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Abstract

Illthispaper,wedirectlyderiveagelleralizedmirrortrallsformationofprojectivehypersurfacesofupto

degree3,genusOGromov-WitteninvarialltsbycomparillgtheKolltsevich,slocalizatiollformulawithresidue

integralrepreselltatiollofthevirtualstructurecollstallts.Wecalleasilygelleralizeourmethodfbrtheratiollal

curvesofarbitrarydegree,exceptundercombillatorialcomplexities.

1 Introduction

Inthispaper,weproveageneralizedmirrortransformationofthegenusOGromov-Witteninvariantsofdegree

khypersurfaceinOPN-1,(wedenotethehypersurfacebyM舟),upto3degrees.Forthispurpose,weintroduce

thevirtualstructureconstantsofM舟,thatwerefirstdefinedinαlrworkwithA.Collino[2].

DefinitionlTんevirtuαlstructureconstαntsL£,f・ 編(d≦3,L¥,k,d≠OonlyifO≦ η ≦N-1-(N-k)の αre

rαtionαlnumbersdefinedbytんe!o〃oω 吻initiαlconditionαndtんerecur,蜘eformulα.
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Abstract 
In t his paper , we directly derive a generalized mirror transformation of projective hypcrsurfaccs of up to 

degree 3, genus a Gromov-WHten invarian ts by comparing t he Kontsevich 's localization formul a wit,}l residue 
integral represelltatbn of the virtual structure constants. \Ve can ea.<;ily generalize our method for the rational 
curves of arbitrary degree, except under combinatorial complexi t ies. 

1 Introduction 

In this paper , we prove a generalized mirror t ransformation of the genus 0 Gromov-"Vitten invariants of degree 
k hypersurface in Cp·N - l, (we denote t he hypersurface by NJ~kr), up to 3 degTees. tor t his purpose, we introduce 
the virtual structure constant.s of j\if.J~" that were first defined in our work with A. Collino [2]. 

Definition 1 The virt-urd stl'uctw'e constants L;:·k.d (d :S 3, L;:·k,d '" 0 only if 0 :S n :S N - 1 - (N - k )d) a"e 
rational numbers defined by the following initial condit'ion and the recursive for·mula. 
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InthemirrorcomputationofGromov-WitteninvariantsofM舟,L£,1,k・disusedtodenotetheB-modelanalogue

ofthe3-pointGromov-Witteninvariant.

14

た 〈0・N-・ 一・0・ ・一・+・N-…0・ 〉・,・=万 〈0・N-・ 一・0・ ・一・+・N一 嗣 〉・,・=

一 號

,、(σP。.、,の・卸(Ro(畷(・(た)))圃(んN-2一 η)剛 一1+(岬)・

(1.5)

In(1.5),んisthehyperplaneclassofOpN-1,兀70 ,γ、(OpN-1,のrepresentsthemodulispacecomprisedofdegreed

stablemapsfromthegenusOstablecurvetoOPN-1withηmarkedpoints,evi=兀70 ,,、(OPN-1,の →OPN-1is

theevahlationmapofthe乞 一thmarkedpoint,and7「=兀70β(OpN-1,の → 兀70,2(OpN-1,のistheforgetfulmap.

Thedefinitionofthevirtualstnlctureconstants」rorarbitrarydegree(1(≧1)is」roundin[7].Inourpreviαls

paper[9],weconjecturedaresidueintegralrepresentationof五 倉らk,d,whichcanbeinterpretedasaresultofa

localizationcomputationonthemodulispaceoftheGaugedSigmaModel.Inthefollowing,wepreparesome

notationstodescribetheformulawehaveconjectured.First,wedefinerationalfunctionsin㍑,"by=

・(k,d;u,v)・ 一 畳(…+(響 一 卿),

m=0

糊;姻 ・-h(7Ttl.L+(d-7Tt)vd)N.

m=1

(1.6)

Next,weintroduceanorderedpartitionofpositiveintegerd.

Definition2五etOPdゐetんesetoforderedpαrtitionsofposi伽eintegerd.

OPd={σd=(d・,d2,…,dl(。 、)) }N∈.フ
dd=の

㎞
Σ

戸
(1.7)

VVeden・teαn・rderedpαrti伽 σd吻(d・,4・,…,dl(。 。))・∫ηr切,ωe伽 ・tethelengtん ・伽e・rderedpαr襯 ・n

σdbyl(σd).

Theresidueintegralrepresentationcannowbegivenas=

L!-Y,k,dπ

d

-
⊥

一
た

×

Σ
1

。、∈。P、(2πA)'(σ ・)+1H

l(σd)11(σd)-1

H

回
(偲ゴ)N
H

戸

留)誕 娩)… か ・(x・)N-2-n(帰1+(N-k)d×

k、,」(1xゴ毛1ゴー1+α,ゴ誌+1)撫 驚i完i鵠鵠 ・
(1.8)

In(1・8),,
。kf.。 鵡 ・ep・e・ent・th・ ・P・・ati・n・ft・kingth・ ・e・idueat賜 一 〇・W・mustm・nti・nth・tth・

residueintegralin(1.8)severelydependsontheorderofintegration.Tobemoreprecise,wemusttakethe

residuesofallarjindescendingorascendingorderofsubscriptブ.Intheappendixofthispaper,weprovethe

飼lowingtheorem.

Theorem1(1.8?holdstrueOfd≦3.

Wecanindeedprovethat(1.8)holdstrueforarbitraryd,butweincludeonlytheproofford≦3inthispaper

mainlyduetospaceconcerns.Thefullproofwillappearelsewhere.IfN≦k,theGromov-Witteninvariant

±〈0、N-・ 一・0、 ・一・+・N-…0・ 〉。,・andZが ・k,da・ediff・ ・ent.Inthi・ca・e,wecanw・it・th・f・ ・m・・a・th・w・ight・d

homogeneouspolynomialinLIX,k,♂(♂ ≦ の.Thisformulaisthegeneralizedmirrortransformationinthesense

describedinthispaper.Themainresultofthispaperisaproofofthistransfbrmationuptothecaseofd=3,
whichwasconjecturedin[8]asfollows.

Theorem2

1〈 ・ ・N-・ 一・… 一・+N-・ 〉・,・ 一 孟が ん,・ 藤N),
(1.9)

2

In the mirror computation of Gromov-\Vi t ten invariants of lHk , L;~·k,d is used to denote the B-model analogue 
of the 3-point Gromov-\Vitten invariant. 

1 d 
k'Ohl .... -2- n 0h n - 1..j.(1II - i: )d Oh)O,d = k (Oh N - 2- n all" - l +u\' - q d )O.d = 

= ~ "-- Ctop(RO (Jr.ev,(O(k)))) /\ evi(hN- 2- ,,) /\ ev:i (h" - 1+(N- k)"). 
k J-Xl O,2(Cf>N- l ,d) 

(1.5) 

In (1.5) 1 h is the hyperplane class of C pN - I , A1 O, n (c p N - I , d) represents t he moduli space comprised of degree d 
stable lJlaps from t lie genus 0 stable curve to C p N - l \V itll n marked points, eVi : .\![O ,n (CpN- l, d) -+ Cp·II,,' - l is 
t he evaluation map of t he i-th marked point , and IT : M O.3(cp N - 1, d) -+ IVI U,2(C p N- 1, d) is the forgetful map . 
The defini t ion of the virtual structure constants for arbit.rary degree d ("2: 1) is found in [7]. In our previous 
paper [9], we conjectured a residue integral representation or t : ,J."d, which can be int.erpreted as a result of a 
localizat ion computat ion on the moduli space of t he Gauged Sigma lvlodeL In the following, we prepare some 
notations to describe the formula we have conjectured. First, '\ve define rational functions in u , 'U by: 

elk ,h, v) , , , 

t(N d' " v) , , , 
d- 1 II (m1l + (d - m)v( . 

d 
tn= l 

Ne.'Xt, we int roduce an ordered partit ion of positive integer d. 

Definition 2 Let OPd be the set of O1'dered pmiitiuTl.s of positive integer d. 

I( (7 d) 

OPd = {17d = (d j , d2, .. · ,d, (u,) ) I L dj = d , elj E N } 
j= l 

(16) 

(1.7) 

We denote an ordered pal't;t;on 17d by (d" d2 . ··· , dllud )) ' In (1.7), we denote the length of the ordered partit ion 
17d by 1(17d). 

The residue integral representation can now be given as: 

i N ,I,' ,d 
_ n __ 

d 

(1.8) 

In (1.8), 2rr./=r .foo dXj represents the operation of taking the residue at Xj = O. '\Te must mention that the 
residue integral in (1.8) severely depends on the order of integration. To be mOre precise, we must take the 
residues of all :rj in descending or ascending order of subscript j. In t he appendix of this paper, we prove the 
follo,ving theorem. 

Theorem 1 (1.8) holds true if d S 3. 

\Ve can indeed prove that (1.8) holds t.rue for arbitrary d, but we include only the proof for d :S: 3 in this paper 
mainly due to space Concerns. The full proof will appear elsewhere. If N :S: k , the Gromov- \IVitten invariant 
t(Oh .v - 2- nOh,,-1+(."'-k)d (h'0 .d and L~', bl are different. In this case, we can wri te the former as the weighted 
homogeneous polynomial in L;~, J.· , d' (d' :S: d). This formula is the generalized mirror transformation in the sense 
described in this paper. The main result of this paper is a proof of this t ransformation up to t he case of d = 3, 
which was conjectured in [8] as follows. 

Theorem 2 

L N,k.l _ L N ,k.l 
n l+ (k - N )' (1.9) 

2 

In the mirror computation of Gromov-\Vi t ten invariants of lHk , L;~·k,d is used to denote the B-model analogue 
of the 3-point Gromov-\Vitten invariant. 

1 d 
k'Ohl .... -2- n 0h n - 1..j.(1II - i: )d Oh)O,d = k (Oh N - 2- n all" - l +u\' - q d )O.d = 

= ~ "-- Ctop(RO (Jr.ev,(O(k)))) /\ evi(hN- 2- ,,) /\ ev:i (h" - 1+(N- k)"). 
k J-Xl O,2(Cf>N- l ,d) 

(1.5) 

In (1.5) 1 h is the hyperplane class of C pN - I , A1 O, n (c p N - I , d) represents t he moduli space comprised of degree d 
stable lJlaps from t lie genus 0 stable curve to C p N - l \V itll n marked points, eVi : .\![O ,n (CpN- l, d) -+ Cp·II,,' - l is 
t he evaluation map of t he i-th marked point , and IT : M O.3(cp N - 1, d) -+ IVI U,2(C p N- 1, d) is the forgetful map . 
The defini t ion of the virtual structure constants for arbit.rary degree d ("2: 1) is found in [7]. In our previous 
paper [9], we conjectured a residue integral representation or t : ,J."d, which can be int.erpreted as a result of a 
localizat ion computat ion on the moduli space of t he Gauged Sigma lvlodeL In the following, we prepare some 
notations to describe the formula we have conjectured. First, '\ve define rational functions in u , 'U by: 

elk ,h, v) , , , 

t(N d' " v) , , , 
d- 1 II (m1l + (d - m)v( . 

d 
tn= l 

Ne.'Xt, we int roduce an ordered partit ion of positive integer d. 

Definition 2 Let OPd be the set of O1'dered pmiitiuTl.s of positive integer d. 

I( (7 d) 

OPd = {17d = (d j , d2, .. · ,d, (u,) ) I L dj = d , elj E N } 
j= l 

(16) 

(1.7) 

We denote an ordered pal't;t;on 17d by (d" d2 . ··· , dllud )) ' In (1.7), we denote the length of the ordered partit ion 
17d by 1(17d). 

The residue integral representation can now be given as: 

i N ,I,' ,d 
_ n __ 

d 

(1.8) 

In (1.8), 2rr./=r .foo dXj represents the operation of taking the residue at Xj = O. '\Te must mention that the 
residue integral in (1.8) severely depends on the order of integration. To be mOre precise, we must take the 
residues of all :rj in descending or ascending order of subscript j. In t he appendix of this paper, we prove the 
follo,ving theorem. 

Theorem 1 (1.8) holds true if d S 3. 

\Ve can indeed prove that (1.8) holds t.rue for arbitrary d, but we include only the proof for d :S: 3 in this paper 
mainly due to space Concerns. The full proof will appear elsewhere. If N :S: k , the Gromov- \IVitten invariant 
t(Oh .v - 2- nOh,,-1+(."'-k)d (h'0 .d and L~', bl are different. In this case, we can wri te the former as the weighted 
homogeneous polynomial in L;~, J.· , d' (d' :S: d). This formula is the generalized mirror transformation in the sense 
described in this paper. The main result of this paper is a proof of this t ransformation up to t he case of d = 3, 
which was conjectured in [8] as follows. 

Theorem 2 

L N,k.l _ L N ,k.l 
n l+ (k - N )' (1.9) 

2 

In the mirror computation of Gromov-\Vi t ten invariants of lHk , L;~·k,d is used to denote the B-model analogue 
of the 3-point Gromov-\Vitten invariant. 

1 d 
k'Ohl .... -2- n 0h n - 1..j.(1II - i: )d Oh)O,d = k (Oh N - 2- n all" - l +u\' - q d )O.d = 

= ~ "-- Ctop(RO (Jr.ev,(O(k)))) /\ evi(hN- 2- ,,) /\ ev:i (h" - 1+(N- k)"). 
k J-Xl O,2(Cf>N- l ,d) 

(1.5) 

In (1.5) 1 h is the hyperplane class of C pN - I , A1 O, n (c p N - I , d) represents t he moduli space comprised of degree d 
stable lJlaps from t lie genus 0 stable curve to C p N - l \V itll n marked points, eVi : .\![O ,n (CpN- l, d) -+ Cp·II,,' - l is 
t he evaluation map of t he i-th marked point , and IT : M O.3(cp N - 1, d) -+ IVI U,2(C p N- 1, d) is the forgetful map . 
The defini t ion of the virtual structure constants for arbit.rary degree d ("2: 1) is found in [7]. In our previous 
paper [9], we conjectured a residue integral representation or t : ,J."d, which can be int.erpreted as a result of a 
localizat ion computat ion on the moduli space of t he Gauged Sigma lvlodeL In the following, we prepare some 
notations to describe the formula we have conjectured. First, '\ve define rational functions in u , 'U by: 

elk ,h, v) , , , 

t(N d' " v) , , , 
d- 1 II (m1l + (d - m)v( . 

d 
tn= l 

Ne.'Xt, we int roduce an ordered partit ion of positive integer d. 

Definition 2 Let OPd be the set of O1'dered pmiitiuTl.s of positive integer d. 

I( (7 d) 

OPd = {17d = (d j , d2, .. · ,d, (u,) ) I L dj = d , elj E N } 
j= l 

(16) 

(1.7) 

We denote an ordered pal't;t;on 17d by (d" d2 . ··· , dllud )) ' In (1.7), we denote the length of the ordered partit ion 
17d by 1(17d). 

The residue integral representation can now be given as: 

i N ,I,' ,d 
_ n __ 

d 

(1.8) 

In (1.8), 2rr./=r .foo dXj represents the operation of taking the residue at Xj = O. '\Te must mention that the 
residue integral in (1.8) severely depends on the order of integration. To be mOre precise, we must take the 
residues of all :rj in descending or ascending order of subscript j. In t he appendix of this paper, we prove the 
follo,ving theorem. 

Theorem 1 (1.8) holds true if d S 3. 

\Ve can indeed prove that (1.8) holds t.rue for arbitrary d, but we include only the proof for d :S: 3 in this paper 
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1〈・、N-・一。・hn.・_、 〉。2-1(Z鯉 一 輯 一N))-Z鋒1江N)(讐(Z簡 ・一鵬 ㌔一N)一ゴ)),(・.1・)
ゴ=0

k-N

l〈・・N-・一・・hn-・+・・N-・・〉・,・-1(Zが 鳶β 螺 一N))-Z潔N)(Σ(Z簡2一 螺 一N)一ゴ)+・ 鍛%))
ゴ=0

一舞
一N)(2(k-NΣ)(z鴬 ・-z鋒 駄 一N)一ゴ))

ゴ=0

+1(鵜))・(2(罫 ㌦(Z簡 ・Z鋒 駄 一N)一ゴ)),
ゴ=0

(1.11)

ωhere

Aゴ

o∬i%)

==ブ ー{-1,げ(0≦ ブ ≦kIV),ノ1ゴ==1-{-2(k-1V)一 ブ,if(k-1V≦ ブ ≦2(kIV)),

(k-N)-1コ

Σ(Σ 孟慨 襟 駄 一N)+ゴーm
ゴ=Om=0

2(k-N)

z誤)+,+ゴ(Σz慨)

m=0

2(k-N)一 ゴー1

+孟 撫 とN)(ZN・ 鳶,1Σ71-m))

m=ゴ 十1

(k-N)-1フ2(鳶 一N)

Σ(ΣZ鉾 駄 一N)-mZ撫 とN)+ゴーmZ誰 丈)+,+ゴ(ΣZ鉾 駄 一N)-m)
ゴ=Om=Om=0

2(k-N)一 ゴー1

+孟撫 とN)(Σz鋒 駄 一N)-m))・
m=ゴ 十1

(1.12)

Ofcourse,theaboveformulascanbederivedbyusingknownmethodspresentedinvariouspapers,inchlding

[1],[5],[6],and[11].Intheseworks,thegeneralizedmirrortransfbrmationisderivedastheeffectofcoordinate

changesofB-modeldeformationparametersintoA-modeldelbrmationparameters.We鉛elthatthisprocessmay

betoosophisticatedtocapturethegeometricalimageofthegeneralizedmirrortransformation,thatis,changing

themodulispaceoftheGaugedLinearSigmaModelintothemodulispaceofstablemaps.Inthispaper,we

presentanelementaryanddirectproofofTheorem2byusingtheresultofKontsevich[10]andTheorem1.

Ourstrategyisthefbllowing.First,wenotetheexplicitformulaof〈0んN-2-nOhn-1+(N-k)d>dthatfollowsfrom

Kontsevich,slocalizationcomputation.Thisformulainchldessummationswithcombinatorialcomplicationsthat

havetorusactioncharactersλ ゴ,(ブ=1,…,N),butwecanrewritethesesummationsintoresidueintegralsof

finitecomplexvariables.Thisprocessisageneralizationofthewell-knowncomputationfromtheBottresidue

theorem,whichisavailableonp.434-435in[4].Afterthisoperation,wetakethenon-e叩livariantlimitλ ゴ →0.

Theresultingformulaisveryclosetoourresidueintegralrepresentationof五 が,k,din(1.8).Withthisformula,to

proveTheorem2,werequireanelementarycombinatorialdecompositionofrationalfunctionsintheintegrands.

Thispaperisorganizedasfbllows.InSection2,weexplaintheprocessusedtoreducethecombinatorial

summationsinKontsevich,slocalizationformulatoresidueintegralsinfinitevariables.Thenwepresentthe

residueintegralrepresentationof2-pointGromov-Witteninvariants.Thisrepresentationcanbedirectlycom-

paredwithther.h.sof(1.8)aftertakingthenon-equivariantlimitλ ゴ →0.InSection3,weproveTheorem2by

decomposingtherationalfunctionsintheintegrands.Section3presentsconchldingremarks.IntheAppendix,

weproveTheorem1,whichhasanimportantroleintheproofofTheorem2.
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k - J\' 

~ (LN, k ,2 _ LN.u ) _ L N,k,1 ( '\' (L N,u _ L N,k.1 )) (1 10) 
2 11 1+ 2( k - N ) 1+(I"- N ) ~ n,- j 1-2( ~' - }V}- j , . 

j = O 

k - N 
1 k (0 h N - 2 - n all" - 1+3(N - ,. :. )0,3 ~ (LN, k ,3 _ L " ,k.3 ) _ £,,, ,k.l ( '\' (LN.k ,2 _ L N,,·.2 ) + eN,k,3( )) 

3 11 1+ 3(k - iV) ' +( ~' - N) ~ 11-) 1+3(~~ -N)- j 1.1 n 
) = 0 

(1.11) 

where 

A j j + 1, if (0 ::; j ::; k - N) , A j := 1 + 2(k - N) - j , if (k - N ::; j ::; 2(k - N )), 
l k -N)- l j 2( k -N) 

eN.",3( ) 
1 ,1 n '\' ( '\' L N.u L N.u _ L N.k,1 ( '\' L N.k.1) 

~ ~ fi - tn n-2(k-f\'J+j-m (I.: -.lV)+2+J L- n - m 
j =O m = O 

2(k - N ) - j - l 

+ LN,k,1 ( '\' L N,k,1) ) 
l+( h,- N ) L- n-171 

m=.i+l 

( k -N)- l j 2( k - N ) 

'\' ( '\' LN,k,1 LN,k,1 _ £,V,k,1 ( '\' t N,k,1 ) 
L- L- 1+3{Je-N)-m l+( k -N)+j-m (k - N )+2+i L- 1+3( J.· -N)-'Ill 
j =O m = O m = O 

2(k -N)-j-l 

+t N ,k.1 ( '\' L N."" )) 
l +( k - N ) L- 1+3i k - .lV)-m · (1.12) 

m=J+l 

Of course, t he a bove formulas can be deri ved by using known methods presented in va rious pa pers, ind ucting 
[11, [5J, [6],ancl [11]. In these works, the generalized mirror t ransforma.tion is derived as the effect of coordinate 
changes of B-model deformation parameters into A-model deformation parameters. \¥e feel t.hat this process may 
be too sophisticat ed to cap t ure t he geometrical image of the genera lized mirror tran sforrnat ion , t hat is, ('haugiIlg 
the moduli space of the Gauged Linear Sigma ~\'fodel into the moduli space of stable maps. In tIns paper , we 
present an elementary and di rect proof of Theorem 2 by using the result of Kontsevich [10] and Theorem I­
OUI' strategy is the following. F irst , we IIote the explicit formu la of {Oh N- Z-" ()ht> -l+i N- k')d )d that fo llows from 
Kontsevich 's localizat ion computation. This formula includes summations with combinatorial complications that 
have torus act ion characters Aj, (j = 1"" ,1\T) , but we can rewrite these summations in t.o residue integrals of 
finite complex variables . T his process is a generaliz.ation of the well-known computation [!'OIn the Bat t residue 
theorem, which is available on p,434-435 in [4]. After this operation, we take the non-cquivariant limit /\; -7 O. 
The result ing formu la is very close to our residue integral representation of l~:, k ,d in (I-8) . \Vi th this formula 1 to 
prove Theorem 2, we require an elementary combinat.orial decomposit ion of rational functions in the integrands. 

This paper is organized as follows . In Section 2, we explain the process used to reduce the combinatorial 
summations in Kontsevich's localization formula to residue integrals in finite variables . Then we present t he 
residue integral representation of 2-point Gromov-Vi,litten invariants. Tills representat ion can be directly com­
pared with the 1'.h.s of (1.8) after taking the non-equivariant limit Aj -7 O. In Section 3, we prove Theorem 2 by 
decomposing the rationel functions in the integrands. Section 3 presents concluding remarks. In the Appendi..'X , 
we prove Theorem 1, which has an important role i.n the proof of Theorem 2. 
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2Reductionofthe■ocalizationFormulatotheResidueIntegral

WestartfroIntheKontsevich,slocalizationformulasfor2-pointgenusOGroInov-WitteninvariantsofM舟.For

thesuccinctpresentationoftheseformulas,weintroducethefollowingnotation.

　 　

ω・(姻 ・一 ㍑
㍑≡1一 ΣuPvq,

P+q=α 一1,P,q≧0

ω。(㍑,圃 ・一 ΣuPvqw'r,

P十q十 γr=α 一2,P,q,r≧0

(2.13)

and

E(卿,の ・-fi(航+(Y-m)λ ・),

m=O

u(N;の ・-rl(λ ゴー λの,

ゴ≠i,1≦ゴ≦N

叫,の ・一 価 航+(1-m)λ ・一λ、).(2.14)
k=1m=1

1n(2.14),λ ゴ(ブ=1,…,1V)arecharactersoftorusactiononOpN-1=

(X1='"=XN)→(eλ'tXl='"=eλNtXN).(2.15)

Here,wealsointroduceanelementaryequalitythatwillbeusedlaterinthispaper=

ω α(ar1,ar2)-1一 ω α(ic2,ar3)=(2ic2-ic1-ic3)ω α(ic1,ar2,ic3)-1-2ω α(ic1,ar3).(2.16)

Withthisnotation,thelocalizationformulasthatrepresent〈0ん 。0んb>o
,d(α=N-2一 η,わ=n-1十(N一 嗣)

aredescribedasfollows=

Fact1(Kontsevich)

麟 〉・,・ 一 一塔E(k,1;i,ブ)(λi一 λjv(
・へ「;のv(・へ「;ブ))2噛)嚇 λ・),(2・17)

〈0ん・0ん ・>o,2=

〈Oh・Ohb>oβ=

一1葛
丁(鶏(髪;轟 藩;の

+1ΣE(k,1;乞,の 恥1;ブ,の

×

塀,u(N;のu(N;のu(N;鵬 ・,圭・,+・,圭 ・1

(ω 。(λわ λゴ)+ω 。(λゴ,λ∂)(ω ・(λわ λゴ)+ω ・(λゴ,λ・)),

・ω 。(λわ λゴ)ωb(λ わ λゴ)+

1
×

一1葛
丁(課;織 謙;の

+1Σ 恥2;乞,の 恥1;ブ,の

・ω
。(λわ λゴ)ωb(λ わ λゴ)+

1
×

+λ
、圭λ1

(2.18)

、≠ゴ≠、T(N,2;i,のv(N;のv(N;のv(N;嚇 ・、皇・,

×(2ω 。(λわ λゴ)+ω 。(λゴ,λ・))(2ω ・(λわ λゴ)+ω ・(λゴ,λ・))-

1E(k,1;i,のE(k,1;ブ,のE(k,1;ゆ の
×

2Σ
i≠ゴ≠1≠m

1
×

、,圭、、+・

v(N;のv(N;のv(N;1)u(N;m)kλ ゴkλi

11
×

λo一 λz 、汁 、,+、 β 、一(λ ゴ ー λ・)2

4

2 Reduction of the Localization Formula to the Residue Integral 

'''e start from the Kontsevich's localization formulas for 2-point genus 0 Gromov-vVi ttell invariants of l\1 !~" For 
the succinct presentation of these formulas, we introduce the fo llowing notation. 

Wa.(u, v) 
'Uti _ va 

L upvq, 
u-v 

p+q=a -l,p ,q2:0 

Wa("U 1 'tI , W) L upvqw" , 

p+ q+ r=o - :2 .p.q.1' 2:0 

(2.13) 

and 

/..,d 

E(k , <I; i ,j) - II (rnA , + (kd - m)Ai ) , 

d 
/11.=0 

\f(N;i) II (Aj - A;), 
j;f. i.l '5j~ N 

N d- l 

T (N, d; i , j) - II II (m,\' + (d - m)Aj - Ak) (2. 14) 
d 

k= l m = l 

In (2.14), Aj (j = 1, --· ,N) are characters of torus action on CpN - L 

(2.15) 

Here, we also introduce an elementary equality that will be used later in this paper: 

(2. 16) 

\Vith this notation , the locaLization form ulas that represent (Oh a. Oh b)O,d (a = N - 2 - 11., h = n -1 + (N - k)rl) 
are described as follows: 

Fact 1 (Kontsevich) 

1 L E(k, 2; i, j)(A; - Ai)' 
=-;-;-';;-'--c:-'--;;:-;-;';'--:--;----;;-;-;-;'';--;----"" . '/lJ, ( A;, A j ) '/lJ b (A ; , A j) + 

4 .~. T (N,2;i,j)\f(N;i)F (N;j) 
' r ) 

+! '" E(k , 1;i, j)E(k, 1;j,l) 1 x 
2 ,.f-).~. , \f(N;i)lI(N;j)1f(N:I)kA)' _ 1 _ + _I_ 

T...... Aj-)" Ai- At 

X (w, (A;, Aj) + Wa(Aj, A,») (Wb(A; , Aj) + Wb(Aj , AI)) , 

1 '" E(k , 3;i , j)(A; _ Aj)' ( 
--6 L T ("13" :)11( "1' ')\f(N' .) ' W,,(A;,A j )Wb A"Aj) + 

'.... . J." Z,J .I , Z , J 
'r) 

1 L E(k, 2;i,j)E(k, 1;j,l) 
+ 2' '#;#1 T (N, 2;i , j)1i(N;i)\1(N;j)V(N;I)kA) "~)" + A , ~A' X 

1 

x (2w .. (A;, Aj) + w" (Aj , All) (2Wb(A" Aj) + Wb (Aj , AI )) -

1 '" E(k, 1;i ,j)E(k, l;j, I)E (k, 1;I,m) x 
2 L lI(N' i)lI (N' J')1f(N'I )lI (N' m )kAkAI i=t-j-::f li:- m 1 1 1 1 J 

1 1 I 
x . X 

_1_ + _ 1 ___ 1 _ + _1_ (A . _ A, )' 
)., j- '\ , >';,- )./ A/ - ), j A/ - Am J 

4 

(2 .17) 

(218) 
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--6 L T ("13" :)11( "1' ')\f(N' .) ' W,,(A;,A j )Wb A"Aj) + 

'.... . J." Z,J .I , Z , J 
'r) 

1 L E(k, 2;i,j)E(k, 1;j,l) 
+ 2' '#;#1 T (N, 2;i , j)1i(N;i)\1(N;j)V(N;I)kA) "~)" + A , ~A' X 

1 

x (2w .. (A;, Aj) + w" (Aj , All) (2Wb(A" Aj) + Wb (Aj , AI )) -

1 '" E(k, 1;i ,j)E(k, l;j, I)E (k, 1;I,m) x 
2 L lI(N' i)lI (N' J')1f(N'I )lI (N' m )kAkAI i=t-j-::f li:- m 1 1 1 1 J 

1 1 I 
x . X 

_1_ + _ 1 ___ 1 _ + _1_ (A . _ A, )' 
)., j- '\ , >';,- )./ A/ - ), j A/ - Am J 

4 

(2 .17) 
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2 Reduction of the Localization Formula to the Residue Integral 

'''e start from the Kontsevich's localization formulas for 2-point genus 0 Gromov-vVi ttell invariants of l\1 !~" For 
the succinct presentation of these formulas, we introduce the fo llowing notation. 

Wa.(u, v) 
'Uti _ va 

L upvq, 
u-v 

p+q=a -l,p ,q2:0 

Wa("U 1 'tI , W) L upvqw" , 

p+ q+ r=o - :2 .p.q.1' 2:0 

(2.13) 

and 

/..,d 

E(k , <I; i ,j) - II (rnA , + (kd - m)Ai ) , 

d 
/11.=0 

\f(N;i) II (Aj - A;), 
j;f. i.l '5j~ N 

N d- l 

T (N, d; i , j) - II II (m,\' + (d - m)Aj - Ak) (2. 14) 
d 

k= l m = l 
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(2.15) 

Here, we also introduce an elementary equality that will be used later in this paper: 

(2. 16) 
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4 .~. T (N,2;i,j)\f(N;i)F (N;j) 
' r ) 
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×(ω 。(λわ λゴ)+ω 。(λゴ,λ∂+ω 。(λ1,λm))×

×(ω ・(λわ λゴ)+ω ・(λゴ,λ∂+ω ・(λ・,λ　 ))-

1E(k,1;i,のE(k,1;i,Z)E(k,1;ゆ の

6、≠伸
,蜘U(N;のu(N;のu(N;のu(N;m)(kλ の2

×(ω。(λわλゴ)+ω 。(λわλ・)+ω 。(λわλm))×

×(ω・(λわλゴ)+ω ・(λわλ・)+ω ・(λわλ　)).

Σ ×

(2.19)

RemarklIn(2.1"フr2.18ブ αnd(2.19ブ フeαcんsummαndcorre,spondstoαtreegrapんthatrepresents吻eneration一

妙eoノ,stablemαP,s1101.Tんer.ん.s.o/tんe,seequαlitiesαre伽 翻 αntundervαriation,s痂 〃zecん αrαctersoftorus

αctionフbut伽r2.18ブ αn(lr2.19ブ フeαcん,summαn(lindeedvαriesα,stんechαrαctersvαry.

Althoughsomeelementarysimplificationofcomplicatedtermshasbeenachieved,theseformulasfollowfromthe
resultsin[10].Theaboveformulasincludemanycomplicatedsummations,butwecanrewritethesesummations
intoresidueintegralsinfinitecomplexvariablesasfollows.

Proposition1

〈・・・… 〉・ 一 一1(2
π茜)、 兇 。dx塑 ・

e(k,1;x、,cv2)@、-iV2)2
・ω 。@・

,ar2)ωb(X・,:C2),@
、)N(ar2)N

(2.20)

〈・幽 ・ 一 一1(2
π茜),癖 ・か ・e窪1舞 編 紹2・妬(x・,卿 ・,x・)+

+1(2詣)・ 宏 唖 唖dx・e(鴛 欝 畿 ∫3)・
。、圭∴ 、≒、×

×(ω 。([c1,ar2)+ω 。(x・,x・))(ω 幽,x・)+ω ・(x・,x・)),(2.21)

〈Oh・Ohb>3 一 一1
(2π云)・宏 唖 伽・(華1鐸 鵠(云慌,)N・ 妬(卿 ・圓+

+1(2
π云)・宏 唖 唖 砒・(拳1繍 跨≠認 灘,・。、≒≒ 、×

×(2ω 。@・,x・)+ω 。@・,x・))(2ω ・@・,x・)+ω ・@・,x・))+

+1(2π茜)・宏 唖 唖 砒・(・拳1}雑i(;1£il,'Z畿,・。、≒、≒ ×
×(ω 。@・,x・)+2ω 。@・,x・))(ω ・(x・,x・)+2ω ・(x・,x・))一

一1
(2π云)、宏唖 唖 伽宏砒・e(鴇N'畿 講 芸ll糠1幽)×
111

×

、,、≒ 、+。 、≒ 、 、,、≒ 、+。 、圭、,、'@・ 一 労・)・ ×

×(ω 。@・,ar2)+ω 。(灘・,労・)+ω 。(労・幽))(ω 幽 圃+ω ・(偲・,労・)+ω ・(労・幽))一

一1
(2π云)、宏唖 唖 伽宏砒・小畿 畿 驚1餐緋 幽)×

×(ω 。@・,x・)+ω 。(x・,x・)+ω 。(x・,x・))(ω 幽,x・)+ω 幽,x・)+ω ・(x・,x・)).(2.22)

proof?Duetospaceconcerns,weinchldetheprooffor(i=1,2.Theprooff()rthecaseof(i=3proceedsina
similarfashion.Westartfromthecaseofd=1.Bytheelementaryresiduetheorem,wecanrewritether.h.s.
of(2.17)intothefollowingresidueintegral.

〈・謝 ・ 一 一1(2詣)・ 兇
、。,、。唖 、。,。、伽 ・H

e(k,1;x、,a・2)(x、-x2)2

狸 、(([c1一 λゴ)(労・一 λゴ))

・ω 。@、
,CV2)ω6@、,ar2).

(2.23)

5
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X(W.(Ai , Aj ) + Wb(Aj , A,) + Wb (A" Am))-

1 '" E (k, 1; i,j)E (k, 1; i , {JE(k, 1; i,m) x 
6 ~ 1i(N' i )V(N' j)V(N' {)1i(JV'm)(kA)2 

i¥-j ,i¥-l.i¥m 1 ) , , 1 

X(Wa( Ai,Aj) +wa(Ai"I,) +wa(Ai, Am ) ) x 

X(W,(Ai,Aj) + W,( Ai, '\ ,) +w,('\i , Am )) . (2. 19) 

Renlark 1 In (2.17), (2.18) and (2.19) , each summand corresponds to a tree graph that represents degeneration­
type of stable maps fl O}. The r.h.s. oj these equalities are -tnva1"iant under variations in the characters oj tor'us 
action, but in (2.18) and (2.19), each summand indeed varies as the chamcters vary. 

Although some elementary simplification of complicated terms has been achieved , t hese formulas follow from the 
reslllts in [10]. The ahove fornml as include many complicated Slllllllmtiolls, but we can rewrite t hese summations 
into residue integrals in fini te complex variables as follows. 
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- -~ 1 i d' f' { e(k , l ;xl,x,)(xl - x,f ( ) ( ) 
- " x , 'X, () ' ()N ' WaX"X,W,,,, ,, X,, 

2 (21iV _1)2. Co - Co Xl J X:.J. 
(2.20) 

(2.21) 

pmof) Due to space concerns, we include the proof for d = ] , 2. T he proof for the case of d = 3 proceeds in a 
similar fashion. 'Ve start from the case of d = 1. By the elementary residue theorem) we can rewrite the L h.s. 
of (2.17) into the fo llowing residue integral. 
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In(2.23),0(0,α)denotesthecirclecenteredatOandwithradhlsα,andRisasuMcientlylargepositivereal

numbergreaterthanmax.{31λ ゴllブ=1,…,N}.Inthecaseofd=2,wealsohavesimilarequalities=

-1
(2π嵩)・ 編 咳 許 ・H狸、((i(≒ 鴇 荒 一A」))・聯 ・)ω・@・,x・)一

一一塔
丁(鶏1誤;1識隔 藩;の ・妬(Ai,λ・)嚇 λ・)一

一2多

(e(k,2;λ わ2λゴー λの(λi一 λゴ)2H淫、(2λゴーλ一 λ1))v(N;i)v(N;ブ)・購2い)ω 鵡 一Ai),(2・24)

and

l(2π茜)・ 兇_唾 一 伽 兇似許 ・剛 砦1詳 ≡雑'壬;ee1'i(x.3,)一λ、))×

×(:C2-X・)(ar2-ar3
2ar2-ar1-ar3)(噛X・)+卿 ・,X・))(ω鹸)+ω 軸))一

一1蕩

≠汐λ需i瓢 讐認!;z)(λ ゴーλ乞2λゴー)1告1∂(礁,A」)+購,λ ・))(ω・幅)+ω ・(い))+

+憶 轟;講 繰1溢
、1岩 ≒)(ω。(λi,λ」)+嚇2い))×

×(ω・(λわλゴ)+ω ・(λゴ,2λゴーλの).(2.25)

Incontrast,thef()llowingrelationseasilyfollow.

・(職,2λ ゴーλの 一e(k;1;λ わλゴ)91(lllksナλゴ'2λゴー λ'),

ω α(λi,λ ゴ)-1一 ω α(λ ゴ,2λ ゴ ー λの=2ω α(λi,2λ ゴ ー λの.(2.26)

Thesecondequalitylbllowsfrom(2.16).Withtheserelations,thesecondtermsofther.h.s.of(2.24)and(2.25)

canceloneanother.Assuch,weobtainthefollowing=

〈0ん ・0ん ・>2=

一一1
(2π嵩)・ 兇譜 ・兇∵ 灘・H狸、((睾;1'丈結 舞≒))・ 聯 ・)ω・@・,x・)+

+1(
2π嵩)・ 兇ノ ・兇∵x・ 兇似。、砒・剛 砦 語!姜ll'壬 箒 λ、))×

×([C2-[C1)(ar2-ar32
ar2-ar1-ar3)(卿 ・,x・)+卿 ・,x・))(ω 鹸)+ω 緬))・(2・27)

Ifw・1・ ・k・tth…h・ …f(2・23)and(2・27),w・ ・an・a・ily・eef・ ・mthec…dinatech・ng・xゴ ー 圭th・t・a・h

summandisinvariantundervariationsinλ ゴ.Therefore,wecantakethenon-e叩livariantlimitλ ゴ →0;wecan

taketheR→Olimitaswell.Thisoperationleadsustotheequalitiesoftheproposition.

Remark2∫nRemαrk17ωenoticedtん αteαcんsummαn(1痂r2.18ブisnotinvαriαntundervαriαtion,s痂tんe

Cんαrαcters.ButαSCαnbeseenin(2.24?αnd(2.25?,ωecαnmαkeit伽 αriantb'yαdd吻suitablerati・nαlfunCtions

O/Cん αrαCter,S.TheseαdditionαlrαtiOnα り'UnCtiOnSCαnCelOUtψerαddingUp,SUmmαndsthatCOrre,SpOndto舵e

g即 んs.Tんe,sαmemecん αnismαlsoωorksintんecαseo/d=3.

3 ProofofTheorem2

BeforemovingontotheproofofTheorem2,wenotethefollowingequality.

孟胴 一灘i色(N 一順 ・ (3.28)

6

In (2 .23), C{O,a) denotes the circle centered at 0 and with radius a, and R is a sufficientl.y large positive real 
number greater than max.{31.\j l l j = 1; · · · , J\'}. bl the case of d = 2, we also have similar equalities: 

(2.24) 

and 

J J i d'" i d i I· e(k,J;xl,x,)e(k, l ;x"x,) 
2 ?_ ~ 3, X3 X 2 , (Xl " N . • .• . x (-"v-1) c ie'''') c ia.OR ) C,a.R ) kx, nj~l ( (Xl - Aj) (X, - .\)(.!, - .\)) 

(x, - Xl )(X2 - X3) 
x 2" (W, (XI,X,) + w,,(xz .x,» ) ('CO(Xl,X,) + w,(X"X3») = 

X2 - Xl - X3 

1 '" E (k, l; i,j)E(k, l ;j,l) ('\j-,\; )('\ j -'\/)( ( ) ( ))( ( ) ( ») 
= '2 L., kA1f(N' i)V(N' ')1f(N'[ ) 2A _ A.' _ A Wa Ai, Aj +Wa Aj, AI Wb .\i, Aj + Wb .\j , .\' + 

'i::j:.j.j::j:.1 J 1 , J , J I I 

!'" e(k;1 ;Ai, Aj)e(k, 1;Aj, 2.\ j - Ai)(Ai - Aj)' ( (A' A') (.1·2.1 · - .\·)) + L- N Wa ~, J + Wo J' J l X 
2 i#; kAj \f(N; i)F(N;j)V(N ;l)m/~1(2Aj - Ai - Ad) 

x (Wb(Ai,'\j) +wbP'j, 2A j - A;)) . (2.25) 

In contrast 1 the following relations easily fo llow_ 

(A' 2' A' 2A _ A ) = e(k; 1; Ai, Aj)e(k, 1; .\j, 2A j - Ai ) 
e " " ~) J I k.\ . ' 

) 

w" (Ai, .\j) + we (.\j, 2Aj - ,Ii) = 2w" (Ai, 2A j - Ai) . (2.26) 

The seconel equality follows from (2.16) . With these relat ions, the second terms of the 1'.h.s. of (2 .24) and (2.25) 
can cel one another. As such , we obtain the following: 

(2.27) 

If we look at the r.h.s. of (2.23) and (2.27)' we can easily see from the coordinate change Xj ..!.. that each 
=j 

summand is invariant under 'variations in A j . Therefore, we can take the nOl1-equivariant limit A j --+ 0; we can 
take the R --+ 0 limit as well. This operation leads us to the equali t ies of t he proposit ion . 

Remark 2 In Remark 1, we noticed that each summand in (2.18) is not invaTiant unde1' vaTiations in the 
chamcters. B ut as can be se.en in (2.24) and (2.25}) we can make it inva1'iant by adding s'll,itable mtional fu.nctions 
of chamcter·s. These additional mtional functions cancel out afte7- adding up su.mmands that correspond to tree 
graphs. The same meehan'ism also works in the case of d = 3. 

3 Proof of Theorem 2 

Before moving on to the proof of Theorem 2, we note t he following equality. 

L N,k ,d _ L N ,Ld 
'It - IV - I - (N - k )rl - n ' (3.28) 
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(2.24) 
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J J i d'" i d i I· e(k,J;xl,x,)e(k, l ;x"x,) 
2 ?_ ~ 3, X3 X 2 , (Xl " N . • .• . x (-"v-1) c ie'''') c ia.OR ) C,a.R ) kx, nj~l ( (Xl - Aj) (X, - .\)(.!, - .\)) 

(x, - Xl )(X2 - X3) 
x 2" (W, (XI,X,) + w,,(xz .x,» ) ('CO(Xl,X,) + w,(X"X3») = 

X2 - Xl - X3 

1 '" E (k, l; i,j)E(k, l ;j,l) ('\j-,\; )('\ j -'\/)( ( ) ( ))( ( ) ( ») 
= '2 L., kA1f(N' i)V(N' ')1f(N'[ ) 2A _ A.' _ A Wa Ai, Aj +Wa Aj, AI Wb .\i, Aj + Wb .\j , .\' + 

'i::j:.j.j::j:.1 J 1 , J , J I I 

!'" e(k;1 ;Ai, Aj)e(k, 1;Aj, 2.\ j - Ai)(Ai - Aj)' ( (A' A') (.1·2.1 · - .\·)) + L- N Wa ~, J + Wo J' J l X 
2 i#; kAj \f(N; i)F(N;j)V(N ;l)m/~1(2Aj - Ai - Ad) 
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(2.27) 
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=j 
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3 Proof of Theorem 2 

Before moving on to the proof of Theorem 2, we note t he following equality. 
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ThisnaturallyfollowsfromTheorem1.

Letusstartfromthecaseofd=1.Inthiscase,weapplyatrivialequalitytother.h.sof(2.20)=

(ar1-[c2)2ω α([c1,ar2)ωb(ar1,[c2)=(ar望 一ar餐)(ar3-ar9)=ar?ar9-1一 労生偲餐 一ar9+わ 一 偲餐+ゐ.(3.29)

ThenthetheoremfollowsfromTheoremland(3.28).Inthecaseofd=2,weapply(3.29)tothefirstsummand

ofther.h.s.of(2.21).Tothesecondsummandof(2.21),weapplythefollowingdecompositionoftherational

fUnctionintheintegrand.

(ω 。([C1,ar2)+ω 。(ar2,[C3))(ωb([C1,ar2)+ω わ([C2,ar3))

1十1

×2-Xl α,2-X3

(ar2-ar1)([C2-ar3)(ω 。@1,ar2)+ω 。([C2,ar3))(ωb([C1,ar2)+ω わ(X2,ar3))

2ar2-ar1-ar3

-(@1)≒ 讐 響
、一@1)b)+(X・ 一卿 ・,卿 ・,卿 ・一卿 ・,X・)ω軸)・

(3.30)

Thenthefirstsummandinther.h.s.of(2.21)andthefirstterminthedecomposition(3.30)sumtothefollowing=

1畔,・ 一輯 一N)),(3・31)

using(3.28)andTheorem1.Thesecondandthethirdtermsinthedecomposition(3.30)resultinthefollowing=

わ一1

κΣ 孟脚N¢ 鴬 義 一N-Z撫 ゴ+、-N),(3・32)

ゴ=O

using(ari-xゴ)ω α(ari,賜)=婿 一 鰺,(3.28)andTheorem1.Butifwenoteα=N-2一 η,わ=η 一1-2(k-N)

and(3.28),(3.32)becomesthe飼lowing=

k-N
一鳶ΣZ脚N(Z惚 一Z鉾 駄 一N)一ゴ)・(3・33)

ゴ=O

Thiscompletestheprooffbrthecaseofd=2.

Now,weturntothecaseofd=3.Asinthecaseofd=1,2,weapply(3.29)tothefirstsummandofthe

r.h.s.of(2.22).Tothesecondandthethirdsummands,weapplythefollowingdecompositions.

2(2ω α([c1,ar2)一{一 ω α(ar2,[c3))(2ωb(ar1,ar2)一{一 ω わ(ar2,ar3))

2十1
×2-XlX2-X3

(ar2-ar1)(ar2-ar3)(2ω α([c1,ar2)一{一 ωα(ar2,[c3))(2ωb(ar1,ar2)一{一 ωわ(ar2,ar3))

灘2ヂ1惚
2-a・3

-2((X、)α 一(・C3)α)(@3)b-(X、
灘2デえ,1+X

2-・C3)ゐ)+4(一)ψ ・,ψ ・唾)+2(x・ 一 卿 ・,ψ ・(一 ・)・

(3.34)

and

2(ω α(cv1,iv2)一{-2ω α(ar2,cv3))(ωb(cv1,iv2)一{-2ωb(iv2,ar3))

1十2
×2-Xl α,2-X3

(ar2-ar1)(ar2-ar3)(ω α([c1,ar2)一{-2ω α(ar2,[c3))(ω6([c1,ar2)一{-2ω わ(ar2,ar3))

・C2-X・+α 号3

-2((`"1)≒
、禦 輩(a'1)ゐ)+2(一)卿 ・)ω鹸)+4(x・ 一職(一 ・)ω・(一 ・)・

(3.35)
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This naturally follows from Theorem 1. 
Let us sta.rt from t he case of d = 1. In th is case, we apply a t rivial equality to the r .h.s of (2.20): 

(3.29) 

Then the theorem follows from Theorem 1 and (3.28). In the case of d = 2, ,ve apply (3.29) to t he first SUITnnand 
of the r.h.s. of (2.21). To the second sum mand of (2.21), we apply the fo llowing decomposition of the rational 
function in the integrand. 

(Wo(Xl, X2) + 1!J,(X2, X3))(Wb(X l , X2) + W'(X2, "'3)) 
_ 1_ + _'_ 
;l:2 - Xl ~'2 - :t'3 

(X2 - X, )(X2 - "'3)(W. (Xl, "'2) + 'W, (X2, X3)) (Wb (Xl, "'2) + 'W, (X2, X3)) 
2 X2 - Xl - X3 

«Xl)' - (X3)')(X3)' - (xd b
) , -'-'--"-'---,,'--""-'-'-'--"-'----'---'-'---'- + (X2 - Xl )Wa (x] , :1::2 )Wb (x I, X2 ) + (X2 - X3)Wa (:1.:21 :Z:3}Wb (X2' X3 j . 

2X2 - Xl - X3 

(3.30) 

Then the first summand in the r.h.s. of (2.21) and the first term in the decomposition (3.30) sum to the following: 

1 -N I'') -V /"'2 2k (Ln ' ',- - L;+zik- N))' (3.31) 

using (3 .28) and Theorem 1. The second and the third terms in t he decomposition (3.30) result in the following: 

b-l 

k " L",k,l (LN.".l LN .k,l ) 
. L · 'l +k-iV l +j+k - N - l+a+ j+k-N ' 

j = O 

(3.32) 

using (Xi - Xj)wa (Xi,Xjj = xi - X}1 (3.28) and Theorem 1. But if we note a = N - 2 - n , b = 11, - 1 - 2(k - N) 
a nd (3.28), (3 .32) becomes t he following: 

J..· - N 

- k " LN ,,, .l (LN .". l _ LN .k .1 ) L l+k - N n-j 1+2(k - N) - j . (3.33) 
]=0 

Tllis completes t lie proof for t lie case of d = 2. 
Now, we turn to the case of d = 3. As in the case of d = 1, 2, we apply (3.29) to the first summand of the 

1'.h.8. of (2.22). To the second and the third summands; we apply the following decomposit ions. 

and 

2(2,",("', , :<,) + wo (:r, ,:r3))(2w, (:1;1,X,) + w,(er' ,",3)) 
~+ _'_ 
X2-.'tl ::t'.l-:t" :oc 

(x, - :cd!X2 - "3)(2w,,(X1, "2) + w, (X" X3))(2wb(Xl , :C2) + W,(X2. X3)) 
;l:., 2 x J + X:,! - X;{ 

((:cd' - (X3)")«X3)' - (XI )') 
= 2 = . + 4("2 - Xl )W"(Xl , X2)W,(Xl, "2) + 2(X2 - X,)W"(X2,X,)W,(X2,X3). 

2 + X2 - Xs 

(3.34) 

2(w" (Xl , X2) + 2w, ('~2' "3 ))(W,("" X2) + 2Wb("2, "3)) 
1 ., 

X2 - Xl + X'.l -=- X3 

(x , - :cd ("2 - X3)(W,,(Xl,X, ) + 2W"("2,X3))(W,(Xl,X2) + 2W,(X2 ,X3)) 
x2 - Xl + ,1;-' 2 ;r"j 

, «:cd' - (3;3)")«:1;3)b - (XI )') 
= 2 = + 2(x, - X1)W"(X1,X2)W,(X1,X,) + 4(X2 - X3)W,,(X2,X3)Wb(X2,X3). 

X2 - :C l + 2 

(3.35) 
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Lastly,weapplythefollowingdecompositiontothef`)urthsummand.

(ω。@、,iV2)+ω 。@2,灘3)+ω 。(ar3,ar4))(ω6@、,CV2)+ωb(ar2,CV3)+ωb(ar3,ar4))

(。、≒+。 、≒)(。,、圭。、+。 嵩 、)@・-X・)2

@2-X、)@3-ar4)(ω 。@、,CV2)+ω 。@2,ar3)+ω 。@3,ar4))(ω6@、,ar2)+ω6@2,ar3)+ω6@3幽))

rlr2

-((X・)α 一@・)α)((X・)b-(X・)わ)+

rlr2

+2(x・-x・)ω ・(x・,ψ ・(x・,x・)+(x・ 一 ψ ・(x・,x・)ω ・@・ 幽)+
rl

+2@・ 一 ψ ・@・,ψ ・(x・幽)+@・-x・)ω ・@・,x・)ω ・@・,x・)+
r2

+1(ω 。(ar1,ar2)ωb(ar1,[C2)+ω ・@・ 幽)噛 幽)+ω ・(X・,ψ 幅 ・)+ω ・(舳)ψ ・,X・)+

+ω 。@・,労 ・)ω・@・ 幽)+ω 。@・,労 ・)ω・@・,労 ・))+

+([C3-[C1)(ω ・@・,ψ ・(X・一)+ω ・@・,姻 ・)ψ ・,X・)+1瞬 ・,X・,ψ 幽,卿)+

+@・-x・)(ω 。@2幽)ω ・(・v2)iV3)CI)・)+ω・幽,x・)ω ・(嫡)+1卿 ・,x・幽)ω ・@・,舳)),(3・36)

whererl=2ar2-ar1-ar3,r2=2ar3-[c2-[c4.By(3.28)andTheorem1,thefirstsummandofther.h.s.

of(2.22),thefirsttermsof(3.34)and(3.35)andthetermwithdenominatorrlr2in(3.36)togethersumto

kk(zs,f,鳶 β 一z螺 一N))・Th・ ・ec・ndt・ ・m・f(3・34),th・thi・dt・ ・m・f(3・35)and

2([C3-[C1)ω ・(嫡)ω ・(x・,x・)

,2@・ 一 ψ ・@・,x・)恥,x・),(3.37)
rlr2

in(3.36)sumtothefollowing=

ん　ノ　
一鳶ΣZ擁'⊥

N(Z鴬'2-Z螺 一N)一ゴ),(3・38)

ゴ=O
byTheoremlandthesameapproachusedtoderive(3.33).Thethirdtermof(3.34),thesecondtermof(3.35)

and

@・ 一 ψ ・@・,ψ ・@・ 幽)
,@・-x・)ω ・い ・)ω・@・,x・),(3.39)

rlr2

in(3.36)similarlysumtothefollowing=

一結2(k-N)z罎
一NΣ)¢簡 ・-LiY4駄 一N)一、).(3.4・)

ゴ=O
Theremainingtermsofthedecomposition(3.36)andthefifthsummandofther.h.s.of(2.22)arereorganized

asf`)llOWS.

嚥(鶯z欝 旱一 ・LS(4駄一N)+

　　ユゐ　ユ 　　ユわ　ユ

+1Σ ΣZ潔 、-NZ螺,(、-N)+1Σ ΣZ鴬 準、-NZ罪,(、-N)+
i=0ゴ=0仁0ゴ=0

　　ユゐ　　

+1Σ Σ(Z鴬 義 一NZ螺,(、 -N)-Z難 升、-NLS{4駄 一N))+
i=0ゴ=0

+歪 量 轍 ⊥鵡+,(、 -N)-Z螺 、-NZ蜘 一N))+
i=0ゴ=0
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Lastly, we apply the following decomposition to the fourth summand . 

(W,,(X1, x,) + W,,(X2, X3) + Wa(X3, X4))(Wb(X1 ,X2) + Wb(X2,X3) + Wb(X3 , X4)) 

( _1_ + _ 1_) ( _1_ + _'_)(X., _ X.)2 
X~ -Xl Z~ -X3 x~ -x~ X3 - X4 - 3 

(x, - X1) (X3 - X4)(W" (X l , X2) + 'W"(X,,X3) + W,,(X3'''4))(Wb(X1 ,X2) + Wb(X2, X3) + Wb (X3, X4») 
'/ '1 '/ '2 

+ 2(X3 - X1),",,(X1,X3)Wb(" 1,X3) + (X3 - X4)Wa (X3,X4)Wb(X3,X4) + 

"1 
+ 2(X2 - X4)Wa (.T,2, X' )'Wb(X"X4) + (x, - X1)W a (.T,1,.T,, )W,(X1, X,) + 

1':1 

1 
+ 2 (Wa (Xl, X2)W,(X 1, X2 ) + Wa (X3, X4)Wb(X3, X4) + tva (Xl, X2)W,(X2, I3) + Wa (X" X3)W,(X1, X2) + 

+W" (X2, X3) Wb (X3, X4) + W" (X3, X4 )Wb(X2 , "'3)) + 
1 

+(x:; - .r.,) (Wa (XI, x:dw,(xI, "'" X:;) + Wa (XI, X" X:;)Wb (XI, X:;) + 2" 1 Wa (X I , x" .T,:l)Wb (XI, .T,2 , x:;)) + 

1 
+(X2 - ,1:4) (Wa (X21 ;';4 ) Wb (X21 X 3, X 4) + 'Wa (X2) X3: X4)Wb (X2, X4) + "2 T"2Wa (:1;21 X3, .'t4)Wb (X~, ;1:3) J~4) ) , (3.36) 

where 1'1 = 2 X2 - Xl - X 3, T2 = 2 X3 - X2 - X4 ' By (3,28) and Theorem 1, t he first summand of t he 1'. h.5. 
of (2.22), the first terms of (3.34) and (3.35) and t he term with denominator r 1C2 in (3.36) together smn to 
~k(i~" " ,3 - i;:;'(~_ N)) ' The second term of (3.34), the third term of (3.35) and 
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(3.41)

Inthisderivation,weonlyusethefollowingconditions.

α 一N-2-n,わ 一n-1-3(k-N),Li¥,k,1-Z鱈 ・⊥,、. (3.42)

Thisderivationrequiresthecarefultreatmentofsummations.ThefinalformulacompletestheproofofTheorem

2.

4 Conclusion

OurmotivationinthispaperistoexplicitlyunderstandthedifferencebetweenthemodulispaceoftheGauged

LinearSigmaModelandthemodulispaceofstablemaps.Throughtheproofpresentedinthispaper,wecan

seethedetailedprocessofchangingthemodulispaceofthenon-linearsigmamodelintothemodulispaceofthe

linearsigmamodelforlowerinstantonnumbers.Moreover,wecanindeedextendthispaper,smethodtorational

curvesofhigherdegreesbecausewedonotusethegeometricalsimplicityofthemodulispaceofrationalcurves

oflowerdegrees.Ascanbeseenin[9],thegeneralizedmirrortransformationforrationalcurveswithd=4,5has

aquitecomplicatedstructure,butifwecombinetheschemeofthegeneralizedmirrortransformationproposed

in[6]withourresidueintegralrepresentationofthevirtualstructureconstants,wecanexpectthederivationof

ageneralproofofthemirrortheorem.

OneofthemainfeaturesofthispaperinvolvethetranslationofcombinatorialsummationsinKontsevich,s

localizationformulaintoresidueintegrals,whichenablesustodirectlycomparetheGromov-Witteninvariants

withthevirtualstructureconstants.Thistranslationcanbeappliedtovariousexamples.Attheveryleast,we

camlsethisresidueintegraltoprovethemirrortheoremofO(1)㊦0(-3)→P1[3].Wealsocanapplythe

residueintegralrepresentationtoprovethemirrortheoremathighergenus.Regardless,wemustenhancethe

combinatorialsophisticationofourmethod.
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i = U j = U 
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- '2 ~ ~ Ll+J.'_NLl +j_j+~'_N - ~ ~ £l+ i+ k - N L l+j+J.'-N -
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+ L- 6 £;1+1'+i L n+j '_ 2(k _ Nj - Ll+j~ (k- i\l) + 
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U'- N )- l 'i 

_ k L N.k ,L ( ""(LN,k.l t N ,k ,l L N,h, ] i N .I.-, i ) + 
- l +J..· - N - L- L 1I+j-2(k - N ) lI+i+l -U'-N) - , l + j+(k-N) '2+ H2(k - N ) 
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2(k - N) 1.:- 1\' 

+ " " LN" ,l (LN,k ,1 LN ,' ,1 ) + L- L- l+j+( I.: -N) 11 - 1 - l +i+{ J,' -N) 
i=O j=O 

k - N k- N 

+~ I: I: L~~'~N (L~~~,lj - L;::;j+(' -NJ )) = 
1=0 )=0 

Z( It - IV ) 
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- l + k - lV 1 ,1 11. 2 l+k - N L- ' J 11 - ) 1+3( 1.'-JV)-) · 
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In th is derivation, we only use the following conditions. 

a = N - 2 - n , b = " - 1 - 3(k - N), LN", l - LN,k,l 11 - "' - 1-11 · 

(3.41) 

(3.42) 

This derivat ion requires the careful treatment of summations. The fin al formula completes the proof of Theorem 
2, 

4 Conclusion 

Our motivation in this paper is to explicitly understand the difference between the moduli space of the Gauged 
Linear Sigma. j\llodel and t he moduli space of stable maps. Through the proof presented in th is paper, \ve can 
see the detailed process of changing the moduli space of the nOll-linear sigma model into the moduli space of the 
linear sigma model for lower instanton numbers. !\I{oreover , we can indeed extend t llis paper 's method to rational 
curves of higher degrees because we do not use the geometrical simplicity of the moduli space of rational cw-ves 
of lower degrees . As can be seen in [9L the generalized mirror t ransformation for rational curves with d = 4, 5 has 
a qui te complicated structure, but if we combine the scheme of t he generalized mirror t ransformation proposed 
in [6] with our residue integral represen r.ation of the vir tual structure constants, we can expect the derivation of 
a general proof of the mirror t heorem. 

One of the main feattu·es of this paper involve the t ranslat ion of combinatorial summations in Konts€vich 's 
localizat ion formul a into residue integrals, whi ch enabl es us to directly compare the Gromov-\\Ti t ten invariants 
wit h the virt ual structure constants. This t ranslation can be applied to var ious examples. At t he very least , we 
can use this residue integral to prove t he mirror theorem of 0(1) Ell O( -3) -t pI [31 , We also can apply the 
residue integral representation to prove t he mirror theorem at higher genus. Regardless, we must enhance the 
combinatorial sophist ication of our method . 
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Linear Sigma. j\llodel and t he moduli space of stable maps. Through the proof presented in th is paper, \ve can 
see the detailed process of changing the moduli space of the nOll-linear sigma model into the moduli space of the 
linear sigma model for lower instanton numbers. !\I{oreover , we can indeed extend t llis paper 's method to rational 
curves of higher degrees because we do not use the geometrical simplicity of the moduli space of rational cw-ves 
of lower degrees . As can be seen in [9L the generalized mirror t ransformation for rational curves with d = 4, 5 has 
a qui te complicated structure, but if we combine the scheme of t he generalized mirror t ransformation proposed 
in [6] with our residue integral represen r.ation of the vir tual structure constants, we can expect the derivation of 
a general proof of the mirror t heorem. 

One of the main feattu·es of this paper involve the t ranslat ion of combinatorial summations in Konts€vich 's 
localizat ion formul a into residue integrals, whi ch enabl es us to directly compare the Gromov-\\Ti t ten invariants 
wit h the virt ual structure constants. This t ranslation can be applied to var ious examples. At t he very least , we 
can use this residue integral to prove t he mirror theorem of 0(1) Ell O( -3) -t pI [31 , We also can apply the 
residue integral representation to prove t he mirror theorem at higher genus. Regardless, we must enhance the 
combinatorial sophist ication of our method . 
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AAppendix:ProofofTheoreml

WeproveTheoremlbyshowingthatther.h.s.of(1.8)satis丘estheinitialconditionandtherecursiveformulas

(1.1),(1.2),(1.3)and(1.4).Forthispurpose,wenoteherethefollowingrelationbetweentherationalfunctions

thatappearintheresidueintegrals.

翼謹 幅(∵+鵠 ・齢 …驚il蕩～一

一鮎 ㌔
号≒ ・)讐(籍1諜毒1÷

×傾 ・… 蜘)撫)薫1('ar・ 一・+1ヂ ーのx・)・(A調

Forthecaseofd=1,ther.h.sof(1.8)becomesthefollowing=

1・(2π云)、 兇。唖 幡 一2-・尋一1+N一鳶e(κ耕 労1)一

一÷
),宏 唖 伽HSゴ(藷 鵠 ㌫ ル1)・(A・44)

Hence,(1.1)and(1.2)holdtnle.

(A.43)tellsusthatthereαlrsiveformulasfor4=2,3fbllowfromtheadequatedecompositionof

([Coa「1'"[Cl(σd))撫)薫1('ar・ 一・+X/画)・

Thedecompositionsareexplicitlygivenasfollows.

d=2case

σ・一(2い ・x・響1,

σ・一(・,1)・ 一 ・一 嫡 灘o吉x→x・ 卿 一2・c・-x・-x・)・(A・45)

d=3case

σ・一(3)・ 鏑2誓 嫡 も2Z2i!2x'一鏑(1略+1酬 き1),

σ・一(2,1)・ 一 ・a'o吉a'1-x・x・(;略+;聯;蜘 ・(1・・+1・ 什;・)),

労1一 労0

(γ、= 枕 、-ar2),
2

σ・一(・,2)・x・x・ ♂1吉a'2一 癩1略+1・ ・,・・+1,・1'+・ ・(1・・+シ ・+き ・)),

[C1-[C2

(r2=ar1-aro+),
2

σ・一(・,1,・い 一 ・-x・x・(;略+1蜘;恥(1・ ・+1…1・ ・)+

4121

+・ ・(百鰍 ゴ ・+許)+ゴ …),

(r3=2ari-aro-ar2,r4=2ar2-ar1-ar3).(A.46)

Withthesedecompositions,thesameargumentwithrespecttoresidueintegralsasthatusedintheproofof

Theorem21eadsustothedesiredrecursiveformulas.Wecanprovethereαlrsiveformulasforhigherdegreesby

extendingthisapProach.
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A Appendix: Proof of Theorem 1 

'''e prove Theorem 1 by showing that the r.h.5. of (1.8) satisfies the initial condit ion and the recursive formulas 
(1.1), (1.2), (1.3) and (1.4) . For th.is purpose, we note here t he fol lowi ng relation between the rational fun ctions 
that appear in the residue integrals. 

For the case of rl = 1, t he r.h.s of (1.8) becomes the following: 

.1.. 1 i d' i I· .N- 2-n .n_HN_ke(k , 1;:1:0 , :1:1 ) -
k. (0 "1),x 1 'xo Xo x, N N -

.. 7rv -L w Co Co Xo x 1 

1 j;' j;' m:::~ (jxo + (k - j)x,) 
= A: _y'=I '1 riJ:1 d XQ 11+1 /.., n . 

(211 - 1) Co Go Xo Xl 

Hence, (1.1) and (1.2) hold t rue. 
(A.43) tells llS that the recursive formulas for d = 2,3 foHow from the adequate decomposition of 

The decomposit ions are explicit ly given as follows. 
d=2 case 

d=3 case 

a2 = (2) : 

a2 = (1, 1) : 

03 = (3) : 

a3 = (2, 1) : 

( 
x, - Xo ) 

1'1 = 2 + X l - X2 , 

03 = (1, 2) : 

( 
.x, - .X2 ) 

1'2 = Xl - Xo + 2 ' 

2 .,5 2., 2 1 4 
03 = (1, 1, 1): XOX,X2X3 = XOX3( g XO + g XOX3 + g X3 + 1'3( g XO + 3x, + g'x,) + 

4 1 2 1 
+1'4 ( gXO + 3X2 + gX3) + 31'3"4) , 

(1'3 = 2·'1:1 - Xo - XZ, 1'4 = 2xz - X l - X3) ' 

(A,43) 

(A.44) 

(A,45) 

(A.46) 

\Vit.h t hese decompositions, t he same argument with respect to residue integrals as t hat used in the proof of 
Theorem 2 leads us to the desired recursive formulas . \Ve can prove the recursive formulas for higher degrees by 
extending t his approach. 
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