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Questions of how the nature of a reaction coordinate that dominates the reaction ceases to exist and

whether some new features emerge as an increase of total energy of systems are investigated for many

degrees of freedom Hamiltonian systems. As a model system, a hydrogen atom in crossed electric and

magnetic fields is scrutinized. It is shown that, when the total energy increases, the reaction coordinate no

longer dominates the reaction as did at the lower energies. In turn, a new reaction coordinate emerges,

connecting totally different reactant and product states. Furthermore, depending on which parts of the

phase space the system traverses through the saddle, the system nonuniformly experiences the switching

of the reaction coordinate leading to the different product state. The universal mechanism of the cessation

and the switching of the reaction coordinate at high energy regimes above the saddle is investigated.

DOI: 10.1103/PhysRevLett.106.054101 PACS numbers: 05.45.�a, 45.20.Jj, 82.20.�w

The mechanism of how a system changes its state is one
of the most fundamental subjects in a variety of fields such
as not just chemistry [1–3], but also celestial mechanics
[4–6], fluid mechanics [7,8], environmental science [9] and
biology [10]. For instance, the question of how an asteroid
transports from a planet to another under the influence of
gravitational forces, or how the route of a spacecraft for
the space mission can be designed so as to minimize the
consumption of the fuel is one of the fundamental issues
in celestial mechanics [6]. Recent developments in the
theory of reaction dynamics have succeeded in bridging
such apparently different transport phenomena on the
common basis of the geometrical structure of the under-
lying phase space in many degrees of freedom (DOF)
systems [11].

The central building blocks in the phase space for the
understanding of those transport phenomena are ‘‘normally
hyperbolic invariant manifolds (NHIMs)’’ and the stable
and unstable manifolds emanating along the normal
direction to the NHIM. Here, NHIM is an invariant mani-
fold such that the instability (stability) normal to that
manifold is more prominent than that tangential to it,
which is called normal hyperbolicity [12]. For example,
the way of how the stable and unstable manifolds intersect
with each other governs the global nature of the transport
both in Hamiltonian [13] and dissipative [14] systems. In
the context of reaction dynamics, the normal direction to
the NHIM serves as a (phase space) reaction coordinate
that dominates the reaction, which is locally decoupled
from the other coordinates even under the existence of
chaos [1–3].

NHIM is proven to be structurally stable as long as it
is compact and normally hyperbolic [12], but only a few
studies have addressed the loss of those properties of

NHIM and its consequences [15–17], such as nondefin-
ability of no-return transition state [15] and universal
scaling laws appearing on the verge of the breakdown of
NHIM [16]. Yet the question of what emerges after the
breakdown of NHIM has been still one of the most intrigu-
ing problems to be uncovered. Since the normal hyper-
bolicity of NHIM ensures the existence of the phase space
coordinate to dominate the reaction, the problem of the
breakdown of NHIM and its consequences are directly
related to the question: ‘‘How does the reaction coordinate
cease to exist and what emerges after the cessation?’’
In this Letter, we look into the mechanism of why and

how the nature of the reaction coordinate that dominates all
reactions becomes ruined as the total energy of the system
increases far above the energy regime where the NHIM
persists. It is found, in a model system of a hydrogen atom
in crossed electric and magnetic fields, that the system
dynamically experiences a switching of the reaction coor-
dinate connecting totally different reactant and product
states at the high energy regime. The universal feature
for many-DOF systems is investigated by the analyses of
local instability of the dynamics along unstable periodic
orbits buried in the NHIM.
The Hamiltonian for a hydrogen atom in crossed electric

and magnetic fields is expressed by
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where xi, Pi (i ¼ 1, 2, 3) are the ith (scaled) Cartesian

coordinate and its conjugate momentum, R ¼ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðx1 � xsÞ2 þ x22 þ x23

q
, xs ¼ ��1=2 and �, the (scaled)

electric field, is the only remaining parameter after the
scaling of the original variables and energy in atomic
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units [2]. This system has a saddle point at the origin which
is called the Stark saddle that connects two distinct states:
one in which the electron is bound to the nuclei and
the other in which it is not. This saddle is of rank one,
that is, it has only one unstable mode along which to leave
to either of the states while all the other modes are stable.
Followed by a coordinate transformation, the quadratic
part of the Hamiltonian around the origin can be diagonal-
ized by a linear transformation [2]. The resulting
Hamiltonian can be expressed by

Hð�;�;p;qÞ¼���þX2
‘¼1

!‘

2
ðp2

‘þq2‘Þþ
X
i;j�0

cijðp;qÞ�i�j;

(2)

where � and � denote the linear combinations of the
normal coordinate and conjugate momentum of the reac-
tive mode, which represent the stable and unstable
directions around the saddle, and p‘ and q‘ the normal
coordinates and the conjugate momenta of the nonreactive
modes, respectively. In addition the terms cij ðp;qÞ�i�j

start from the order of 3 with respect to (�, �, p, q). � is
a curvature along the unstable normal coordinate and
!1, !2 are two frequencies of the nonreactive normal
coordinates, which can be adjusted by � [2]. Here, we
chose � so that !1, !2 satisfy 2:1 resonance, i.e. !2=!1 ¼
1=2. If the energy of the system E is sufficiently close
to that of the saddle point, (�, �) can be regarded as the
reaction coordinate.

In order to elucidate the relative instabilities among the
DOFs in the region of the saddle, we extract the NHIM,
denoted by M hereinafter, by transforming Eq. (2) to the
following form [18] in the vicinity of the origin:

�Hð ��; ��; �p; �qÞ¼� �� ��þX2
‘¼1

!‘

2
ð �p2

‘þ �q2‘Þþ
X
iþj�1
i;j�0

�cijð �p; �qÞ ��i ��j:

(3)

Here, again, the order of �cij ð �p; �qÞ ��i ��j is not less than 3

with respect to ( ��, ��, �p, �q). The M is defined by the
intersection between an equi-energy surface and a subset
of phase space that satisfies �� ¼ �� ¼ 0, which is an in-
variant set of Eq. (3) and the dynamics inside it is described
by the reduced Hamiltonian �H (0, 0, �p, �q).

To see how the dynamics in theM qualitatively changes
as E increases, we show a Poincaré surface defined by
�q1 ¼ 0 ( �p1 > 0) at two different energies in Fig. 1. The
more E increases, the more the dynamics in theM becomes
chaotic. This indicates that, as an increase of E, the insta-
bilities of the dynamics grow in the tangential space of
theM. Hence, it is expected that, when E reaches a certain
high energy, the developed chaos in the M makes the
instability of the dynamics greater than that of the normal
direction to the M. This should not only spoil the M but
also give birth to new features in reactions because the

nature of the original reaction coordinate at the low energy
regime should also cease.
To explore the phase space structure at such a high

energy regime, normal form theories are not so beneficial
because normal form always suffers from a truncation error
up to a certain finite order in the variables, which is usually
based on a Taylor expansion of the Hamiltonian system in
the vicinity of the saddle point. Furthermore, there is no
guarantee that the normal form converges [18]. Therefore,
it is vital to develop other techniques for this purpose.
The crux is to focus on unstable periodic orbits buried

in the NHIM. For Hamiltonian systems, each periodic orbit
exists as a continuous family with respect to the energy E
unless it bifurcates [19]. If a periodic orbit is in the NHIM
at some energy regimes, its continuous family should also
be in the NHIM unless the NHIM breaks down. It is
because, in some open neighborhoods of the NHIM,
none of the periodic orbits can exist outside of the NHIM
due to the isolation property of NHIM [20]. Therefore, by
following each bifurcation branch of periodic orbits in the
NHIM as a function of E, we can trace the NHIM along
the continuous family of the periodic orbits.
Figure 2 shows the bifurcation diagram of the periodic

orbits in the M originated from a set of normal modes at
E ’ 0, where the calculation was performed using the
original Hamiltonian Eq. (1) and for the continuation of
those periodic branches, we used Keller’s pseudoarclength
continuation [21]. There exist the other types of periodic
orbits in theM, which are not shown in the figure; periodic
orbits on a resonant torus, pairs of periodic orbits that
originated from the resonant torus (Poincaré-Birkhoff
theorem), periodic orbits generated by saddle-node
bifurcation, k-bifurcation and Hamiltonian Hopf bifurca-
tion [19].
In order to quantify the energy (E) dependency of the

ratio between the instability in the tangential direction
and that in the normal direction, Fig. 2(b) presents the
absolute values of the two characteristic multipliers, which
are eigenvalues of the phase space Jacobian matrix
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FIG. 1 (color online). The Poincaré surface of section ( �p2, �q2)
of �q1 ¼ 0 with �p1 > 0 obeying the reduced Hamiltonian �H (0, 0,
�p, �q). The reduced Hamiltonian was computed up to 18th power
in the original coordinates and momenta in Eq. (2) in the normal
form calculation. (a) E ¼ 0:02. (b) E ¼ 0:12. (i)–(iii) denote
an unstable fixed point (i) and stable period-two periodic points
(ii), (iii).
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(monodromy matrix) along a periodic orbit, for the peri-
odic orbit (i) (b-1) which is located on the center of the
strong chaotic region and for (ii) (b-2) which is located on
the center of the torus region (c.f. Fig. 1). We identified the
normal and tangential directions of the periodic orbits to
the M as follows: at slightly above the saddle point energy
(i.e., E ’ 0) we compute the normal form of Eq. (3) and
identify the direction of normal and tangential directions
to the M. We then evaluate the characteristic multipliers
and the associated eigenvectors of the periodic orbit at
the energy, identify each as either the normal or tangential
direction and continue them along the family of each
periodic orbit using Eq. (1). On the periodic orbit (i),
normal hyperbolicity breaks down at E � 0:99 [indicated
by the arrow in Fig. 2 (b-1)] whereas normal hyperbolicity
survives on the periodic orbit (ii) up to E ¼ 1:5 [See
Fig. 2 (b-2)].

Figure 3(a) shows a schematic portrait of the phase
space around the periodic orbit (i) in the M on the
Poincaré surface x2 ¼ 0, P2 > 0. On the Poincaré surface,
the periodic orbit (i) becomes a fixed point [indicated by a
red star in Fig. 3(a)] and it has two unstable directions: one
is the direction (u1) normal to the M, the coordinate that
originally dominates the reaction at energies slightly
above the saddle point energy, and the other is the unstable
direction (u2) tangential to theM. Thus the unstable mani-
fold of the fixed point is a two-dimensional sheet on the
Poincaré surface as drawn in Fig. 3(a), which is locally
coordinated by these two unstable directions (u1, u2).
(The fixed point that corresponds to the periodic orbit
(i) is set to the origin ðu1; u2Þ ¼ 0.)

To capture the change of the phase space structure as
an increase of the energy E, around the periodic orbit (i),

we examine the first local Lyapunov exponent distributions
on the u1-u2 plane [indicated by a dotted square in
Fig. 3(a)] at three different energies in Fig. 3(b)–3(d).
The existence and the location of repelling invariant ob-
jects can be identified as ridges of the first local Lyapunov
exponent [7,22,23]. At just slightly above the saddle point
energy, i.e., E ¼ 0:08 [Fig. 3(b)], a set of clear ridges of
the first local Lyapunov exponent in parallel to the u2 axis
manifests the existence of the larger instability in the u1
axis, implying that the u1 serves as a dominant reaction
coordinate. Here one ridge that runs through the origin
corresponds to the intersection between the M and the
unstable manifold of the periodic orbit (i) because the
origin is in the M and the set of points emanating from
the origin along the direction (u2) tangential to M is also
in theM. On the other hand, the other ridges correspond to
the homoclinic-heteroclinic intersections of the unstable
manifold of the periodic orbit (i) and the stable manifold
of the M.
However, as the energy increases, approximately,

E ¼ 0:90, the ridges become obscure and they no longer
divide the space into two distinct parts. It was found
that the part of the remaining ridges corresponds to the
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FIG. 2 (color online). (a) A bifurcation diagram of periodic
orbits in theM as a function of the total energy E on the Poincaré
surface defined by x2 ¼ 0, P2 > 0. These periodic orbits origi-
nated from the normal modes at the saddle point at E ’ 0. Here
(i), (ii), and (iii) correspond to that in Fig. 1, respectively. (i), (ii):
periodic orbits that originated from the normal modes, (iii): a
newborn periodic orbit bifurcated from (i) due to a period-
doubling bifurcation (the two periodic points degenerate here,
which leave this Poincaré surface at E ¼ 0:5130), (iv): two pairs
of periodic orbits bifurcated from each (ii) due to a pitchfork
bifurcation. (b) The absolute values of the characteristic multi-
plier of the two unstable directions, that is, normal (thin line) and
tangential (dotted line) directions, on the periodic orbit (i) (b-1)
and (ii) (b-2) as a function of E.
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FIG. 3 (color online). (a) A phase space portrait around the
periodic orbit (i) in the M on the Poincaré surface x2 ¼ 0 and
P2 > 0. On the surface, the periodic orbit (i) becomes a fixed
point (indicated by the star) and it has two unstable directions,
u1 and u2. The unstable manifold of the fixed point is a two
dimensional sheet, which is locally spanned by u1 and u2, and its
intersection with the M yields a one-dimensional curve, denoted
by thick bold line. (b)–(d) The first local Lyapunov exponent
distributions on the u1-u2 plane at three energies: (b) E ¼ 0:08,
(c) E ¼ 0:90 [Some of the homoclinic orbits of the periodic orbit
(i), which used to be in the M at the low energy regime, are
superposed (each symbol represents the corresponding homo-
clinic points).] and (d) E ¼ 1:45. The brighter (the more yellow-
ish) the color, the larger the exponent. The exponents were
computed for each trajectory sampled from the u1-u2 plane,
with a time length of 1000 � 100� 2�=!2.
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homoclinic orbits emanating from the periodic orbit (i) that
used to be in the M at the low energy regime, which are
superposed on Fig. 3(c). These homoclinic orbits perform
as a part of the remnant of the NHIM and persistently exist
even after the NHIM breaks down as long as they corre-
spond to the transversal intersections of the stable and
unstable manifolds of the periodic orbit (i).

The most striking consequence at the high energy re-
gime is this: as E increases even higher, approximately,
E ¼ 1:45 [See Fig. 3(d)], a set of new ridges that are
parallel to the u1 axis emerges. This implies that the u1
axis, which used to be the reaction coordinate that domi-
nated the reaction at the lower energies, starts to serve as a
dividing surface, and, in turn, the u2 axis starts to do as a
new reaction coordinate to connect the different reactant
and product states, which is regarded as the major reaction
at the high energies [at least in the neighborhood of the
periodic orbit (i)]. These new reactant and product states
correspond to the phase space regions where the electron
moves around the periodic orbit (ii) and some bifurcation
branches of the periodic orbit (iii), respectively. The stable
and unstable manifolds of the intersection between the
invariant surface ðx3; P3Þ ¼ ð0; 0Þ of the Hamiltonian (1)
and the equi-energy surface provide the new reaction co-
ordinate of the system that connects the new reactant and
product.

The concept of reaction coordinate, in the context of
chemical reaction theories, has been thought to be an
object that only depends on the morphology of the under-
lying potential energy surface. Recent theoretical develop-
ments [1,2] have revealed that the reaction coordinate is,
just as postulated by Wigner [24], a dynamic entity that
generally depends on the phase space structure in many-
DOF systems. In this Letter, we presented a scenario of
how the ruin of the reaction coordinate gives birth to
its switching to a new reaction coordinate that connects
different reactant and product states. It should be noted
that along the other periodic orbits [(ii)–(iv)] which trace
the other branches in Fig. 2, it was found that the original
normal direction to the M yet serves as the reaction
coordinate, that is, the instability normal to the M is yet
larger than that tangential to it up to E ¼ 1:50 [e.g.,
See Fig. 2 (b-2)]. This implies that the dominant
reaction coordinate changes depending on which regions
in the phase space the system traverses through the
saddle. These results provide new insights in revealing
the mechanism of reactions far above the saddle energy
where the NHIM no longer exists. Regarding possible
manifestations for reaction kinetics, the breakdown of the
NHIM would give rise to more chaotic, stochastic dynam-
ics even in the vicinity of the saddle, which might yield
Markovian reaction kinetics. On the other hand, the
switching results in not just the alteration of the reaction
rates but substantial structural changes in the reaction
kinetic scheme.
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