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Signal and Information Processing

Signal and information:

Probability distributions and positive arrays

Information Geometry
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Divergence and Geometry
decomposition of signals
ICA (Independent Component Analysis)

NMF (Non-Negative Matrix Factorization)
Sparse representation of Signals

LASSO and LARS

Information Geometry
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Manifold of Probability Distributions:

p(x;0) =exp{D_6x —w(6)}
PO) =D P (X): p=(Py- Py); D P =1

Manifold of positive measures

m=(m, .., m) m>0

A:(Aﬁ)’ Aﬁj >0

s(x,y): vision;

Information Geometry ?

Riemannian metric

Dual affine connections
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Manifold of Probability Distributions

x=123 {p(x)}
P=(p. P, Ps) Pi+P,+Py=1

e M ={p(x.0)]

P,

Independent Distributions

S={p(x. %), X =01}

2 (J0.09 + 81.))
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Divergence ©[z:y]
D[z:y]>0
D[z:y]=0, iff=y

D[z:z+dz]=) g,dzdz,

positive-definite D[U
¢ y

z

Riemannian Structure

ds* =Yg, (0)d6'de’
=do'G(0)do

G(H)z(gij) [ ' 8 '
Euclidean G=E 0 Ojtd

Fisher information
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Metric and Connections Induced by Divergence
(Eguchi)

9;(2)=0,0,D[z:y]

|y=2

Iy (z2)=-0,0,6,D[z:Y]

|y=

I (z)=-0,0,0,D[z: y]‘yzZ
o 0 s 2
oz, oy,

Affine Connection

covariant derivative
v,Y, TI.X=Y ——]

geodesic V, X =0, X=X(t) }T /\(j
s= [ g,6)de'de’ f}_’\

— |

minimal distance
straight line
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Duality:
0,9; =Ty +r§ji
rijk = r:}k _Fijk

{S,9.7}

Duality
(X,Y)=(IIX,ITY)  <X,Y>=) g;X'V’

*

Y

Riemannian geometry: [[ = [[°
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Dual Affine Connections (V .V ")
e-geodesic (H7H )
logr(x,t)=tlog p(x)+(1-t)logq(x)+c(t)

m-geodesic

r(xt)=tp(x)+(1-t)q(x)

Invariance

y=k(x) : one-to-one
sufficient statistics

D[ py (x):0x (x)]=D[ by (¥): 0 (V)]
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Invariance: invariant divergence
--- characterization of f-divergence

pl: ............

Invariance = f-divergence
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Csiszar f-divergence

ql= S
Df[p-q]—Zpif{pi],
f(u): convex, f(1)=0,

Dy [p:g]=cD;[p:q] f(u)

Invariant Geometrical Structure:
Fisher information metric

alpha-affine connections : dual

I(x,0) =log p(x,80)

0 0
g, = EL-1(%.0)-1(x,6)]

i j
0 0 0
T.. = E[—I(x,0)—I(x,0)—I1(x,60
ijk [aeI ( )aeJ ( )aek ( )]
Fijk(a) :rijk(O) iaTijk

2009/10/6
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f divergence of S ¥r>0

Df[b:q]:Zﬁif[%‘JzO

Df[b:q]z()@ pP=0

not invariant under f (u)=f (u)-c(u-1)

o Divergence: why?

4 l+a

f (u)= - {1—u2}—é(1—u), a=#l

KL-divergence
f(u)=ulogu—(u-1)

~

D[ﬁq]zz{ﬁl IquT_i"' pi _qi}

2009/10/6
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o divergence

l-a l+a

1- a 1+a

D,[p:d]= Z{ G-526G°

2

KL-divergence

D[p:q]= Z{p.logq—+p. G}

}

Dually flat manifold

@-coordinates <> n-coordinates
potential functions (&), ¢(7)
0° i 0°

9 (9) =429 V(09" =5, 5
i j I J

)-2.6m,=0

exp{Z@x ~y(0)} : exponential family

¢(0)

v cumulant generating function
@ . Negative entropy
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Dually Fiat Manifold
¥. Potential Functions

---convex (Bregman divergence, Legendre transformation)

2. Divergence D[ p:(q]

3. Pythagoras Theorem
D[p:q]+D[qg:r]=D[p:r]

4. Projection Theorem q

4

Projection Theorem

q=argmin,_,, D[p:s]

m-geodesic

q=argmin,,, D[s: p]

\ e-geodesic ‘

2009/10/6
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Dually Flat Structure

affine coordinates &

dual affine coordinates #n
potential y(8), ¢(n)
n=Vy(0), 0=Vo(n)

D(6,:6,)=w(6,)+¢(n,)-6, 1,

Exponential Family
p(x.0)=exp{-x+k(x)-y(6)]

exp{y (9)} =Iexp{9- X+ (x)dx}

Mixture Family
p(x,n)=gf7i p(X). 7 =1—gf7i

o()=[ p(x,7)logp(x,;7)dx

2009/10/6
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Manifold with Convex Function

S coordinates  =(¢",0°,L ,0“)

v (6): convex function

negative entropy o( j p(x)log p(x)dx, energy

W

Euclidean y(8)= ,Z(@' )2

mathematical programming, control systems, physics, engineering, economics

Riemannian metric and flathess

Bregman divergence

D(6,8')=y(0')-(6'-6)-grad v (0)

.
D(6,6+d6)= Zg“ 6)dg'do’

0
o0’

0jj zaiajl//(e)’ 0, =

flatness @ :geodesic

2009/10/6

15



Legendre Transformation

i = aiW(e)

0 & n one-to-one

o(n)+y(6)-6n' =0 —

0 =dp(n), & =—

Geometry: Dually Flat Geometry

Riemannian metric G = (Gij )
1
D, [p: p+dp]:5 p'Gp,
G(p)=VVy(p)

G*(p*)=VVl//*(p*)=GJ

Straightness (affine connection)

p(t)=a+bt - w-geodesic
p'(t)=a"+h't -y -geodesic

2009/10/6
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Two flat coordinate systems (6,7)

6 :9eodesic (e-geodesic)

7 :dual geodesic (m-geodesic)

“dually orthogonal”

(0,01)=a

NI
00’ on,

Pythagorean Theorem

D[P:Q]+D[Q:R]=D[P:R]

m-geodesic

0 e-geodesic

Euclidean space: self-dual 6@ =17

W(9)=%Z(6’i)2

2009/10/6
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Projection Theorem

minD[P:Q]

QeM

Q = m-geodesic projection of P to M

min D[Q: P]

QeM

Q' = e-geodesic projection of Pto M

divergence

S ={p} : space of probability distributions
invariance dually flat space

f-divergence regman divergence

convex functions
Fisher inf metric

Alpha connection KL-divergence

2009/10/6
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Space of positive measures :
vectors, matrices, arrays

§::{Eﬂﬁ pi>():(2£:pi:])

f-divergen ]
regman divergence

a-divergence

a-representation

o
r_:{piz ! ail

logp, , a=1
w(r)=2.U(n)
typical case:
um{fz“ - arl
e , a=1
U(r)=mp

2009/10/6
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Divergence over a-representation

D, [p:d]=U(r)+ XV (r)-Dn%

I r)iT(l a-geodesic
r :i ﬁilTa —a-geodesic
l-«a
r. =log p, a=1
i =D
a divergence

2009/10/6
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S : dually flat
S : not dually flat (except o = £1)

Zpizl
2
D=1

Integration of Stochastic

Evidences
—Information Geometry Approach

Shun-ichi Amari
RIKEN Brain Science Institute
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Various Means
2

a+b _c
2 : \ a.b : 1 + 1
. a b
arithmetic geometric _
harmonic

Any other mean?

Generalized mean: f-mean
f(u): monotone; f-representation of u

m, (a,b) = f‘l{w}

scale free m; (ca,cb) =cm; (a,b)

l-a

a-representation  f (U) = uz?, a=l
logu, a=1

2009/10/6
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a-mean:  m,(p(s), p,(s))

a=1: +Jab
a=-1 athb
2
=0 ¢ (Varby =224 Jab
o = o0 m, :mln(a,b)

a=-00 m_ =max(a,b)

a divergence : positive real numbers

( l-a l+a
22 2y 4 J2y2, getl
l+a l-a l-a
D,[z:y]=9z-y + ylogl , a=1
4
4
y—-z + zlog— , a=-1
| y

2009/10/6
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O/ — Family of Distributions

{ P (S), s Py (5)} p(X’ 0) = fa_l{z el fa ( P (X))}

mixture family :

Pric (8) = Zti pi (S), Zti =1

exponential family :

log p,,, (s) =Dt log p;(s) -

—————

———

& — Bayes Predictive

Distribution
p(x|0); p(o|D)

p.(x|D)=1.*| [ £, [ p(x|&) ] p(o|D)de

a =1 : predictive distribution
a =—1: product of experts

2009/10/6
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Optimal Property

given data D

[Xl"”’xk]e p(x|190)
find q(x|D) that minimizes the ¢ —risk
min, R, [ p(x|6): 409

R,[p:a]=[=(6)D, [ p(x|6):a(x; D) |p(D|¢)dDd6

Theorem

The @ —predictive distribution minimizes
the ¢ — risk.

The Bayes predictive distribution:

The product of experts : KL[q(x|D) : p(x|0)]

a=0 predictive distribution : Hellinger

O, = o0 pessimistic; ¢ =—o0: optimistic

2009/10/6
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Tsallis q -Entropy

H, :ﬁ{f p(x)’ dx—l}

1

Ing (u)= ﬂ(um_l)’ it
logu, q=1
exp, (1) =(In,) " (u)

:ﬁ(l— [p(0)"r(x)" x|

: a-divergence ; a-structure

= —h,(p) : convex
S-structure

2009/10/6
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( -exponential family

p(x.0)=exp, {0-x—y/(9))
v (8): convex
n=Vy(9)
7= Eq[X]

¢(77) :ﬁ[hq :(lp) _1] =E, [Inq p(X)}

2009/10/6
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conformal transformation
q -Fisher information

gi(jq) = hi gijF

q
q—divergence

1
1-a)h,(p)

D,[p(x): r(X)]= (1= PO r(x) )

g-escort probability distribution

1
h, (P)

Escort geometry

g; (€) = E,[0; log p(x,6)0; log p(x, O)]

p(x) = p(x)"

2009/10/6
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Q -CramerRao :p(X,¢)

g-unbiased estimator §A

g -maximum likelihood estimator

~

£, = argmax p(x. - x,:€)

1 £\
98)N H p(xi’f)

= arg max
q

< Bayes MAP with z(&)=h, (&) "

2009/10/6
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d -super-robust estimator (Eguchi)

p(x.¢)

max P(x, &) — max -

gq+1

bias-corrected g-estimating function

s, (%.&)=p(x.£){a,log p—c,, (&)}

1
Cq+1 = ma |Og hq+l (g)

N 1
S, (%,£)=0 < max
-

i hq +1

2P (x%:¢)

Applications of geometry:

ICA

Independent Component Analysis

2009/10/6
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Independent Component Analysis
[
s % z:e;&f\% y
() () [
X = AS
y=Wx W=A"

observations: x(1), x(2), ..., x(t)
recover: s(1), s(2), ..., s(t)

x=As = y=Wx : W=A"
observations: x(1), x(2), ..., x(t)

A: unknown matrix

I‘(s) - rl(Sl)rZ (SZ)"'rn (Sn)
iIndependent distribution
r(s): unknown E[s]=0

s: unknown

al (y,W) cost function:
oW degree of non-independend

AW =-—p

2009/10/6
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Semiparametric

Statstcar Monel
™ sl

p(x; W, r) = W |r(Wx)

W=A" r(s): r=IIr
unknown

X(1), X(2), ..., X(t)

L Motivation

Example of color image separation :

Five original images (but unknown to the neural net)

Five mixed images for separation

2009/10/6
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Information Geometry of ICA
---Independent Component Analysis

Xx=As = y=Wx=WAs

4/

|ndependent

KL-divergence

D[ p(y):a(y)]=[p(y) Iog—)dy

a(y)
s

D[p:r]+D[r:q]=D[p:q]

2009/10/6
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Information Geometry of ICA

S ={p(Y)}

{a(y)a, (Y,)--a, (Y,)}

W)}
natural gradient [(W) =KL[p(y; W):q(y)]
estimating function

stability, efficiency r(y)

Steepest Direction---Natural Gradient

1(0)
....... — )
vi=| o .2 A6, =-7VI(X, Y, 6)
“loe," o,
VI=G*(6)V

d6|" =do”Gde = £G,d6'do’

2009/10/6
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Natural Gradient

max  dl=1(8+dg)-1(6)
|d6’|2 =&
VI=G™(8)VI

AG, = —77ﬁ|(Xn Y 6,)

|dW [* = tr (dXdX ") = tr (dww "W Tdw ")
vI=-Lwrw
oW

dX : non-holonomic basis

2009/10/6
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Stabilization—Newton Method

1
' oo’k k. —1

I B |

=77t{05¢(yi)yj _¢(yj)yi}\lv
of =E[y’], & =Elg'(y)]

W (t)

efficient algorithm

—

adaptive method

|:O'i2kj¢(yi)yj ~o(v;)yi ]W

2009/10/6
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Spatial mixing

)

{X1=a131+"'+ansn
X, =S +---+a,5,

lemporal mixing—conyolution

x(t)=as(t)+a,s(t-1)+---+a,s(t—n)

x(t) :IA(t—r)s(r)dr

Manifold of Linear Systems

dX (z*)=dw (z*)w*(z?)

Lie group
Metric Structure Fisher information

2009/10/6
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Basis Given: overcomplete case
Sparse Solution

X = AS _ Z Siai sparse A. X
many solutions

I
>
w

many s, - 0
X, = AS,
sparse AZ X= A§
f—

generalized inverse

L,-norm: minX §,2‘

sparse solution

L,-norm: min ) |§|
i

2009/10/6
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Overcomplete Basis and Sparse Solution

X =) 58 =As

minjs), = 3,

min|As — x\p +a\s\p,

non-linear denoising

ted binary edge images (

image reconstruction: (a) the three binary edge images
pplied for processing) , (b) their-two mixtures, (c) the three

2009/10/6
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‘< >

Non-Negative Matrix Factorization

s>0,

x,=As; t=12..T

X=AS All elements: non-negative

D[X : AS] Alternative minimization
of divergence function

XST). AT X).
aij<—aij—( T)” ;S <8 ( = )i
(ASS"); (A AS);,

2009/10/6
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Robust Regression
and Minkovskian Gradient

k
Y :intﬂi + N, t=12..N
i=1
Xl
y=Xg+n X = X2

Xy

p(n)=cexp{-p(n)}, (p(n):%nz,

Maximum likelihood estimator
ﬁ:arg/’[nin L(,B):arg/gninZgo(yt -B-x,),
t

Z¢,(yt -B- Xt)Xt =0
t
Euclidean case (Gaussian noise):

XTXB=X"y  B=(X"X)"XTy

2009/10/6
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LASSO: Minimize L(8)
Constraint: Z|,B.| =C

1

p(M)=51"  L(B)=ly-XA

LARS: =0 increase B, - AL() — max;

then, B and g;;
gg(n):|n|a robust
L(B)=Do(v.-B-x)"
Z(”,(yt_ﬂ'xt)xt
=a> (y-B-%) % =0
S={y} (0()/):2(?()’1) convex function
M :{y: X,B} M < S: linear subspace

HB)=9(XB)

2009/10/6
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1) Minimize D(B)=D[y: X ]
2) Minimize D(B)=D[y: X 8]

L=2.( X,
=z ~Bx )X,
Z{ ~(B-x4)"
Minkovskian gradient

%F(ﬂ+ta)|to=VF-a

2009/10/6
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G(a)=>.9;(8)aa, Riemannian metric
G(ta)=[t/"G(a)>0 Minkovskian metric
G(a)=Y |al". p>1 Lp-norm

o

E{VF-a—AG(a)}zo

0
h-F (8)

a, =c(sgn f,)| fi|ﬁ

G(a)=>.g,aa,, VF=G"'Vf

Natural gradient

2009/10/6
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VF = Vf Euclidean case

VF =c(sgn fi)|fi|ﬁ

0

@cm(sgn fi*) (1) a—1
_O_

i* =argmax|f|

max| f,|=|f.| =7, |

(ﬁ:) _J1, fori=i"andj",
i 0 otherwise.

Ba =8 _776': LASSO

Try for various p, p->1
Try for various noise function
LASSO and flat geometry
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