z<¢mewn Z 1/)mP5® 1—&) —Oéo] ¢n>

n=1
> Tr{Psx[(1 - a)B — ap|-}.
Hence 25:1 (U, Trntby) is convergent as N — oo, which implies J,,,T},J,, is trace class
and hence it is compact. Thus 7T}, has purely discrete spectrum in [—m, 0), which implies
that 7" has purely discrete spectrum in [Ey(T), Eo(T') +m). In particular T" has a ground
state. |
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B.2 A Limit Theorem on Ground States

Let K be a self-adjoint operator on H bounded from below and B be a nonnegative self-
adjoint operator on K with Ey(B) = 0. Let C' be a symmetric operator on H ® K with
D(K®I)ND(I ® B) C D(C) such that

H=K®I+I®B+C (B.12)

is self-adjoint and bounded from below.
Let
Y= inf oe(K). (B.13)

Hypothesis (B.1). ¥ > Ey(K).

Hypothesis (B.2). There are a family { K, };me(0,mo] of symmetric operators on ‘H with
D(K) C Mime@meP(Kn) and a family {By, }me(o,me of nonnegative self-adjoint
operators on K with Ey(B,,) = 0 such that the following hold:

(i) There exists a constant ¢, > 0 such that, for all u € D(K),
1K = K )ull < em((|Eul] + [ul))
and lim,, ¢, = 0.

(ii) There exists a non-zero vector 1, such that, for all m € (0,mg], Bnto = 0. We
denote the orthogonal projection onto the one-dimensional subspace {at|la € C}
by P(].

(iii) For each m € (0, mo), D(K,, ® I) N D(I ® B,,) C D(C) and the operator
H,=K,®I+1® B, +C (B.14)
is self-adjoint and bounded from below.

(iv) There exists a dense subspace D C [Mye(0,mo)D(Bm)] N D(B) such that, for all
Y € D, lim,, By, = By and D(K) ®a, D is a core of H, where ®,, means
algebraic tensor product.

For an orthogonal projection P on a Hilbert space, we set
pt:=1-P.
Theorem B.4 Assume Hypotheses (B.1) and (B.2). Suppose that
inf  FEo(Hp,) > —o0, sup Fo(H,) < . (B.15)

me(0,mo] me(0,mo]

Suppose that, for all m € (0,mq|, Hy,, has a ground state V,, with |V,,|| = 1 and there
exists a constant § < 1 independent of m € (0,mg] such that

1
(X — Eo(Hn))

SICU[1* + [ @ Py W, |I* < 6. (B.16)
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Then there exists a subsequence { Wy, }32, with

mp > Mg > >Mj > Mjq >0+, hmmj:O

J—0

such that the weak limit Wo := w-1lim; .o W, is a ground state of H.

Proof. We divide the proof of this theorem into two steps.

(1) By Hypothesis (B.2)-(i), there exists a positive constant £y < my such that, for
all 0 < m < eg, ¢, < 1. Then, by the Kato-Rellich theorem, K,, = K + (K,, — K) is
self-adjoint with D(K,,) = D(K) and bounded from below. We can take a constant £
such that max{sup,,,c (o m,] Fo(Hm), Eo(K)} < § <X and

0,m0

1
(& — Eo(Hn))

ANCUR? + 1T @ Py n|* < 0. (B.17)

Let
PK = EK([E()(K),S])

Then, by Hypothesis (B.1), dim RanPy < oc.

Let K,,(8) := K + BL,, with L,, := (K,, — K)/c,, and 8 € C. Since L,, is relatively
bounded with respect to K, it follows from [17, p.16, Lemma] that K,,(3) is an analytic
family of type (A) near = 0. Hence it is an analytic family in the sense of Kato [17,
p.17, Theorem XII.9] and K,,(8) is self-adjoint for real § with |3| sufficiently small. We
define

Qn(B) = Ex(o)([Eo(K), &])

and
Qm = EKm([EO(K>)§])
Then @Q,,(3) is analytic near § = 0. In particular,

lim [Qn(8) = Prcll =0

and hence dim Ran@,,,(3) = dimRanPx < oo for all sufficiently small |3|. Note that
K. (cm) = K. Therefore, for every € > 0, there exists a constant 7y > 0 such that, for
all m € (0,m0),

|Qm — Pkl < e (B.18)

and dim Ran@),, = dim RanPy.

(2) By the weak compactness of the unit ball of a Hilbert space and condition (B.15),
there exists a subsequence {W,,, }32, (mq > mg > -+ >m; > mjq > -+ limy o my; = 0)
such that the weak limit Wy := w-lim; .o V,,; and Ey := lim; .. Eo(H,,,;) exist. By
Hypothesis (B.2)-(iii), we have lim,, .o H,,¥ = HVY for all ¥ € D(K) ®a, D. Hence, by
an applicaiton of [4, Lemma 4.9], if we show that Wy # 0, then we can conclude that ¥
is a ground state with Ey = Fo(H).

We have dim RanF, = 1. Hence, to show that W, # 0, we need only to prove

(U, P @ Py0,,) > 1—§ (B.19)
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with a constant ¢’ < 1 independent of m. Then, passing to the subsequence {V,, }; and
taking the limit j — oo, we obtain (Vq, Pk ® PyWo) > 1 — 46’ > 0, which implies that

U, # 0.
To prove (B.19), we first prove

(U, Qe @ Pyly) > 1— 6. (B.20)

Then, by (B.18), we obtain (B.19) for all m < ny with ¢’ = § + ¢ < 1 and hence the proof
is completed.
Now we note that (B.20) is equivalent to

(U, (@ @ Py+ 1@ Py )W, ) < 6. (B.21)

This is seen by using the identity 1 = <\Ifm, (Qm + QL) @ (P + POL)\IJm>. We prove
(B.21). We have
(Q#@®P0)Hm:Q#LKm(X)PO‘i‘Qn{L@PoC.

Hence
0 = (Qum® Po)(Huy — Bo(Hp)) U,
= (Qu(Kin — Eo(Hu)) ® Po) Uy + (Q, ® Po)CWy,
which implies that
(U, (@ @ P)CUy) = = (W, Q. (Ko — Eo(Hin)) ® PoW, )
< (= Eo(Hp)) (U, O, @ R0, )

Hence
1
£ — Eo(H,y,)

1
< Q@ Py, ||[|CT,].

(W, Qp, @ PoW) < (W, (Q, ® P)C,,)

Hecne
1

(e Qo ) < fe— ity

which, together with (B.17), yields (B.21). ]
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