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A Uniqueness Theorem and the Myrberg
Phenomenon for a Zaleman Domain

Mikihiro HAYASHI, Yasuyuki KOBAYASHI and Mitsuru NAKAT*

Abstract

Let R = Ao \ UpA, be a Zalcman domain (or L-domain), where Ag :
0<|z| <1, An:|z—cn| < 7rny o W0, Ay, C Ap and A, NA, =
¢ (n # m). For an unlimited two-sheeted covering ¢ : Ao — Ao with the
branch points {p~*(c,)}, set R= @ *(R). In the case ¢, = 27", it was
proved that if a uniqueness theorem is valid for H*°(R) at z = 0, then the
Myrberg phenomenon H*(R) o p = H*® (ﬁ) occurs. One might suspect
that the converse also holds. In this paper, contrary to this intuition, we
show that the converse of this previous result is not true. In addition, we
generalize the previous result for more general sequences {c,}. By this
generalization we can even partly simplify the previous proof.

1 Introduction

Let A(e,r) denote the open disc in the complex plane C with radius r > 0
centered at ¢, and set A = A(0,1) and Ag = A\ {0}. For a strictly decreasing
sequence {c,}22; with 0 < ¢, < 1 converging to 0 and a sequence {r,}5>; of
positive numbers satisfying

Cntl + Tyl < cn—71n (nEN), c1+r <1, (1.1)
where N is the set of positive integers, we consider the domain

R = R(cn, 1) = Ao\ | Alcn,mn) - (1.2)

n=1

A domain of this form is called a Zalcman domain (or L-domain according to
[7]). The condition (1.1) says that the closed discs A(cy,r,) are contained in
Ag and mutually disjoint.

*To complete the present work the first and second (third, resp.) named authors were
supported in part by Grant-in-Aid for Scientific Reseach, No. 10304010 (10640190, 11640187,
resp.), Japanese Ministry of Education, Science and Culture.



We denote by H*(R) the Banach space of bounded holomorphic functions
f on R equipped with the supremum norm ||f||o. Following [3], we say that
the uniqueness theorem is valid for H*(R(cy,,my)) at z = 0 when the following
implication holds; if f € H>*(R(cy,ry,)) satisfies the condition

i (m) () — - e
Jim (f(z) =0 (m =01,
then f =0. _
We consider an unlimited two-sheeted covering ¢ : Ay — Ag with the branch
points {¢~!(c,)}, and write W = o1 (W) for W C A,. We say that the
Myrberg phenomenon occurs for the covering surface (W, W, ¢) if we have

H®(W) = H®(W)op. (1.3)

In his celebrated paper [6], Myrberg showed that (1.3) holds for (ﬁo, Ay, ). His
proof goes as follows. For each f € H Oo(ﬁo), define bounded analytic functions
g and h by g(2) = (F(=*) — F(=")) and h(z) = (f(z*) + f(="))/2, where
0 Hz) = {z%,27}. Since 2t = 2~ at a branch point of ¢, g(c,) = 0 for all n.
Then, g = 0 by the classical uniqueness theorem, and hence, h o p = f.

We are particularly interested in the case R = R(c¢p,r,), which gives the
simplest example of plane domains of infinite connectivity. Although the cover-
ing surface (R, R, ) has no branch points, the uniqueness theorem is valid for
H>(R) at z = 0 and the Myrberg phenomenon occurs for (R, R, ¢) for a kind
of Zaleman domains R (cf. [2], [3]; also, [4], [5])-

In this paper we are concerned with the following result [3](Proposition 3.1,
Theorem 4.1).

Theorem Let R = R(27", 2_”N(”)). Suppose that the uniqueness theorem is
valid for H*®(R) at z =0. Then,

(A) lim N(n) = oo; and

n—oo

(B) the Myrberg phenomenon H*®(R) o p = H*(R) occurs.

We shall generalize this theorem for Zalcman domains R = R(cn,cfy (n))
under the condition
lim sup Gttt o, (1.4)
n—oo Cn

With this generalization, we can simplify an argument in the previous proof
of the part (A). There naturally occured a guess when the above theorem was
obtained that the uniqueness theorem and the Myrberg phenomenon are in fact
equivalent. Contrary to this expectation, we shall show that the converse of the
part (B), including in the case of the above generalization, is not true; namely,
the Myrberg phenomenon unfortunately does not imply the uniqueness theorem.



In § 2, the next section, we shall give a necessary and sufficient condition in
order that a particular holomorphic function on a Zalcman domain R(c,, ) is
bounded. In § 3, we shall examine this necessary and sufficient condition from
the point of view how a sequence {r,,} depends on a sequence {c,}. In § 4, we
shall generalize the part (A) of the above theorem. In § 5, the final section, we
shall prove that the converse of the part (B) is false by constructing an example.
The method used in_this construction can be applied to any unlimited two-
sheeted covering (¢, D, D) of an arbitrary plane domain D with a nonconstant
bounded holomolphic function, which we shall mention at the end of the section.

2 A bounded holomorphic function on R(c,,,)

2.1

In this section we give a necessary and sufficient condition in order that the
following function

p(z) = i[l - —ch = ﬁ (1 + zf"cn) (2.1)

n=1

is bounded on a Zalcman domain R = R(c,, ry,) satisfying (1.4).
Suppose n > m and |z| > ¢;,,—1. We have

Cn Cn

IN

Z—Cp| T Cme1—Cm

Assumption (1.4) implies that > >° ¢, < oco. Thus, p is meromorphic on
C\ {0} and holomorphic on R\ {0}, where C = CU {0} denotes the Riemann
sphere.

Now, we estimate the bound of |p| on R(cy,r,). For simplicity, we denote
A, = A(cp, ) and R = R(c,,r,). Since p is holomorphic on R\ {0},

M, = 2.2
n = max [p(z)| (2:2)
is finite for each n € N. We will describe sup, g [p(2)| with respect to the
sequence {M,,}>° ;. Consider the maximum value of |p| on the circle v, = {z €

C :|z| = cn — ). Setting gm(2) = en/(z — cm), p(2) = [[,,eN (1 + gm(2))-
For each factor 1 + ¢,,(z) we see that

max |1 + ¢n(z)] = max & = T
ZE€n Z€n | Z — Cm min e, |2 — ¢m|
Cn —Tn

S — — )] .
|Cn_Tn_C7rL| | +qm(cn T'ﬂ)|



Since 7y, N 0A,, = {c, — r,} (one point set), we have

max Ip(2)] = [p(cn — 7)) Jnax Ip(2)] (2.3)

Set B
R,=RN{ze€C:|z|>cp—1n},

R,={2€C:|z[>cpn—ra}\ |J Ax.
k=1

Then, R, C R), and the function p is holomorphic on R],. By (2.2) and (2.3),
it follows that

sup [p(z)| = sup [p(z)| = max{My, ..., M,} .

2ER, zER],
Hence we have
sup |p(z)| = sup M, . (2.4)
z€R nelN

2.2

Also, we need the follwing simple lemma.

Lemma 2.1 Let {E,}, N be a family of subsets of N and {3,,n : n € N;m €
En} be a set of positive numbers. If sup, . N Y mep, Om.n < 00, then

sup H (14 0pmn) <oo.
nGNmGEn

Proof. Since log(1 + z) < z for x > 0, we have

Z log(1+ dpm.n) < Z Omon -

mek, meky,
Therefore
sup H (14 6mmn) < exp(sup Z Omon) < 00 .
neN mem, neNmeg,
O
2.3

We now prove the main theorem of this section.



Theorem 2.1 Let {c,}22, and {r,}32, be sequences satisfying (1.1) and (1.4).
The holomorphic function p is bounded on R(cy,r,) if and only if

cn
sup ———— < 00 . (2.5)
nelN C1 " Cn—1Tn

Proof. (The “only if” part) Set A,, = A(cp,ry,). For z € 0A,

z

oglp(=)| = m’

‘ +log|z| — logTy, .
melN\{n}

Z—Cm

Since

1
—/ log [p(z)|darg = < log M, ,
27'[' A,

applying the Gauss mean value theorem to the left hand side of the last inequal-
ity, we have

Cn

Z log

meN\{n}

’ + log ¢, — logr, <log M, ,

c’ﬂ m

or equivalently

m=1 m=n+1
Note
n—1 c n—1 c 1
n — I
21 6m —Cn B H1 (Cm 1 C"C;ll)
n—1 n—1
Cn, cp
> — = 2.7
nl_;[l Cm C1 Cp—1 ( )
and
a c
11 = >1. (2.8)
m=n+1 Cn = Cm
By (2.6), (2.7) and (2.8), it follows that
7
n <M,
Cl " Cp—1Tn
Therefore
C’ﬂ
sup ——— < sup M, = sup |p(z)| < oo.
nEN Cl1-""Cn—1Tn nEN z2ER



(The “if” part) Condition (2.5) implies that there exists pg > 0 such that

n
n !/

Tnzpocl"'cn—l T
for any n € N. Since R(cp, ) C R(cp, 7)), it sufficies to show that p is bounded
on R(cn, ). For the proof, we use this 7], in place of r, and write r}, as r,
for simplicity. By (1.4), there exist constants 0 < dp < 1 and ny € N such that
n/Cn_1 < &g for all n > ng. Since the function p is meromorphic on C\ {0}, M,,
is finite for each n € N. By (2.4), we have only to show that sup,,-.,,, M, < co.
Set Do = A\ Up2 Ay and

o

1

Z— Cm

My = sup
z€Do

m=1
Suppose n > ng. Noting

no 1 o0 -
— . Mo,
p(Z)_<HZ—Cm> z < H Z—Cm>7
m=1 m=no+1

we have
no oo
1 z
M, = sup (H RPLOIN H
2EOA, me—1 Z — Cm m—no+1 Z— Cm
a c
< Moy(cn +1p)™ H sup |1+ —= ‘
meng+1 2EOA, Z —Cm
<

n—1
” Cn+7Tn
MO‘C“““( 11 _<+>>

m=ngo+1 m

Cn +7Tn s Cm
X . 1+ —F
L (14 )

= Tn — Cm

m=n-+1
n—1
(cn +10)" 1 1
DR | R Vol o rae
n m—no41 \Cm - TnCn )CnCm

oo -1
ancn
X H (1 + ( _1> .

-
el 1—rpcn’) — emen

Set €, = r,¢, 1. Then, we have
Cn

n—1
My < Mo(l4e)y— (1 +
€1 Cn-1Tn m=ng+1

(1+en)enc ! )
1—(1+¢en)cncm'

x ﬁ (1+( CmCn 1). (2.9)

et 1—ep) —cmen




Now, it sufficies to show the following three assertions (2.10), (2.11) and (2.12).

sup (1+e,)" < oo . (2.10)
n>ngo
n—1
]‘ n n L
sup H <1—|— (L+en)e Cm1> <00 . (2.11)
n>no ooy 1—(1+en)cncm
ﬁ (1 Lot > < (2.12)
sup — 00 . .
n>ng m=n+1 (]. — €n) — Cmcnl

Proof of (2.10): Since n > ng, we see that

n—1
C.
= ) < pody "

Cnfl
—1 n
Ep =TnC, = pP0— S Po <
Cn—1

cl PR cn71
Since dp < 1, we have e, < 1/n for sufficiently large n. This implies (2.10).
Proof of (2.11): Since €, — 0 as n — 00, €9 = MaXy>n, En exists. We have
(14 en)enc! < (I4+e0)og™ ™
1—(1+ep)enem ~ 1—(1+¢e0)do

Om,n 1=

Therefore,
n—1
sup g O, < 00
n>ng m=ng+1

and (2.11) follows by Lemma 2.1.

Proof of (2.12): Since €, — 0 as n — oo, replacing ng by a larger one if
necessary, we may assume that there is a constant §; with e,, < 01 < 1 — §g for
n > ng. Since

5/ o Cmcgl 66'17”’
e (1 - gn) - anC;l —1- 61 - 607
we have
oo
sup 8 < 00
n>ngo _2: ’
m=n+1

and hence, (2.12) follows by Lemma 2.1. O

3 Dependence of a sequence {r,} on a sequence
{Cn}
3.1

Corresponding to a pair of sequences {cg}?2, and {ry}32, , let us consider
two sequences {v,}52, and {N(n)}>2; determined by the relations ¢, = 27"



and r, = 27N Since {c,}22, is strictly decreasing and converging to 0,

Un —1 1S Strictly 1mcreasing an m v, = OQ. en, condaitions . an

o | s strictly i ing and i Th ditions (1.4) and
n—oo

(2.5) are equivalent to the conditions

liminf(vp41 —vp) >0 (3.1)

n—oo

and

SUp vn {N(n) - <n - W)} <0, (3.2)

neN Vn

respectively. In the case ¢, = 27" and 7,, = 27"V (") (3.2) is writen as

sup (N(n) - ";r 1) < (3.3)

(ct. [3)).

3.2

As we have seen, (3.2) is a necessary and sufficient condition in order that the
function p(z) is bounded on the domain R(cy,r,). We are interested in how
small r,,’s (or, how large N(n)’s) can be chosen depending on {¢,}. From (3.2),
we see that an approximate size of N(n) is given by
vi=mn— S L U (3.4)
V'”/

In order that p(z) € H*°(R(cy,rr)), the next proposition shows that the
sequence {N(n)}22; can be chosen always as N(n) — oo (n — 00); and that
N(n) can be chosen almost equal to n (the maximum order) for a sequence
{en 52, while N(n) should increase very slowly for another sequence {¢, }52 ;.
Note that (3.1) is obvious when {v,,} is a strictly increasing sequence of positive
integers, which is the case we shall consider in the proof of parts (b) and (c)
below.

Proposition 3.1 (a) For any strictly increasing sequence {vy, 52, with v, >0
and lim v, = oo, the sequence {v:}°2 is strictly increasing, vi < n and
n—oo

lim v} = oo.
n—oo

(b) For any sequence {0,}52, with 0 < o, < 1, there ezists a strictly in-
creasing sequence {vy, 122 of positive integers such that v} > op,n (n € N).

(c) For any increasing sequence {3,}°2 1 no matter how slowly increasing it

. . : ; . . o
may be as far as nh_)n;o Bn = 00, there exist a strictly increasing sequence {vy, }22 ¢

of positive integers and a subsequence {n;}5°; C N such that v}, < f3,, (i € N).



Proof. (a) Since

Vi v o= pylo AT A it e
Vn+t1 Uy
1 1
= 1_ +(1/1+.'+1/n1)(— )
Vn+1 Up Vni1
> 0,

{vr}22, is a strictly increasing sequence. For any m € N there exists an
n(m) € N such that v, > 2v,,—q for all n > n(m). Then, v;/v, < 1/2 for
n>n(m)and j =1,---,m — 1. Hence,

v, = 1+(1—V1)+---+<1—”m1)+---+<1—””1)
Vn Un Un

S 1
—-m .
-2

Thus, lim v} = oo.
n—oo
(b) Set v; = 1. Then, v =1 > o11. Suppose that we have already chosen
{ve}}_, so that vj > ool. We can choose a positive integer v,,11 such that

Vn/Vnt1 <1 —o0p41. Then,

R
Un+1 Un+1

> (n—|—1)<1— ””)
Vn+1

> (n+1)opas -

*
Vn+1

(c) Suppose that we have already chosen n,_q and {v,}.-;'. We are going
to choose an ny (> ne—1) and {v,},%,,, ;. Fixane > 0. Since lim 3, = oo,

n—oo

there exists an ny, € N such that
ng>ng—1 and By, >1+ne_1+¢.

For m = ny —ny_1 — 1 there exists v € N such that

m2
V>max<qm,— o .
€

‘We have




Now we define v,, = v — (ny —n) for n (ng—1 < n < ng). Then,
V’r*u 1+(1_V1>+...+(1_VW1>
Vn, Vn,
Vn,_ g
+<1_“H>+...+ <1_V"'1>
Vn, Un,

< l4+np1+e¢.

Therefore, it follows that v, <1+mn, 1+ < By, O

4 A necessary condition for the uniqueness the-
orem

4.1

First we show the next lemma.

Lemma 4.1 Suppose that {v,}52, is a strictly increasing sequence of positive
numbers satisfying the property (3.1). Let R = R(27,27"»N(")) be a Zalcman

domain. If {N(n)}>2, satisfies lim (v} — N(n)) = oo, then the uniqueness

theorem is not valid for H*®(R) at z = 0, i.e., there exists an f € H*®(R) such
that

2—0,2<0

Proof. We set

f(z):Hz_ZC, awx)= ] Z_ZC (ke N) .
n=1 n n=k+1 n

Applying Theorem 2.1, we have f € H*(R) and gy € H*®(R). In fact, for

n>k
Vn{N(n)_<n_k__l/k+1+'l/'+yn—1>}

:yn{N(n)_l,;Jrk_”l‘L'”‘L”k} .

Un

Since lim (v4 +---+vk) /v, = 0, the assumption lim (v — N(n)) = co implies

Supl/n{N(n>_ (n_k_yk+1+...+yn_l)}<oo k:O71a27"' .
n>k Vn

10



This shows that g, € H*®(R(cp, "n)n>k)- In particular, we have f, g € H*(R).

Setting
k
U z—cp’

we have f, € H®(R(cpn, 7)), and f(2) = 2F fx(2) (k =0,1,2,---). Also,

am 1 i m 1
f(m)(z) — 7{2m+ ferl(z)} = Zka((kJ—:ll)) k+ fffj_l(z) , (4.1)

where ,,,C, denote the binomial coeflicients. If we show that fkm) (z) is bounded
n [—1/2,0) for any m, k € N U {0}, then it follows from (4.1) that

lim f™(z)=0 (m=01,2--").

2—0,2<0

Set D = {z € C:|z+1/2| < 1/2}. Since fi € H>*(D), we have, for z €
[—1/2,0) and k,m € N U {0},

m! fr(C)

el W C‘

m " fema (€
I8

2mi (¢ — z)m+l

()] =

O

IN

m! m+1
— su m —_— dc| .
s (O] [ ||

Set ¥,({) = ¢/({ — z). Since v, maps dD onto the circle with radius 1/2(1 + z)
centered at 1/2(1 4 z), we have

¢ |
sup =2.
ceaD,ze[-1/2,0) | — 2
Thus f,gm)(z) is bounded on [—1/2,0). O

Theorem 4.1 Let {¢,}22, and {r,}52, be any sequences satisfying (1.1) and
(1.4) with r, = ™ If the uniqueness theorem is valid for H>®(R(cp,mn)) at
z =0, then lim N(n) = oco.

n—oo

Proof. To the contrary, we assume that liminf N(n) < co. This implies that

n—oo

there exist a positive constant p and a strictly increasing sequence {ns}7>, of
positive integers with N(ny) < p for all k € N. We set ¢, := ¢, = 2"’/’@, and
N'(k) := p. By Proposition 3.1 (a), we see that klim (V1. — N'(k)) = oo and

— 00

N'(k) = p > N(ng) . (4.2)

11



Applying Lemma 4.1, we find a function f € HOO(R(CQC,CQCN/(]C))) such that

1%m<0 f0™(2) =0 for all m € NU{0} and f # 0. From (4.2), it follows that

R(cy,mn) C R(c}, c?cN/(k)). Thus f belongs to H*®(R(cy,ry,)). This contradicts
the assumption that the uniqueness theorem is valid for H>(R(cy,,ry,)) at z = 0.
O

5 The Myrberg phenomenon

5.1

Let ¢ : ﬁo — Ag be an unlimited two-sheeted covering with the branch points
{7 (cn)}. From Theorem 4.1, we have the following theorem.

Theorem 5.1 Let {c,}52, and {r,}52, be a pair of sequences satisfying (1.1)
and (1.4), and let R = R(cp,rn) and R = ¢~ Y(R). If the uniqueness theorem

holds for H*®(R) at z = 0, then the Myrberg phenomenon H*(R)op = H*(R)
occurs.

The proof of Theorem 5.1 is the same as in [3]. Here we only sketch its
outline. Let g € H®(R). Set f(z) = (g9(27)—g(27))?, where o=1(2) = {zT,27}
for z € R. By Theorem 4.1, N(n) — oo (n — o0). Using this fact, we can prove

lim ™ (z)=0

z2—0,2<0

for every m € N'U {0} in the same way as [3]. The uniqueness theorem implies
f =0. This implies that g = G o ¢ for G(z) = (g(z*) + g(27))/2 € H*(R).

5.2

Now we prove, as one of our main purpose of this paper, that the converse of
Theorem 5.1 is false. More generally, the following theorem holds.

Theorem 5.2 Let {c,}52; be any strictly decreasing sequence with 0 < ¢, <1
satisfying (1.4). Then, there exists a Zalecman domain R = R(cp,ry,) such that
the Myrberg phenomenon occurs for (JNE, R, @) but the uniqueness theorem fails
for H®(R) at z = 0.

Proof. For simplicity, we only prove the case ¢,, = 27". (The general case can
be proved in the same way.) For any strictly increasing sequence {nj}$2, of
positive integers, we set

{ ng for ng_1 <n < ng (5.1)

4 forn =mny .

12



Then, liminf N(n) = 4 < co. Therefore, the uniqueness theorem is not valid for
n—o0

H>®(R(27",27"N()) at 2 = 0 by Theorem 4.1. In what follows, we inductive-
ly choose such a sequence {n;}?2, that the Myrberg phenomenon occurs for

(R(2-, 27N ), R(2=m, 2-nN () o). et

A, = A(277, 277N A% = A(0,2=m — 2-mN(m)

and

R =80\ (UpE, A0 UAT,).
Fixing a point a with —1 < a < —1/2, we denote ¢~'(a) = {a*,a}. For a
subdomain W of Ag with a € W, we define

a(W,a) =sup{|f(a™) — f(a™)| : f € H=(W), [[fl <1} .

Set ar = a(Rg,a). By a normal family argument, we see that there exists a
fr € H®(Ry,) such that ||f]lec = 1 and o = |fr(a™) — fru(a™)|. Set ny = 1.
Note that o3 < 2 = 2/1. Suppose that n; < --- < nj have been chosen so
that a; < 2/5 (1 <j <k)and {N(n)},=, is defined by (5.1). For an integer

n=1

m (> ny), we define N(n) =m (n <n <m), N(m) =4, and set
= a0 ([ ao0as)
n=1

and ( (
akﬁ)l = a(RkT)l, a).

p(m)

There exists g, € H*(R,; ) such that ||g,,[|oc =1 and

™ = |gm(a™) = gm(a7).

From the definition of Rgz)l, it follows that as m — oo,

R /' R} = Ao\ ((U An> U{Q”:n>nk}>.

n=1

Thus, we can find a subsequence {g,, }72; and a function go € H Oc(E;C) such
that {gm,}72, converges to go uniformly on every compact subset of Rj. In
particular,

A" = g, (a*) = gy (@) = lgo(a™) = gola™)| (£ — o).

Since (N;C, %> ) have branch points {27"},%,,, the classical Myrberg ar-
gument implies that the Myrberg phenomenon occurs for (R}, R}, ). That

13



is, go(a®) = go(a™). Therefore there exists an m such that m > n; and
a;n_;)l < 2/(k+1). We set ngr1 = m, Nn) =m (np < n < m = ngy1)
and N(ng41) = 4. In this way, we define {ns}3>, and {N(n)}52;. As above,

we now find functions f € H>(Ry) such that || f]lec = 1 and

ElI

|fr(a™) = fr(a™)] = a(Ry, a) <

for k € N. Since Ry C R = R(2™",27"N()) H>(R)|g, € H®(R;) and

a(R,a) <a < %

for all k. Therefore, a(R,a) = 0 and we obtain f(a*) = f(a™) for all f €
H*>(R). By Forelli’s theorem ([1], cf. also [4]), this implies that f(z%) = f(27)
for all z € R, ¢~ !(z) = {z", 27 }. Hence, the Myrberg phenomenon occurs for

(R, R, ). O

5.3

One may see from the proof of Theorem 5.2 that the order of r,, with respect
to ¢, is not so restrictive for the Myrberg phenomenon, comparing with the
uniqueness theorem. The next theorem may also emphasizes this fact in a
slightly different flavor.

Theorem 5.3 Let D be an arbitrary plane domain such that H*> (D) contains
a nonconstant function. Let ¢ : D — D be any unlimited (branched) two-sheeted

covering for which the Myrberg phenomenon H*®(D) oy = H*®(D) occurs. Let
{K,}22, be a family of mutually disjoint compact subsets of D such that

(a) {K,n}22, clusters to the boundary of D, that is, only a finite number of
K, intersect with each compact subset of D;

(b) D\ UX K, is connected.
Then, there exists a subsequence {K,, }3>, such that the Myrberg phenomenon

occurs for (D\ U2, Ky, D\ U2, K, , ), where K, = o1 (K,,).

If we apply this theorem to the case ¢ : &0 — A with the branch points
{p~1(27™)}, then we may choose, for instance,

K,={2"+4+iy:yec[0, 278"}

The diameter of K, is 278" = 27N where N(n) = k’% — 0 (n — 00).
In a sense, this shows that a part of, because only a subsequence remains in the
sequel, K,,’s can be chosen very large for the Myrberg phenomenon.
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Before the proof of Theorem 5.3, we remark about the compact sets K,
mentioned in the theorem. By the assumptions, we can find, on considering
an exhaution of D \ U2 ; K,, by relatively compact smooth domains, relatively
compact connected open subsets F,, of D such that K,, C E,,, C E,, C D and
E,,NK, =¢ (m # n). Thus, each point z € K,, can be joined with a point
in E, \ K, by an arc in E,, (C D\ K,, for m # n). Therefore, D \ K, is
connected for every n. This further implies that C\ K, is connected for every
n, or equivalently, that C\ K, has no bounded components.

Looking at the proof of Theorem 5.2, it may be obvious that Theorem 5.3
follows from the next proposition by a similar argument.

Proposition 5.1 Let D be an arbitrary plane domain such that H* (D) con-
tains a nonconstant function. Let ¢ : D — D be any unlimited (branched)
two-sheeted covering. Let K be any compact subset of D. For a connected com-
ponent Dy of D\ K, write l~)0 = ¢ Y(Dy). Then, Myrberg phenomenon occurs
for (ZND, D, p) if and only if so does for some of (l~)07 Dy, ).

Proof. (The “if” part) Suppose that the Myrberg phenomenon H*(Dg) o ¢ =
H®°(Dy) occurs for a connected component Dy of D\ K. Let a be a point in
Dy such that a is not the projection of a branch point of ¢. Then, a™ # a~,
where ¢~'(a) = {a*,a”}. Since the points a™ and a~ are not separated by
H‘”([N)O), by the assumption, f(a™) = f(a™) for every f € H>(Dy). Since
Hoo(l~))|50 C H®(Dy), the points at and a~ are not separated by H* (D).

For f € H*®(D), g(2) = (f(27) — f(27))? defines an element in H>°(D), where
2z € D and ¢~ 1(2) = {zF,27}. Now, we have g(a) = 0 for any points a € Dy
such that a is not the projection of a branch point of ¢. Since such points a
are dense in Dy, we have g = 0. This shows that H*(D) o ¢ = H*>(D), the
Myrberg phenomenon for (5, D, ).

(The “only if” part) We shall prove the contraposition. Namely, we assume
that the Myrberg phenomenon does not occur for any (Dg, Do, ). By Forelli’s
theorem ([1]), this implies that H>(D \ K) is point separating, where K =
@ 1(K). Thus, for any pair of distinct points p,q in D \ IN(, there exists a
function f in H**(D \ K) such that f(p) # f(q). We find a relatively compact
open set €2 such that

KcQcQcbh

and such that the boundary 92 consists of a finite number of mutually disjoint
closed Jordan curves I'y,---,I'y. For the proof, we may replace K by a larger
compact subset if necessary. Replacing K by Q and by a larger one, we may
assume that K and D\ K cousists of a finite number of connected components.
Then, connecting the components of K by arcs in D, we may assume that K is
connected. In addition, attaching all relatively compact components of D\ K
with respect to D to K, we may assume that D\ K has no relatively compact
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components in D. It can be also assumed that D \ K consists of ¢ components
each of which contains only one I'; (j = 1,---,¢). Now we may assume that
I'y, renumbering I';’s if necessary, surrounds all other curves I'y,---I'y_;. (For
the proof of Theorem 5.3, we only need the case when C\ K is connected. In
this case, the proof becames a little simpler by setting £ = 1 below. Because
the proposition may have its own interest, we shall prove this proposition in the
present form.) Next, we choose an annular neighborhood A; of each I'; such
that

AjNK=¢ and A;CD

and such that the boundary 0A; consists of two closed Jordan curves 1"; and
I';. Here we may assume that I‘j surrounds I'; and that I';" surrounds 1";
forj=1,---,£—1. Let Q" be the domain surrounded by I'* := U§:1Fj~ For
each j =1,---,¢, let QF (resp., 2;) be the component of D\ K (resp., D\I'})
that contains I';. Then, 7 C Q}. Choose a point ag from K and a point a;
from € \Ajforj=1,---,0 Let 7: D — D be the cover transformation of ")
defined by 7(z+) = 2=, where ¢~ 1(2) = {z+,2"} for z € D. Since H*(D \ K)
separates the points a;r and a;, there exists a function f € H (D \ K) such
that f(aj+) # f(a;) for all j = 1,---,£. Replacing f by f — f o7, we may
assume that

FET) =—f(7)

for all z € D\ K. Since QF = ¢~ 1(QT) is a finite bordered Riemann surface,
we can find a function ¢ € H>®(Q1) such that ¢(al) # ¢(ag ). Replacing ¢ by

q — qoT, we also assume
q(z") = —q(27)

for all z € Q. Set A =US_, A. It follows that

for all z € A. If necessary, deforming I' := Ulefj slightly, we may assume that
both f and ¢ have no zero on I = ¢~ YT'). Thus, shrinking A4;’s if necessary,
we may further assume that f and ¢ have no zero on A = p~1(A). Now, f/q is

holomorphic on a neighborhood of A, and hence, there is a holomorphic function
g on a neighborhood of A such that

g =gop. (5.2)

Now, |g| > 0 on A. Thus logg is a multi-valued holomorphic function on A.
The periods of log g along I'; is an integer multiple of 27i. Note that Q7’s are
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mutually disjoint and nglﬁj =D \ K. Choosing suitable integers n;, and
replacing f by the function defined by

((z—aj)™ op)f <resp-, ((i:gj)w 0@) f)

on S~2;‘ for j =1,---,£ —1 (resp., on ()}‘), we can make the function logg to

be single-valued on A, while the function f may have poles at ¢~ 1(a;) (j =
1,--+,¢). Set h =log g and

h:l:(z) _ 1 h(C)

_% FiC—Z

dg,
where 't = Uﬁzlff. Then,
h(z) = ht(z) — h™(2) (5.3)

for z € A. By Cauchy’s integral theorem, the functions At and h~ are un-

changed on A even if we move the integral paths slightly. Thus, we may assume

that AT belong to H>(Q%F), where Q~ = UleQj_. We define a function F on

D by

+ O+
F= qexp(h_ ) on &3_ (5.4)
fexp(h™ o) on Q.

By (5.3) and (5.4), we have
I _ _ n -
“=gop=explhop)=exp(h"op—h~ ogp)

q
on A. Hence, F is a well-defined meromorphic function on D. Since H *(D)
contains a nonconstant element by the assumption on the domain D, we can
find nonconstant functions f; € H*(D) with f;(a;) = 0. Multiplying certain
powers of f; o ¢ to F', we obtain a holomorphic function Fy on D. Since the
functions z—a; on QF (j = 1,---,£—1) and (2 —ap)/(z —ar) on 2 are bounded
on 0D, the maximum principle yields Fy € H oo(5) Note that Fj separates the
fiber ¢~!(a) for some point a of D. Using Forelli’s theorem again, we conclude

that H>°(D) separates the points of D. O
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