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Abstract

We shall consider piecewise invertible systems exhibiting intermittency
and establish a generalized variational principle adapted to non-stationary
process in the following sense ; the supremum is attained by nonsingular
(not necessarily invariant) probability measures and if the system exhibits
hyperbolicity then it reduces to the usual variational principle for the
pressure. Our method relies on Ruelle’s program in the study of nonequi-
librium statistical mechanics to analyze dissipative phenomena. We show
nonpositivity of entropy production at weak Gibbs measures and clarify
when it indeed vanishes. We also discuss a generalized variational princi-
ple in the context of o-finite invariant measures.

1 Introduction

In the study of non-equilibrium statistical mechanics, Ruelle introduced the
concept of entropy production to explain irreversibility on the basis of micro-
scopic dynamics and to give quantitative prediction for dissipative phenomena.
In his program, invertible time evolution that does not preserve any smooth
measure was considered ([R1],[R2],[GR]). In this paper, we shall take the first
step towards placing these approaches in a more general framework. We shall
concern with dissipative phenomena observed in complex systems exhibiting in-
termittency. More specifically, we shall consider non-stationary non-invertible
process of which statistical laws are determined by either (bi-)nonsingular prob-
ability measures or o-finite infinite invariant measures. Let (X, d) be a complete
separable metric space and let F be the o-algebra of subsets of X generated
by the collection of open sets. We shall consider piecewise invertible systems



(T, X,Q = {X;}icr) (see the definition in §3) and (bi-)nonsingular probabil-
ity measures m on (X, F) with respect to T. Let L,, be the transfer operator
associated with m. Then we define

1
er(m) := limsup — / log L7 1 0 T"(z)dm(x),
n—oo T X
which is called the asymptotic averaged entropy production of T at m.
The main purpose of this article is to show the following facts.

(1) If ep(m) at m is nonzero, then there is a gap between the next two gener-
alized entropies :

_ 1
B (T, Q) := lim sup ﬁHm(\/’,;‘;éT"‘“Q)

n—oo

and

hn (T, Q) := lim sup 1 /X Ln(ViZoTRQI Ve, T7FQ)(z)dm(x).

n—oo

(2) er(m) at a weak Gibbs measure m is nonpositive. We shall give a sufficient
condition for ep(m) being zero.

(3) For a given potential ¢, we shall introduce a generalized pressure GPr(¢) in
the context of nonsingular probability measures. Then we shall establish
a generalized variational principle for GPr(¢). Moreover, we shall clarify
when it can be reduced to the usual one for the pressure Pr(¢) in the
frame work of invariant probability measures. This allows us to obtain
naturally a weaker notion of equilibrium state for ¢. More specifically, we
shall answer to the following questions :

Question (A) When does Pr(¢) < GPr(¢) hold ?

Question (B) When does the equality Pr(¢) = GPr(¢) hold ? In this
case, does the usual equilibrium state for ¢ attain GPr(¢)?

We should remark that er(m) = 0 if m is T-invariant. Even if m is not
T-invariant, ep(m) vanishes if {log £71(x)},>1 is uniformly bounded. This
property fails typically in case that the potential ¢ = log% admits an
indifferent periodic point. As we will see in §5, our results can apply to various
types of intermittent systems. In particular, we have a complete answer to
the questions (A) and (B) if the second moment of the stopping time over a
hyperbolic region is finite. We should remark that this phenomena is observed
for another type of non-hyperbolic maps (unimodal and multimodal maps) for
which the usual variational principle can be established (see [PS1],[PS2], [PZ])).

Finally, we can verify that as long as we restrict our attention to uniformly



expanding Markov systems and potentials of summable variations there is no
difference between our generalized variational principle and the usual variational
principle for the pressure.

The paper is organized as follows. In §2, we introduce definitions of gener-
alized entropies for nonsingular transformations. In §3, we collect fundamental
results for piecewise invertible sofic systems which play important roles in es-
tablishing our main results in §4. In particular, we give sufficient conditions
for (bi-)nonsingular probability measures satisfying the weak Gibbs property
([Y4]) and a formula of conditional probabilities that allows one to establish
the Dobrushin-Lanford-Ruelle equations ([Y8].[MRTMV]). In §5, we apply our
results to intermittent systems and establish a generalized variational principle
in the context of o-finite invariant measures. All proofs of results in §3-5 are
postponed to §6.

2 Generalized entropies for nonsingular trans-
formations

Let (X,d) be a complete separable metric space and let F be the o-algebra
of subsets of X generated by the collection of open sets. (X,F) is called a
standard Borel space. Let m be a Borel probability measure on the standard
Borel space (X, F). We call (X, F,m) a standard probability space. We shall
consider a (bi-)nonsingular transformation 7" of the standard probability space
(X, F,m), (i.e., mo Tt ~ m). Suppose that Q = {X,};c; is a measurable
disjoint countable partition of X. The information function of @ is defined
by I (Q)(x) := — > ;e logm(X;)1x,(x) (where 0log0 := 0) and the entropy
of the partition @ is defined by Hp,(Q) := [y In(Q)(x)dm(z). We denote
Xy i, = Z;é T-%X; S \/Z;(%T*kQ which is called a cylinder of rank n
(with respect to T').

k+1

Definition. The generalized entropy of T on (X, F,m) with respect to Q =
{X.}icr 1is defined by

_ 1 .
hm (T, Q) := limsup EHm(\/Z;éT_kQ)

n—00

(: h?_igp/x (-;bg m(Xi, i, (l“))) dm(x)) ;

where X;, ; (z) denotes the unique cylinder of rank n containing x.

When m is T-invariant, k., (T, Q) just coincides with the entropy h,, (T, Q) of T
with respect to Q). We also introduce another description of the entropy of a (bi-
Jnonsingular transformation in terms of the conditional informations. In order
to simplify the notation, if P is a sub-o-algebra of F generated by elements of



a partition P then I,,,(Q|P) denotes the conditional information of Q given P
defined by
In(QIP)(z) = —Zier log m(X;[P)(2)1x, (2).

Definition The generalized conditional entropy of T on (X, F,m) with respect
to @ = {X;}ier is defined by

I (T, Q) = limsupl /X Ln(ViZo T QI V3L, T~ Q) (x)dm(x)

n—oo

n—1
( lim sup ~ /X S L (T74Q| Vi Tl@)dmu)) .

n
n— o0 =0

In particular, if m is T-invariant and satisfies H,,(Q) < oo then ﬁm(T, Q) coin-
cides with the next description of h,, (T, @) in terms of conditional informations,

Hon(QI Vi, TQ) = / 1, (QI Vi) TQ) ()dim(z).

X

3 Weak Gibbs measures for piecewise invertible
systems

We shall consider a measurable countable disjoint partition @Q = {X;};e; of X
which satisfies cl(|J;c; intX;) = X and cl int X; D X; if int X; # 0. Let T be a
noninvertible transformation of X satisfying the next conditions.

(Cl) UiGI ll’ltXl C T(Uiel ll’ltXl) and T(UintX,;:Q) X,L) C UthXf,:(Z) Xz

(C2) (Local invertibility) T'|x, is one to one for every X; € @, and for
X; € Q with int X; # 0, TlintXi s intX; — T(intX;) is a homeomorphism.
Moreover (T'|;p¢ Xi)*1 is extended to a homeomorphism v; : clT'(intX;) —
cl int X;.

(C3) (T-generator condition) V2 T~ "(Q) = ¢ (the partition into points).

We call (T, X,Q) a piecewise invertible system. We remark that for every
“1 e
Xiy i = Momo T7F X4y, withint Xy, g, # 0, T |x,, . Xiyoiy = T X4y,
is one to one. Moreover, T"|;¢ . :intXj, . ;, — T"(intX;, . ;,) is a homeo-
i1oin

morphism and (7" ; ¢ Xy )~ 1 is extended to a homeomorphism v;,. ;. := v;,0

Vi, 0...0ov; T (intX;, ;) — clintX;,  , . For every n > 1 we define A,, :=
{(i1 .. ip) € I intX;, ;. # 0} and U™ = {T™(intX;, ;,)[V(i1 .. in) € Apn}.
We denote U :=J,,5, U™ Then we have

Lemma 3.1 Uy U =Upyey U



Suppose that the next condition is satisfied.
(Finite range structure FRS) U is a finite set.

Then (T, X, Q) provides nice (countable) symbolic dynamics similar to sofic
shifts (see [Y1],[Y2]). Therefore, we call (T, X, Q) satisfying the FRS condition
a sofic system. If TintX; NintX; # 0 implies TintX; D intX;, then U = um
and the (T, X, Q) is called a Markov system. In particular, if U consists of a
single element then (T, X, Q) is called a Bernoulli system. We also call X; € Q
with T'(intX;) = Uy U a Bernoulli cylinder. Nr(X) denotes the set of all
(bi-)nonsingular probability measures with respect to 7' and My (X) denotes
the set of all T- invariant probability measures. Then M7 (X) C Np(X). We
recall that a (bi-)nonsingular transformation T of the standard probability space
(X, F,m) is locally invertible (i.e., 3P = {Y;},;es a disjoint partition of X s.t.
m(X\U;esY;) =0 and T is invertible on each Y; € P) iff T—{x} is countable
for m-a.e. € X (c.f.[Aa]). Since the condition (C2) implies that T is countable
to one, if m € Np(X) then moT < m so that there exists a measurable function
¢ : X — R satisfying ¢(x) = log %(m) ( m-a.e. © € X). Then the transfer

operator L,, : L*(m) — L'(m) associated with m is defined by ; Vf € L'(m)
Lofx)= Y eplp)f(y) (m-aexeX).
yeT-{z}

We note that m € Np(X) with m(Uy ¢, U) = 1 satisfies m(lJ,¢; intX;) = 1. In
this case, m-a.e. © € X, Ly, f(x) = Ly f(x), where L4 is the so-called Perron-
Frobenius operator associated with ¢ defined by

Lof(x):= Z eXp[¢(Ui($>]f(vi(x))lcl(T(intxi))(m)~ (CLIYT])

icl

Since m(Uyey U) = 1 gives m(Uy, i, yea, 08X .0,) = 1(Vn > 1), we see
that for every n > 1 and m-a.e. x € X

Lo f(x) = Ls" f(x)

n—1
= Z eXP[Z ¢o Tk (Viy..in (@) f (Vi) i, <x))1CI(T"(intXi1,,,in))(x)'
(il...i-,L)E.A" k=0

In particular, if (T, X, @) is a Bernoulli system and {exp[pov;] : X — R}er is
an equi-continuous family satisfying sup,cx > ;c; exp[¢ o vi(x)] < oo, then Ly
preserves C(X).

We introduce a weaker notion of Bowen’s Gibbs measure (c.f.[Y4]).

Definition A Borel probability measure m on (X, F) is called a weak Gibbs
(WG) measure for ¢ with a constant P if there exists a sequence of positive



numbers { K, },>1 with lim,,_, % log K, = 0 such that Vn > 1,VX;
vZ;éT_kQ with m(X;,. ;) > 0 and for m-a.e. x € X;, 4,

ot )
exp| k=0 ¢Tk($) + nP]

S

Levin

n-.

Proposition 3.1 Let m be a T-invariant weak Gibbs measure for ¢ with 0. If
either Hp,(Q) < 00 or [y ¢dm > —oc is satisfied, then hy, (T, Q) + [y ¢dm =
hn(T) + [ ¢dm = 0.

We should remark that if H,,(Q) < oo then h,, (T, Q) = hp,(T') because of (C3)
! Next we introduce another notion of Gibbs measures which is more closely
related to the Gibbsian states in statistical mechanics.

Definition A Borel probability measure m on (X, F) is called a (WG-1) mea-
sure for ¢ if Vn > 1,VX,;, ;. vz;é T=FQ with m(X;, ;. ) > 0, and for
m-a.e. x € T7"T"X

11 .nalp

Lo™lx,
(X [T T Q) = (S ) o)

Indeed, the (WG-1) property allows one to establish the Dobrushin-Lanford-
Ruelle (DLR) equations (see [Y8] and [MRTMV] for more details).

Definition We say that ¢ : X — R is a potential of weak bounded variation
(WBV) if there exists a sequence of positive numbers {C), },,>1 satisfying
lim, e %log C,=0and Vn >1,
—1
Sub,ex, . expI A 6(Th)
sup <

. 1 >
szl...inG\/Z;olekQ lanEXi,l___m eXP[Zzzo ¢(Tkx)}

n-

Remark (A) If Var,(T,¢) := SUPy eyn-ir-kqQ SUPsyey |p(z) — Pp(y)| — 0 as
n — oo, then ¢ satisfies the WBV property. If {¢ov; : cl(TintX;) — R}ier
is a family of partially defined equi-continuous functions and o(n) :=
SUDy ey r—ip-kq diamY — 0 as n — oo, then Var, (T, ¢) — 0(n — o0).

Theorem 3.1 Let (X, F) be a standard Borel space and let (T, X,Q = { X, }ic1)

be a piecewise invertible system. Suppose that m € Np(X) admits a function

¢ : X — R satisfying ¢ = log %. Then we have the followings :

(i) m is a (WG-1)-measure for ¢.

(i) If ¢ satisfies the WBV property and infycyy m(U) > 0, then m is a weak
Gibbs measure for ¢ with 0.

We refer the reader to [Y3, Y7] which contains sufficient conditions for ¢
possessing m € Np(X) with ¢ = log %.



4 The asymptotic averaged entropy production
and a generalized variational principle

Now we come to discuss properties of the asymptotic averaged entropy produc-
tion of T associated with (bi)nonsingular probability measures.

Lemma 4.1 Let (X,F) be a standard Borel space and let (T, X, Q) be a piece-
wise invertible system. If m € Np(X), then Vn > 1 and for m-a.e. x € X

n—1
dm
n—1p—k —-n k n n
L,(ViZoT7"Q|T e)(x)—i—kgzolog qmoT) oT*(x) =log L, 10T"(z).

As we have already remarked in §1, our main interest is in case that the WBV
sequence {C), }n>1 for ¢ :=log % diverges as n — oo.

Definition A periodic point zg with T9xg = xq is called indifferent with respect

. —1 .
to m if 330 ¢ o TF(wo) = 0 for ¢ : X — R with exp[¢] = g2z
Neither summability of variations of ¢ nor the uniformly bounded distortion
property for exp ¢ holds under the existence of an indifferent periodic point
with respect to m (see Lemma 6.1 in [Y5]). The next result insists that er(m)
at a weak Gibbs measure m is nonpositive and it becomes indeed zero under
certain conditions.

Theorem 4.1 Let (X, F) be a standard Borel space and let (T, X, Q) be a piece-
wise invertible sofic system. Suppose that m € Np(X) with m(Uye, U) = 1

admits a potential ¢ of WBV satisfying expl¢] = %. Then m s a weak

Gibbs measure for ¢ (with 0) and er(m) < 0. Assume further that either of the
following conditions is satisfied.

(i) (T,X,Q) is a Bernoulli system.

(il) m possesses an indifferent periodic point xo with period q which is contained
in a Bernoulli cylinder of rank q.

Then we have

er(m) = lim ~ / log £ 1 0 T™()dm () = hum (T, Q) — (T, Q) = 0.
X

n—oo N

Lemma 4.2 Under the assumptions in the theorem 4.1,

lim =0

n—o0o

1
—log L1
n

Le=(m)

and the decay rate is subexponential.



Definition. For a given potential ¢ : X — R we define

N1(X, ) == {p € Np(X)|L(TFQIT~*Ve) + g o T,

L(T~FQIT~*+Ve )+logd(d >oT’“ e L' () (Vk>0)}.
For every u € Np(X, @), we denote
n—1 k
F(p, ) = hy(T, Q)—Hinjnf Lx Zk:ﬁ T (x)du(x)— 7(p)—limsup — ! mm{An,B 1
where
n — £k eXp[¢] _ 1) d
/X Z ( D aupaury ) ) )
and

B, = /X (Lo"1(x) — 1) dp(x).

Theorem 4.2 Let (X, F) be a standard Borel space and let (T, X, Q = { X, }ier)
be a piecewise invertible sofic system. If m € Np(X) with m(Uy, U) = 1
admits a function ¢ satisfying expl¢] = % and supgexLgl(xz) < oo, then
the next two properties hold.

(1) If ¢ satisfies the WBYV property and m possesses an indifferent periodic point
with period q in a Bernoulli cylinder of rank q, then

er(m) = hm(T, Q) —|—hm1nf/ z:(;SOT”C Ydm(z) = 0.

n—oo

(ii) For every p € Nr(X, ¢)

n—1
lim sup % /X (IH(VZ:(%T’“@T"E)(I) + Z o Tk(x)> du(x)
k=0

n—oo

1
<er(u )+11msup min{4,, B,} < cc.

n—oo

Definition We define a generalized pressure GP7($) of ¢ by

GPr(¢) :=sup{F (¢, 1) | p € Nr(X, )}

We say that u € Np(X, ) is a weak equilibrium state for ¢ if F(¢,u) =
GPr(p). WET(¢) denotes the set of all weak equilibrium states for ¢.



Theorem 4.3 (A generalized variational principle) Let ¢ be a potential
of WBV with supgexLyl(xz) < co. Assume that there exists m € Np(X) with
m(Upey U) = 1 satisfying exp[¢] = % and possesses an indifferent periodic
point xo with T9xy = xo in a Bernoulli cylinder of rank q. Then GPr(¢) =0
and we have the followings.

(i) Bvery p= hm with ;&% =1 (m-a.c.) satisfies p € WET(¢).
(i) If the mdzﬁerent periodic point xo satisfies Zk o L exp[p(T o)) = 1, then
q Z k=0 5Tk.7;0 S WET((rb)

Remark (B) If m is not T-invariant, then p = hm with ;% = 1 is also not
T-invariant. If m is a WG measure for ¢, then the supremum is attained
by every WG measure for the common potential ¢.

Since m itself and é Zz;é Opry, are weak equilibrium states for ¢, we have
the next result.

Corollary 4.1 WEr(¢) consists of more than two elements.

We shall observe further details for (ii) in Theorem 4.2 in case when y < m
with dp/dm = h. First, we note that A, := [ (hT (T*z) — 1) du(z) and
B, = [y (hfn (z) — 1) dp(x). Then the followmgs are obtained:

(a) In case when p € Mp(X), we see that

= n( /X WT(2)dm(z) — 1), By = /X W™ (2)dm(z) — 1

and

Flp,pu) = /Xlog hTT(J;)du(x)—min{/X T (z)dm(x)—1, limsup/X wdm(m)}

n— 00 n

(Here, we use h,(T,Q) + [y ¢(z)du(z) + [y log ;% (x)du(z) = 0 which
follows from Lemma 4.1).

(b) In case when m € My (X), L 1(x) = L4"1(z) =1 (p-a.e. x € X) so that

F(¢, 1) = b, (T, Q)-+lim inf Jx Xico 67" (x )d,u(w)—e;p( )—lim sup — ! mln{An,O}

n—0o0 n n—oo

Therefore,

(c) if both p and m are T-invariant then F(¢, p) = [y log “Ldp.



Definition For given ¢ : X — R, we define

Mr(X,¢) = {p € Mp(X)| 1,(QIT " e) + ¢ € L*(u), either h,(T) < oo

or / ¢dp > —oo with h,(T) = / L,(Q|T~ e)du is satisfied}.
b X
The pressure of ¢ is defined by
Pr(¢) = sup{h,(T) + [ ddn| n e Mr(X.0).
If p € Mp(X,¢) satisfies hy,(T) + [ ¢pdp = Pr(¢), then p is called an

equilibrium state for ¢. Er(¢) denotes the set of all equilibrium states for

@.
The next result gives an answer to the question (A) in §1.

Lemma 4.3 If Pr(¢) coincides with

Pr() = sup{h, (T) + /X odu | u=hm € Mr(X,6),

hT hT™
/ log —dp =0 and limsup/ dm = 0},
X X

h n—0o n

then Pr(¢) < GPr(9).
We have the next answer to the question (B) in §1.

Theorem 4.4 Let (T,X,Q) be a piecewise invertible sofic system and let ¢
be a potential of WBV with supzexLyl(xz) < oo. Assume that there exists
m € Np(X) with m(Uye, U) = 1 satisfying exp|¢] = % and possesses
an indifferent periodic point with period q in a Bernoulli cylinder of rank q. If
there exists an absolutely continuous weak Gibbs measure u € Mr(X, ) for ¢
(with 0) with respect to m and satisfies limy, .o = [y L% 1dp = 0, then we have

(i) F(p,p) =0=hu(T)+ [y ddp and p € WET(¢).
(ii) p € Er(9) iff Pr(¢) = Pr(d) and in this case Pr(¢) = GPr(d).
(iii) If sup,ex L31(z) = o(n), then Er(¢) C WET().

We will see in §5 that all examples admitting indifferent periodic points xgsatisfy
that 1, 2 37020 07y, € Er(¢) and 237070 ey, m € WET(¢). In order to
clarify whether p1 € WET(¢) or not, we need to verify finiteness of the second
moment of the stopping time over hyperbolic regions (see Proposition 5.2).

10



Corollary 4.2 (The uniqueness of weak equilibrium states) If the weak
Gibbs measure | = hm for ¢ satisfies p ~m and

€1 = hll oo () — 0 (n — 0),

then
4E0(6) = IWET(9) = 1.

Indeed, the assumption in Corollary 4.2 implies that u and m are exact and
hence ergodic ([Aa]). Therefore, the condition ;%= = 1 forces h to be m-a.e.

constant.

Remark (C) If m € N7(X) admits an indifferent periodic point z¢, then the
uniform convergence of £, 1 typically fails. Even if the L!(m) convergence
is valid, the invariant density h may be unbounded.

5 Applications to Intermittent Systems

In this section, we shall apply our results in previous sections to intermittent
phenomena caused by indifferent periodic points. Let (T, X, @) be a piecewise
invertible sofic system and let ¢ be a potential of WBV with sup,cx L41(2) <
co. Assume that there exists m € Np(X) with m(Jy,,U) = 1 satisfying
expld] = % and possesses an indifferent periodic point with period ¢ in
a Bernoulli cylinder of rank ¢. A denotes the set of all admissible cylinders
Un {Xi, i |(i1 - i) € Ay} For R C A, we define the stopping time over R,
R: X — NU{co} by R(z) = inf{n € N: X;, ; () € R}. Then for every n > 1,
we define D,, = {z € X|R(z) > n} and B,, = {z € X|R(z) = n}. Put Dy =
X. Define I* = U2 {(i1...in) : Xi,.5, C Bp}. Then Q* = {Xo}taer is a
countable partition of | J;=, B;. Now we define Schweiger’s jump transformation
T : Uiey Bi — X by T*z = TE@z. Put X* = X\(Uso—o T "™ (N0 Dn)-
Then (T*, X* Q*) is a piecewise invertible sofic system. We impose the next
two conditions on R.

(1) X4, ij1..jm € R whenever X, ;€ R(the strong playback property).

(2) 30 < T < 00,7* > 1 such that for every (ay ... a,) € I*" with X4, . 0, €A
and for all n > 1,

d(Vay..an®s Vay.0ny) < Ty (2, y) (Vo,y € T Xay . a,)-
If the induced potential ¢* := kRi'()fl ¢T* satisfies equi-Holder continuity
of {¢*va}aecr+ then the measure theoretical bounded distortion is valid for
exp ¢* (= %). Then we have a T™-invariant measure p* of which den-

sity is bounded and piecewise Holder continuous with respect to a finite par-
tition generated by U. Furthermore, if each U € U contains a full cylinder in

11



R then the density is bounded away from zero and p* is a Gibbs measure for
¢* which is exact and exponential mixing . Moreover, if lim,,_,., m(D,,) = 0,
then m(X) = m(X*) and the following formula gives a T-invariant o-finite
conservative measure u ~ m, which is exact ([Y1], ¢.f.[Sch]).

w(E) = i pw (D, NT"E)(VE € F).

Such  is unique up to constant. In particular, if >  m(D,) < co then u

is finite. We should recall that the distortion of d(gli?“n) over cylinders of rank

n touching indifferent periodic points diverges as n — oo (c.f. Lemma 6.1 in
[Y5]). Therefore, all indifferent periodic points with respect to m are contained
in N,,>¢ Dn. In particular, (,,~, Dn consists of only indifferent periodic points
in our examples below. We have the following results.

Proposition 5.1 (Theorem 3.2 in [Y}]). Suppose that
(1) 30 < r; < ro < o0 and 3a > 1 such that
rin~% <m(Dy,) < ryn™¢,
(ii) 30 < Gy < 0 such that VX4, . .4, € Dn,m(Dy) < Gim(Xa,.. 4, )-
Then u is a weak Gibbs measure for ¢ with 0.

Definition A cylinder X;,

.4, is called a Markov cylinder if for every U € U
# () it holds that int X;, ,; C U.

n

If (T, X, Q) is a piecewise invertible sofic system, then it follows from Theorem
3.1 in [Y2] that there exists a Markov cylinder. We have the next result

Proposition 5.2 If By consists of Markov cylinders and fX R%dm < oo, then
1L satisfies
1
lim f/ Lh1dp = 0.
X

n—oo 1

Now we can apply all our results in §3 - §4 and Propositions 5.1-2 to the fol-
lowing intermittent systems preserving absolutely continuous probability mea-
sures.

Example 1. (A one-parameter family of maps on the interval [0,1].)

Let X = [0, 1] and let m be the normalized Lebesgue measure of [0, 1]. For 8 > 0
define

Ts(z) = { T=ar7? on Xo = [0, (1/2)1/7)

(I/Q)f/ﬁ_l + 1_(1/12)1/g on Xl = [(1/2)1/5’ 1]

12



The map T3 has an indifferent fixed point 0. It is similar in its properties to
the more familiar Manneville-Pomeau maps : © — x + 2'*# (mod 1), in that it
also has intermittent behavior. (T, X,Q = {Xo,X1}) is a piecewise invertible
Bernoulli system and ¢ = log |T”| satisfies the WBYV property. Therefore, m
is a weak Gibbs measure for ¢ with 0. If 3 < 1 then T3 admits an invariant
weak Gibbs equilibrium measure o ~ m. We see that ep(m) = ep(u) = 0 and
i, 00 € Er(@). We also know that m,dg € WET(¢). In particular, if 8 < % then
w € WEr(9), too.

Example 2. (Inhomogeneous Diophantine approximations [Y2, Y4-
Y8,]) We define X = {(z,y) e R?>: 0 <y <1,y <z < —y+1}
and T: X — X by

T(a,y) = (1— {1“”} +[-4.-[-4 —y)7
x x x zl oz
where [z] = max{n € Z|n < z}(x € N) and [z] = max{n € Z|n <
z}(x € Z\N). This map admits indifferent periodic points (1,0) and
(—=1,1) with period 2, i.e., |det DT?(1,0)| = |det DT?(—1,1)| = 1. Let
a(z,y) = [(1%@;)] — [Z2] and b(z,y) = —[—%]. We can introduce an index
set

I:={(a,b)€Z?:a>b>0,0ora<b<0}

and a partition @Q := {X(,p)er}, where X, 3 = {(z,y) € X : a(z,y) =
a,b(z,y) = b}. Let m be the normalized Lebesgue measure of X. (T, X, Q)
is a piecewise invertible Bernoulli system and ¢ = log % satisfies the
WBYV property. Therefore, m is a weak Gibbs measure for ¢ with 0. There
exists a T-invariant weak Gibbs equilibrium measure p ~ m. We see that
er(m) = er(p) = 0 and 1,27 (61,0) + 6(—1,1)) € Er(¢). We also know

that m, 271(5(170) + 6(_171)) € WST(¢)

Example 3. (A complex continued fraction [Y6, Y7]) We can define a
complex continued fraction transformation 7' : X — X on the diamond
shaped region X = {2z = xja+ zoa: —1/2 < z1,29 < 1/2}, where
a=1+i,by T(z) = 1/2—[1/z], . Here [z]; denotes [z1+1/2]a+[z2+1/2]@,
where z is written in the form 2z = z1a+ze@, [x] = max{n € Z|n < z}(x €
N) and [z] = max{n € Z|n < z}(z € Z — N). This transformation has
an indifferent periodic orbit {1,—1} of period 2 and two indifferent fixed
points at ¢ and —i. For each na + ma € I := {ma + na: (m,n) €
Z? — (0,0)}, we define Xyotma := {z € X : [1/z]1 = na + ma}. Then
we have a countable Markov partition @ = {X,}ser of X and (T, X, Q)
is a transitive sofic system. For ¢(z) = —log|T"(2)|(= —2log|z|), we can
verify the WBV property of ¢ so that m is a weak Gibbs measure for 2¢
with 0. There exists a T-invariant ergodic probability measure u ~ m for
2¢, and we see that er(m) = er(u) = 0. Moreover, pu,d;,6_;,27 (5 +
5(,1)) S 5T(¢) and m,d;,0_;, 2_1((51 + 5(,1)) S WST(¢)

13



In case when >~ m(D,,) = oo, Theorem 4.4 does not apply so that we need
further observations. Let M$°(X) be the set of all o-finite invariant measures on
(X, F) and define £°(X) := {v € MP(X)|v is conservative and ergodic }. For
every v € EX(X), we can define the induced transformation T4 over A € F with
0 < v(A) < oo by Ta(z) = TE4@)(z), where Ra(z) := inf{n € N|T"(z) € A}.

Then vy = Vy(l;“) is T'y-invariant and ergodic. v can be represented by v4 via

the next Kac’ formula:

Ra(z)—1

/ / Z x)dv(z) (VE € F).

Moreover, if A; € F satisfy 0 < v(A;) < oo (i = 1,2) then Ta, = (Ta,04,) 4,
so that
hl/1Ul/2 (TAlLJAQ)

=h T .
VA,uA, (Al) (v1Uv2)a, (( A1UA2)A1)

Hence we have

V(Al)hl/l (TAI) = V(Al U A2)hV1UV2 (TAIUA2) = V(A2)hl/2 (TAZ)'

This number is used as the entropy h, (T") of T with respect to v (c.f.[T]). For
a function f : X — R, define fa(z) := RA(z) LfTR). If A; € F with
0 < v(A;) < oo (i =1,2), then the above Kac formula gives

fan (@)dva, (z) = / Favons @dvarons (@) = | Fan(@)dva, ()
A As

A1UA-

whenever the integrals are well-defined. Let A € @ be a Markov cylinder and
let Q4 be a countable disjoint partition of {z € A|R4(x) < oo} consisting of all
cylinders X;, ;, C {z € A|Ra(z) =n — 1} with n > 2. We define

EX(X,p,A) :={r € E2°(X) | 0 < v(A) < 00, 1, (Qa|Ty e) + da € L*(va),

either h, , (T4) < oo or / padvs > —ocowith by, (Ta) = / L, (QalT  e)dva}
A X

and
Pe(T,¢,A):=  sup  {v(A)(hy,(Ta) + [ dadva)}
VEEX (X, $,A) A
(= sup {h(T)+v(A) | dpadval}).
VEEXR (X, $,A) A

By using a similar argument in [Y1: Lemma 7.1] (c.f.[T]), we can prove the next
result.

Theorem 5.1 Let By be a Markov cylinder of rank 1. If ¢, € L' (up,), then
P=(T, 6, By) = hy(T) + [ édp = 0.

14



The next example gives a countable non-Markovian sofic system preserving
an absolutely continuous invariant measures to which Theorem 5.1 can apply.

Example 4 (A two dimensional map related to a negative continued
fraction) Let X = {(z,y) : 0 <2 < 1,0 <y <1} and T is defined by

1 1.y Y
T(z,y)=(——|——],= = [=])-
R R - R )
The first component of T is known as a map related to negative contin-
ued fraction which preserves a o-finite infinite ergodic invariant measure
equivalent to the normalized Lebesgue measure of [0, 1]. We define

I={(a,b) e Nx (NU{0}):a>2a>0b}

and a countable disjoint partition Q@ = {X(4)}(a,p)er, Where X, is
defined by :

(z,y) € X(qp) iff —[-1/2] =a and [y/x]=b.

Then (T, X, Q) is a piecewise invertible non-Markovian sofic system. In-
deed, we see that U consists of Uy = X and Uy = {(z,y) € X : v +y < 1}.
Let m be the normalized Lebesgue measure of X. We can verify that
¢ = log % is a potential of WBV and m is a weak Gibbs measure for
¢ with 0. Let D,, be the union of cylinders of rank n touching {1} x [0, 1]
which consists of indifferent fixed points with respect to m. Then we see
that > -, m(D,) = co and T preserves a o-finite infinite conservative

ergodic measure p ~ m. The invariant density is given by :

du 2%22 fet+y<l1
dm<x’y):{ O ey 1
2(1—2) Yy

and there is no finite absolutely continuous invariant measure with respect
tom ([Y1,Y2]).

6 Proofs

Proof of Lemma 3.1. First we show that (Jy ey U € Upyeyn—n U. Indeed,

U U=1r"1 U (TintX;, NintX;, ;)
Uel(m) (i1 in)EAR
_ Tn—l U U (TlntX“ n iIltXiz,,,i,,L)

(ig...in)E.An_l ’L1€I;(i1i2...in)€An

15



cr? U mx, .o Jvlc U ©

(i2-<<in)e¢4n—l Ueu® Uey(n—1)

Next we assume = € Uyeym-n U. Then 3(iy...i,) € A, such that = €
T 1(intX;, ;. ,). Therefore by (C1) we have v;, ; _,(r) € intX;, ,; , C
Uyreyn U'- This implies that 3X; € Q with intX; # () satisfying

vil_”in_l(x) S intXil_”in_l N T(ll’ltXJ) = T(inthil__,in_l).

Since x € T™(intX;, 4. _,) € U™, we complete the proof. O
Proof of Proposition 3.1. First we note that the weak Gibbs property of m
gives

1 1 i 1
—nlogKn<n/X<logm( i1 ( ZQSOT ) ()gﬁlogKn.

Therefore, if m is T-invariant then for every n > 1

1

1 1
——logK, < — Z m(Xl-lv__in)logm(Xilmin)—/ ¢(z)dm(x) < —log K.
K " e, X "

From the above inequalities, we conclude h,, (T, Q) + [ ¢dm = 0.0

Proof of Theorem 3.1. First we note that o(T ") = T "F. Therefore
VA € o(T~"e),3E € F such that A = T~"E. It follows from the property of
£¢ that

A(%) / LM (x (£¢ 2(:211(“5(@) 1 (z)dm(z)
=m(ANX,, ..)

m1
proof of (i). Next we note that VX;, ,; with (i1...4,) € A,

L™x,.
Since (%) oT™ gives a o(T~"™¢)-measurable function, we complete the

dm —
) = _ 7 (e = X oT* .
(X)) = [ e Ty ) ) / o, P ST Wy

Then (ii) follows from the WBV property of ¢. O

Proof of Lemma 4.1. Tt follows from (ii) in Theorem 3.1 that m satisfies the
(WG-1) property for every ¢ : X — R satisfying exp¢ = d( T) Therefore we
obtain for the unique cylinder X;, ; () of rank n containing x

. Tt ()
(X (DT @) = Za o

16



and this equality gives the desired result. O
Proof of Lemma 4.2. Let g be a fixed point with 9 € X;,. First we
note that ig(n) := ip...ip € An(¥n > 1) and T"intX; () = Uygy U. Since

m(Uycy U) = 1, we have for m-a.e. v € X

i@ = 3 d—m)m...in(w)) Irex, .. (&)

4 d(moTm
(11...27,,)€An

dm n—1
=z W(Uz‘o.._io(z)) = exp[];) ¢ 0 T (vig...i0 ()]

_ exp| Z;éQSOTk(viomio(w))] >c. -1

exp[Y5Zg 6 © TH(viy...ig (0))]
On the other hand, we see that

dm

(#) Lo L(z) < Cr > inf (03,4, (¥)

(iroimedy YET K in d(moTm)

(i1...in)EAR

If all cylinders are Bernoulli cylinders, then we have that

L£ri(z) > C,t Z m(Xi,..0,) > Cy
(i1.in) €A,

These observations give us ||+ log £2,1|[ = (m) < + log C,, when either (i) or (ii)
with ¢ = 1 is satisfied. Moreover, the decay rate %log C,, is subexponential.
Let x be a periodic point with period ¢ in a Bernoulli cylinder of rank g. Then,
as we have observed in the above, for every n = sq 4+ r(0 < r < ¢ — 1) we have
Csgt < L3 (x) < Oy which allows one to see that

Lil(x) < CsqLyl(w) < CyyCy

and
L31(x) > CL L1 () > O 100! > m(Xi,..i,)-
(i1..00), €T X4y 4y

We complete the proof. O

Proof of Theorem 4.1. The first assertion follows from the WBYV property for
¢ directly. Indeed we can take the WBV sequence {C,},>1 for ¢ as the weak
Gibbs sequence {K,},>1 for m. As we have observed the inequalities (*) in
the proof of Lemma 4.2, 1 [ £ 1(z)log £ 1(x)dm(z) < Llog C,, holds for all
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n > 1. Therefore, limsup,, . + [ £71(z)log £ 1(z)dm(z) < 0. The second
assertion is proved. It follows from Lemma 4.2 that

1
0=-er(m)= lim f/ log L7210 T™(z)dm(z)
b's

n—oo N

1 1 dm
=i = | vtk d lim i f—/ 1 d )
imsup /X (ViZo T QIT ") (x)dm(z)+lim inf ~ log d(an)(w) m(x)

Hence we have

(T, Q) = — liminf ~ / log — 2™ (2)dm(z)
X

n—oo N d(mTm)

= lim sup % /X (— log dé%(@) dm(z).

On the other hand, the WG property of m for ¢ allows us to see that

limsupl/X(—logm(Xilmin(x))dm(m) :Hmsupl/x(—log d(in;n)(x))dm(x)

n—oo N n—oo T

We complete the proof. O
Proof of Theorem 4.2. As we have already observed in the proof of Theorem
4.1, the WG property allows us to have

hon (T, Q) —hmsup/ Z (—¢oT*(z))dm(z) :—hmmf/ Zd)oTk Ydm(x).

n—oo n—oo

Thus (i) is proved. For the proof of (ii), first we note the next equality.

/ (Iu(vzzéT’“QT"f)(x) +3 o T’f(x)) au()
X k=0

n—1

-/ (@(vz-éT—'fmT—" o)+ o gy () + 3o /d(@)ow(@) ().

Then by using the property that logaz < 2 — 1(Va > 0) we have

/ (I (ViZaT*RQIT" )+Z_:¢0Tk(x)> du(z)
X k=0

d
< [ (nvimir Qo +1os 5

) (m)) dp(z) + min{A,, B, },
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1/ _explo] i exp(} S, 7, #oT"]
where A, := [ (d“/d(MT) oT*—1)dp,and By, := [ | — Az — — 1) du().

Moreover, we can write

b~ [ o <exp[zz:é ¢oTHa) _ 1) da(a)

A/ AT )
xp[Cico 20 T*W)] ) e
/TZ 1) ( A AT () 1) Auiz)
D> <expz¢ o THy (dgin)@)) duta) = [ (£5"1@)=1du(o)
yeT—"x

Then we obtain the desired inequality immediately. O

Proof of Theorem 4.3. GPr(¢) = 0 follows from Theorem 4.2 directly. By
(i) in Theorem 3.1, we see that u = hm with ;% =1 is a (WG-1) measure for
the common potentlal ¢. Therefore, Vn > 1 and p-a.e. x € X

(e4) (VST QIT ) () + 3 6.0 T () = log L1 0 T (2)

because of Lemma 4.1, and for u € Ny (X, ) we have

+ [ BT @ /X S 6o T (2)du(o)

n
k=0

1 n mn
= E/XlogﬁuloT (x)dp(z).

Since p < m, u(Uyey U) = 1 holds so that F(¢, u) = 0 follows from Theorem
4.1. (i) is proved. For proving (ii), WOLG we assume x is a fixed point. Then
= 05, € Mrp(X) satisfies dCL—T =1and L, f(z) = f(zo) so that A, = 0. Also
we have B,, > 0 because xg is an indifferent fixed point for m. We complete the
proof. O.

Proof of Lemma 4.3. First we note the following inequalities;

GPr(¢) = sup{F (¢, p)|p € Mr(X,¢)}

= sup{h, (T / ¢dp — limsup — ! mln{AmB PlpeMr(X,0)}

> sup{h,(T / @¢dp — limsup — ! mm{An,B PlpeMp(X,¢),u<m}

= sup{hﬂ(T)Jr/X qﬁd,ufmin{/x thm—l,limsup/X hT (X,9)}

n—oo
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(X, 9),

n—oo

> sup{h#(T)—i—/ (bd,u—min{/ hTdm—1 hmsup/ hT
X

and / log —du = 0}.

As [y log 2ldp < [\ (®F — 1) dp holds, we have

GPr(¢) > sup{h,(T / ddp | p=hm e Mrp(X, ), / log hTTdu =0,

hT™
and limsup /
n—oo X

Proof of Theorem 4.4. We first show that [ log th,u = 0. By (i) in The-
orem 3 1, p is a (WG-1) measure for $: X — R with ¢ := log d(/ﬂ,) =

=0} = Pr(¢).0

log d(mT) + log & - Therefore, the equality (**) in the proof of Theorem 4.3
holds for (ﬁ so that

/X (LQIT"e)w)d() + b(x) ) d) = 0.

On the other hand, since the WG property of p for ¢ gives H,(Q) < oo, from
Proposition 3.1 we see that

/’(AQHP )(@)du(z) + é()) du(z)

— H, QT /¢ e Mm+4mmwm=

This implies fX log hL dp = 0. The observation (a) and the inequality fX log hTTd,u <
Jx (BE — 1) dp allow us to have

1
lim sup — min{4,, B,} = min{/ hTdm — 1,0} =0.
n—oo N b'e
Hence we have F(¢, 1) = 0 = hyu(T) + [y ¢(x)dp(z). On the other hand, from

Theorem 4.3 we know GPr(¢) = 0. We proved (i). If Pr(¢) = Pr(¢), then
Pr(¢) < 0 which implies p € E(¢). Conversely, if yu € Er(¢) then Pr(¢) =0 >
GPr(¢). Since p attains Pr(¢), we have Pr(¢) = Pr(¢) = GPr($). We proved
(ii). Let v € Ep(¢). Then we see that

An o equb equﬁ B -
71_/X<dz//d(1/T)_1>dyzAlOngU_h”(T)+/X¢dV—O~

Hence we have F(¢,v) = 0. We complete the proof. O
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Proof of Proposition 5.2. By Theorem 3.1 in [Y4], 30 < H < oo so that

z)dm(z) < H%k/BE 1(z)dm(
= Hik x m(T
k=1

freniomn- e

— H;kz/x 1p, o T"(x)dm(x)

—an).

x)

Let V be a finite disjoint partition of X generated by . Then we can write

By = U BY, where
Vey

Define AY = {(i1...in) € Ap|T" X4, i
can define a finite disjoint partition of AY by AV

BY =

Xby ...

“in

U

bkCBkﬁV

Xby. by

D V}. For every Xy, . 5, C BNV, we
U AV .

bi), where

Ax’l(bl - bk) = {(7,1 - ’Ln) S AZ|XZ‘1_“1'"71 S R, Xin—l+1-<-7;nb1---bk C Bk-i—l}-

Therefore, we have

TBYS )y, 2,

VEV Xy, 0, CBNV (i

-5 >z

V Xy by, CBRNV\1=0 (45 i, )e AV (by...by)

: dm
Since TOnT™)

such that

m(Xil---inbln-bk) < Cm(Xil---in—l)m(Xirz7l+1~--inb1-~~bk))‘

Hence we have

nrmy ey %

Vvevy Xbl by CBpyNnV

The RHS is bounded from above by

C Z Z Z m(Xi, . i, z)

Vev i=0 X

Zl---in—l

c Dy,

n

>

Xb, .. by
C BNV

21

U

1.in)EAY

m(Xiluin—L

2

1=0 (i1..i) €AY (b1 ...

Xiy inby.by)

m(X;

bi)
(in—l+1 e Zn) :
(i1...in) € An,

KXoy ts1eminby...by C Bra

) T_("_Z)Xin_,+1...inblmbk)

satisfies the uniformly bounded distortion property, 31 < C' < oo

21...in7l )m(Xian,l...inbl..‘bk))

m(Xi"*lJrl“-inbLubk)




53> > m(Xi,.in_) | M(Bryi)-

Vevi=0 \X ..., ,CDS

n—l1

Therefore, we have m(T~"By) < CV Zzn:o m(By4;). Since U;L:O By C Dy,
n~" [ £31dp is bounded from above by HCtV Y22 | k (m(Djy.—1)) . We remark
that 31 < 7{ < rh < oo such that ¥n > 1

rin~@t) < m(B,) < ryn~@+D),

Finally we see that [ R*dm = "7 | k*m(By) < oo implies Y 7, km(Dy) <
o0o. We complete the proof. O
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