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We derive analytical formulas for the modulation of the reflectance and transmittance of light normally inci-
dent on a multilayer thin-film structure whose refractive indices are perturbed by an ultrashort optical pulse.
The formulas, expressed in compact form, should prove useful for analysis of a wide range of ultrashort time-
scale experiments on multilayers as well as longer time-scale photoacoustic and photothermal experiments
based on optical probing. We demonstrate our method by the analysis of the modulated reflectance variation
of a SiO2 /Cr structure in which picosecond acoustic pulses have been optically excited. © 2002 Optical Soci-
ety of America

OCIS codes: 320.7120, 230.4170, 300.6430, 120.4290, 310.6860, 310.6870.

1. INTRODUCTION
The reflection of light from multilayer thin-film struc-
tures is an important problem for a variety of applica-
tions. Recently such structures with layer thicknesses in
the submicrometer range have been the focus of a wide
range of ultrashort time-scale experiments that probe the
inhomogeneous modulation of the dielectric constant
along the stacking direction induced by an incident ul-
trashort optical pulse.1–17 This modulation can be
caused by, for example, the diffusion and relaxation of
nonequilibrium electron and hole distributions, thermal
diffusion, or coherent acoustic-phonon propagation. The
main aim of these experiments is to probe such phenom-
ena and extract quantitative information about the rel-
evant spatiotemporally varying field. Another popular
aim is to measure the electronic, thermal, or mechanical
properties of the multilayer film structure itself.

To interpret the experimental results for multilayers in
the general case, one needs to handle the problem of light
scattering by multilayer films with inhomogeneously
modulated optical constants and thicknesses. This pro-
cedure becomes extremely complex for transparent or
partially transparent multilayer films because optical
scattering from all or part of the sample makes a contri-
bution to the final amplitude and phase of the reflected or
transmitted light wave. Many commercially and physi-
cally important samples such as semiconductor hetero-
structures or multilayer metal stacks are partially trans-
parent at visible or near-visible optical wavelengths when
film thicknesses are in the nanometer to micrometer
range.

For one- or two-layer structures, techniques have been
developed to deal with the problem of multiple optical re-
flections when one is calculating the modulation in reflec-
tance or transmittance.14–19 For samples with more lay-
ers, however, the problem becomes extremely complex
and difficult to handle.20–23 Therefore there is a need for

a simpler approach to analyze the modulation in the re-
flectance or transmittance of a multilayer sample with an
arbitrary number of layers subject to perturbations in the
dielectric constant or layer thickness.

In this paper we describe, for what to our knowledge is
the first time, the derivation of such a generalized ana-
lytical theory. The reflectance and transmittance
changes are expressed in a simple ready-to-use form that
has not been given in previous treatments.20–23 The
theory can be used to analyze ultrashort time-scale opti-
cal pump and probe experiments on arbitrary multilayer
structures with normal probe light incidence when the
changes induced in the dielectric constants or the layer
thicknesses of the structure are relatively small compared
to their equilibrium values. It is applicable, for example,
to the interpretation of subpicosecond transient reflec-
tance or transmittance in multilayers with spatiotempo-
rally varying electron distributions that can be described
by a suitable dynamical model and to the analysis of data
from multilayers involving picosecond thermoreflectance
or picosecond acoustics. The main focus of the present
paper is on the application to picosecond acoustics. It
should also be possible to apply the method to longer
time-scale photothermal and photoacoustic experiments
on multilayers that make use of optical probing. To dem-
onstrate the practical application of the theory, we de-
scribe ultrafast optical measurements on a double-layer
SiO2-Cr thin-film structure on a fused-silica substrate in-
volving the propagation of picosecond acoustic pulses and
show how the results can be used to extract information
about the film parameters.

In Subsection 2.A we consider how the optical reflec-
tance and transmittance are affected by spatially depen-
dent perturbations—such as those arising from strain or
temperature variations—in the multilayer structure. We
consider the particular example of an optically excited
strain distribution in a multilayer by means of a simpli-
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fied model of strain generation and propagation in Sub-
section 2.B. The experimental procedure is described in
Section 3, and the experimental data are analyzed in Sec-
tion 4 on the basis of the theoretical model. In Appen-
dixes A–C the details of the light-scattering theory, in-
cluding the derivation of the Green’s function, are given.

2. THEORY
A. Light Scattering by an Inhomogeneous Multilayer

1. Theoretical Background
The typical dimensions of the multilayers considered
in this paper range from the order of a nanometer to app-
roximately a micrometer, and experimental time scales
of concern here are of picosecond order. Photoexcita-
tion of such a sample by ultrashort optical pulses causes
perturbations, in the guise of strain,1–7,13–16 temp-
erature,9–13,23–27 and excited carrier distribu-
tions,10–13,24–29 all of which are varying in both space and
time. The effect of these perturbations on the dielectric
constants has been extensively investigated since the ad-
vent of ultrashort-pulse lasers, thanks to the ease of
monitoring the variation in the optical reflectance or
transmittance with the optical pump and probe tech-
nique. It is less well known that a propagating strain
distribution in a sample can also significantly affect the
optical reflectance or transmittance through the induced
motion of the sample interfaces on ultrashort time scales,
independent of the coupling of the strain to the dielectric
constants.2,14,15 The overall optical reflectance, trans-
mittance, and phase in a multilayer sample can therefore
vary with time after optical excitation according to the fol-
lowing two mechanisms: (1) perturbations in the dielec-
tric constants and (2) perturbations in the interface posi-
tions (implying variations in the film thicknesses). In
the present treatment we consider optical pulses with a
coherence length that is much greater than the total
thickness of the transparent (or partially transparent)
portion of the multilayer in question. The multiple opti-
cal reflection of the light can then be treated as if the light
were monochromatic. With 100-fs Fourier-transform-
limited optical pulses, the corresponding coherence length
is ;30 mm. Multilayers thinner than ;5–10 mm can be
treated with reasonable accuracy with the present theory
in this case.

It is not uncommon in experiment to monitor either the
reflectance and transmittance variations or both by use of
delayed probe light pulses, making use of the optical
pump and probe technique. The technique of monitoring
both reflectance and transmittance variations allows
more information about the sample response to be de-
rived. For example, the separation of the variations of
the real and complex parts of the dielectric constant can
be achieved for a sample consisting of a partially trans-
parent layer on a substrate.9,11 It is also possible to si-
multaneously detect both intensity and phase changes in
reflection, also providing more information than an inten-
sity measurement alone.2–4 This can be done, for ex-
ample, with an interferometric or beam deflection setup.
The theoretical approach presented in this paper also al-

lows the extension of the analysis of this kind of experi-
ment to more complex multilayer geometries.

Because we compare the theory with experimental re-
sults in the field of laser picosecond acoustics, in this pa-
per we mainly focus on the effect of induced strain distri-
butions, although the equations obtained apply equally
well to other distributions provided they can be expressed
in terms of perturbations in the linear dielectric con-
stants. Laser picosecond acoustics is based on the optical
excitation of a picosecond acoustic-phonon pulse in a
sample and the optical detection of the phonon propaga-
tion through the variation in reflectance, transmittance,
or phase of a probe light pulse.1,2 Although the tech-
nique has been applied successfully to opaque multilayer
structures with several layers, the case of partially trans-
parent or transparent multilayers is less well understood
because of the increased complexity of the analysis. In
spite of the continuing interest shown in the application
to superlattices,5–8 only the case of a single transparent or
partially transparent layer on another opaque layer has
been properly analyzed to include interface motion as well
as variations in the dielectric constants.14–16 The exact
treatment for the general case of more than one transpar-
ent or partially transparent layer presented here should
therefore be extremely valuable in the field of laser pico-
second acoustics for application to samples of arbitrary
multilayer structure. The method should also be useful
in the field of femtosecond probing of semiconductor het-
erostructures. In addition, it should be applicable to
more conventional experiments, based on photothermal
or photoacoustic effects, that involve optical probing in
transparent or partially transparent multilayers.30–33

2. Solution of the Inhomogeneous Wave Equation
Here we aim to calculate the complex reflectance or trans-
mittance change for coherent light normally incident on a
multilayer sample. Each layer is assumed to be optically
isotropic in its equilibrium state, that is, at zero strain,
with no excited carriers and at constant temperature. In
addition, each layer is also assumed to be mechanically,
thermally, and electronically isotropic. The z axis is de-
fined along the stacking direction of the multilayer, as
shown in Fig. 1. Each interface and the surface are

Fig. 1. N layers on a substrate. The incident light comes from
z , 0. Each layer is assumed to be optically isotropic in its
equilibrium state.
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therefore perpendicular to the z axis. The incident light
comes from z , 0 and propagates along the positive z di-
rection.

The lateral extent of the irradiated region is assumed
to be much larger than the scale of the depth under con-
sideration. For example, a typical laser beam spot with a
radius of 10 mm would be appropriate for a multilayer
film for which the optical penetration depth is of a submi-
crometer order. In this case it can be assumed that the
strain, temperature, and excited carrier distributions in
the sample are dependent only on the z coordinate and on
the time t.

The general wave equation derived from the Maxwell’s
equations is

~¹2 2 grad div!E~x, t ! 5 m0

]2

]t2 D~x, t !. (1)

By considering monochromatic light with angular fre-
quency v, we can omit the common time-dependent factor
exp(2ivt). Under a linear approximation, the electric
displacement D is given as D 5 e0ẽ(v)E, with dielectric
tensor ẽ; and the wave equation of Eq. (1) is reduced to

~¹2 2 grad div 1 k2ẽ !E~x! 5 0, (2)

where k 5 Am0e0v is the wave vector of light in vacuum.
Because the characteristic time scale of concern here for
strain propagation, thermal diffusion, excited carrier re-
laxation, or carrier diffusion is much longer than the pe-
riod of the light wave, we can treat the dielectric tensor as
a quasi-static quantity. We therefore neglected terms re-
lated to the time derivatives of ẽ. However, the spatial
dependence of ẽ is retained.

As the scattering and reflection of light are governed by
the spatial variation of the dielectric tensor that depends
only on the z coordinate here, no changes in the x and y
components of the light wave vector are expected for any
angle of incidence. In our case of normal incidence, it is
possible to write E(x) 5 E(z). Then the wave equation
of Eq. (2) is reduced to

H F ]2/]z2 0 0

0 ]2/]z2 0

0 0 0
G 1 k2ẽJ E~z ! 5 0. (3)

Because no off-diagonal component in ẽ and exx 5 eyy is
expected here, as shown in Appendixes A and B, Eq. (3)
includes two independent and equivalent wave equations
for Ex(z) and Ey(z), and, in addition, Ez(z) 5 0. The
light wave is purely transverse, and there is no mixing be-
tween x and y polarizations. Without loss of generality,
we consider only linearly polarized incident light and take
the x axis along the direction of polarization.

The dielectric tensor component of interest, e [ exx
5 eyy , can be divided into homogeneous and inhomoge-
neous parts, eh(z) and e ih(z). The material-dependent
dielectric constant in the equilibrium state forms the ho-
mogeneous part. It is a staircaselike function and has a
constant value within each layer characterized by the la-
bel n (0 < n < N 1 1):

eh~z ! 5 e~n ! for zn21 , z , zn .

Special values of zn are z21 5 2` and zN11 5 1`.

The inhomogeneous part e ih is the sum of bulk and in-
terface contributions, eb and e if , respectively. In this pa-
per, the strain-induced bulk contribution eb is given by

eb~z ! 5 P12
~n !h~z ! for zn21 , z , zn , (4)

where P12
(n) is the photoelastic constant of the nth layer

and h(z) [ hzz(z) is the zz tensor component of the strain
distribution (Appendix A). The interface contribution e if
is caused by the displacement of the interface because of
the strain and is given by

e if~z !

5 H e~n ! 2 e~n11 ! for u~zn! . 0, zn , z , zn 1 u~zn!

e~n11 ! 2 e~n ! for u~zn! , 0, zn 1 u~zn! , z , zn ,

0 otherwise,
(5)

where

u~z ! 5 2E
z

`

h~z8!dz8 (6)

is the displacement in the 1z direction.
We proceed by assuming that the solution for the ho-

mogeneous wave equation, defined over all space, is
known:

F ]2

]z2 1 k2eh~z !GE0~z ! 5 0, (7)

and likewise for the Green’s function defined by the equa-
tion

F ]2

]z2 1 k2eh~z !GG~z, z8! 5 2d ~z 2 z8!. (8)

The derivations of the homogeneous solution E0(z) and
the Green’s function G(z, z8) are given in Appendix C.
Physically, G(z, z8) represents the response at z caused
by a localized disturbance at z8. Both E0(z) and
G(z, z8) should satisfy the same boundary conditions at
each interface. By using these solutions, we can express
the solution to the inhomogeneous wave equation in Eq.
(3) as

E~z ! 5 E0~z ! 1 E
2`

`

k2e ih~z8!E~z8!G~z, z8!dz8

. E0~z ! 1 E
2`

`

k2e ih~z8!E0~z8!G~z, z8!dz8

1 E k4e ih~z8!e ih~z9!E0~z9!G~z, z8!

3 G~z8, z9!dz8dz9 1 ¯ . (9)

As described in Appendix C, the solutions E0(z) and E(z)
each contain two components propagating in the 1z and
2z directions. Because we consider the reflection and
transmission of light coming from z , 0, the 2z propa-
gating components of E0(z) and E(z) in the region z
5 1` should be zero. The boundary conditions for E(z)
at z 5 6` require that the 1z propagating component of
G(2`, z8) and the 2z component of G(1`, z8) should
both be zero. This formalism is exactly equivalent to
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that for particle scattering by an arbitrary static potential
in quantum mechanics. When e ih is small, expansion up
to first order in Eq. (9) is sufficient in many experiments.
It is also possible to include higher-order terms in the ex-
pansion for large perturbations.

The solution to Eq. (7) is constructed from the solutions
for each layer where we consider the boundary conditions
at each interface. This homogeneous solution for a
multilayer structure can be derived by a transfer matrix
technique, as is well known.34,35 We give the derivation
in Appendix C. The solution for the nth layer has the
form

an exp~iknzn! 1 bn exp~2iknzn!, (10)

where an and bn are constant electric fields that satisfy
the given boundary conditions, and zn and kn are defined
as follows:

zn [ H z 2 zn21 for n > 1,

z for n 5 0,

kn [ Ae~n !k [ ~Nn 1 iKn!k,

where Nn 1 iKn is the complex refractive index and kn is
the complex wave number in medium n.

The Green’s function necessary for the reflectivity cal-
culation is given as

G~z, z8! 5
i

2k0a0
exp~2ik0z !E0~z8!

for z8 . z, z , 0. (11)

Incorporating Eqs. (4), (5), and (11) in Eq. (9), we obtain
the following result at z , 0 beyond the perturbed region:

E~z ! . E0~z ! 1 E
z

1`

k2@eb~z8!

1 e if ~z8!#E0~z8!G~z, z8!dz8

5 E0~z ! 1 E
z

1`

k2eb~z8!E0~z8!G~z, z8!dz8

1 (
n50

N E
zn

zn1u~zn!

k2@e~n ! 2 e~n11 !#E0~z8!

3 G~z, z8!dz8

5 a0 exp~ik0z ! 1 b0 exp~2ik0z !

1
ik2 exp~2ik0z !

2k0a0
H E

z

0

P12
~0 !h~z8!@a0 exp~ik0z8!

1 b0 exp~2ik0z8!#2dz8 1 (
n51

N11 E
0

dn

P12
~n !h~z8

1 zn21!@an exp~iknz8! 1 bn exp~2iknz8!#2dz8

1 (
n51

N11

~an 1 bn!2@e~n21 ! 2 e~n !#u~zn21!J , (12)

where dN11 5 1`. Thus the relative change in the com-
plex reflectance is given by

dr

r
5

ik2

2k0a0b0
H E

z

0

P12
~0 !h~z8!@a0 exp~ik0z8!

1 b0 exp~2ik0z8!#2dz8 1 (
n51

N11 E
0

dn

P12
~n !h~z8

1 zn21!@an exp~iknz8! 1 bn exp~2iknz8!#2dz8

1 (
n51

N11

~an 1 bn!2@e~n21 ! 2 e~n !#u~zn21!J , (13)

where r [ b0 /a0 is the complex reflectance for the unper-
turbed multilayer. The first term in Eq. (13) accounts for
the possible modulation of the transparent medium in
front of the multilayer, the second term accounts for the
bulk photoelastic effect, and the third term accounts for
the interface motion. The result can be extended in a
straightforward way to include the effects of the tempera-
ture variation DT and the excited electron density Dn.
For this purpose, the quantity P12h in Eq. (13) should be
replaced by P12h 1 sDT 1 gDn, where s and g are con-
stants [See Eq. (A1)].

We now describe some concrete examples for simple
cases and make comparisons with related results previ-
ously reported in the literature. One of the simplest
cases is a single semi-infinite isotropic material whose flat
surface at z 5 0 is exposed to vacuum. The dielectric
constants for each layer are e (0) 5 1, e (1) 5 e. Thus the
wave vectors in each layer are k0 5 k 5 v/c and k1
5 Aek. In this case Eq. (13) reduces to

dr

r
5

2ik

1 2 e
E

0

1`

De~z8!exp~2ik1z8!dz8 1 2iku~0 !

5
4ikñ

1 2 ñ2 E
0

1`

Dñ~z8!exp~2ikñz8!dz8 1 2iku~0 !,

(14)

where ñ 1 Dñ . Ae 1 De is the complex refractive in-
dex. This formula is equivalent to that previously
reported.4 The expression for relative variation of the re-
flectivity DR/R 5 2 Re(dr/r) agrees with previous
research.1,10,19

Another example is the case of a transparent layer of
dielectric constant e1 of thickness d on a substrate of di-
electric constant e2 . The medium in front of the trans-
parent layer is a vacuum. The relative reflectance for
this case is given by

dr

r
5

ik

2a0b0
H E

0

d

De~z8!@a1 exp~ik1z8!

1 b1 exp~2ik1z8!#2dz8

1 E
0

`

De~z8 1 d !a2
2 exp~2ik2z8!dz8

1 ~a1 1 b1!2~1 2 e1!u~0 ! 1 a2
2~e1 2 e2!u~d !J ,

(15)

with

O. Matsuda and O. B. Wright Vol. 19, No. 12 /December 2002 /J. Opt. Soc. Am. B 3031



a0 5 ~k 1 k1!~k1 1 k2!

1 ~k 2 k1!~k1 2 k2!exp~2ik1d !,

b0 5 ~k 2 k1!~k1 1 k2!

1 ~k 1 k1!~k1 2 k2!exp~2ik1d !,

a1 5 2k~k1 1 k2!,

b1 5 2k~k1 2 k2!exp~2ik1d !,

a2 5 4kk1 exp~ik1d !.

This case with either real or complex e1 has been treated
previously exactly with a less compact formalism.14,16

Although the notation is different, Eq. (15) turns out to be
identical to the result derived by Gusev.16 We also note
that the second term in Eq. (13) agrees with the result
quoted without proof by Perrin et al.3

We now turn to the case of the complex transmittance.
Thin multilayers are often formed on a substrate with a
thickness considerably greater than the multilayer itself.
The reflection at the back surface of the substrate does
not add coherently to the light emerging from the
multilayer provided that the coherence length of the light
pulse is short compared to the substrate thickness. This
is the case for substrates with thickness *30 mm in the
case of 100-fs light pulses. For simplicity, we calculate
only the electric field at a point z . zN that is beyond the
perturbed region and within the (N 1 1)th layer, that is,
the substrate. For this calculation, we require G(z, z8)
for z . zN in Eq. (9). To calculate this, we need to extend
the range of application of the homogeneous solution of
Eq. (10). So far, we have considered only the solution
E0(z) for light coming from the x , 0 region. In general,
however, the 2N 1 2 constants an , bn in Eq. (10) are
uniquely determined if any two of them are specified. A
suitable symbolic representation of the solution for gener-
alized E0 is E0(z; ai8 5 a, bj8 5 b), which means that
ai8 and bj8 are specified. The primes are added to recall
that the set $an8, bn8% is not necessarily the same as that
used for the solution of E0 in Eq. (9). For example, the
solution for the case in which the light comes only from
the x , 0 region is expressed as E0(z) 5 E0(z; a08
5 a0 , bN118 5 0).

As is explained in Appendix C, the required G(z, z8) is
given by

G~z, z8! 5
it exp@ikN11~z 2 zN!#

2k0
E0~z8; a08 5 0, b08

5 1 ! for z8 , z, z . zN , (16)

where t [ aN11 /a0 is the complex transmittance for the
unperturbed multilayer. The coefficients $an8, bn8% for
E0(z8; a08 5 0, b08 5 1) are obtained from Eqs. (C1) and
(C2). The final result for z . zN is given as

E~z ! . E0~z ! 1
ikt

2
exp@ikN11~z 2 zN!#

3 H E
2`

0

P12
~0 !h~z8!@a0 exp~ik0z8!

1 b0 exp~2ik0z8!#exp~2ik0z8!dz8

1 (
n51

N11 E
0

dn

P12
~n !h~z8 1 zn21!@an exp~iknz8!

1 bn exp~2iknz8!#@an8 exp~iknz8!

1 bn8 exp~2iknz8!#dz8 1 (
n51

N11

~an 1 bn!~an8

1 bn8!@e~n21 ! 2 e~n !#u~zn21!J . (17)

Thus the relative change in the complex transmittance is
given by

dt

t
5

ik

2a0
H E

2`

0

P12
~0 !h~z8!@a0 exp~ik0z8!

1 b0 exp~2ik0z8!#exp~2ik0z8!dz8

1 (
n51

N11 E
0

dn

P12
~n !h~z8 1 zn21!@an exp~iknz8!

1 bn exp~2iknz8!#@an8 exp~iknz8!

1 bn8 exp~2iknz8!#dz8 1 (
n51

N11

~an 1 bn!~an8

1 bn8!@e~n21 ! 2 e~n !#u~zn21!J . (18)

As was done for the reflectance, we describe examples
for simple cases. In the case of a single semi-infinite iso-
tropic material whose flat surface is exposed to a vacuum,
the change of the transmittance is given as

dt

t
5

ik2

~k 1 k1! H E0

z

De~z8!Fk1 2 k

2k1
exp~2ik1z8!

1
k1 1 k

2k1
Gdz8 1 ~1 2 e1!u~0 !J . (19)

This can be rewritten as

dt

t
5

ik2

2k1
E

0

z

De~z8!Fk1 2 k

k1 1 k
exp~2ik1z8! 1 1Gdz8

1 i~k 2 k1!u~0 !. (20)

Another example is a layer formed on a substrate. Us-
ing the same notation as before, we give the result by
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dt

t
5

ik

2a0
H E

0

d

De~z8!@a1 exp~ik1z8! 1 b1 exp~2ik1z8!#

3 @a18 exp~ik1z8! 1 b18 exp~2ik1z8!#dz8

1 E
0

z

De~z8 1 d !a2@a28 exp~2ik2z8! 1 b28#dz8

1 ~a1 1 b1!~a18 1 b18!~1 2 e1!u~0 ! 1 a2~a28

1 b28!~e1 2 e2!u~d !J , (21)

with

The other coefficients a0 , b0 , a1 , b1 , and a2 were given
following Eq. (15).

B. Strain Wave Generation in a Multilayer
To experimentally test the theoretical predictions, we
simulate the strain wave generation, propagation, and de-
tection in a multilayer sample containing metallic and in-
sulating layers. For the strain wave generation, which
takes place in the metallic region of the sample, we use a
model that involves the following simplifying assump-
tions: (1) the absorbed pump light pulse sets up an in-
stantaneous temperature rise DT(z); (2) the isotropic
thermal stress caused by DT acts as the source term in
the strain wave equation; and (3) effects such as the finite
optical pulse duration and thermal diffusion are ne-
glected, although the effect of diffusion of nonequilibrium
electrons is included in an empirical manner as described
below.

The equations of elasticity in one dimension for an elas-
tically isotropic material can be expressed as1

szz 5 3
1 2 n

1 1 n
Bhzz 2 3BbDT~z, t !, (22)

r
]2u

]t2 5
]szz

]z
, (23)

u~z, t ! 5 E
1`

z

hzz~z8, t !dz8, (24)

where B is the bulk modulus, n is the Poisson’s ratio, r is
the mass density, b is the linear expansion coefficient, and
szz is the longitudinal stress. The other components sxx
and syy do not play an active role in the propagation on a

picosecond time scale when, as we have assumed, the ex-
citation laser spot size is much greater than the
multilayer thickness. The second term on the right-hand
side of Eq. (22) is the source term. The elastic wave
propagates with the longitudinal sound velocity v, which
is expressed as

rv2 5 3
1 2 n

1 1 n
B. (25)

The extension of these formulas to the multilayer struc-
ture is straightforward. The boundary conditions that
must be satisfied are the continuity of u and szz at each

interface and szz 5 0 at the sample surface. The initial
conditions are given by hzz 5 ḣzz 5 u 5 0 at t 5 0.

In the present case, the time dependence of the tem-
perature rise DT(z, t) is given by the step function

DT~z, t ! 5 DT~z !u~t !. (26)

This temporal form of the source term makes it possible
to include its effect as an initial strain distribution. The
procedure to determine the time-varying strain distribu-
tion and interface motion is as follows. Using the solu-
tion hA , uA of the time-independent equations

0 5 rv2hA 2 3BbDT~z !, (27)

uA~z ! 5 E
1`

z

hA~z8!dz8, (28)

we express the solution hzz(z, t), u(z, t) as

hzz~z, t ! 5 hA~z ! 1 hB~z, t !, (29)

u~z, t ! 5 uA~z ! 1 uB~z, t !. (30)

Then the elastic wave equation of Eqs. (22)–(24) becomes

szz 5 rv2hB , (31)

r
]2uB

]t2 5
]szz

]z
, (32)

uB~z, t ! 5 E
1`

z

hB~z8, t !dz8, (33)

which has the general solution

hB~z, t ! 5 f~z 2 vt ! 1 g~z 1 vt !. (34)

a18 5 2
k 2 k1

2k1
,

b18 5
k 1 k1

2k1
,

a28 5 2
~k 1 k1!~k1 2 k2!exp~2ik1d ! 1 ~k 2 k1!~k1 1 k2!exp~ik1d !

4k1k2
,

b28 5
~k 2 k1!~k1 2 k2!exp~ik1d ! 1 ~k 1 k1!~k1 1 k2!exp~2ik1d !

4k1k2
.
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The initial conditions are given as

hB~z, t 5 0 ! 5 f~z ! 1 g~z ! 5 2hA~z !, (35)

ḣB~z, t 5 0 ! 5 2vFdf~z !

dz
2

dg~z !

dz G 5 0. (36)

The source term is canceled out in the equation for hB ,
and its effect is incorporated into the initial condition.
Equations (35) and (36) are sufficient to determine the
functions appearing in Eq. (34):

f~z ! 5 g~z ! 5 2hA~z !/2. (37)

Unique functions f(z), g(z) are defined for each layer in
the multilayer sample. To obtain the strain evolution,
one should consider the reflection and transmission of the
strain wave at the interfaces. We discuss this issue in
Section 4.

The temperature rise DT(z) is governed by the heat
generated per unit volume Q(z) through light absorption:

DT~z ! 5 Q~z !/C, (38)

where C is the specific heat per unit volume. The heat
generation rate per unit volume in the nth layer Q̇(z) can
be calculated from the Poynting vector S 5 Re E
3 Re H. For normal pump light incidence,

Q̇~z ! 5 2div S̄ 5 e0vNnKn@ uanu2 exp~22Knkzn!

1 ubnu2 exp~2Knkzn! 1 anbn* exp~2iNnkzn!

1 an* bn exp~22iNnkzn!#, (39)

where S̄ refers to the time average and, as before, zn
5 z 2 zn21 . The third and fourth terms in the paren-
theses arise from the interference between the forward-
and backward-propagating light waves. The angular fre-
quency v and refractive index Nn 1 iKn here apply to the
pump light and likewise for the electric field amplitudes
an and bn .

To a first approximation the effect of electron diffusion
can be phenomenologically included when we broaden the
light penetration depth.12,13 This can be done if we in-
troduce the multiplying factor mn(,1) for the extinction
coefficient Kn in the nth layer. Then Eq. (39) becomes

Q̇~z ! 5 e0vmnNnKn@ uanu2 exp~22mnKnkzn!

1 ubnu2 exp~2mnKnkzn! 1 anbn* exp~2iNnkzn!

1 an* bn exp~22iNnkzn!#. (40)

This approximation will break down if diffusing electrons
meet an interface. We therefore assume that dn
@ 1/kKnmn in any metallic layer. In the case of no elec-
tron diffusion, m 5 1.

By integrating Eq. (40) with respect to time, one can
obtain an expression for hA(z) in the nth layer:

hAn~z ! 5
2kFbnmnNnKn

Cnua0u2 S 1 1 nn

1 2 nn
D

3 @ uanu2 exp~22mnKnkzn!

1 ubnu2 exp~2mnKnkzn!

1 anbn* exp~2iNnkzn!

1 an* bn exp~22iNnkzn!#, (41)

where F is the incident optical pump pulse fluence (in
Jm22) on the front surface of the multilayer and k corre-
sponds here to the vacuum wave vector of the pump light.
This can be used to calculate the strain distribution at
t 5 0. For other angles of pump incidence and polariza-
tion, it is straightforward to generalize Eq. (41).

3. EXPERIMENT AND RESULTS
To test the above theory for a nontrivial geometry, but for
one in which the number of fitting parameters is not ex-
cessive, we carried out an experiment with laser picosec-
ond acoustics on a multilayer sample consisting of a
double-layer film made up of transparent and opaque lay-
ers on a substrate. A film of vitreous silica (a-SiO2) upon
a film of polycrystalline chromium was prepared on a
fused-silica substrate by rf sputtering at room tempera-
ture. Needle profiling techniques gave the thicknesses of
the a-SiO2 and Cr layers as, respectively, 1000 and 100
nm with 10% accuracy.

The optical pump and probe method is used to generate
and detect strain pulses in the multilayer sample. The
strain pulses are excited by optical pump pulses at a
wavelength of 830 nm from a mode-locked Ti:sapphire la-
ser and focused to a spot diameter ;20 mm on the front
surface of the sample at an incident angle of 30° by use of
s polarization. The FWHM (full width at half-maximum)
pump pulse duration is 700 fs after passing through an
acousto-optic modulator that chops the light at a fre-
quency of 1.5 MHz for lock-in detection purposes. The
pulse energy is 1 nJ, and the laser repetition rate is 82
MHz. Second-harmonic light at a wavelength of 415 nm
is used for the probe, with a pulse energy of 0.2 nJ. This
produces a transient temperature rise ;4 K that is small
enough for linear theories for the sample response and for
the detection process to be appropriate. A delay line pro-
vides a variable delay of 0–600 ps between the pump and
the probe pulses, the latter focused onto the excitation re-
gion at normal incidence also from the front side of the
sample. The probe light spot diameter is ;10 mm.

The presence of the strain pulse causes a time-
dependent change in the complex reflectance from its ini-
tial value r0 5 ur0uexp(if0) to r0 1 dr 5 ur0u(1
1 r)exp@i(f0 1 df )#, where the real quantities r and df
are the relative change in the modulus of the reflectance
and the change in phase, respectively. For the case
in which both r and df are much smaller than unity,
dr/r 5 r 1 idf, and this should be calculable by use of
the theoretical result of Eq. (13). In general both r and
df contain contributions from surface or interface dis-
placement as well as from the changes in dielectric con-
stants in the bulk of the sample. Therefore a modified
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Sagnac interferometer geometry4 is used here to detect r
and df separately to provide a more stringent test for the
theory. The results are shown in Fig. 2. The relative
signal intensities in r and df are retained in the plot by
use of the same scale for each (or differing by a factor of
2). The typical signal level is 1026 ; 1025.

4. DISCUSSION
The main characteristics of the experimental results are
as follows: At t 5 0 the optical pump pulse is absorbed
in the Cr substrate, producing a strain, temperature, and
carrier distribution localized within a region of the order
of the optical skin depth of Cr (;15 nm). The strain
pulse is transmitted to the a-SiO2 layer, and, for an inter-
val of ;170 ps, the outward propagation of the strain
pulse within the a-SiO2 layer produces an oscillation in r
and df arising from the interference between the light re-
flected at the surface or interfaces and at the strain
pulse.14 The frequency of the oscillation is given by f
5 2N1v1 /l ; 40 GHz, where l is the probe wavelength
and N1 and v1 refer to a-SiO2 . The change in signal

level near t 5 0 is caused by a combination of effects:
the motion of the Cr-SiO2 interface, the change in tem-
perature, and the change in carrier distribution in the Cr.
The strain pulse reaches the sample surface at ;170 ps
and is reflected with a p phase change to produce subse-
quent signals similar to those in the interval from 0 to
170 ps. The abrupt changes in the average signal levels
in r and df at 170 ps are caused by an outward displace-
ment of the sample surface at this time. The magnitude
of this displacement is ;1 pm.

To analyze the experimental results more precisely, the
thermal background of the signal is approximated to a
single exponential form with a common time constant for
both r and df, and this is subtracted from the raw data
(Fig. 2). The resulting curves are then compared with
the simulated data calculated by use of the parameters
shown in Table 1. The thickness, sound velocities, and
photoelastic constants were adjusted as fitting param-
eters by the least-squares technique. Other parameters
are adopted from the literature. The simulation is ex-
ecuted in three stages: the photoinduced strain pulse
generation, the strain pulse propagation, and the optical
strain pulse detection.

The generation stage is as described in Subsection 2.B,
taking full account of the multiple reflection of the pump
light. In fact the picosecond strain generation in metals
is governed by nonequilibrium electron diffusion and en-
ergy transfer between the excited electrons and the lat-
tice. This is well depicted by the two-temperature model
describing the evolution of the electron and lattice
temperatures.9,11–13 In our case, however, the main con-
tribution to the observed signals arises from an integral of
the strain over the transparent SiO2 layer, and thus these
signals are not sensitive to the detailed strain pulse shape
and strain generation mechanisms. We therefore make
the simplifying assumption that an instantaneous ther-
mal stress can adequately describe the strain pulse gen-
eration. We account for the electronic diffusion in the Cr
layer by setting m 5 0.5 for the Cr layer. This is a rea-
sonable approximation for Cr.2 In fact, it turns out that
the calculated result here does not depend critically on m
for 0.5 < m < 1. A more precise analysis of the effect of
electron diffusion on strain pulse generation in Cr is
given in Ref. 39.

The propagation of the strain wave is traced step by
step in the time domain with a sufficiently small time
step Dt (51 ps, in this case). Suppose the strain at the
time t 5 tj is expressed as

Fig. 2. Change in reflectance r (lower solid curve) and phase df
(upper solid curve) obtained with a a-SiO2-Cr double layer on a
fused-silica substrate by use of a modified Sagnac interferometer
detection scheme. The fitted thermal background signals
(smooth curves) are shown superimposed on the raw data. The
theoretical curves are in good agreement with the experimental
data after the subtraction of the thermal background. Note that
r and df are plotted on the same vertical scale (or differing by a
factor of 2 where indicated).

Table 1. Parameters Used for the Simulation of
the Photoacoustic Signalsa

Parameter a-SiO2 Cr

Thickness (nm) 940 110
Refractive index at l 5 830 nm 1.45b 4.26 1 4.32ic

Refractive index at l 5 415 nm 1.47b 1.54 1 3.71ic

Longitudinal sound velocity (ms21) 5430 6610d

Mass density (g cm23) 2.2d 7.15c

dN/dh 1 idK/dh 20.50 0.24 1 0.45i

a Values without a reference number correspond to fitted values.
b Ref. 36.
c Ref. 37.
d Ref. 38.
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h~z, tj! 5 f~z 2 vtj! 1 g~z 1 vtj! [ Fj~z ! 1 Gj~z !.
(42)

The functions Fj(z) and Gj(z) correspond to waves propa-
gating in the 1z and 2z directions, respectively. These
components evolve at time tj11 5 tj 1 Dt according to

Fj11~z ! 5 Fj~z 2 vDt !, (43)

Gj11~z ! 5 Gj~z 1 vDt !, (44)

unless z is on an interface. At the interface z 5 zi be-
tween the region I (z , zi) and II (z . zi), the incident
strain wave is reflected and transmitted according to the
following relations:

Fj11
I~zi! 5 Fj

I~zi 2 vIDt !, (45)

Gj11
I~zi! 5

ZII 2 ZI

ZII 1 ZI
Fj

I~zi 2 vIDt !

1
vII

vI

2ZII

ZII 1 ZI
Gj

II~zi 1 vIIDt !, (46)

Fj11
II~zi! 5

ZI 2 ZII

ZII 1 ZI
Gj

II~zi 1 vIIDt !

1
vI

vII

2ZI

ZII 1 ZI
Fj

I~zi 2 vIDt !, (47)

Gj11
II~zi! 5 Gj

II~zi 1 vIIDt !, (48)

where Z 5 rv is the acoustic impedance and quantities
are labeled I and II to denote which region they apply to.
By combining these relations, we can calculate the strain
and thus the displacement for any values of z and t.

Once the time evolution of the strain distribution is
known, the whole photoacoustic signal can be calculated
according to the procedure described in Subsection 2.A,
ignoring the contributions from the temperature change
and carrier distribution in Eq. (A1). As previously re-
ported, the strain pulses transmitted to the a-SiO2 film
are unipolar in shape.14 Because the optical and non-
equilibrium electron penetration into the Cr is small com-
pared to the Cr thickness, Eq. (15) can be used to calcu-
late dr/r. The fitted curves for r and df are also plotted
in Fig. 2, again taking care to use the same scale factor for
the predicted r and df variations to preserve their rela-
tive magnitudes. In addition to the detailed signal
shape, the relative intensities of r and df are also well re-
produced. One feature of the experimental curves, the
slight maximum in r (or minimum in df), at t ; 170 ps,
is also predicted. This is caused by a train of strain
pulses (produced by multiple reflection inside the Cr film)
reaching the a-SiO2 surface and producing a temporally
staggered response. Moreover, the fitted sound velocities
and the photoelastic constant for a-SiO2 (for which com-
parative data are available) are in reasonable agreement
with literature values.14,40,41 The accuracies for the fit-
ted values in Table 1 are approximately 65 nm for thick-
nesses, approximately 625 ms21 for velocity, and approxi-
mately 60.03 for photoelastic constants.

Although similar laser picosecond acoustics experi-
ments have been done on transparent films by use of re-
flectivity measurements,14,15 to our knowledge this re-

search represents the first attempt to simultaneously
monitor both r and df for such samples. Therefore this
provides a more accurate test of the theory of optical
modulation.

We made use of a simplified model for the strain wave
generation and propagation. However, the procedures
for the calculation of the photoacoustic signal from the
spatial perturbation of the optical constants are exactly
the same for strain distributions arising from more so-
phisticated strain generation and propagation models,
such as those that would arise with use of the two-
temperature model12 or with the inclusion of frequency-
dependent acoustic attenuation. It should also be pos-
sible to simulate the raw experimental data when the
variations of the dielectric constants with temperature
and nonequilibrium electron distributions are included in
the model.

5. SUMMARY
In conclusion, we have derived general formulas for the
reflection and transmission of light incident normally on
an arbitrary multilayer structure subject to an inhomoge-
neous perturbation in its dielectric constants. The for-
mulas can be applied to the calculation of the transient
reflectance or transmittance for multilayer structures
containing transparent, semitransparent, or opaque lay-
ers if one can appropriately model the spatiotemporal
modulation of the dielectric constants. The validity of
the theory is demonstrated by comparison with experi-
mental transient reflectance and phase signals associated
with picosecond strain propagation in a structure contain-
ing transparent and opaque layers. From the fitting pro-
cedure we have derived some characteristic sample pa-
rameters, namely, the thicknesses, sound velocities, and
photoelastic constants. This powerful analytical tool
should provide a firm foundation for the application of ul-
trashort pulsed laser techniques to the quantitative in-
vestigation of acoustic strain transduction mechanisms,
to the analysis of transient temperature and electronic
distributions, and to the nondestructive diagnostics and
evaluation of complex microstructures and nanostruc-
tures in general. The method should also be useful in
longer time-scale photoacoustic and photothermal experi-
ments on microstructures.

APPENDIX A: BULK CONTRIBUTION TO
THE PERTURBATION OF THE
DIELECTRIC TENSOR
In this appendix we discuss the nature of the bulk contri-
bution to the inhomogeneous modulation of the dielectric
constant, that is, eb . We start the discussion from a con-
sideration of the dielectric tensor. The assumed isotropy
of the system reduces the complexity of the strain tensor.
In addition, because of this isotropy, both the displace-
ment vector connected with the elastic deformation and
the propagation direction of the strain wave are parallel
to the z axis. The displacement vector u can therefore be
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expressed as @0, 0, u(z, t)#, and the only nonzero strain
tensor component is hzz(z, t).

Inhomogeneous strain, temperature, or carrier distri-
butions can modulate the dielectric tensor; for an opti-
cally isotropic material the deviation of the dielectric ten-
sor from its equilibrium value is assumed to be given by42

De~z, t ! 5 hzzF P12 0 0

0 P12 0

0 0 P11

G 1 ~sDT 1 gDn !

3 F 1 0 0

0 1 0

0 0 1
G , (A1)

where P11 , P12 , s, and g are constant coefficients; DT is
the temperature deviation from its initial equilibrium
value; and Dn is the excited carrier density. For the
more general case, Eq. (A1) could be extended in principle
to include other terms, such as those arising from the
electro-optic or the magneto-optic effects. We assume
here that the perturbation is small enough to avoid sig-
nificant second-order contributions in Eq. (A1). There
are no off-diagonal components in the dielectric tensor in
Eq. (A1). It allows all the components of De ij to be deter-
mined, but under conditions of normal incidence consid-
ered in this paper we in fact are concerned only with Dexx
and Deyy as described in Subsection 2.A.

The first term in Eq. (A1) associated with the strain
arises because of the photoelastic effect. We now take a
brief look at the significance of P11 and P12 . Photoelastic
tensors are commonly defined through the dielectric im-
permeability tensor Bij 5 1/e0 ]Ei /]Dj :

DBij 5 p ijklskl 5 pijrshrs , pijrs 5 p ijklcklrs ,

where skl is the stress, cklrs is the elastic stiffness, and
both p ijkl and pijrs are tensors, like Pijrs , that character-
ize the photoelastic effect. The components of pijrs are
the Pockels coefficients. We define small deviations DB
and De in B and e. These quantities are related through

~B 1 DB !ij~e 1 De!jk 5 ~e 1 De!ij~B 1 DB !jk 5 d ik .

Therefore

De ij 5 2e ilDBlmemj ,

DBij 5 2BilDelmBmj .

The relation between the two photoelastic tensors pijkl
and Pijkl can therefore be derived as follows:

Depq 5 2epiDBije jq

5 2epie jqpijrshrs

[ Ppqrshrs .

So

Ppqrs 5 2epie jqpijrs . (A2)

In case of an isotropic material, Eq. (A2) is reduced to
Ppqrs 5 2e2ppqrs , and the nonzero components of Ppqrs
are

P11 5 P22 5 P33 ,

P12 5 P21 5 P23 5 P32 5 P31 5 P13 ,

P44 5 P55 5 P66 5
1

2
~P11 2 P12!,

with the abbreviated notation 1 5 xx, 2 5 yy, 3 5 zz,
4 5 yz 5 zy, 5 5 zx 5 xz, and 6 5 xy 5 yx.

In the present treatment we are concerned with the
case in which the only nonzero component of h ij is hzz .
In this case the components of De ij that play a role in op-
tical modulation are

Dexx 5 Deyy 5 P12hzz 5 2e2p12hzz [ eb . (A3)

Expressed in terms of the complex refractive index ñ
5 Aexx ,

Dñ 5
P12

2ñ
hzz 5 2

ñ3

2
p12hzz . (A4)

The photoelastic and dielectric constants are complex,
wavelength-dependent quantities. Equation (A4) can be
rewritten as

dñ

dh
5

dN

dh
1 i

dK

dh
5 2

ñ3

2
p12 , (A5)

where ñ 5 N 1 iK, and h is used as shorthand for hzz .
Similarly, we can write

de

dh
5 P12 5 2ñS dN

dh
1 i

dK

dh
D , (A6)

where e 5 exx .

APPENDIX B: INTERFACE CONTRIBUTION
TO THE PERTURBATION OF THE
DIELECTRIC TENSOR
In this appendix we consider the interface contribution to
the inhomogeneous modulation of the dielectric con-
stants, that is, e if . The origin of the position coordinate
z is defined to be fixed with respect to the equilibrium
state of the multilayer. In the presence of elastic defor-
mation, any point of the solid originally at z is displaced
to z 1 u(z). For points in the bulk of the multilayer dis-
tant from an interface, there is no need for a linearized
theory of the strain to distinguish between the deformed
position z 1 u(z) and the equilibrium position z.43 (Such
a linearized theory is valid in the present paper for which
strain amplitudes are no greater than ;1024, implying
that hzz is related to u through hzz 5 ]u/]z.) However,
for points in the region of an interface between two media
of different dielectric constant, we have to take the dis-
placement of the interface position into account.

This can be seen when we express the perturbed dielec-
tric constant distribution e8(z) in terms of the equilib-
rium distribution e(z):

e8~z ! 5 e@z 2 u~z !# 1 De~z !

5 e@z 2 u~z !# 1 P12h~z !, (B1)

where we abbreviated exx by e and hzz by h. The pres-
ence of z 2 u(z) in the argument of e arises because of
the movement of material in accordance with the elastic
deformation. In the bulk of the sample, in a region dis-
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tant from any interface, we can write e@z 2 u(z)#
. e(z) 2 (]e/]z)u(z). The order of magnitude of ]e/]z
and u(z) are, respectively, De/l and hl, where h is a typi-
cal strain amplitude and l is of the order of the spatial
extent of the strain (in practice, of the order of the acous-
tic wavelength in the case of a propagating strain pulse).
The quantity l therefore cancels out, and e@z 2 u(z)#
. e(z) 2 O(hDe). For h ; 1024, the quantity e@z
2 u(z)# can therefore be replaced to a good approxima-
tion by e(z) in Eq. (B1) in a region distant from any in-
terface.

In the region of an interface, however, one has to take
into account the deformation because, in that case, e(z) is
no longer a good approximation to e@z 2 u(z)#. As an
example, let us consider the spatial dependence of the di-
electric constant around the front surface of the
multilayer, that is, around the interface at z 5 z0 . The
dielectric constant in the absence of any inhomogeneous
perturbation is given by

exx~z ! 5 H e~0 ! for z , z0 ,

e~1 ! for z . z0
.

Taking account of the deformation, this is modified to

exx8~z ! 5 H e~0 ! 1 P12
~0 !h~z ! for z , z0 1 u~z0!,

e~1 ! 1 P12
~1 !h~z ! for z . z0 1 u~z0!

.

(B2)

Equation (B2) represents the effect of the motion of the
front surface of the multilayer on exx(z) together with
that of the photoelastic effect from the bulk. The com-
bined effect from all the interfaces and from the bulk of
the sample must be included in the complete analysis.

The inhomogeneous part of the dielectric constant e ih is
conveniently divided into a part because of the bulk con-
tribution eb and a part because of the movement of the in-
terfaces e if :

e ih 5 eb 1 e if . (B3)

According to Eqs. (A1) and (B2), the component eb in the
nth layer can be expressed as

eb~z ! 5 P12
~n !h~z !. (B4)

The component e if is zero for most values of z except in
the small regions encompassing the movement of each in-
terface. Around the interface at z 5 zn 1 u(zn), this
component is given by

APPENDIX C: DERIVATION OF THE
GREEN’S FUNCTION
In this appendix we discuss the transfer matrix method to
analyze the light-wave propagation in homogeneous mul-
tilayers and give the full description of the Green’s func-
tion.

For the moment we concentrate on finding the relation
between the coefficients an and bn in Eq. (10) according to
the boundary conditions at the interfaces, without incor-
porating the conditions at z → 6`.

At any of the interfaces of the multilayer, the electric
and magnetic field parallel to the interface must be con-
tinuous. Because the magnetic field vector is given by

H~z ! 5
1

im0v
curl E~z !,

the boundary condition at z0 is expressed as

M0Fa0

b0
G 5 M1Fa1

b1
G , (C1)

and the condition at zn(n Þ 0) as

MnQnFan

bn
G 5 Mn11Fan11

bn11
G , (C2)

where

Mn [ F 1 1

kn 2kn
G ,

Qn [ Fexp~ikndn! 0

0 exp~2ikndn!
G .

Because matrices Mn and Qn are all regular and have in-
verse matrices, the equations are reduced to

Fa0

b0
G 5 MFaN11

bN11
G ,

where

M [ M0
21S )

j51

N

MjQj
21Mj

21D MN11 . (C3)

Thus if two parameters out of the four, a0 , b0 , aN11 ,
bN11 , are known, then all other coefficients $an , bn% are
uniquely determined.

e if~z ! 5 H @P12
~n ! 2 P12

~n11 !#h~z ! 1 @e~n ! 2 e~n11 !# for u~zn! . 0, zn , z , zn 1 u~zn!,

@P12
~n11 ! 2 P12

~n !#h~z ! 1 @e~n11 ! 2 e~n !# for u~zn! , 0, zn 1 u~zn! , z , zn ,

0 otherwise.

(B5)

As e if appears only in the integral of Eq. (9), and the region of the integration is restricted at most to zn
6 u(zn), the first terms in the nonzero lines of Eq. (B5) produce a second-order effect whereas the second terms produce
a first-order effect. Thus we can neglect the first terms in Eq. (B5), giving

e if~z ! 5 H e~n ! 2 e~n11 ! for u~zn! . 0, zn , z , zn 1 u~zn!,

e~n11 ! 2 e~n ! for u~zn! , 0, zn 1 u~zn! , z , zn ,

0 otherwise.

(B6)
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Because the light is incident from the z , 0 side of the
multilayer, bN11 can be chosen to be zero because no light
is expected to return from the substrate side. In this
case a0 is the amplitude of the electric field of the incident
light. The complex reflectance is then r 5 b0 /a0
5 M21 /M11 . The complex transmittance is given by t
5 aN11 /a0 5 1/M11 .

Now we proceed to evaluate the Green’s function. The
right-hand side of Eq. (8) is zero unless z 5 z8. The
function G(z, z8) therefore can be expressed by two solu-
tions for Eq. (7), corresponding to z , z8 and z . z8, that
are continuous at z 5 z8:

lim
e→10

@G~z, z 2 e! 2 G~z, z 1 e!# 5 0. (C4)

The above continuity is reasonable because the second de-
rivative in Eq. (8) would otherwise give a singularity
other than d (z 2 z8). The function G(z, z8) must also
satisfy

21 5 lim
e→10

E
z5z82e

z5z81eF ]2

]z2 1 k2eh~z !GG~z, z8!dz

5 lim
e→0

F ]

]z
G~z, z8!G

z5z82e

z5z81e

. (C5)

Because the quantities E(z) and E0(z) in Eq. (9) must
contain incident and reflected light components at z
→ 2` and only transmitted light at z → `, G(z, z8)
must give rise only to a 1z propagating component at z
→ ` and to a 2z propagating component at z → 2`.

When we use these conditions, it is possible to con-
struct G(z, z8). For this purpose we use the general so-
lution of Eq. (7) that is discussed in Subsection 2.A.2. A
possible form of G(z, z8) is then
G~z, z8!

5 H g1~z8!E0~z; a08 5 0, b08 5 1 ! for z , z8,

g2~z8!E0~z; a08 5 1, bN118 5 0 ! for z . z8,

(C6)

with z8 , 0. The coefficients g1 , g2 depend only on z8
and can be determined by the conditions expressed by
Eqs. (C4) and (C5). The solution for G(z, z8) for z . z8
is proportional to that for E0(z) in Eq. (9), where g2 is
used instead of a0 .

When measuring the reflectivity, we detect the reflected
light far from the sample. It is therefore sufficient to
evaluate Eq. (9) at some point z , 0 where no effect is
caused by the strain or other perturbations. This implies
that we need to know G(z, z8) at any value of z8 and at a
fixed observation point z , 0. On the other hand, Eq.
(C6) is convenient for expressing G(z, z8) at any value of
z and fixed z8. This dilemma is resolved when we use the
reciprocity of the Green’s function, which can be demon-
strated as follows:

E G~z, z9!F ]2

]z2 1 k2eh~z !GG~z, z8!dz

2 E G~z, z8!F ]2

]z2 1 k2eh~z !GG~z, z9!dz

5 G~z8, z9! 2 G~z9, z8! 5 0, (C7)
where we calculate the integral by first using Eq. (8) and
then by partial integration. Thus we simply obtain the
Green’s function G(z , 0, z8) that we actually need for
Eq. (9) by interchanging z and z8 in G(z, z8 , 0).

As described above, for the complex reflectance we re-
quire only the solution for G(z, z8) for z8 , 0. In this
case, the functions g1 and g2 can be readily calculated as

g1~z8! 5
i

2k0
@exp~ik0z8! 1 r exp~2ik0z8!#,

g2~z8! 5
i

2k0
exp~2ik0z8!.

The form for g1 has fortuitously the same form as E0(z8)
for z8 , 0. The result for the Green’s function becomes

G~z, z8!

5 5
i

2k0a0
exp~2ik0z !E0~z8! for z , z8 , 0,

i

2k0a0
exp~2ik0z8!E0~z ! for z . z8, z8 , 0.

(C8)
The symmetry of this result has a satisfying elegance.
The reciprocity gives

G~z, z8!

5 5
i

2k0a0
exp~2ik0z8!E0~z ! for z8 , z , 0,

i

2k0a0
exp~2ik0z !E0~z8! for z8 . z, z , 0

(C9)

for the required G(z, z8) for Eq. (9)
To evaluate the transmittance, we need the G(z, z8) for

z . zN , z8 , z. Using the reciprocity relation of Eq.
(C7), we can convert the problem into one for which
G(z, z8) is obtained for z8 . zN , z , z8. The boundary
conditions for z 5 6` are exactly the same as those de-
scribed above. Therefore G(z, z8) is expressed as

G~z, z8!

5 H g1~z8!E0~z; a08 5 0, b08 5 1 ! for z , z8,

g2~z8!E0~z; aN118 5 1, bN118 5 0 ! for z . z8,

with z8 . zN . This is essentially the same as Eq. (C6),
but the second line is expressed in a different way for
later convenience. The functions g1 and g2 are deter-
mined by the conditions of Eqs. (C4) and (C5) as

g1~z8! 5
i exp@ikN11~z8 2 zN!#

2k0M11
,

g2~z8! 5
i$M11 exp@2ikN11~z8 2 zN!# 2 M12 exp@ikN11~z8 2 zN!#%

2kN11M11
.
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Here, use has been made of the identity

M11M22 2 M12M21 5 kN11 /k0

obtained from Eq. (C3). The coefficients $an8, bn8% for
E0(z8; a08 5 0, b08 5 1) are obtained from Eqs. (C1) and
(C2). The reciprocity relation of Eq. (C7) gives the re-
quired function as in Eq. (16).
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