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Characterization of the critical Sobolev space
on the optimal singularity at the origin

Sei Nagayasu ! and Hidemitsu Wadade 2

! Department of Mathematics, Hokkaido University, Sapporo 060-0810, Japan

2 Department of Mathematics, Taida Institute for Mathematical Sciences,
National Taiwan University, Taipei 106, Tarwan

Abstract
In the present paper, we investigate the optimal singularity at the origin for the functions
belonging to the critical Sobolev space H»?(R™), 1 < p < co. With this purpose, we shall
show the weighted Gagliardo-Nirenberg type inequality :
||u||Lq(Rn; dws) <C <

(n—s)p (n—s)

1 %—"—;Tl’ a fazse n 1,Tp
L) e Al (@)

where C' depends only on n and p. Here, 0 < s < n and p < ¢ < oo with some p € (p,0)
determined only by n and p. Additionally, in the case n > 2 and "5 < p < 0o, we can prove
the growth orders for s as s T n and for ¢ as ¢ — oo are both optimal. (GN) allows us to
prove the Trudinger type estimate with the homogeneous weight. Furthermore, it is obvious

that (GN) can not hold with the weight |z|™ itself. However, with a help of the logarithmic

[]

n

weight of the type (log ﬁ) |z|™ at the origin, we cover this critical weight. Simultaneously,

we shall give the minimal exponent r = q';,p, so that the continuous embedding can hold.

2000 Mathematics Subject Classification. Primary 46E35 ; Secondary 26D10.

Key words: Sobolev embedding theorem, Gagliardo-Nirenberg type inequality, Trudinger
type inequality, Caffarelli-Kohn-Nirenberg inequality

1 Introduction and main results

In the present paper, we give some characterization of the functions in H P (R™) withn € N
and 1 < p < oo called the critical Sobolev space in the sense that the continuous embedding
H%’p(R") — L2(R™) holds for all p < ¢ < oo, but H%’p(R”) ¢ L*®(R™) which implies that
Hv? (R™) possibly has a singularity at some point. Indeed, at least in the case n > 2 and

>
-5 < p < oo, a compactly supported function such as [log (ﬁ)} with 0 < 7 < 1% at the
origin implies the failure of the embedding in the case ¢ = oo, see Lemma 2.6 in Section 2. More

precisely, Ozawa [12] gave the Gagliardo-Nirenberg type estimate of the following type:
1 B n 1-P
ullageny < € a7 [l gy 1 (=) Bl (L.1)
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holds for all u € Hp’p(]R") and p < ¢ < oo, where C' depends only on n and p, and p' := Ll
denotes the Holder conjugate exponent of p. The inequality (1 1) was originally obtamed by
Ogawa [9] and Ogawa-Ozawa [10] in the case p = 2, i.e., H2?(R"). Moreover, we refer to
Kozono-Wadade [6] which treats the marginal case of (1.1) as p — oo in H P (R™). In fact, the
functions having bounded mean oscillation BM O can be expressed as the limit case of H P (R™)
with p = co in some sense, and [6] proved (1.1) with H(—A)%UHLP(W) replaced by ||u||papo- In
addition, Wadade [18] is also a generalization of (1.1) in terms of the Besov and the Triebel-
Lizorkin spaces.

Our purpose in this article is to generalize (1.1) with the weighted Lebesgue space. In

general, for a measurable weight function w(x), we define L? (R"; CE‘; )> as the function space

endowed with the norm:

[l = /|U(£L‘)|q dr ‘ forl <g< oo
L%Rm%) T N w(x) q .

We shall show the following inequality with the homogeneous weight w(z) = |z|*:

Theorem 1.1. Let n € N and 1 < p < co. Then there exist positive constants p € (p,00) and
C which both depend only on n and p such that the inequality

1

1,1

] <o ()" 7 a7 fullgn (-2 5ull; (1.2)

u — P ||lu || (= ") :
w(s ) <O =) Ay

holds for all u € H%’p(R”), 0<s<nandp<q<oo, wheref := % € (0,1). Furthermore,

i+ 1
if n > 2 and ;%5 < p < oo, the growth orders (ni )q " as s 1 n and q¥ as g — oo are both
+L—¢

+ 1 : 1
and g7 by (ﬁ)q " and g " for

Q= ®
S e

optimal in the sense that we can not replace (nis)

any small € > 0, respectively.

Remark 1.2. (i) If we do not pay attention to the growth orders of s and ¢, the inequality
(1.2) itself is shown by Caffarelli-Kohn-Nirenberg [1] with the first order derivative, i.e., 7 = 1.
However, we aim to obtain the optimal growth orders of s and ¢, and in fact we can prove that
those orders are optimal in the case n > 2 and 3 < p < oo. Unfortunately, we do not know
the optimality in the casesn =1 and 1 < p < oo or n > 2 and 1 < p < "5 because of some
technical reason, see Lemma 2.6 in Section 2. Moreover, we shall prove a weighted Trudinger

1
type estimate as an effect of this growth order ¢’ as ¢ — oo, which will be stated below.
(ii) The exponent p actually can be chosen as p := max{p+1,p’+1,n+ 1}. This restriction for

the range of ¢ will be used to prove Lemma 2.4.

As stated in Remark 1.2 (i), we can prove a weighted Trudinger type estimate as an appli-
cation of Theorem 1.1:



Corollary 1.3. Letn € N, 1 < p < 0o, and define the function @, , by
Jo—1 4
Dy, p(t) :==expt — Z = forteR with jo:= min{j € N; p'j > p},
— 41
7=0
where p € (p,00) is the positive constant given by Theorem 1.1. Then there exist two positive
constants a and B which depend only on n and p such that

/ da’: B (n—s)p
gpn - P < i n
L 2w (0= @l ) £ < Ll o

holds for all u € H%’p(Rn) with ||(—A)%u||LP(Rn) <land0<s<n.

Remark 1.4. The procedure to get the Trudinger type estimate from the Gagliardo-Nirenberg
type estimate was originally seen in [9], [10], [11] and [12]. Especially, [11] clarified the relation-
ship between the positive constants in the Trudinger and the Gagliardo-Nirenberg type estimates
with the exact formula, which shows these two inequalities are actually equivalent each other.

Next, we shall state the result which deals with the critical weight s = n in Theorem 1.1.
Obviously, the inequality (1.1) can not hold with the weight |z|™ itself. However, with a help of
the logarithmic weight, we shall show the following inequality :

Theorem 1.5. Letn e N, 1 <p<r <oo andp < q < (r—1)p'. Then there exists a positive
constant C which depends only on n, p, ¢ and v such that

holds for all u € H%’p(R"), where the weight function w,(x) is given by

o) = [log (e + lelﬂ ", (1.4)

Furthermore, if n > 2 and 7 < p < oo, the bound (r — 1)p’ is sharp in the sense that the

inequality (1.3) no longer ho?ds provided q > (r — 1)p'.

Remark 1.6. (i) There are more general results of such embeddings in case of Besov and Triebel-
Lizorkin spaces including the Sobolev scale, cf.[5] and [7, 8], but restricted to Muckenhoupt
weights or so-called admissible weights, the former allows the weight to have a local singularity,
while the latter is some class of smooth functions. We emphasize that these classes of weight
functions do not cover the above limiting situation. Indeed, it is well-known that the weight w%
as in (1.4) no longer belongs to even the class of Muckenhoupt weights.

(ii) Since there exists an upper bound (r — 1)p’ with respect to ¢ so that the inequality (1.3)
holds, we can not deduce the Trudinger type estimate from the inequality (1.3) unlike the case
with the subcritical weight |z|* with 0 < s < n. We additionally note that the critical exponent
q = (r —1)p’ comes from the following computation :

</{|x<;} [log <\;1g|>} ' wfiﬂ)) - >~




provided that ¢ > (r — 1)p’. Here, note that the marginal case ¢ = (r — 1)p’ is included in
the above observation. However, we shall overcome this difficulty to get (1.3) by using the
generalized Young inequality by O’Neil [13], see Theorem B in Chapter 2.

Finally let us describe the organization of this article. Section 2 is devoted to prepare the
several lemmas for the proof of main theorems, and we shall show our theorems in Section 3.

2 Preliminaries

This chapter is devoted to prepare several lemmas for the proof of main theorems. First, let
us introduce the higher-dimensional Hardy inequality proved by Drébek-Heinig-Kufner [2]:

Theorem A. (i) Let Uy and Vi be non-negative weight functions in R™, and 1 < p < ¢ < 0.
Then the inequality

</n </{Iy|<x|} f(y)dy> | U1(x)d:c> | =G ( o f(x)PV1(a:)dx>;

holds for all f > 0 a.e. in R™ if and only if

Ay = sup / Ui (z)dx
R>0 {]z|>R}

Moreover, the constant C1 can be taken as

1
I

(/ Vl(x)_(pl_l)dx) < 0.
{l=|<R}

1
ol

Cr = (p)

Q=

1
paAj.

(ii) Let Uy and Vo be non-negative weight functions in R"™, and 1 < p < ¢ < oo. Then the

inequality l
</R </{|y|>x|}f (y)dy> Uz(x)df”>q < Cz( 5 f(iﬁ)sz(x)dx>p

holds for all f > 0 a.e. in R™ if and only if

Ay = sup / Us(z)dx
R>0 {]z|<R}

Moreover, the constant Cy can be taken as

1
Y

(/ Vg(a;)(pll)dx) < 0.
{l=[>R}

Q=

1
ol

Cy = (p')? pa As.

By scaling and changing a variable, we have the following variant of Theorem A :



Theorem A’. (i) Let Uy and Vi be non-negative weight functions in R™, and 1 < p < ¢ < oo.
Then the inequality

</n </{29|<le} f(y)dy>qU1(a:)dx>; < C’1< I )11)

holds for all f > 0 a.e. in R™ if and only if
~ / P
Ap = sup / Uy (z)dz / Vl(m)*(l’ “Ddz < 00.
R>0 \ J{|z|>2R} {le[<R}
a1

Q=
=

Moreover, the constant Cy can be taken as
~ 1 ~
C1=(p)P paA.

(ii) Let Uz and Va be non-negative weight functions in R™, and 1 < p < q¢ < oco. Then the
inequality

1

</" </{|y>2|m|}f(y)dy>qU2(f”)d$); < C‘2< s f(z)%(a:)dx>p

holds for all f >0 a.e. in R™ if and only if

Ay := sup / Uz (z)dx
R>0 {|z|<R}

Moreover, the constant Cy can be taken as

1
Y

</ Vg(x)(pll)dx> < 0.
{lz|>2R}

1
7

Cy = (p)? pi Ay,

Q=

In what follows, C' denotes a positive constant which may vary from line to line. We shall
show key lemmas by applying Theorem A’ below. The idea of this procedure was inspired by
Rakotondratsimba [14, 15], who proved the weighted Young inequalities for convolutions towards
the functions behaving like the Riesz potential |z|~(»~® with 0 < a < n. However, we need
to consider not only the Riesz potential but also ¢, 1 and the Bessel potential GG, which are
defined below, and for the purpose to get exact growth orders concerning s and ¢, we investigate
these individual kernels precisely. Lemma 2.1-Lemma 2.4 will be used to prove Theorem 1.1 in
Section 3.

Lemma 2.1. Letn € N, 1 < p < 0o and p(x) = e~™2* . Then there exists a positive constant
C which depends only on n and p such that

5 <€ (2

holds for allu € LP(R™"), 0 < s<n andp < g < o0.

o %l ) el 2o ey (2.1)



Proof. Obviously, it is enough to show the inequality (2.1) for non-negative functions. First,
we decompose the integral into three parts:

00T o oty
| ter @i <3 [ /| ( f o 2 <y>dy> o
! dx ! dx
+ /n (/{ngy'@'xl}«p(w —y)U(y)dy) EE + /n </{|y>2lx|}w(x - y)ﬂ(y)dy> m]

=: 311(51 + 89 + Sg)

We first estimate S;. Note that |y| < ‘Qﬂ implies ‘g—' < |z — y|. Hence, we see

_ oz
/ o —yuly)dy < | sup ¢(z) / u(y)dy =e 1 / u(y)dy.
{lyl<2y {lyl< 2y {lyl<zhy

{12l <)z))

q 2
S1 </ (/ u(y)dy) e_m‘f‘ |z| " *dx.
re \ J{Jyl<lzl}

To apply Theorem A’ (i), we need to check the following condition :

Thus we have

1
7

1
. ac2 q P ~
( / e~ T |x|_5dz) ( / dx) < 4 (2.2)
{2R<lx]} {le|<R}

holds for all R > 0, where A; is independent of R. Indeed, once (2.2) has been established, the
Hardy inequality yields that

1
ol

1 1. N
St < (p)7 pr Arllull Lrrny < CAx|ull Lo @ny,

1
where C' is independent of p and ¢ since p < g and sup pr < oo.
1<p<oo

To check the condition (2.2), we distinguish two cases:

Case 1. We assume R > 1. In this case, we have

1 1
(/ e |m|_5d$> < (/ P |$\_$d:§)
{2R<|z]} {2R<|z[}

1

1 1
_mqR|z| _ mqRlz| a _xR? _mqRlz| ?
= / e 1 e 1 x| ¥dx| <e 2 / e 1 |z| dx
{2R<|x|} {2R<|x|}
1
7rR2 7|x| a 7rR2
<e 2 / e 4 dx < Ce 2.
{2<]=|}



By using the above estimate, we obtain
™ \ |2
/ e |z| " *dx
{2R<|x[}
Case 2. We assume 0 < R < 1. In this case, we have
1 1
q\x\ s 4 q\acl s q
e |z| Pdx | < e |z| " *dx
{2R<|z|} R"

1
7rq|z s 4 _7"‘1‘1‘2 —s
< |z|~°dz | + e 4 |x|de
\II<1} {lz|>1}
1 1
s ! _mlaf? ! 1\«
|x|"%dx | + e 1 de] <C +C.
{\:B|<1} {|z|>1} n—s

/ -l |z| " *dx / dx SC( ! )
2R<\x|} {|lz|<R} n—3:

for all 0 < R < 1. Therefore, combining (2.3) with (2.4), we can take A; = C (E)

Q=
S

TR n
(/ d:z:) <Ce " RY <C (2.3)
{lz|<R}

for all R > 1.

Q=

IN

Thus we have,

Ql
—~
_l\D
e
~—

Next, we estimate S3 in the similar way as S;. Note that |y| > 2|z| implies % < |z —yl.

Hence, we see

_mlyl?
/ oz — y)uly)dy < / sup  o(2) | uly)dy = / ™ u(y)dy.
{ly|>2|x|} {ly|>2|x|} {ly|>2|x|}

<z}

Hence, we have

q 2
S3 < / </ h(y)dy) |z|"*dx, where h(y):= e_%u(y).
R\ J{ly[>2l=[}

To apply Theorem A’ (ii), we need to check the following condition :

/ 2|5 i / < ﬁpﬂ)(p’l)d i 25)
x| " *dx e 14 T < )
{lz|<R} {2R<|z[} ’

5) has been established, the

’E\‘H

holds for all R > 0, where Ay is independent of R. Indeed, once (2.
Hardy inequality yields that

1
|z|? P ~
"1 dac) < CAs|ul Lo (gn)-



To check the condition (2.5), we distinguish two cases:

Case 1. We assume R > 1. Then we have

z 1\ 1\«
q n—s q
/ lz|°dx | <C ( ) R« < C’< > R".
{|m|<R} n—s n—s

On the other hand, we see
Ll
s ,12 P T / x P s / L| T T / L| T
(/ ewdx> S(/ - pﬁdaz) :</ . 2T pf'd:p)
{2R<x[} {2R<|x[} {2R<|=[}

1 1

_=R? _ mp'Rla| #' _ =R _mlzl v _=xR?

<e 2 / e T dx <e 2 e 4 dx < Ce 2.
{2R<|z|} {2<|=[}

Thus by using above estimates, we obtain

1 1
I

1
7

1 1 1
q ! 2|2 P q <R2 q
/ |x| " *dx / I < C’( 1 )q R'e™ ™3 < C( i >q (2.6)
{l=|<R} {2R<|z|} n==s n=s

for all R > 1.

Case 2. We assume 0 < R < 1. In this case, we see

1 1
v

q . P
/ |z| " *dx / e 1 dx
{|z|<R} {2R<|x[}
% /102 i/ 1
< / 2 ~da (/ e dm)p g(]( ! ) (2.7)
{le]<1} " n—s

1
for all 0 < R < 1. Thus combining (2.6) with (2.7), we can take Ay = C (nis) ..

Finally, we estimate S;. Note that % < |yl < 2|z] and 2F < |z| < 25! imply that
2F=1 < |y| < 282 and take r := 24 € [q,00). Then by the Hélder inequality and the Young

n—s

inequality, we see

q
Sz = Z/ / . pl@—y)uly)dy | |z| " dz
{2k <zl <21} \ J{2l<|y|<2lal}

kEZ

q
< 22’“/ (/ @(w—y)U(y)dy> da
ez {2r<lal<2rt1y \ J{E <|y|<2lal}
1-4 " G
<R ({28 < Jal < 2511} ( / ( / w(m—y)u(y)dy> dx>
ez, {2k <|al<2k+1} \ J{ g <|y|<2lal}

8



syt (/n (/n olz y)“(y)x{zk—lglmm}(y)dy>T da:)g

kez
=C_llex wxirorsiicarin iy < Clollisgn D loxiorshicon oy
kez =~
G s
= / u(z)Pdx <t / u(x)Pdx = CUul|%, wn s
I;Z {2k-1<]z|<2k+2} ( ) keZZ {2k—1<|z|<2k+2} ) H HLP(R)

where 7 € [1,00) is defined by % +1= % + %, and p denotes the Lebesgue measure. In the
above estimates, we used the fact that | max [l 7 (ny < oo since ¢ € S(R™). Thus we finish
Srsoo

the proof. O
We proceed to prove the following lemma :

Lemma 2.2. Letn € N, 0 < o« < n and define the function ¢ by

P(x) = / ‘|x|_("_°‘) — |z - y]_("_a) e_ﬂly‘rzdy for x € R™\ {0}.
Rn
Then there exists a positive constant C which depends only on n and a such that 1 satisfies
Y(x) < Cmin{|z|” ") 2|~ =ty for all z € R™\ {0}.

Proof. We first decompose v into three integrals:

wla) = [ el 0 o)
{lyl<'5)

+f a7 — g — g )
(lzgl<lyl<2lz)}

[l gl [Ty s s (@) + o) + o),
{lyl=2=(}

e~ gy

eI gy

First, we estimate v¢;. For |y| < %‘, we see

:‘/01 % [|:c — Ty|*(”*°‘)} dr

1 —(n—a+1) 1
— (n = @lylla| o [T Ty\ dr < (n—a)lyllef -
0 xT T 0

2]~ — fo = y| =)

1
<(n—a)ly /0 & — |~ gr

—(n—a+1)

1 —TM
|z

(n— ! 7\ —(n—atl) o
< (n — oz)]y||x| (n a+1)/ (1 _ 5) dr = C’]y||x| (n atl)
0

Thus on one hand, we see

¢1($) < C’x‘—(n—a-i-l)/

—n|y|? —(n—«a —7ly|? —(n—«a
L lole ™y < Claf e [yl ay — Caf (e,
{lyl<3} Rn



and on the other hand, we obtain

i(z) < Cla|~ (7ot " Iyle”'yzdysclxy("@/ . e v dy
(=5} {lyl<}

< Cla| () / e~ gy — ||,
Rn
Next, we estimate 19 as follows:

o) < [~ /

el gy + / o — y| (==l gy
{2l <jyl<2lal} {2l <jy|<2lely

7r|z|2 7"|1‘2
Sla et [ gyt g dy
{lyl<2lz|} (El<lyl<2lz(}
7r|z\2 Tr\z\2 77‘37‘2
< Clz|% 4 -

+e 4/ 2|~V dz = Clz|%e
{lzl<3|=}

< C'min{|z|~=), |g|~(rmet Dy,

Finally, we estimate 1)3.
P3(z) < ||~ e v dy +/ & — |~V dy = sy (2) + o ().
{ly[>2]z[} {ly[>2|=[}

On one hand, we see

n

Ps1(z) < |x’_(”_a)/ €—7r|y\2dy _ C|l"_(n_a),
and on the other hand, for |z| > 1 we have

P31 () < ]:U|_("_0‘)/{ e—ZTrla:Hy|dy < :U|_("_O‘)e_27””|2/ e—ﬂ'|azHy|dy

ly[=2|=[} {lyl=2=(}

n

< ‘x|—(2n—o¢)€—27r|x2/ €—7r\2|dz < C’$|—(n—a+1)'
Next, note that |y| > 2|x| implies |x — y| > |z|. Then we see
vanla) <[l [y g o)
{ly1>2z|}
Thus the estimate of 132 can be reduced to the estimate of 131 (x), and we finish the proof. [

We can get the following lemma by applying Lemma 2.2:

Lemma 2.3. Letn € N, 1 < p < oo and set the function ¢ as in Lemma 2.2 with a« = 2. Then

there exists a positive constant C which depends only on n and p such that the estimat

1
1 1 r
R <
1/l r ey < © (p/_r + (n+p/)r_npr)

[SISEN]

holds for all nyfll), <r<p.

10



Proof. By using Lemma 2.2, we see that
0= [ wydet [ wyds
{J21<1} {|z|>1}
<o [ e [ prG ) o (e ),
{Jz|<1} {Jz|>1} p—r (n+p)r—mnp

Furthermore, by applying Lemmas 2.2 and 2.3, we prove the following :

O

Lemma 2.4. Letn € N, 1 < p < 0o and set the function ¢ as in Lemma 2.2 with o = %. Then
there exist positive constants p € (p,o00) and C' which both depend only on n and p such that the

inequality
1
sl ) <€ (755

holds for allu € LP(R™), 0 < s<n and p < q < 0.

=

+

Qe
y

P

1
q7" ||ull Lprn)

We prove Lemma 2.4 in the similar way to the proof of Lemma 2.1. However, it should be noted
that the function v has a singularity at the origin which is a major difference between 1 and

v € S(R™).

Proof. We may assume u is non-negative, and we take p := max{p+1,p'+1,n+ 1} < ¢ < 0.

The integral is decomposed into three parts:

Loowoameraszal [ ([ oe-monn) o
+/n </{;|§|y§2x|}w(x —y)U(y)dy> |z|~*dx + /n </{|y>z|z|}¢(x —y)u(y)dy>

=: 39Ty + Ty + T3).

q

|x]sdx]

First, we estimate T7. Note that |y| < ‘21' implies % < |z — y|. Hence, we see

q
T < / / u(ydy | D(z)al~de, where P(a)i= sup (z).
re \ J{yl<l2l}

{12]>12ly

To apply Theorem A’ (i), we need to check the following condition :

1

(/ Qz(a:)qm—sdx) q (/ dx>p < i (2.8)
{2R<al) {el<F)

holds for all R > 0. Indeed, once (2.8) has been established, the Hardy inequality yields
1 ~
qu S CAlHUHLp(R'n).

11



Note that Lemma 2.2 shows

Y(x) < C'min {|x\_;’, |x]_<;’+1)} for all x € R™ \ {0}. (2.9)
We distinguish two cases:

Case 1. We assume R > 1. By using the latter estimate of (2.9), we see

1
~ _ q 7<£+1>q75 q
/ Y(x)z|Pde )] <C / |z| \# dx
{2R<|z|} {2R< x|}

1 1
q a
<C 1 R,ﬁJr%,l e 1 R,ﬁJr?,l < CR7§+%717
(I%—Fl)q—(n—s) (ﬁ—kl)q—n

where we used ¢ > n + 1 to get a constant C' independent of s and ¢. Thus since ¢ > n+ 1 and
R > 1, the above estimate yields that

1

1
~ q p/ n—s
(/ 1/1(9:)‘1|x|_sdx> (/ dx) <CR @ '<C forall R>1.
{2R<lal} {|z|<R}

Case 2. We assume 0 < R < 1. In this case, we have

(/ qz(x)qxwdx) qg (/ q;(x)qyxwdx) q+ (/ &(x)qmsczx) =: By + Bo.
{2R<|a]} {2R<|w|<2} {lz|>2}

By using ¢ > n + 1 and the latter estimate of (2.9), we see

2=

n q
By, < (C (/ ’x‘_<11’+1>l1—s>
{la>2}
q

S (£ 1S ) A N B
=¢ (§+1>q—(n—s)2 ! q =¢ (ﬁ—l—l)q—n =

and by ¢ > p' + 1 and the former estimate of (2.9), we obtain

1

. 7 ~[H-m-s]
B <C / @ ¥ dr ) <o [
(2R<|x|<2} —(n—s)

1

1 a _nn=s _nygn-s
§C<nq> R 7 q <CR PN forall0 < R < 1.
n

12



Thus we get
1

(/ &(w)qlx\sdﬂc> (/ dx) e (R? + Ry
{2R<[z[} {|lz|<R}

As a consequence, we can take A; = C' which depends only on n and p.

Q=
AE]

)gc for all 0 < R < 1.

Next, we estimate T5. Note that 2|z| < |y| implies % < | — y|. Then we see

Ty < / ( / h(y)dy) 2|z, where h(y) = d(y)uly).
R™ {ly|>2]z[}

To apply Theorem A’ (ii), we need to check the following condition :

1
ol

—s i T \—p —('-1) . P -
</{|xI<R}‘x| dm) (/{2R<|ac|} (d)(x) ) d) < Ay (2.10)

holds for all R > 0 with some Ay independent of R. Indeed, once (2.10) has been established,
the Hardy inequality yields

1 1
7

1~ ~ P ~
75 < 7 prda ([ 1Pda)ds)” < Clallullogen
R
We distinguish two cases:

Case 1. We assume R > 1. In this case, by ¢ > n + 1 and the latter estimate of (2.9), we have
1 1

~ , ? 3 n—s n / v
(/ |x\5dx> (/ P(x)P dm) <C ( ! ) "R (/ |g;|‘(?+1)p dx)
{l21<R} {2R<al} nes {2R<al}

1 1
:c< 1 >anqslgC< 1 )q for all R > 1.

n—s n—s

Q|

Case 2. We assume 0 < R < 1. In this case, we see

(/ 1;($)p/dl’> ’ < (/ 1&(3})"%196) ' + (/ ﬂ(x)p/dx> ’ =: B + B,.
{2R<|z[} {2R<|z|<2} {lz[>2}

The latter estimate of (2.9) yields By < oo, and the former estimate of (2.9) shows

,_
=

— 1

~ p’ I’y
B <C / |z| " dx =C <log1> forall0 < R < 1.
{2R<|z|<2} R

13



Thus we get
1

</{x|<R} |x]sdx) </{2R<|:p} ﬁ(x)P/dx> ” <C (n i S) % RT (1 + (log ;) ,,1/) (2.11)

for all 0 < R < 1. Elementary calculus gives

2=

1 1 1
n—s 1\7 ___a q ’ 1 p 1
R = R 1 —_— = /(n—s) B — :C

{o?z%fl}g( ) {0?1%51} ’ <og R> g(e ’ ) ( ) < >

Combining (2.11) with (2.12) yields

7 1 \ity 2
N e
{jz|<R} {2R<]z]}

~ i1,
and then we can take Ay = C (L) Ty

Y

',
n—s

Finally, we estimate T». Note that %‘ < |yl < 2Jz| and 2% < |z| < 281 imply that
2k=1 < |y| < 28*2, and take r

- € [g,00). Then by the Hélder inequality and the Young
inequality, we see

q
>/ ( /. w<x—y>u<y>dy) o] *da
pez Y 12F<|z|<2kH1} \ J{F <|y[<2lz]}

q
<y / (o — yuly)dy | do
ez {26 <zl <2m 1} \ Ll <|y|<2lal}

< CZ o—ks+kn(1-2) </ < P(x — y)u(y)x{Qk1§|.|<2k+2}(y)dy> dx) v
keZ " AJRR

=C = ux(or-1<)|<or2 |7 ey < ClYITs @ny > llux gar-1.< <2423 | o ey
kEZ keZ

q
< (Ol lulloen)

where 7 is defined by % +1 = % +

Ty =

1
p’

/

0 < s <n, we see max{1, 2

ie, t = % + %22, Since ¢ = max{p + 1,n + 1} and
n+p’

} <7 < p'. By Lemma 2.3, we easily see that

q
Ilurgeey < € ()
Therefore, we get

1
7

Iy <C <n_ 3> lull Lo (7Y

L1

which finishes the proof.
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Next, for the proof of Theorem 1.5, we prepare several tools. First, we recall the Bessel
potential G (x) with 0 < a < n defined by

n—o 71 777\1\2

1 [e.e]
Gq() ::a/ t="2 e~ "t ~ixdt for x € R",
DAL (3) b

where I' denotes the Gamma function. By virtue of the identity (I — A) 2f = Gg* [ for

f € §'(R™), Theorem 1.5 can be changed into the following equivalent form :

Theorem 1.5'. Letn e N, 1 <p <r <oo,p<q<(r—1)p, and let w.(x) be the weight
function as in Theorem 1.5. Then there exists a positive constant C which depends only on n,
p, q and v such that

o

.\ S Cll Sl e @n)
La(Rn; s

holds for all f € LP(R™).

For the treatment of the marginal case ¢ = (r — 1)p’ in Theorem 1.5’ we need to recall the
weak Lebesgue space Li,(R™) for 1 < p < oo and the generalized Young inequality : We say
f € LL,(R™) if the following norm is finite, i.e.,

1
1f1lLe gy = sup ({2 € R"; [f(z)] > A})7 A,
A>0
where p denotes the Lebesgue measure. Then O’Neil [13] proved the following inequality which
generalizes the usual Young inequality :

Theorem B. Letn € N and 1 < p < q < oo. Then there exists a positive constant C which
depends only on n, p and q such that

1f * gl Lagny < Cllfllor @y lgll e @ny (2.13)
where the exponent r € (1,00) is determined by 1+ % =14 2%.

Actually, O’Neil [13] proved more general inequality than (2.13) in terms of Lorentz spaces
LH(R™) with 1 < p < oo and 1 < g < oo. However, since it is well-known that L2, (R") = L%,(R"),
we obtain Theorem B as a particular case of the result in [13].

Furthermore, we establish the decay estimate for G (x), which is essentially shown in
Stein [16]. However, we shall include the verification for the sake of completeness.

Lemma 2.5. Letn € N and 0 < o < n. Then there exists a positive constant C which depends
only on n and a such that

Clz|~ ") for z € R\ {0},
ey < [ €10 porz e B (0}
Ce l* forzeR™ with |z| > 1.

15



Proof. For z € R™\ {0}, changing a variable yields

Gol(z) < C/ 7
0

which proves the former decay estimate in Lemma 2.5.

el B
0

Next assume |z| > 1. First, we obtain

1 —u—l _w\x\2_i 7_1 7\'|ac|2 7\'|ﬂc|2 M 1 _n—a_4q _7r|x\2
t et ardt < t dt <e "2 t™ 2 e 2t dt
0 0 0

7r|a:\2 n—

1 2
a ™ x|
<e 2 /t_ 5 lem2idt=Ce 2 <
0

~l=l, (2.14)

, _me® 4 .
Moreover, elementary calculus shows that the function e™ ¢ ~ar for £ > 0 has a maximum at

t = 27|z|, and then we have

o0 n—o 7r|9:|2 t o0 n—a
/ it e T iR A < e_|x|/ =31t = Celal, (2.15)
1 1

Combining (2.14) with (2.15), we get the latter estimate in Lemma 2.5. O

In the end of this chapter, we prove a lemma which is necessary for the proof of the optimality
of both Theorem 1.1 and Theorem 1.5. We first define

vr(x) = <10g z |> n(jz|) for z € R™\ {0}, (2.16)

where we take n € C°([0, 00)) satisfying the followings:
1 1
(1) 0<n(t) <1 for t €[0,00); (ii)n(t) =1 for 0 <t < it (iii) n(t) =0 for ¢ > 5

We remark that the following lemma can be understood as the explicit version of the extremal
function studied in [3, Theorem 2.7.1] and [4, Theorem 2.1].

Lemma 2.6. Letn > 2 and "5 < p < oco. Then v, € Hp’p(R”) holds for any T € (0, i,) with

the estimate : )
1 P
[or]] 2 <C <>
P(rn 1 _ ’
) — 5T

where a positive constant C' depends only on n and p.

Proof. We first remark that the direct computation yields the derivative estimates of v, : for
any [ € N, there exists ¢; depending only on [ such that

0%, (x)] < avri(Jz|) holds for 1 < |B| <I,7 € (0,1) and z € R™\ {0},

16



where 9, (t) := t~!(log %)T_lx[o’%} (t),t € (0,00). We note that the function v, is non-increasing

n (0,00) for [ > 1 and 7 € (0,1). In this proof, C' denotes a positive constant which depends
only on n and p. It is easy to show [[vr||1pgn) < C for all 7 € (0,1). Now let % =m + o, where
m is a non-negative integer and « € [0, 1). In the case of a = 0, we can prove

1 \? 1
\yafvaLp(Rn)g(,“(l 7') for 1 < |B] <m and 0<T<I7

p

/

by directly estimating the LP(R"™)-norm of the derivatives of v,. Then hereafter we assume that
n

a € (0,1). We have 0 < m < n—2 by the assumption p > "5 and a # 0. We prove this lemma
by applying the characterization of H »P (R™) in [17, §1.7, §2.1]. Thus it is enough to show that

Jes _(aP p
/ / |Gz vr)(@ + y) (8$UT)($)|dy dr < 5 ¢ for |f| <m and 0 <7 < 1 (2.17)
" " |y|n+a w T p

because we already obtained |v:||zp@ny < C for all 0 < 7 < 1. Then we focus on the estimate
of the integrand of (2.17). We first divide the integrand into three parts as follows:

Bv x — fUT T 1 e
J(ZL‘) = /n ’(6:5 7-)( Tyf‘yz+a(a )( )‘dyg/n/o ‘(V@fvT)(a:+ty)’dt |y| n a+1dy

1 1
< C/ / et (|2 + tyl)dt [y ™"~ dy < C(/ / rme1 (|2 + tyl)dt [y~ dy
™ J0 {lyl<2y Jo

1
+ / / Brmsa (o + ty]) dt |y Ldy
(Ll<jy|<2lz)y Jo

1
+/ / Orm1 (|2 + ty)dt Iy\"“ldy) =: C(J1(z) + Jo(z) + J3(z)).
{y1>2z[} Jo

Since we have |z + ty| > % for any |y| < |i2‘ and 0 <t <1, we estimate J; as follows:

b x o _n 2\
Jl(x)g/ y /vmﬂ (’;) dt [y -y = Cla| 3 <log> Yo (la1).
{lvl<l2ly Jo || 2

Next, we estimate Jo. By changing a variable z = z 4 ty, we have

1
T < Claf et [ Brami (12 + tyl) dy dt
0 J{EF<|yl<2lz[}

1
:Cx|”a+1// Ormt1(|2])dzt"dt
0 J{U<|z—z|<2t|a]}

1
= CO|z| 7ot [/ / t"dt Oy gy (|2]) dz
(Lel<)z—a|<2fa)y J 2221

2[z|

17



2|z—x|

! v —n—a«
+/{| | m}/ tndtvﬂmﬂ(\ZI)dZ] = Cla[ "7 (a1 () + Jaa(x)).
zZ—X <7

[z—z|
2|z

Note that % < |z — x| < 2|z| implies ‘ZQI_;\Cl > % and |z| < 3|z|. Then by using the condition
m < n — 2, we can estimate Jo; as

Jon(z) < C / Sramsa (2])dz < © Srmr (12])dz
{12l <|z—z|<2)z]} {l21<3]zl}
o0 1
¢ / o le=do < O if 2] >
(n —-m- 1)T (n—m—1)log 4 12
= o0 1 T—1 1
C/ o™ e %do < Clx" ™! <log > if |z] < —,
(n —m — 1)T (n—m—1)log ﬁ 3|.’£| 12

where we used the following claim :
o
Claim. The estimate / 0" tedo < t7"le7! holds for any t >0 and 0 < 7 < 1.

t

Indeed, this claim is shown as
[e.e] oo
/ oc" e do =TTt — (1 - 7')/ 0" 2 %do <t et
t t

On the other hand, we can estimate Joo as

1
Toa(x) < cwl/

{lo—ai<lely |2 — 2?1

1 92 T—1
< n—1~ |33| / — n—m—1 1
> C’l" Urm+1 ( D) : dz C’(L" og ‘LL’| X[07%](|x’)

jo—al<lzly |2 — 2|

Ormt1(]2])dz

since |z| > @ holds for |z — z| < ‘23' Lastly, we estimate J3. By changing a variable z = ty, we

divide the integral into two parts as follows:

1
Jg(x):/ / Oyt (Jz + 2]) 2] Tz dt
0 J{[z|>2t[x]}

1
:/{ - }/0 ta_ldt677m+1(|x+z])|z|_"_o‘+1dz
z|>2|x

|=]

2|x|
+ / / (Nt B (J2 4 2]) 270 e = T () + T ().
el<2lely Jo

We now estimate J3;. We first remark that we have J31(z) = 0 for |z| > I since |z + z| > 1

holds for |z| > 2|z| and |z| > ;. Then we consider |z| < 7. Since we have |z + z| > % for any
|z| > 2|x|, we have

1 ~ —n—a 1 ~ —n—a
mn@ =2 [ e < L [ () et
O J{|z>2l} O J{ |2 >2[} 2
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C QIOgﬁ _n 1\ !
= /p o™ le%do < Cla| > <10g |>
n x

for [z| < 1, where we used the following claim :

Claim. Fix a > 0. Then there exists a positive constant C, depending only on a
such that

t
/ o™ tedo < C it et
a
holds for any ¢ > a and 0 < 7 < 1.

Indeed, this claim is shown as follows. First, it is easy to show f; o™ ledo < 2t7 et for t > 2.
Hence we may assume a < 2. Then we have

2
/ o™ le%do < C and tT el > (1—71) el > 1 fort>0and 0 <7 <1,
a

where a positive constant C! depends only on a. Therefore, this claim is true. Now we estimate
J32. We divide it into two parts as follows:

Js2(7) = C|w!_o‘/ Ormi1 (|2 + 2[)]2] "z
{l=1<2z[}

= Clz|™¢ (/ ﬁT,m+1(|$—|—z|)]z|_"+1dz+/ ﬁT,m+1(|x—l—z|)z|_"+1dz>
{l21<gly {2l <lz1<2fl}
=: C’CL‘|_Q(J321(I) + Jggg(%)).

Since |z| < \2i| yields |z + z| > %', we have

~ |‘T| —n+1 —m 2 T
< .
J321(w) < /{z|<;'}vT’m+1 < 5 |2| 7" dz = Clz| log ] X[o,é](’l’\)

On the other hand, we remark that |z + z| < 3|z| holds for |z| < 2|z|. Hence, we have

Jiale) < Claf 7 [ Grms(fo+ )z < Clal ™ [ ()
{5 <lz|<2fz]} {ly|<3|=[}
1
—n+1 if =
) Clx| if |z| > 13’
I 1 T—1 1
A B S
Claf ™ (log i) it lel < g

since m < n — 2 in the same way as the estimate of Jo1.
Summing up, we obtain

_n 1\ I
sy a5 30 (low ) g lel) 1ol (o)

_1 B
1=1,1,3
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Therefore, we have

1Tl orny <C >
=113

" 1 T7—1
R <10ng> X0, (1)
29

1 1 1
1 p(t—1) P %) P P
=C (/4 1 <log 1) dt) +C (/ tp<"m1>1dt> <C < i ! )
0 t t 1 - — T

1

+ Ol oy ()]
LP(R")

Lp(RM)

sincem<n—2and 0 <7< [%, which is the desired estimate. ]

3 Proof of main theorems

In this chapter, we prove Theorem 1.1 and Theorem 1.5’ by using lemmas in Section 2.

Proof of Theorem 1.1. We first prove the optimality of the growth orders with respect to s
and ¢, which is easily seen by applying Lemma 2.6. Indeed, let v, be the function defined in
(2.16) for 0 < 7 < z%' Then the direct computation yields

HUT”L"(R"% ) - </{|x|<é} {log (!J/’llﬂm \ﬁ’); ¢ <<" i S>;+T QT> &y

as s T nand ¢ — oo for all 7 € (0,}%). Since v, € H%’p(R”) for all 7 € (O,[%) if n > 2 and
7 < p < oo by Lemma 2.6, (3.1) clearly implies the growth orders of s and ¢ are both optimal.

Thus we proceed to the proof of the affirmative part of Theorem 1.1. We may assume
u € S(R™) since S(R™) is dense in H%’p(R”). In what follows, F and F~! denote the Fourier
and the Fourier inverse transforms, respectively. Then for any K > 0, the function u can be
decomposed into two parts such as

u(w) = [ FD©de

_ / AT Fu)(©) @) de + / TE(Fu) (€) (1 —y (é)) de = u () + ua(z),

where ¢ is the function as in Lemma 2.1. We first estimate the integral of u;. Since Fy = ¢,
we have

7 (o (32)] @) = Kro() = pr(@)

Then note that ui(z) = ¢ * u(z). Since we have the scaling (o *u) (£) = ¢ * (u (%)) (z),
Lemma 2.1 yields

</Rn |u1(m)|q’$|_sd$> = </Rn lox *u(:ﬂ)|q|$|—sdl‘>;
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()] " de>1:z<”f ([ ]I+ ()] @)m,sdy);
.) 1

1
q n__n—s
— Ki_ n 32
LP(R™) ¢ (n — S) t HUHLP(R ) (3:2)

- (L
<n_s>

for all K > 0.

Next, we estimate the integral of us. For any K > 0, the function us can be rewritten as

l—cp(i

us(x) = 62”””'5) % &)d % (—A)Zu(x ,
2( ) /n (2 |§D; ( |§D ( )( ) §= TZJK ( ) ( )
where

)=l )7 (1= ()| @=c (k7 =17+ F o ()] @)
= C (ol 7 = - [V wpwta)) = OK" [ (jal 7 — o=y ) T ay, (3.3)

where the last equality follows from K™ [p, e ™Y gy = Jan e ™vPdy = 1 for all K > 0.
Moreover, we have the scaling such as

(q[)K % (-A)%u) (%) — K7 4y * [((—A)%u) (E)} (z) forall K >0.  (3.4)

Thus by (3.3), (3.4) and Lemma 2.4, we have

||
"@\:

1
n n q
§CK_5_ E / P * —A)2ruy
<Rn( [(< )
1 %—i_i 1 n_n-—s n .
<o (1) () ()
1 PR
‘C<n_s 07 KT (= A) Bl oy (3.5)

for all K > 0, where 1) is the function as in Lemma 2.4, and we used |121| < C.
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By combining (3.2) with (3.5), we have

1 %—Fﬁ 1 n_n-—s _n=s n
il 1) < € 0 (55 full oy + K5 (=) Bl o)

n—s

for all K > 0. In the end, in order to optimize the right-hand side with respect to K, we

especially take K as
n k4
_A % D n "
P (H( )2l (R)) ’

HUHLP(Rn)

which provides the desired interpolation inequality, and we finish the proof. O
Next, we shall prove Theorem 1.5.

Proof of Theorem 1.5. Firstly, we prove the optimality of the bound (r —1)p’, which is shown
by Lemma 2.6 again. Indeed, it is easy to see that if ¢ > (r — 1)p/, taking 7 close enough to 1%
shows that

o0ty = (3.6)

? wp(x)

On the other hand, v, € H%’p(R”) for all 7 € (0, I%) if n > 2 and "3 < p < oo by Lemma 2.6.
Thus (3.6) implies the optimality of the bound (r — 1)p’ in that case.

Thus we proceed to the proof of the affirmative part of Theorem 1.5. As we discussed in

Section 2, it suffices to prove Theorem 1.5’. We may assume the function f is non-negative, and
we first decompose the integral into three parts:

| (e f) @rs <o [ I ( [P y)f(y)dy>q ——
+f ( /{ ey G5 y)f(y)dy> TR ( /{ o Galen y)f(y)dy> wffx)]

=: 3q(U1 + Uy + Ug).

We first investigate U;. Note that G (z) is radial function and non-increasing with respect to
p

|z|. Moreover, |y| < % implies that \%I < |z — y|. Thus we see

q

q
d

Ulﬁ/ </ f(y)dy> sup Gz (z) >

Rn {|y|<‘i2|} {l%‘<|z\} P wT(a:)

_ /R n ( /{ |y<;}f(y)d?/> ¢ (3)" wfégxw

To apply Theorem A’ (i), we need to check the following condition :

1 1

q »’ 5
/ G (E)q dr / dr | < A,
QR<lz} * \2/ wr() {|z|<R}
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holds for all R > 0. Indeed, once the above estimate has been established, the Hardy inequality
yields

1
o

1
Uy < (0)7 ps Al | o en-

We distinguish two cases:

Case 1. We assume R > 1. In this case, by the latter estimate in Lemma 2.5, we have

¢ d dlel
/{2R<|:c|} G (g) wr? : C/2R<|z} - [ ( ﬂ mn
dx

_alzl_ glz] _4R _al=l
< C/ e 1 TTadr<(Ce 2 / 1
{2R<|x|} {2<\wl}

Thus we have for any R > 1,

=Ce”

1 1

q p’
/ G <§>q de / dz| <Ce 3RV <cC.
(2r<lzl} P \2/ wy(z) {|z|<R}

Case 2. We assume 0 < R < 1. In this case, we see

qa d a d qa d
/{2R<|az|} G% <%) wréﬁ) N /{2R<:v|<2} G% <g) wr(xﬂﬁ) N /{|x|22} G% (g) wr(xx)'

By the latter estimate in Lemma 2.5, the second term is integrable, and by the former estimate
in Lemma 2.5, the first term can be estimated as follows:

d d _ng_, _ng
/ Gn <£>q v < / Gn (f)q —mn < C/ || o dx < CR o
(2R<lz|<2} P \2/ we(®) T Jpope<jul<2y P N2/ |7 (2R<|2|<2}

Thus we obtain for any 0 < R < 1,

. %
</{2R<|x} “ <g>q wf?x)) </{x|<R} dl:) =C <R7 * 1) R < C.

Next, we estimate Us. Note that 2|z| < |y| implies % < |z —y|. Thus we see

0 [ (f @ @) 1000 S5

To apply Theorem A’ (ii), we need to check the following condition :

1 1
dr \* / T\ v
Gn (=) dx < A,.
</{$|<R} wr(@) < {2R<[z]} P (2) > 2
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We distinguish two cases:
Case 1. We assume R > 1. By Lemma 2.5, we have
/ Gn (£>p de < C ef%dx
{2R<|zl} 7 \2 {2R<]al}

P

'a| _ p'Jal 'R Pzl 'R
:C'/ e 4 4 d:L‘SC@IJ?/ e~ 1 dy=Ce 3.
{2R<|z[} {2<[=[}

Furthermore, we see
/ dr _/ dx +/ dx
flaj<ry Wr(%)  Jyei<ty wr(@) © Jii<pi<ny wr(@)’

and it is easy to see that the first term is integrable since » > 1. The second term will be

estimated as d d
/ xg/ =L < C(1+10gR).
{a<lal<r) Wr(®) = J(i<pi<ry ||

Combining the above estimates, we have for any R > 1,

S

1
de \* / T\ v 11 _
Gn =) dx <C|1l+(ogR)a|e 2 <C.
(/{m|<R} wr(w)) <{2R<|z} P<2) ) [ ( )]
/

Case 2. We assume 0 < R < 1, which is a crucial case where we use the condition ¢ < (r—1)p'.
First, Lemma 2.5 yields

/{2R<ml} G% <g)p = /[2R<x|<2} G% <§>p et /{|x>2} G% (gy drsC [1 +log <1{3>] .

Moreover, it is easy to see that

dx 1\]°Y
SC{log <e+>] .
/{x|<R} wy () R

Thus combining above two estimates shows that

[

b () sl )
Gn|=Z) dr] <Cllogle+ —=
</{|x<R} wT(@) ( {2R<|z|} * (2) > R

since 7 > 1 and —% + 1% <0,ie,qg<(r—1)p.

Finally, we estimate Us. We first write Us as

q
U; = / / Gn(x —y)f(y)dy .
i keZZ {2k<x<2k+l}< {2l <py|<2lal} HE W) wy ()
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Since W, (x) := [log (Irl )} |z|™ is non-decreasing with respect to |z| near the origin, there exists

ko € Z with kg < —3 such that @, (z) is non-decreasing in |z| € (0,2 1), We decompose Uy
with k‘() :

ko

q
dx
Uz = / / G (z —y)f(y)dy
kz_:oo {2kSIw|<2k+1}< (2l <jy|<2fel} 3 W) wy ()
> I dx
+ / / Gn(x—y)f(y)dy =: Uy + Uss.
k%:—i-l {2kS|w<2k+1}< {lgl<lyi<2lal} Ho i) ) wy () '

We first investigate Use which is easier to estimate compared to Us;. Note that % < |y| < 2|z
and 2F < |z| < 21 imply 2~ < |y| < 2572, Then by the Young inequality, we see

[e.9]

q
Up <C Z / (/ Gn(x — ?J)f(y)dy> dx
fho1 ) 2E<lal <2ty \J (gl <lyl<2laly 7

q o
<C HG% * fX{2k71§H<2k+2} ‘Lq( < CHGn [ &) Z HfX{Qk—1§|.|<2k+2}H%p(Rn)

k=ko+1
P
=C / Pdx <C / 2P dax — O f119, o
kzk:H( {2kt <Ja| <242} I > (Z 2k=1< |z <2k +2} o ) HfHLIf’(JR )

kEZ

where the exponent 7 € [1,00) is determined by 14 %

;= % + ]%, and in the above estimate, we
used Grn € L"(R™) which is easily seen by using Lemma 2.5
p

Next, we estimate Us;. Recall that 1,.(x) is non-decreasing in |z| € (0,2%%1), and note that
ly| < 2|z| implies |z| > |z Y Thus by Lemma 2.5, we have

ko

q
_n dx
Un<C / (/ [z =y P’f(y)dy>
ke —oo Y {2F<lz|<2b 1} \ J{F <|y|<2=[}

Wy (z)
kzz {2k <[o]<2b+1) ( fel<pi<ally (e

q
1y )dy> dx
)i
< o=yl 7 1), )
r—y
=¢ Z /k k+1 /IZI ~ (T ] de.
ke oo Y {2F<Sal<2h 1} \ J{ G <y|<2|x[} wr( 3y)<1

Here, note that %' < |y| < 2|z| and 2% < |z| < 28! with k < kg yield

=

Pl <yl <22 and |z —y| <3|x| <3-2"TL <2 since ko < —3.
Then we further keep evaluating Us; :

ko
Uy <C

/ / - dy | dz
fe oo (2P <zl <2k 41} | il <]y|<2)al} [1Og (ﬁ)}m ety
-y
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0) (@)

e G

q XB
‘ ,  where W(x):=
La(Rn)

ko
LD D (R T
k=—0o0

Now we distinguish two cases:

Case 1. We assume p < g < (r — 1)p. In this case, the Young inequality yields

ko
Ua < CHWHQT(Rn Z HfX{2k 1<) |<2’€+2}HLp(Rn < CHWqu(]Rn HfHLp (R™)”
k=—o0
where the exponent 7 € [1, 00) is determined by 1+ 1 ;= 7 + %. To complete the above estimate,
we check W € L7 (R") below. Note that (% + ﬁ) 7 = n and %f = J’iq- Thus by changing a

variable, we see

||W||ZF<R">:/ Lo =c . 2 <o
T e T

|z

(=10

Case 2. We assume ¢ = (r — 1)p/. In this case, one sees that W ¢ L7(R") but W € LT (R")

P

with 7 = & € (1, 00). Indeed, we have

W) = XB%(O)(m) C = .
x) = = < =:W(z) forall z e R"\ {0},

nr! nr’ 7

and we can easily observe that W € L7 (R") from the definition of the weak Lebesgue space.
Then by the above observation and Theorem B, we have

ko
U1 < ClWI|T; (gny > X< <2r+2} 1oy < CHWqu @1 Eo@ny = CUF Lo gy

k=—0oc0
Thus we finish the proof. O

We end this chapter with the proof of Corollary 1.3 which is an immediate consequence of
Theorem 1.1:

Proof of Corollary 1.3. Let p and C be positive constants depending only n and p given by
Theorem 1.1, and let & > 0 which will be chosen small enough later. Then for any v € H P (R™)

with [[(—=A )2Pu|| rr(rny < 1, the Taylor expansion yields

/n D (a(n - s)|u(:v)|p,> |C£i‘:rs = 2 MH Hisz(R da )

!
J:  Tal®
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Furthermore, we apply Theorem 1.1 for each norm ||u|| Lo (R"~ s ) with p’7 > p, and we get
> T[S
00 (a C’p/p,j)j
’ dx 1 (n—s)p
_ P =
[ 2o (otn =) (5 < 2| Pl
= (2)
__ 1 — N
In the end, we take o = 5cv e 5O that g = Z 1 < 00. O

4

=1 7
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