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We propose a simple formula that gives the effective refractive index of the first-order photonic bandgap (PBG)
edge for the maximum propagation angle, which corresponds to the PBG floor in all-solid photonic bandgap
fibers (PBGFs). In particular, based on an antiresonant reflecting optical waveguide (ARROW) theory incorpor-
ating a phase relation between resonant modes in low-index regions for perpendicular direction of the light pro-
pagation, we show that the effective index of the PBG edge at a wavelength does not depend on the diameter and
refractive index of high-index rods, and is largely determined only by the pitch when normalized rod diameters
are small. In other words, it has a constant value for the structural parameters with which the PBG emerges at the
same wavelength normalized by the pitch. Moreover, the source of rod-diameter and refractive-index depen-
dences on the condition for the formation of the PBG edge is demonstrated when the diameter and the refractive
index of high-index rods are effectively large. Finally, the validity of the proposed simple formula, which can be
applied for any structural parameters, is verified with the vectorial solver based on the finite-element method
(FEM). © 2011 Optical Society of America

OCIS codes: 060.2310, 060.5295, 230.5298.

1. INTRODUCTION
Recently, all-solid photonic bandgap fibers (PBGFs) [1–13],
which are one of the types of solid-core PBGFs, have attracted
considerable attention due to their unusual transmission char-
acteristics that cannot be obtained by conventional optical
fibers. In all-solid PBGFs, the cladding is composed of periodi-
cally arranged high-index rods and the core is formed by
omitting one or several rods. Owing to the photonic bandgap
(PBG) effect of the photonic-crystal structure for light with
out-of-plane propagation, a fundamental core mode is sup-
ported in the defected core region with effectively low losses.
Because of the functionality pattern of alternate transmission
and transmission-inhibited bands exhibited by the photonic-
crystal cladding, the PBGFs can be applied to several devices.
In particular, compared to the other type of solid-core PBGFs
whose high-index rods are composed of high-index liquid
[14–18], because of its higher degree of compatibility with
all-glass conventional fibers, the all-solid type whose cladding
is composed of Ge-doped rods in silica can easily be incorpo-
rated into fiber amplifiers or fiber lasers as fiber-type optical
filters.

The photonic-crystal structure in the cladding of all-solid
PBGFs generates a number of PBG orders separated by photo-
nic bands associated with linearly polarized (LP) rod modes
[19], as will also be discussed in the next section. It is known
that, in general, odd-order PBGs have a greater PBG depth
compared to the even-order PBGs, because of their smaller
modal overlap characteristic that reduces the effect of enlar-
gement of bandwidth on the PBG edge, according to Ref. [20].
Among all of the odd-order PBGs, the third-order PBG sup-
ports a lower confinement loss property than the first-order
PBG [5] because the propagation angle for the core modes

is lower in the third-order PBG; in other words, the core radius
relative to the wavelength is larger in most cases. However,
we have recently shown that the first-order PBG exhibits a
lower bending loss property than the third-order PBG [21],
and the exploitation of the first-order PBG has also attracted
attention in recent years, by resolving the issue of the high
confinement loss property [22].

In order to understand the properties of all-solid PBGFs, an
important objective has been construction of a theory for the
wavelength and propagation constant (propagation angle) of
light with out-of-plane propagation at which a PBG emerges
[23], because thewavelength is directly related to the transmis-
sion band, and the propagation constant to the number of al-
lowed propagation modes [24,25] and the impact of bending
losses [20,21,26]. When the PBG depth, defined as the dif-
ference between the effective indices of silica and the PBG
edge, increases, a large number of guided modes are to be
supported and, on the other hand, this also leads to a tight-
bending structure if the effective index of the coremode is con-
stant [27]. As for the transmission band, it can successfully be
estimated by using the theory for conventional antiresonant re-
flecting optical waveguides (ARROWs) [28–32]. Provided that
each high-index rod in the cladding is considered as a core of
conventional fibers, the condition at which guided modes are
localized in rods corresponds to resonance for the transverse
direction, and the other condition (when the guidedmodes are
nonlocalized) is antiresonance or PBG. Although some degree
of modification of the ARROW theory is required due to the
modal overlaps between the modes supported by each high-
index rod [19], because of their high localization characteristic
at the effective index where the fundamental core mode of
the PBGFs exists (near the refractive index of silica substrate),
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the effect of the modal overlap on the wavelength shift of the
transmission band is effectively small. As for the propagation
constant (effective refractive index), it is known that the PBG
edge for the maximum propagation angle is determined by the
resonant condition in the low-index region between rods [33],
as in ARROWs [29]. However, because of the low localization
characteristic of the modes supported in low-index regions
betweenhigh-index rods, it is difficult to estimate thePBGedge
by using the ARROW theory. Recently, it has been shown that
an approximate band structure can beobtained successfully by
considering the condition for the even and odd rod modes
applying an appropriate boundary condition [33].

In this paper, we propose a simple formula that gives the
effective refractive index of the first-order PBG edge for
the maximum propagation angle, which corresponds to the
PBG floor in all-solid PBGFs, based on an ARROW theory in-
corporating a phase relation between resonant modes in low-
index regions. We show that the effective index of the PBG
edge at a wavelength does not depend on the diameter and
the refractive index of high-index rods, and it is comprehen-
sively determined only by the pitch when normalized rod di-
ameters are small. In other words, it has a constant value for
the structural parameters with which the PBG emerges at the
same wavelength normalized by the pitch. By incorporating
the ARROW theory for high-index rods, it is theoretically
shown that the PBG depth increases monotonically with the
relative refractive-index difference and quadratically with the
rod diameter normalized by the pitch. Moreover, the cause of
rod-diameter and refractive-index dependences on the condi-
tion for the formation of the PBG edge is demonstrated when
the diameter and the refractive index of high-index rods are
large. It is shown that the change of the absolute value of wave
vector for the resonant modes in low-index regions and the
effect of modal overlap of rod modes are responsible for
the factor of reduction of PBG depth. The validity of the pro-
posed simple formula that can be applied for any structural
parameters is verified by means of the vectorial solver based
on the finite-element method (FEM) [34]. Finally, a critical re-
ason for decreasing the PBG depth in even-order PBGs is dis-
cussed, based on the theory provided here.

2. UNDERSTANDING FORMATION OF
PHOTONIC BANDGAP EDGE FOR
MAXIMUM PROPAGATION ANGLE
Figure 1(a) shows a schematic representation of the light pro-
pagation out of plane into a photonic crystal, assuming the
cladding of a typical all-solid PBGF. The photonic-crystal
structure is composed of a periodic arrangement of high-index
rods (with refractive index nhigh) as the triangular lattice with
diameter d and pitch Λ in a silica background (with refractive
index nlow ¼ 1:45). In PBGFs, because light propagates along
the longitudinal direction (out-of-plane propagation), it
possesses the longitudinal component of wave vector (propa-
gation constant). Because the wave equations for electromag-
netic fields have a dependence on the propagation constant,
the resultant frequencies of the PBG for the perpendicular di-
rection of the propagation axis also depend on the propaga-
tion constant [23]. Here, we consider an incident light to the
photonic crystal with the absolute value of wave vector of k
in the material and propagation constant of β. The trans-
verse component of the wave vector is represented as kt.

In Fig. 1(b), the dispersion curve for the fundamental-like
mode calculated by using the FEM [35] is depicted for d=Λ ¼
0:4 and the relative refractive-index difference Δ ¼ 2:0%,
where the core is formed by removing one central rod with
the cladding of six rings and λ represents the wavelength in
free space. The shaded region represents the PBGs formed
due to the periodically arranged high-index rods, which is also
calculated by using the FEM [34]. The PBG depth is defined as
the effective-index difference between silica and the PBG
edge. It is well known that in the case of out-of-plane propa-
gation, PBGs are generated sufficiently for the index differ-
ence of even less than 1% [3], and the reason for this can
be intuitively understood from the discussion in Ref. [36].

Fig. 1. (Color online) (a) Schematic representation of light incidence
for out-of-plane propagation in a photonic crystal, where high-index
rods (refractive index nhigh) with diameter d and pitch Λ are struc-
tured as triangular lattice in a silica background (refractive index
nlow ¼ 1:45). The absolute value of wave vector of k in the material
and propagation constant of β are assumed for the incident light to the
photonic crystal. The transverse component of the wave vector is re-
presented as kt. (b) Dispersion curve for the fundamental-like mode
calculated by using FEM is depicted for d=Λ ¼ 0:4 and Δ ¼ 2:0%,
where the core is formed by removing one central rod with the clad-
ding of six rings. The shaded region represents the PBG which the
photonic crystal cladding exhibits. PBG depth is defined as the
effective-index difference between silica and the PBG edge.
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According to the concept based on the theory for ARROWs,
on the other hand, modes of high-index rods exhibit LP-like
profiles at resonant conditions in the photonic crystal, which
correspond to the wavelengths at which PBGs disappear. If
high-index rods are far enough from the others, the cladding
state is not much different from the sum of the modes for each
isolated rod. However, when the neighbor rods come close,
the modes are affected by them, which leads to the formation
of Bloch states. Therefore, the concept of the ARROW theory
corresponds to the case for the isolated atom in the well-
known tight-binding theory in solid-state physics [37]. In con-
clusion, the states satisfy the continuous effective-index
values near those for isolated rod modes and the width of
the bands is proportional to the overlaps of the isolated rod
modes. Accordingly, photonic bands that reside between
PBGs are associated with LP0m or LP1m rod modes because
of the large overlap for these modes, while LP2m (which nearly
coincides with LP0m mode), LP3m, and LP4m modes of rods
(which occur between LP0m and LP1m modes) only get across
the PBGs without spreading in width, despite the fact that the
index-guiding rod modes already satisfy the cutoff condition
below the silica line [19], wherem is a nonnegative integer. In
Fig. 1(b), the band between the first- and second-order PBGs
is formed by LP11 rod modes, and it can be seen that the edge
that determines the first-order PBG becomes flat by changing
the slope below the silica line. In terms of the band theory, this
can be understood by the fact that the degenerate Γ,M , and K
states are transformed into the M state absolutely below the
silica line, where Γ, M , and K represent the high symmetry
points in the Brillouin zone boundary in reciprocal lattice
space for the two-dimensional triangular lattice shown in Fig. 2
(a) and expressed as ðkx; kyÞ ¼ ð0; 0Þ at Γ
point, ðkx; kyÞ ¼ ðπ=Λ;−π=

ffiffiffi
3

p
ΛÞ at M point, and ðkx; kyÞ ¼

ð4π=3Λ; 0Þ at K point. In terms of the ARROW theory, on
the other hand, it can be explained by the fact that the reso-
nant condition in high-index rods is replaced with that in low-
index regions between the rods below the silica line. This fact
means that in order to take into account the resonant feature
in the cladding more precisely, consideration of the resonant
condition for the low-index material is also required. It is
noted that, although the resonant condition in high-index rods
is the result of total internal reflection, the other condition is
related to antiresonance in rods. However, due to the low lo-
calization characteristic of the bound mode supported be-
tween the high-index rods, it has not been possible to
estimate the PBG edge easily by using the ARROW theory
for low-index regions. Here we derive an efficient method
based on an ARROW theory, by incorporating a phase relation
between the resonant modes in low-index regions for the first-
order PBG.

In. Fig. 2(b), one of the transverse electric field components
(Ex) of the Bloch state that determines the floor of the first-
order PBG is depicted for the structure with d=Λ ¼ 0:4 and
Δ ¼ 2:0%. According to the Bloch theorem and ARROW the-
ory, and by analogy to the tight-binding theory, Ex concerning
the resonant modes in low-index regions must satisfy the
following equation [37,38]

Exðrþ RÞ ¼ ExðrÞ expðik⊥ · RÞ; ð1Þ

where r stands for the position vector, R for the translation
vector, and k⊥ for the in-plane Bloch wave vector correspond-

ing to the Brillouin zone boundary. Therefore, a phase shift of
one resonant mode from another is related to k⊥ · R. For ex-
ample, since the state shown in Fig. 2(b) is related to M point,
the phase shift between the nearest neighbor resonant modes
is π. In conventional waveguide couplers with multiple cores,
it is known that the effective index for the even state is higher
than that for the odd state in general. It is noted that if the state

Fig. 2. (Color online) (a) First Brillouin zone boundary in reciprocal
lattice space for two-dimensional triangular lattice, where ðkx; kyÞ ¼
ð0; 0Þ at Γ point, ðkx; kyÞ ¼ ðπ=Λ;−π=

ffiffiffi
3

p
ΛÞ at M point, and ðkx; kyÞ ¼

ð4π=3Λ; 0Þ at K point. (b) One of the transverse electric field
components (Ex) of Bloch state which determines the floor of the
first-order PBG for the structure with d=Λ ¼ 0:4 and Δ ¼ 2:0%.
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shown in Fig. 2(b) is considered as the mode for the ARROW-
type coupler, the effective index for the odd state is higher
than that for the even one, contrary to the case for conven-
tional waveguides. This is due to the symmetry of the LP mode
bound in high-index rods. Because the LP11 rod mode is the
antisymmetrical mode in rods, the resultant state for the low-
index regions, which is responsible for the state at the PBG
edge, becomes odd when the antisymmetrical mode in rods
forms the even state. Here we assume that the Bloch state
for the transverse cross section is a two-dimensional standing
wave and the transverse wave vector component
satisfies kt ¼ k0ðn02

low − n2
edgeÞ1=2, where k0 is the wavenumber

in free space and nedge represents the effective refractive in-
dex of the edge corresponding to the PBG floor. The para-
meter n0

low corresponds to an equivalent refractive index of
the cladding material in which high-index inclusions are em-
bedded in the low-index region periodically. Although the
material forming the photonic crystal is inhomogeneous,
the average equivalent index can be efficiently defined, as gi-
ven in the next section. It is noted that, according to the state
shown in Fig. 2(b), kt must be equal to the absolute value of
the fundamental reciprocal lattice vector for the triangular lat-
tice with the pitch of 2Λ which the wave forms in transverse
direction, because the reciprocal lattice is defined as a set of
particular wave vectors composed of plane waves whose per-
iodicity is the same as Bravais lattice, forming a periodic lat-
tice [37]. Therefore, because of the relation kt ¼ 2π=

ffiffiffi
3

p
Λ,

nedge satisfies the following simple equation:

nedge ¼
�
n2
low −

λ2
3Λ2

�
1=2

: ð2Þ

Here, we take into account the fact that k ≈ nlow × k0 (there-
fore, n0

low ≈ nlow) when the values of d=Λ and Δ are small (in
particular, d=Λ < 0:3), because the cladding material can ap-
proximately be considered as the homogeneous silica materi-
al and the condition considered is the resonant state in the
low-index background between high-index rods. It is worth
noting that Eq. (2) does not include any structural pa-
rameters of rods (d and Δ) except for Λ. In contrast to the
ARROW theory for high-index rods, where the transmission
band in λ is largely determined by d and Δ while not depend-
ing on Λ [30], this implies that nedge at λ does not depend on d
andΔ, but it is largely determined only byΛ when d=Λ andΔ
are small. In other words, it has a constant value for the struc-
tural parameters for which the PBG emerges at the same λ=Λ.
In order to confirm this, PBG edges as a function of λ=Λ cal-
culated by the FEM and Eq. (2) are shown in Fig. 3
for d=Λ ¼ 0:207 and Δ ¼ 1:48%, and d=Λ ¼ 0:255 and
Δ ¼ 1:0%. The structural parameters are chosen as d=Λ×
ðn2

high − n2
lowÞ1=2, being constant in order to compare the

PBG edges emerging at the same λ=Λ, in accordance with
the ARROW theory for high-index rods [which can be ex-
plained with the aid of Eq. (4)] [21]. Both of them agree fairly
well, and we can see the validity of the proposed formula.
Moreover, from Eq. (2), the PBG depth as a function of the
structural parameters of the cladding can be derived by repla-
cing λ into the structural parameters by using the ARROW the-
ory for high-index rods

PBGdepth ¼ nlow − nedge ≈

� πffiffiffi
3

p
V

�
d
Λ

��
2
nlowΔ; ð3Þ

where V represents the normalized frequency and is defined
for high-index rods as follows:

V ¼ πd
λ

�
n2
high − n2

low

�
1=2

¼ πd
λ nlow

�
2Δ

1 − 2Δ

�
1=2

: ð4Þ

In Eq. (3), since high-index rods are realized by Ge doping in
silica for all-solid structures, we assumed that Δ is small.
From the equation derived here, we note that the PBG depth
increases monotonically with Δ and quadratically with d=Λ.

Recently, it has been reported that high-Δ all-solid PBGFs
can be realized by making use of tellurite glass as the high-
index rods [39]. In order to see the validity of the proposed
formula for such a case, the effective index of the PBG edges
as a function of λ=Λ calculated by the FEM and Eq. (2) is pre-
sented in Fig. 4 for the structural parameters d=Λ ¼ 0:17 and
Δ ¼ 25:7%. Because of the small value of d=Λ, it is observed
that the result obtained by Eq. (2) clearly agrees well with that
by the FEM.

Fig. 3. (Color online) First-order PBG edges as a function of λ=Λ
calculated by FEM (depicted as dashed and dotted curves) and
Eq. (2) (depicted as solid curve), where d=Λ ¼ 0:207 and
Δ ¼ 1:48%, and d=Λ ¼ 0:255 and Δ ¼ 1:0%, respectively.

Fig. 4. (Color online) First-order PBG edges as a function of λ=Λ
calculated by FEM (depicted as dashed curve) and Eq. (2) (depicted
as solid curve), where d=Λ ¼ 0:17 and Δ ¼ 25:7% [39].
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3. SPECIFYING FACTORS OF REDUCING
PHOTONIC BANDGAP DEPTH
In the previous section, we assumed that high-index inclu-
sions embedded in the low-index material do not have an ef-
fect on the equivalent refractive index of the material when
the value of d=Λ is small because the resonant condition in
the low-index background was considered. When the value
of d=Λ is increased (d=Λ ≥ 0:3), however, the effect of high-
index rods on the resonant modes in low-index regions is in-
evitable due to the fact that each high-index rod approaches
the center of the low-index region in this case. As discussed
below, because the effect is one of the factors for increasing
the value of nedge (accordingly reducing the PBG depth) with
increasing d=Λ, the theory provided in Sect. 2 should be re-
vised slightly in order to incorporate the impact of high-index
rods on the equivalent refractive index of the material. In
Fig. 5, we show the normalized wavelength dependence of
PBG edges for d=Λ ¼ 0:4 and Δ ¼ 2:0% calculated by the
FEM and the predicted result by Eq. (2). The actual edge cor-
responding to the PBG floor calculated by the FEM shifts up-
ward when compared to the prediction presented in Eq. (2),
where the effect of high-index rods on the equivalent refrac-
tive index of the material is ignored. This indicates that the
approximation n0

low ≈ nlow applied above is not appropriate
for structures with large d=Λ and, more precisely, n0

low should
be given as the square root of the average relative permittivity
weighted by the electric field intensity (jEj2) as follows:

n02
low ¼

X
i¼low;high

RR
Si
n2
i jEj2dSRR

S jEj2dS
: ð5Þ

Although this concept is useful when the length scale of the
variation of the field is larger as compared to that of the in-
homogeneities, it would explain the phenomenon approxi-
mately in our system. Because the refractive indices are
constant in each homogeneous material, the formula in
Eq. (5) can be expressed as

n0
low ¼ nlow

�
1þ I

�
2Δ

1 − 2Δ

��
1=2

; ð6Þ

where I is the modal overlap integral in the high-index rods
normalized by that in the cross section

I ¼
RR
Shigh

jEj2dSRR
S jEj2dS

: ð7Þ

According to the discussion above, the enlargement of the
equivalent refractive index of the cladding material for the
Bloch state is due to the penetration of light for the resonant
modes bound in low-index regions into high-index rods.
Therefore, the effective index of the edge corresponding to
the PBG floor is given by the following equation for any struc-
tural parameters:

nedge ¼
�
n02
low −

λ2
3Λ2

�
1=2

: ð8Þ

Here, we approximate the Bloch state corresponding to M
point (the state shown in Fig. 4b of Ref. [38] or Fig. 2(b) shown
above) by the simple cosine function. In this case, the value of
I can be obtained efficiently:

I ≈
π

2
ffiffiffi
3

p ðd=ΛÞ2
�
1þ 2

3π cos
�
2πffiffiffi
3

p ðd=ΛÞ
��

−
1
π ðd=ΛÞ sin

�
2πffiffiffi
3

p ðd=ΛÞ
�
: ð9Þ

In Fig. 6, we show the normalized wavelength dependence of
PBG edges calculated by the FEM and the results obtained by
Eq. (8), for d=Λ ¼ 0:4 and Δ ¼ 2:0% in (a), d=Λ ¼ 0:5 and
Δ ¼ 3:0% in (b), and d=Λ ¼ 0:6 and Δ ¼ 2:0% in (c). We
can clearly see the validity of the proposed formula, taking
into account the factor associated with the penetration of light
into rods. We note that a small amount of the discrepancy of
the result from that obtained by the FEM is due to the approx-
imation applied to obtain I by using Eq. (9), where the Bloch
state was assumed to be the simple cosine function. In fact, we
confirmed that the result agrees fairly well with the FEM re-
sult if the value of I in Eq. (7) is calculated by using the modal
solver.

Once the equation for the effective index of the PBG edge
as a function of wavelength is derived, it is possible to derive
the relationship of the PBG edge or PBG depth between any
actual structural parameters by applying the ARROW theory
for high-index rods. By substituting Eq. (4) into Eq. (8), the
following relation can be obtained:

nedge ¼
�
n02
low −

1
3

�π
V

�
d
Λ

�
nlow

�
2
�

2Δ
1 − 2Δ

��
1=2

: ð10Þ

According to the ARROW theory for high-index rods ex-
pressed in Eq. (4), the condition that V ¼ 1:6 is sufficiently
included in the first-order PBG in frequency, because the edge
of the PBG for the highest frequency is V ≈ 2:4, corresponding
to the cut-off frequency of LP11 mode in conventional fibers.
In order to see the relationship of the PBG depth between
actual structural parameters, we show the PBG depth
(¼ nlow − nedge) as a function of Δ for d=Λ ¼ 0:2, 0.3, and 0.4,
and as a function of d=Λ for Δ ¼ 0:8% and 2.0% in Figs. 7(a)
and 7(b), respectively, where V is fixed as 1.6. As a reference,
the results obtained by using the FEM are also depicted. We
can see the quadratic increase of the PBG depth with increas-
ing d=Λ for each Δ when d=Λ is small, as well as the mono-
tonic increase with increasing Δ for each d=Λ. In Fig. 7(b),

Fig. 5. (Color online) First-order PBG edges as a function of λ=Λ
calculated by FEM (depicted as dashed curve) and Eq. (2) (depicted
as solid curve) for the case that d=Λ is not small, where d=Λ ¼ 0:4 and
Δ ¼ 2:0%. The impact of high-index rods is clearly seen.
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when d=Λ is increased, the slope of the PBG depth decreases.
This means that the enlargement in the effect of high-index
rods on the wavenumber in the cladding material is one of
the factors for increasing the value of nedge (accordingly redu-
cing the PBG depth) with increasing d=Λ. It is worth noting
that this effect is interpreted as penetration of a small amount
of light for the resonant modes bound in low-index regions
into high-index rods. In Figs. 8(a) and 8(b), we also show
the PBG depth as a function of Δ for d=Λ ¼ 0:2, 0.3, and

0.4, and that as a function of d=Λ for Δ ¼ 0:8% and 2.0% at
the midgap wavelength, for the results by the FEM and the
proposed formula by Eq. (10). In order to derive the value
of V at the midgap wavelength for the results by the proposed
formula, because it should not be acquired by using numerical
simulations, we used the analytical formula obtained by the
following expressions [33]

J0ðV01Þ þ
1
2
V01J1ðV 01Þ ln f ¼ 0; ð11Þ

J0ðV11Þ − J2ðV11Þf ¼ 0; ð12Þ
where J0, J1, and J2 are Bessel functions, V 01 is the value of V
corresponding to the lowest frequency for the first-order PBG
on the silica line determined by the LP01 rod modes, V11 is the
value corresponding to the highest frequency determined by
the LP11 rod modes, and f is the filling fraction of high-index
rods in the low-index background for the triangular lattice
structure defined in Ref. [33]. According to Eqs. (11) and
(12), the value of Vc that corresponds to the midgap wave-
length is derived as follows:

Vc ¼
2V01V11

V01 þ V11
: ð13Þ

Fig. 6. (Color online) First-order PBG edges as a function of λ=Λ
calculated by FEM (depicted as dashed curve) and Eq. (8) taking into
account the effect of the high-index rods on the wavenumber in the
cladding material (depicted as solid curve) for the case that d=Λ is not
small, where (a) d=Λ ¼ 0:4 and Δ ¼ 2:0%, (b) d=Λ ¼ 0:5 and
Δ ¼ 3:0%, and (c) d=Λ ¼ 0:6 andΔ ¼ 2:0%. As a reference, the result
obtained by Eq. (2) is also shown in which the refractive index of the
cladding material is assumed to be nlow (depicted as dotted curve).

Fig. 7. (Color online) First-order PBGdepth as a function of structur-
al parameters of (a)Δ and (b) d=Λ; where V is fixed as 1.6. In the fig-
ures, the dashed curves are the results obtained by FEM and the solid
curves are those obtained by Eq. (10) taking into account the effect of
the high-index rods on the wavenumber in the cladding material. The
value of d=Λ is fixed as 0.2, 0.3, and 0.4 for each curve in (a), and the
value of Δ is fixed as 0.8% and 2.0% for each curve in (b).
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Although the actual Vc is not in accordance with the value
obtained by Eq. (13) in a precise sense, it is found that a
qualitative agreement can be obtained between the formula
and the FEM results. In Fig. 8(b), when the exploitation of
the midgap wavelength is considered, not only does the slope
of the PBG edge decrease, but the value itself is also reduced
for increasing d=Λ. This is because, due to the blue shift of V01

for the structures with a large value of d=Λ, the reduction of
PBG depth caused by the effect of high-index rods explained
above is strongly incurred at the midgap wavelength. Again, it
is noted that the discrepancy of the results in Figs. 7 and 8 is
due to the approximation applied to obtain I by using Eq. (9),
as mentioned above. Moreover, we also note that the values
obtained by using the FEM are always slightly smaller than
those from the proposed formula in Figs. 7 and 8, which oc-
curs even if the discrepancy induced by the approximation is
ignored. By considering the deviation in the results, the other
factors of reducing the PBG depth (increasing nedge) are suc-
cessfully identified, although a small amount of the deviation
in Fig. 8 is due to the discrepancy of given Vc between the
FEM and the approximation calculated by Eq. (13). In parti-
cular, for the structures with a larger value of d=Λ, the devia-
tion becomes larger. The reason for this is related to the fact

that the width of the photonic band formed by the LP11 rod
modes increases when d=Λ has a large value. If we look at
Fig. 6 again, although the edge provided by the proposed for-
mula agrees to some extent with that by the FEM over the
entire wavelength range, the result obtained by the proposed
formula deviates from that calculated by theFEMslightly at the
condition of changing the slope of the edge (near the blue edge
of the PBG)which is explained in the previous section. It is also
found that another factor concerning the reduction of the PBG
depth is operating when d=Λ has a small value (d=Λ ≈ 0:1).
Although finding the physics underlying this observation is
challenging, at this time we have found that it is related to
the effect of the formation of the edge for the second-order
PBG on the first-order one. We are now in the process of inves-
tigating the cause and the impact on the fiber properties. The
detailed discussion will be presented elsewhere.

Finally, we would like to comment on the application of the
theory to the other PBGs. Although the Bloch state at the edge
corresponding to the PBG floor and, therefore, kt, is different
for each PBG, an intuitive understanding can be obtained by
the discussion provided here. In particular, there is a room for
considering the reason for the formation of the shallow PBG
for the even-order ones; in Ref. [20], it was shown to be due to
the differing impact of the modal overlap for the LP modes
bound in high-index rods between the even- and odd-order
PBGs. However, because the edge concerning the PBG floor
is related to resonance in low-index regions [33], according to
the theory provided here, another reason must also exist for
this, in addition to that shown in [20]. Figure 9 shows the
Bloch state at the edge corresponding to the floor of the sec-
ond-order PBG at the midgap wavelength for d=Λ ¼ 0:2 and
Δ ¼ 1:0%. Because the state is related to Γ point shown in
Fig. 2(a), the phase shift between the nearest neighbor reso-
nant modes is 0. Again, from the point of view of the ARROW-

Fig. 8. (Color online) First-order PBG depth as a function of structur-
al parameters of (a)Δ and (b) d=Λ; where V value is given for the cen-
tralwavelengthof thePBG for each structure. In the figures, the dashed
curves are the results obtained by FEM and the solid curves are those
obtained by Eq. (10) taking into account the effect of the high-index
rods on the wavenumber in the cladding material. The value of d=Λ
is fixed as 0.2, 0.3, and 0.4 in (a), and the value of Δ is fixed as 0.8%
and 2.0% in (b). A certain percentage for the deviation for each struc-
tural parameter is due to the discrepancy of the given values of Vc.

Fig. 9. (Color online) One of the transverse electric field components
(Ex) of Bloch state that determines the floor of the second-order PBG
for the structure with d=Λ ¼ 0:2 and Δ ¼ 1:0% at the midgap wave-
length. The state is formed with the condition of Γ point shown in
Fig. 2(a). The value of nedge ¼ 1:449916, which is very close to the re-
fractive index of silica (nlow ¼ 1:45).
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type coupler, because the band which determines the edge is
LP02 mode (symmetrical mode) bound in high-index rods, the
effective index for the even state confined in low-index re-
gions is higher than that for the odd state. According to an ana-
logy with Eq. (8), when the effect of high-index rods on the
wavenumber in the cladding material is small (in other words,
the value of d=Λ andΔ is small) and, therefore, n0

low ≈ nlow, the
value of nedge would show an asymptotic convergence to a
nearly equal value of nlow for the second-order PBG. This is be-
cause; as deduced from Fig. 9 where the material along which
light propagates can be considered to be homogeneous for the
transverse direction with the refractive index of nlow and ac-
cordingly k ≈ nlow × k0 ≈ β, the factor responsible for decreas-
ing the value of nedge in Eq. (8) or Eq. (2), which has a relation
with kt=k0, must be smaller as compared to the case in the first-
order PBG. In fact, the value of nedge at the state shown in Fig. 9
(the case that the effect of high-index rods is small) is about
1.449916, which is very close to the refractive index of silica
(nlow ¼ 1:45). Moreover, a part of this effect can also be seen
in Figs. 7(b) and 8(b) at d=Λ ≈ 0:1 for the result by using the
FEM, where the actual edge of the first-order PBG is deter-
mined by the condition of the second-order PBG as mentioned
above. It is observed that the depth shownby thedashedcurves
clearly goes to 0 for the structure with a small value of d=Λ in
the figures. Even when the effect of high-index rods increases
and, therefore, the value of k0 at which the PBG emerges de-
creases, however, kt=k0 itself would still have a small value. In
conclusion, because the LP modes bound in high-index rods
are symmetrical for the even-order PBGs, the factor responsi-
ble for decreasing the value of nedge or increasing the PBG
depth becomes smaller when compared to the case in the
odd-order PBGs, where the LP rodmodes are antisymmetrical.

4. CONCLUSIONS
In this paper, we proposed a simple formula that gives the
effective refractive index of the first-order PBG edge for
the maximum propagation angle, which corresponds to the
PBG floor in all-solid PBGFs, based on an ARROW theory in-
corporating a phase relation between the resonant modes in
low-index regions. We have shown that the effective index of
the PBG edge has a constant value for the structural param-
eters with which the PBG emerges at the same wavelength
normalized by the pitch when normalized rod diameters are
small. By incorporating the ARROW theory for high-index
rods, it has been theoretically shown that the PBG depth ex-
hibits a monotonic increase with the relative refractive index
difference for rods and quadratic increase with the rod diam-
eter normalized by the pitch. In addition, the cause of the re-
duction of the PBG depth with increasing the rod diameter
normalized by the pitch and the refractive-index difference
has been successfully found. We have shown that the change
of the wavenumber for the resonant modes bound in low-
index regions due to the small amount of penetration of
the light into high-index rods is the critical factor that is re-
sponsible for the reduction of the PBG depth. Moreover, it
has been shown that the effect of the enlargement of the
photonic-band width due to the modal overlap of rod modes
is also the major factor for reducing the PBG depth. The
validity of the proposed simple formula, which can be applied
for any structural parameters, has been verified by using the
vectorial solver based on the FEM. Finally, the critical reason

for decreasing the PBG depth in even-order PBGs has been
discussed based on the theory provided here.
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