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Pseudo Eigenbeam-Space Division Multiplexing (PE-SDM)
in Frequency-Selective MIMO Channels

Hiroshi NISHIMOTO†a), Student Member, Toshihiko NISHIMURA†b), Takeo OHGANE†c),
and Yasutaka OGAWA†d), Members

SUMMARY In a frequency-selective multiple-input multiple-output
(MIMO) channel, the optimum transmission is achieved by beamforming
with eigenvectors obtained at each discrete frequency point, i.e., an ex-
tension of eigenbeam-space division multiplexing (E-SDM). However, the
calculation load of eigenvalue decomposition at the transmitter increases
in proportion to the number of frequency points. In addition, frequency-
independent eigenvectors increase the delay spread of the effective channel
observed at the receiver. In this paper, we propose a pseudo eigenvec-
tor scheme for the purpose of mitigating the calculation load and main-
taining frequency continuity (or decreasing the delay spread). First, we
demonstrate that pseudo eigenvectors reduce the delay spread of the ef-
fective channels with low computational complexity. Next, the practical
performance of the pseudo E-SDM (PE-SDM) transmission is evaluated.
The simulation results show that PE-SDM provides almost the same or
better performance compared with E-SDM when the receiver employs a
time-windowing-based channel estimation available in the low delay spread
cases.
key words: MIMO system, frequency-selective fading, transmit beamform-
ing, effective channel, frequency continuity, singular value decomposition
(SVD), pseudo eigenvector, pseudo eigenbeam-space division multiplexing
(PE-SDM), channel estimation

1. Introduction

Recently, the multiple-input multiple-output (MIMO) sys-
tem has been extensively studied because it can meet the
growing demand for higher capacity in digital wireless com-
munication fields [1]–[6], and is already the core technol-
ogy in some wireless standards [7]–[9]. When the MIMO
channel state information (CSI) is available at the transmit-
ter, eigenbeam-space division multiplexing (E-SDM) can
be applied [10]–[14]. This method enables us to trans-
mit spatially-orthogonal substreams by using eigenvectors,
which are obtained by singular value decomposition (SVD)
of the MIMO channel matrix, as transmit weight vectors.
Therefore, this architecture is also called SVD-MIMO [15]
(or closed-loop MIMO [16] since the CSI feedback is gen-
erally required). The maximum throughput of the MIMO
channel can be achieved by E-SDM with resource (data rate
and transmit power) adaptation. Accordingly, this scheme
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can potentially provide enormous capacities and excellent
communication quality in MIMO systems.

In a frequency-selective MIMO channel, orthogonal
frequency division multiplexing (OFDM) transmission is
robust to delay paths [8], [9], [17], [18]. The optimum pro-
cessing at the transmitter in a MIMO-OFDM system is
beamforming based on eigenvectors at each subcarrier to or-
thogonalize the MIMO channel [19], [20]. Also in MIMO
single carrier transmission, we can apply eigenbeams to
space-frequency domain equalization where the eigenbeam
is calculated at each orthogonal frequency point [21]. How-
ever, since the computational complexity of SVD or eigen-
value decomposition (EVD) is very high, total calculation
load of SVD or EVD increases in proportion to the number
of active frequency points. Hence, it is necessary to reduce
the load.

In addition, conventional SVD or EVD has another
problem. This procedure includes phase ambiguity itself
and is individually executed at each frequency point. Even
if it would be possible to remove such phase ambiguity, the
order of eigenvalues/eigenvectors may change at some fre-
quency points in a frequency selective channel, and it is still
difficult to find such order switching over discrete frequency
points. Thus, frequency correlation (hereinafter we refer to
it as frequency continuity) of the transmit weight is diffi-
cult to be maintained. These emphasize frequency selectiv-
ity of the effective channel, which is observed at the receiver
through both effects of transmit weight and the MIMO chan-
nel. As a result, the impulse response has very large delay
spread.

In a case without beamforming, it has been reported
that the receiver can accurately estimate frequency-selective
MIMO channels by using time windowing in both time-
and frequency-domain estimation [22]–[27]. These schemes
are commonly based on the concept of improving SNR by
limiting the impulse response duration and suppressing the
noise power outside the window. Unfortunately, it is diffi-
cult to employ these schemes to estimate the effective chan-
nel because of its large delay spread, as will be shown later.
Maintaining frequency continuity of the effective channel is,
therefore, one of the important issues in a beamforming sys-
tem.

Choi and Heath proposed an interpolation-based beam-
forming scheme with considering phases of weight vectors
in a MIMO-OFDM system with limited weight feedback
[28]. They control the phases of eigenvectors to provide
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good interpolation property at the transmitter side. So, the
method does not guarantee maintaining frequency continu-
ity. Utilizing the method as a solution for frequency conti-
nuity is currently inappropriate.

To solve the issues raised above, in this paper we pro-
pose a pseudo eigenvector (PEV) scheme, which can reduce
the calculation load and maintain frequency continuity of
the effective channel. We also present the practical perfor-
mance of the pseudo E-SDM (PE-SDM) transmission, in
which PEVs are employed as transmit weights.

This paper is organized as follows. Section 2 defines
the MIMO system model under a frequency-selective fading
environment and introduces the E-SDM transmission. Sec-
tion 3 describes the concept and procedure of PEV calcula-
tion and presents PEV properties. Section 4 proposes a time
windowing scheme improving accuracy of effective channel
estimation in the PE-SDM transmission. Section 5 reports
the practical performance of the PE-SDM transmission ap-
plied to MIMO-OFDM systems. We draw conclusions from
these results in Sect. 6.

2. MIMO System Model and E-SDM

We clarify a MIMO wireless system model under a
frequency-selective fading environment. Note that in the
following we discuss a baseband system. We assume that
a MIMO system has Ntx transmit (TX) antennas and Nrx re-
ceive (RX) antennas. To facilitate the following discussion
in the frequency domain, it is assumed that a guard interval
(GI) is added to the beginning of each transmitted symbol
in multicarrier transmission such as OFDM or each trans-
mitted block in single carrier one. This assumption ensures
that the received sequence has periodicity within the FFT
window duration and that there is no inter-symbol interfer-
ence in the multicarrier case or inter-block interference in
the single carrier case. When the transmitter beamforms
at each frequency point to spatially multiplex K substreams
(K ≤ min (Ntx,Nrx)), an Nrx-dimensional RX signal vector
at frequency point f is expressed as

r( f ) = HF( f )U( f )
√

P( f )s( f ) + n( f ), (1)

where HF( f ) is an Nrx × Ntx channel matrix, U( f ) is an
Ntx × K TX weight matrix,

√
P( f ) is a K-dimensional di-

agonal matrix that is a square root of a K-dimensional
TX power matrix P( f ) = diag

[
p1( f ), . . . , pK( f )

]
, s( f ) is

a K-dimensional TX signal vector, and n( f ) is an Nrx-
dimensional thermal noise vector, which obeys a complex
Gaussian process of zero mean and variance of σ2. Here,
we define an Nrx × K effective channel matrix BF( f ) in the
following equation

BF( f ) = HF( f )U( f )
√

P( f ) (2)

=
[
bF,1( f ) · · · bF,K( f )

]
. (3)

That is, the effective channel is composed of the actual chan-
nel and TX beams. Substituting (2) into (1) yields

r( f ) = BF( f )s( f ) + n( f ). (4)

Optimum beamforming is achieved by employing
eigenvectors (hereinafter we refer to them as true eigenvec-
tors (TEVs)) as TX weight vectors. Under an assumption
of K = min (Ntx,Nrx), the SVD of the channel matrix is ex-
pressed as

HF( f ) = Ve( f )Σ( f )UH
e ( f ), (5)

where

Ve( f ) =
[
ue,1( f ) · · · ue,K( f )

]
(Nrx × K) (6)

Ue( f ) =
[
ue,1( f ) · · · ue,K( f )

]
(Ntx × K) (7)

Σ( f ) = diag
[√
λ1( f ), . . . ,

√
λK( f )

]
. (8)

Here, (·)H denotes the Hermitian transpose, both ue,i( f ) and
ue,i( f ) (i = 1, . . . ,K) are TEVs, and λ1( f ), . . . , λK( f ) are
eigenvalues in descending order. When we utilize Ue( f ) (=
HH

F ( f )Ve( f )Σ−1( f )) as the TX weight matrix U( f ), the re-
ceiver observes the effective channel as

BF,e( f ) = HF( f )Ue( f )
√

P( f ). (9)

In this case, the matrix Ve( f ) enables the receiver to separate
the spatially multiplexed signals without inter-substream in-
terference as follows

y( f ) = VH
e ( f )r( f ) (10)

= Σ( f )
√

P( f )s( f ) + VH
e ( f )n( f ). (11)

Equation (11) indicates that the SNR of the ith detected sub-
stream is in proportion to λi( f ). This is the E-SDM scheme,
which is the optimum transmission in a frequency-selective
MIMO channel.

Obtaining TEVs at each frequency point, however, in-
creases the computational load. Also, in general, TEVs are
calculated without consideration of their frequency conti-
nuity so that they enlarge the delay spread of the impulse
response of the effective channel, as will be demonstrated
in Sect. 3.3. Addressing these issues, we propose the PEV
scheme in the next section.

In the paper, we consider two multipath scenarios as
illustrated in Fig. 1, where Td indicates the maximum time
delay of paths. Scenario A is an environment where there
are 16 sample-spaced i.i.d. Rayleigh paths (Td = 15) with
average 1-dB decaying. Therefore, its frequency selectivity
is relatively high. On the other hand, Scenario B has three

(a) Scenario A (16 paths, Td = 15) (b) Scenario B (3 paths, Td = 2)

Fig. 1 Two multipath fading scenarios.
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sample-spaced i.i.d. Rayleigh paths (Td = 2) with average 8-
dB decaying so that it results in lower frequency selectivity.
In other words, Scenario B is close to a frequency-flat fading
environment.

3. Pseudo Eigenvector

3.1 Virtual RX Weight Matrix

First, we define an Nrx × Nrx RX autocorrelation function
matrix Rrx(τ) by

Rrx(τ) =
1√

NFFT

NFFT−1∑

t=0

HT (t)HH
T (t + τ) (12)

=
1√

NFFT

Td∑

t=0

HT (t)HH
T (t + τ), (13)

where both t and τ denote time point indices, NFFT stands
for the FFT size, and HT (t) represents the channel matrix
of the path at time t, which can be obtained by applying the
IFFT to HF( f ). The RX autocorrelation function matrix has
the property of Rrx(−τ) = RH

rx(τ) and is also in a Fourier
transform pair relationship with HF( f )HH

F ( f ). That is, we
have

Rrx(τ) = F −1
[
HF( f )HH

F ( f )
]
, (14)

where F −1 [·] indicates the IFFT operation. In the function
Rrx(τ), only Rrx(0) is a non-negative Hermitian matrix. The
sum of its diagonal elements tr [Rrx(0)] corresponds to the
whole energy of the channel. Note that Rrx(0) is equivalent
to the sum or average of HF( f )HH

F ( f ) over all the frequency
points as follows

Rrx(0) =
1√

NFFT

NFFT−1∑

f=0

HF( f )HH
F ( f ). (15)

We express the EVD of Rrx(0) as

Rrx(0) = V0 Λ0VH
0 , (16)

where Λ0 is an Nrx-dimensional diagonal matrix composed
of descending ordered eigenvalues of Rrx(0), and V0 is an
Nrx-dimensional unitary matrix. Our proposal is based on
using VH

0 as a tentative RX weight matrix. In the next sub-
section, we describe the method to obtain the TX weight
matrix from VH

0 .

3.2 Pseudo Eigenvector Calculation

In order to maintain the frequency continuity of the effective
channel, the frequency continuity of the TX weight vectors
must be accomplished. Here, we propose a PEV for the
TX weight. The following describes the concept and the
calculation procedure of the vectors.

We redefine K = min (Ntx,Nrx). Also, matrices V0,K

and Λ0,K are defined as an Nrx × K matrix composed of

the first K column vectors of V0 and a K-dimensional di-
agonal matrix composed of the first K diagonal elements
of Λ0, respectively. The matrix VH

0,K can be considered
as a frequency-flat RX weight matrix for the mean of
HF( f )HH

F ( f ) averaged over all frequencies. If the channel
characteristic is frequency-flat, i.e., HF( f ) = HF , VH

0,K and

HH
F V0,K

√
Λ0,K

−1 will be the optimum RX and TX weight
matrices, respectively. Expanding this assumption, we can
assume that HH

F ( f )V0,K
√
Λ0,K

−1 approximates to the ideal
TX matrix Ue( f ) in the frequency-selective channel. It
is clear that HH

F ( f )V0,K
√
Λ0,K

−1 has frequency continuity.
However, unlike Ue( f ), HH

F ( f )V0,K
√
Λ0,K

−1 is not composed
of orthonormal vectors that are required for the TX weight
vectors. Therefore, we ignore

√
Λ0,K

−1 and consider apply-
ing orthonormalization to column vectors of HH

F ( f )V0,K to
obtain a PEV matrix. Here, we propose applying the Gram-
Schmidt (GS) orthonormalization as

U′e( f ) = GS
[
HH

F ( f )V0,K

]
(17)

=
[
u′e,1( f ) · · · u′e,K( f )

]
, (18)

where GS [·] denotes the GS operation.
Tsunekawa et al. proposed a similar method, which ob-

tains a TX weight matrix by GS processing in a MIMO-
OFDM system [29]. For simple hardware implementation,
it orthonormalizes column vectors of the channel itself, i.e.,
GS [HH

F ( f )
]
, in descending order of their Euclidean norms.

Orthonormalizing in this order is efficient in terms of ob-
taining vectors that are similar to TEVs. However, such or-
dering may cause frequency discontinuity of the obtained
vectors because the order is not the same at all frequency
points. (The effect and frequency discontinuity due to order-
ing will be discussed in Appendix.) Since our major purpose
is to maintain frequency continuity of TX vectors, in (17) we
naturally orthonormalize column vectors in the order of col-
umn number. The first column vector u′e,1( f ) has the best
frequency continuity because only normalization is applied.
Since subsequent column vectors are affected by both or-
thogonalization and normalization, their frequency continu-
ity is expected to be less. However, since these process-
ings are applied to the vectors originally having frequency
continuity, subsequent column vectors also tend to have fre-
quency continuity.

Consequently, the proposed method enables us to
maintain frequency continuity of the vectors and the effec-
tive channel with a reduced calculation load. In the follow-
ing, we show its frequency continuity and low numerical
complexity in Sects. 3.3 and 3.4, respectively. It should be
noted that the orthogonality of received substreams might be
lost when the difference between PEVs and TEVs cannot be
ignored. That is, U′He ( f )HH

F( f )HF( f )U′e( f ) is nearly, but not
quite, a diagonal matrix. Therefore, since in spatial multi-
plexing there is inter-substream interference at the receiver,
we need to suppress the interference to detect substreams.
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3.3 Power Delay Profile of Effective Channels

We demonstrate that PEVs can achieve frequency continuity
of effective channels. Here, we define an impulse response
matrix BT ( f ) by

BT (t) = F −1 [BF( f )
]

(19)

=
[
bT,1(t) · · · bT,K(t)

]
, (20)

where bT,i(t) is an Nrx-dimensional impulse response vector
corresponding to the ith substream. Although it is difficult
to examine frequency continuity from the frequency-domain
characteristics, we can easily see it in the time domain. That
is, as the effective channel BF( f ) has better frequency con-
tinuity, its delay spread is lower. The delay spread for the
ith substream can be examined by calculating E

[‖bT,i(t)‖2],
where E [·] denotes an expectation, and ‖ · ‖ denotes the Eu-
clidean norm. Accordingly, we evaluate frequency continu-
ity of effective channels by using their delay spreads in this
subsection.

Figure 2 illustrates mean power delay profiles of effec-
tive channels in a 4 × 4 MIMO system under the two mul-
tipath scenarios. In addition, their root mean square (RMS)
delay spreads are listed in Table 1. The FFT size was NFFT =

64, and TX weights with equal power were multiplied at all
NFFT frequency points. We averaged over 100,000 different
effective channels. It should be noted that, for TEV cases,

(a) Scenario A, PEV case (b) Scenario A, TEV case

(c) Scenario B, PEV case (d) Scenario B, TEV case

Fig. 2 Mean power delay profiles of effective channels in a 4 × 4 MIMO case.

the EVD of HH
F ( f )HF ( f ) was calculated under a constraint

forcing the first element of each TEV to be real.
Unlike actual channels HT (t), effective channels have

responses also in the region of t < 0 as shown in Fig. 2 be-
cause TX beams have their own frequency characteristics,
and their impulse responses are not causal. Since TEVs
naturally do not have frequency continuity, they obviously
cause large delay spread regardless of the multipath scenario
and substream. This means that TEVs generally cause fre-
quency discontinuity of the effective channels. Note that
mean power delay profiles for TEV cases would show al-
most flat characteristics regardless of the scenario and sub-

Table 1 RMS delay spreads of effective channels for a 4×4 MIMO case.

RMS delay spread [samples]

PEV TEV

Scenario A

substream #1 2.97 10.24

substream #2 3.57 14.43

substream #3 4.41 17.36

substream #4 4.45 17.67

multipath 3.47

Scenario B

substream #1 0.30 4.33

substream #2 0.37 7.05

substream #3 0.48 9.01

substream #4 0.60 9.61

multipath 0.43
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stream if TEVs were calculated without the constraint men-
tioned above. On the other hand, PEVs concentrate impulse
responses in the region of |t| ≤ Td and give high peaks at
t = 0 regardless of the substream. Also, the responses in
the region of |t| > Td are at a significantly low level, espe-
cially for Scenario B. This means that the delay spreads of
effective channels are highly reduced by using PEVs. Con-
sequently, we can say that PEVs as TX weights can maintain
frequency continuity of effective channels. Thus, time win-
dowing can be utilized to improve accuracy of the effective
channel estimation, as will be shown later.

3.4 Numerical Complexity

The proposed PEV scheme has lower computational com-
plexity compared with calculation of TEVs. To verify it,
we examined their mean and maximum numbers of com-
plex multiplications per frame for 2 × 2 and 4 × 4 MIMO
cases with the same setup as the previous subsection, as
listed in Table 2. The complexity in the PEV scheme was
examined for the EVD of Rrx(0) and the GS operation of
HH

F ( f )V0,K , and that in the TEV scheme was examined for
the EVD of HH

F ( f )HF ( f ) for comparison, where EVD was
solved by Jacobi method. Therefore, it should be noted that
they do not contain calculation of FFT, matrix multiplica-
tion, and the summation in (13). For the TEV scheme, to
speed up the convergence in EVD, Ue( f − 1) obtained at
the adjacent frequency point f − 1 was utilized as an initial
unitary matrix for Ue( f ). Since Scenario B has lower fre-
quency selectivity, this initial value setting decreases num-
ber of iterations in EVD. Although, for the 2 × 2 MIMO
case, both schemes have almost the same complexity, for
the 4×4 MIMO case the PEV scheme can reduce it to about
1/11 (Scenario A)–1/9 (Scenario B) of that in the TEV one
when comparing mean numbers of complex multiplications.
Even in comparison of maximum numbers which are impor-
tant factors for evaluating implementability of algorithms,
PEVs for the 4 × 4 MIMO can be computed with about 1/8
complexity of TEV calculation in both scenarios. Indepen-
dence of complexity on the multipath scenario for the 2 × 2
MIMO case is because both the GS orthonormalization and
a two-dimensional eigenvalue problem can be solved with
simple equations of fixed complexity (without iterative cal-
culations).

Table 2 Mean and maximum numbers of complex multiplications per
fading state for 2 × 2 and 4 × 4 MIMO cases.

Number of complex multiplications

(mean/max)

PEV TEV

2 × 2
Scenario A 1,074/1,074 1,152/1,152

Scenario B 1,074/1,074 1,152/1,152

4 × 4
Scenario A 6,581/11,784 73,674/86,604

Scenario B 6,453/11,784 59,994/88,338

3.5 Pseudo Eigenvalue

Here, let us define a pseudo eigenvalue λ′i( f ) of the ith sub-
stream at frequency point f by

λ′i ( f ) =
∥∥∥HF( f )u′e,i( f )

∥∥∥2 (21)

= u′He,i ( f )HH
F ( f )HF ( f )u′e,i( f ). (22)

The pseudo eigenvalue λ′i ( f ) is in proportion to the received
SNR of the ith substream in the case of single-beam trans-
mission using u′e,i( f ). In the above equation, λ′i ( f ) becomes
the true eigenvalue λi( f ) by replacing u′e,i( f ) by the ith TEV
ue,i( f ).

Figure 3 shows examples of true and pseudo eigen-
values for a 4 × 4 MIMO system under the two multipath
scenarios. Since both true and pseudo eigenvalues for Sce-
nario A fluctuate in the frequency domain, we can say that
the scenario has high frequency selectivity. On the other
hand, for Scenario B its fading appears closer to frequency-
flat fading, which is the assumed condition in the PEV cal-
culation as described in Sect. 3.2. Thus, pseudo eigenvalues
for Scenario B are in good agreement with eigenvalues so
that PEVs are expected to be similar to TEVs. However,
especially for Scenario A, some pseudo eigenvalues do not
agree well with corresponding true eigenvalues. It is conjec-
tured that PEVs in such regions mismatch with the channel,
and that inter-substream interference may be larger. Note

(a) Scenario A

(b) Scenario B

Fig. 3 Examples of pseudo and true eigenvalues for a 4× 4 MIMO case.
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that, especially for Scenario A, while true eigenvalues are
in descending order regardless of the frequency point, the
order of pseudo eigenvalues can change depending on the
frequency selectivity. This is expected to relate to high fre-
quency continuity, i.e., low delay spreads, of effective chan-
nels shown in Fig. 2.

4. Estimation Scheme of Effective Channel in PE-SDM

We clarified characteristics of the PEVs in Sect. 3. In this
section, we propose an effective channel estimation scheme
in PE-SDM transmission, in which PEVs are employed as
TX weight vectors. Although a beamforming technique in
the frequency domain can be applied to single carrier sys-
tems [21], in this paper we apply it to MIMO-OFDM.

4.1 Frequency Domain Estimation of Effective Channel

We presume that the data frame has a long preamble to es-
timate the effective channel at the receiver. The preamble
is composed of NLP = 2n OFDM symbols, which have a
space-time orthogonal Walsh-Hadamard code, and is differ-
ent in each substream. The number of the training sym-
bols is determined by the maximum number of substreams
Kmax = min (Ntx,Nrx). For example, since Kmax = 4 in
a 4 × 4 MIMO system, the preamble has NLP = 22 = 4
training symbols to separate Kmax substreams at the receiver
as shown in Fig. 4. The receiver can estimate the effective
channel of the desired substream in the frequency domain by
linearly combining the NLP symbols after the correspondent
code multiplication [20].

4.2 Proposed Time-Windowing Scheme in PE-SDM

In addition to the above channel estimation method, we can
improve the accuracy of the estimated effective channel in
PE-SDM by applying the following simple processing. As
stated in Sect. 3.3, the impulse responses of effective chan-
nels in PE-SDM are concentrated in the range of |t| ≤ Td

and are at a significantly lower level in |t| > Td (Fig. 2). Ac-
cordingly, when the effective channel is estimated using the
above method, its impulse response in |t| > Td ought to be
dominated by thermal noise. Then we propose to reduce
thermal noise components included in the effective channel

Fig. 4 Frame format in a case of NLP = 4.

estimates by time windowing. For the sake of simplicity, in
this paper we consider applying a simple time window func-
tion as illustrated in Fig. 5, where Tw is defined as the time
window width, and Gout denotes the attenuation level out-
side the window (Gout ≤ 1). The impulse response, which
is obtained by applying the IFFT to the effective channel es-
timate, is multiplied by the window. When we set Tw ≥ Td,
we can efficiently capture the impulse response concentrated
in |t| ≤ Td, and thermal noise components outside the win-
dow, i.e., |t| > Tw, are reduced. However, when some sub-
carriers are not used for transmission, such as guard bands,
the IFFT distorts the impulse response [24]. To avoid this,
values at the unused subcarriers are interpolated before the
IFFT. Under the assumption that the effective channel is
cyclic in the frequency domain, linear interpolation is sim-

Fig. 5 Time window function.

Fig. 6 Concept of linear interpolation of an estimated channel in the
frequency domain (NFFT = 64).

Fig. 7 Process flow chart of effective channel estimation with time
windowing.
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ply done by using estimated values of the used subcarriers,
which are the closest to unused subcarriers (Fig. 6). Af-
ter time windowing, we obtain the refined effective channel
estimate by applying the FFT to the impulse response. A
process flow chart of effective channel estimation with time
windowing is illustrated in Fig. 7.

5. Computer Simulations

To evaluate the proposed pseudo eigenbeam technique and
time windowing scheme, we examined bit error rate (BER)
performance of PE-SDM comparing with that of E-SDM by
computer simulations.

5.1 System Structure

Figure 8 illustrates transmitter and receiver structures. A
transmitted data sequence is encoded and randomly inter-
leaved before multiplexing. This process yields an effect of
space-frequency diversity in a decoded sequence at the re-
ceiver. Then encoded bits are mapped to constellations for
each substream and beamformed based on power-allocated
weight matrices U( f )

√
P( f ) at all subcarriers. According

to the IEEE802.11a standard [7], a modulation scheme is
common to all the subcarriers in each substream. We also
assume that TX power allocation is common to all the sub-
carriers, i.e., P( f ) = P, to simplify TX processing and not
to enlarge the delay spread of the effective channel.

At the receiver, GIs are removed from the received sig-
nals, and then the FFT is applied to them. Substreams are
detected at each subcarrier by a spatial filter based on the
effective channel estimate. The demultiplexed sequence are
deinterleaved and decoded, and then we obtain an estimated
data sequence.

(a) Transmitter structure

(b) Receiver structure

Fig. 8 Block diagram.

5.2 Simulation Conditions

Table 3 lists MIMO-OFDM simulation parameters. We ex-
amined the performance for 2 × 2 and 4 × 4 MIMO sys-
tems. Referring to the IEEE802.11a standard and contents
in the IEEE802.11n standardization [7], the FFT size was
set to NFFT = 64, and 56 subcarriers were used for trans-
mission, except for those in guard bands and at the center
as illustrated in Fig. 9. Each OFDM symbol had 80 samples
because of the GI duration of 16 samples.

It was assumed that the transmitter had perfect CSI by
feedback through an error-free channel in a frequency di-
vision duplex system [20], [28], [30] or by channel estima-
tion at the transmitter in a time division duplex system [15],
[31]. On the other hand, it was assumed that only the num-
ber of substreams and modulation schemes were known at
the receiver except the “perfect CSI case” where the CSI
is also known. In the estimated CSI case, the time window
width Tw was set to Td under the assumption that the receiver
could accurately estimate the maximum time delay of paths.
The attenuation level Gout = −10 dB was used because it
provided stable improvement of effective channel estimates
in various MIMO cases. The minimum mean square er-
ror (MMSE) criterion was used for determining spatial filter
weights. A K×Nrx MMSE weight matrix W( f ) at subcarrier
f is given by

W( f ) = B̂H
F ( f )
{
B̂F( f )B̂H

F ( f ) + σ2INrx

}−1
(23)

=
[
w1( f ) · · · wK( f )

]T , (24)

Table 3 Simulation parameters.

MIMO systems 2 × 2 (NLP = 2), 4 × 4 (NLP = 4)

No. of FFT points NFFT = 64

No. of subcarriers 56

GI duration 16 samples

Channel model
Quasi-static i.i.d. Rayleigh fading

Scenario A, Scenario B

Substream detection MMSE spatial filtering

Encoding
Convolutional code

(constraint length of 3, coding rate of 1/2)

Decoding Soft-decision Viterbi algorithm

No. of data symbols 8

Bit rate 8 coded bits/symbol/subcarrier

Modulation schemes QPSK, 16QAM, 64QAM, 256QAM

Substream quality
E-SDM: E [λi( f )]/σ2

PE-SDM: E [λ′i ( f )]/σ2

No. of trial frames 100,000

Fig. 9 Subcarrier arrangement.
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where B̂F( f ) indicates an effective channel estimate, INrx de-
notes an Nrx-dimensional unit matrix, and (·)T means the
transpose. A K-dimensional MMSE output vector is ob-
tained by multiplying r( f ) by W( f ). A data sequence was
coded by a convolutional encoder with constraint length of
three and coding rate of 1/2. A data frame was composed
of eight OFDM symbols. The random-interleaver size cor-
responded to the frame size. Soft-decision Viterbi decod-
ing was applied. A soft-input decoder requires the likeli-
hood of each bit. For the sake of simplicity, in each case
of corresponding bit 1 or 0, we used the squared Euclidean
distance between the output symbol and the closest replica
symbol candidate as its log-likelihood [32]. In order to re-
flect channel quality depending on the substream and sub-
carrier, we multiplied the obtained log-likelihood by the cor-
responding SINR of the MMSE spatial filter output, i.e.,
wT

i ( f )b̂F,i( f )/
{
1 − wT

i ( f )b̂F,i( f )
}

[33].
Eight coded bits were assigned per OFDM symbol per

subcarrier. We prepared four modulation schemes: QPSK,
16 QAM, 64 QAM, and 256 QAM. Under these conditions
and total TX power constraint, the transmitter optimally
determines modulation scheme and TX power per sub-
stream so as to give the minimum BER averaged over uti-
lized substreams after Viterbi decoding [13], [34]. We em-
ployed mean eigenvalue E

[
λi( f )

]
or mean pseudo eigen-

value E
[
λ′i( f )

]
averaged over all subcarriers in each sub-

stream as the substream-quality measure in the decision.

5.3 Simulation Results

Figure 10 shows the average BER performance versus nor-
malized total TX power for the case of perfect CSI at the
receiver. Here, the normalized total TX power, which is
introduced for fair comparison of PE-SDM and E-SDM,
denotes the total TX power normalized to the TX power
yielding average Es/N0 of 0 dB in a case of single-antenna
OFDM transmission in the corresponding multipath fading
scenario. Thus, note that actual TX power depends on the
total power of multipaths.

It is evident that the performance for the 4 × 4 MIMO
system is significantly improved compared with that for the
2× 2 MIMO system regardless of PE-SDM/E-SDM and the
scenario. This is yielded by an increase in the MIMO chan-
nel capacity. Let us compare the basic performance of PE-
SDM with that of E-SDM. In E-SDM, since the transmitter
utilizes TEVs of the channel at each subcarrier, the optimum
beamforming gives excellent performance in both 2 × 2 and
4 × 4 MIMO systems. Compared with E-SDM, the perfor-
mance for PE-SDM deteriorates due to gain loss, which oc-
curs in reducing inter-substream interference by spatial fil-
tering. At the BER of 10−5, the degradation of PE-SDM for
Scenario A is about 2 dB and 1 dB for 2×2 and 4×4 MIMO
cases, respectively. However, that for Scenario B is less than
0.5 dB for both MIMO cases. The difference between the
scenarios is due to accuracy of produced PEVs as stated in
Sect. 3.5. The PE-SDM scheme is, hence, more effective in
lower delay spread environments.

(a) Scenario A

(b) Scenario B

Fig. 10 Average BER performance for the perfect CSI case.

The BER performance for the estimated CSI case is
shown in Fig. 11. When the receiver estimates the effec-
tive channel only in the frequency domain, both the E-SDM
and PE-SDM performances deteriorate by 2–3 dB compared
with the perfect CSI case regardless of the number of an-
tennas. However, with time windowing in addition to the
frequency-domain estimation, the PE-SDM obtains about
1 dB and 2 dB gain for Scenario A and Scenario B, respec-
tively. This implies that the impulse responses of the effec-
tive channels in the PE-SDM are well concentrated within
the window and that thermal noise components outside the
window are effectively reduced. Because of these benefits,
the PE-SDM performance is almost the same as the E-SDM
one for Scenario A, and the PE-SDM for Scenario B pro-
vides better performance than the E-SDM. The significant
gain for Scenario B is because the receiver could narrow the
time window width optimally since we assumed that it could
accurately estimate the maximum time delay Td. It is diffi-
cult in practice, however, to achieve such accurate estima-
tion, and the time window width Tw depends on the delay
profile of the effective channel, i.e., its frequency continu-
ity. In a practical case where Tw is set more roughly, the ef-
fect of the time windowing may decrease. Therefore, setting
of Tw and window shape should be examined in our future
work. Note that error floors are observed for the E-SDM
performance with time windowing regardless of the fading
scenario and number of antennas because time windowing
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(a) Scenario A

(b) Scenario B

Fig. 11 Average BER performance for the estimated CSI case.

Table 4 Maximum numbers of complex multiplications at the receiver
per frame for conventional frequency-domain channel estimation (FDCE),
MMSE weight calculation, and time windowing (TW).

Number of complex multiplications
(maximum value)

FDCE +MMSE TW

2 × 2 MIMO
1,376 + 1,876 = 3,252 1,566

(2 substreams)

4 × 4 MIMO
6,528 + 10,920 = 17,448 6,264

(4 substreams)

caused distortion in the impulse responses of the effective
channel estimates as evidenced by Figs. 2(b), 2(d), and 5.

Here, let us discuss additional complexity at the re-
ceiver for time windowing, separately from the numer-
ical complexity required at the transmitter for obtaining
PEVs/TEVs (see Sect. 3.4). We compare the complexity
with substantial calculation at the receiver composed of
conventional frequency-domain channel estimation (FDCE)
and MMSE weight generation. Table 4 lists maximum val-
ues of numbers of complex multiplications needed at the
receiver for FDCE, MMSE, and time windowing. These
numbers were counted under a full-substream transmission
case in each MIMO system, i.e., two-substream transmis-
sion in 2 × 2 MIMO and four-substream transmission in
4 × 4 MIMO. We can see that time windowing costs 48.2%
and 35.9% increases in computational complexity in 2 × 2

and 4 × 4 MIMO cases, respectively, from the substantial
calculation load (FDCE + MMSE). As illustrated in Fig. 7,
time window processing is composed of interpolation, IFFT,
windowing, and FFT, and about 98% cost for time window-
ing is occupied by FFT and IFFT. Thus, the hardware imple-
mentation cost would be negligible if we can reuse the FFT
and IFFT circuits for other purposes.

6. Conclusions

We have proposed pseudo eigenvectors for frequency-
selective MIMO channels. They can be calculated with less
complexity than that of conventional EVD or SVD, and they
can maintain frequency continuity of the effective channel
observed at the receiver. Although the subchannel orthogo-
nality in PE-SDM is lost due to the disagreement between
the pseudo and true eigenvectors, we confirmed less perfor-
mance degradation in a less frequency-selective fading en-
vironment, and it is possible to compensate for the degrada-
tion by the channel estimation improvement arising from the
frequency-continuity property. Thus, when the receiver in-
corporates a channel estimator exploiting the property such
as time windowing, PE-SDM can provide almost the same
or even better performance compared with E-SDM.

As stated in Sect. 3.2, the calculation of pseudo eigen-
vectors gives the priority of frequency continuity to the first
substream. Our future work will involve accurately main-
taining the frequency continuity of substreams that are sub-
sequent to the first one. Also, optimization of time window-
ing and improvement of the TX resource control algorithm
in frequency-selective fading should be examined.
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Appendix: On Effects of Ordering in GS Processing

As stated in Sect. 3.2, vector norm-based ordering in GS
processing is effective to obtain vectors similar to TEVs.
However, since the order changes at some frequency points
in a frequency selective fading environment, such ordering
may cause frequency discontinuity of the vectors and effec-
tive channels. In this Appendix, we examine and prove these
effects of ordering. For the sake of convenience, hereinafter
we refer to the PEV scheme using GS operation with norm-
based ordering as PEV with norm-ordered GS.

Figure A· 1 illustrates the example of pseudo eigenval-
ues of 4 × 4 MIMO obtained by PEVs with norm-ordered
GS in Scenario B, where the delay profile of the multipath
channel is the same as one in Fig. 3(b). Compared with the
conventional PEV case shown in Fig. 3(b), PEVs with norm-
ordered GS provide pseudo eigenvalues closer to true eigen-
values. We can say that the ordering is effective to obtain
better weight vectors. However, it is seen that frequency
discontinuity points occur due to the ordering. Let us dis-
cuss the impact of the discontinuity on delay spreads in the
following.

Figure A· 2 shows mean power delay profiles of effec-
tive channels obtained by PEVs with norm-ordered GS in a
4 × 4 MIMO system. Here, Figs. A· 2(a) and (b) are com-
parable to Figs. 2(a), (b) and (c), (d) because of the same
setups and scenarios, respectively. It is obvious that in both
scenarios the ordering causes larger delay spreads compared
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Fig. A· 1 Example of pseudo eigenvalues of 4 × 4 MIMO obtained by
PEVs with norm-ordered GS in Scenario B.

(a) Scenario A

(b) Scenario B

Fig. A· 2 Mean power delay profiles of effective channels in a 4 ×
4 MIMO case of PEV with norm-ordered GS.

with the conventional PEV cases shown in Figs. 2(a) and
(c). Consequently, while ordering is an effective solution to
calculate weight vectors closer to TEVs, it may cause fre-
quency discontinuity and enlarge delay spreads of effective
channels. In our study, therefore, we do not employ such
ordering in PEV calculation.
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