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Gate voltage dependence of a single-electron transistor using the shuttle mechanism

Norihiko Nishiguchi
Department of Applied Physics, School of Engineering, Hokkaido University, Sapporo 060-8628, Japan

~Received 10 July 2001; published 14 December 2001!

The gate voltage dependence of a single-electron transistor using the shuttle mechanism in which a vibrating
conductive nanoparticle carries charges between the electrodes is studied theoretically and with numerical
simulations. Two types of gate voltage effect on the transport properties are demonstrated: one is direct
modulation of the current via modification in the tunneling rate, giving rise to shift of]I /]V peaks on the
step-like current, splitting of the current steps and periodic behavior of the current with the change in gate
voltage. Another is an indirect effect due to a shift in the range of the nanoparticle vibration induced by the gate
voltage. The latter effect stops the shuttle mechanism at a large gate voltage, leading to the conduction gap
which widens in proportion to the gate voltage.

DOI: 10.1103/PhysRevB.65.035403 PACS number~s!: 73.23.Hk, 61.48.1c, 61.46.1w

I. INTRODUCTION

In recent years, electron transport coupled to nano-
mechanical vibrations has attracted much attention.1–5 The
pioneering work was done by Gorelik and co-workers for
transport through a metal nanoparticle that vibrates between
electrodes.1,2 Over the last five years it was proposed to use
chemically tailored ligand-stabilized metal nanoparticles as
the building units of Coulomb blockade~CB! devices.6–9

Gorelik et al. noticed that the metal nanoparticles are mov-
able because the metal nanoparticle and electrodes are linked
by elastic organic ligands, and studied theoretically the ef-
fects of nanoparticle motion on electron transport.1,2 They
showed that electrons can be carried by the nanoparticle
which vibrates between the electrodes, and termed this novel
transport mechanism the ‘‘shuttle mechanism.’’ The electron
transport owing to the shuttle mechanism was recently ob-
served for single-C60 transistors.10 The experiment showed
staircase current-voltage~I-V ! characteristics as well as a
strong gate-voltage dependence of theI -V curves. For ex-
ample, the peaks in]I /]V shift with change in gate voltage.
Another remarkable effect of the gate voltage is that the con-
duction gap, which is the voltage width of the zero-
conductance region, widens in proportion to the gate voltage.
These apparent gate-voltage dependences of theI -V charac-
teristics will provide useful techniques for current control of
CB devices utilizing the shuttle mechanism. However, the
modulation for the transport properties by the gate voltage
and the mechanism of the conduction gap have not been
properly understood from the theoretical viewpoint. In par-
ticular, the sample dependence of the conduction gap10 has
not been elucidated.

The purpose of this paper is to investigate theoretically
the gate-voltage dependence of the shuttle current and to
demonstrate the mechanism of the conduction gap. The out-
line of this paper is as follows. In Sec II, we model the
system consisting of a movable nanoparticle between elec-
trodes, and notice that the shift in mechanical equilibrium
position of the nanoparticle, induced by the gate voltage,
significantly affects the shuttle mechanism and relevant cur-
rent. In Sec. III, we investigate how the source-drain voltage
and the gate voltage affect the shuttle mechanism, taking

account of the shift in the equilibrium position of the nano-
particle. In Sec. IV, we show the gate-voltage dependence of
the shuttle current for symmetrically and asymmetrically ap-
plied source-drain voltage together with numerical simula-
tions. A summary and discussion are given in Sec. V.

II. MODEL

We consider a nanoparticle linked to two electrodes by
spring as shown in Fig. 1, where the mechanical equilibrium
position of the nanoparticle is assumed to be on the mid-
points of the electrodes. The spring arises from elastic forces
in an organic ligand for a metal nanoparticle or from van der
Waals forces for a C60 molecule bound to an electrode. The
electrical resistance between the nanoparticle and the elec-

FIG. 1. Model of a movable nanoparticle linked to two elec-
trodes with a spring. The center of nanoparticle vibrations moves
from ~a! the midpoint of the electrodes atUG50 for symmetrically
applied source-drain voltage to~b! x0 whenUGÞ0 or asymmetri-
cally source-drain voltage is applied.
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trodes is larger than\/e2,8,10 and the charging energy of the
nanoparticle is larger than the thermal energy at room tem-
perature due to the capacitanceC of a nanoparticle being of
the order of 0.1 aF.8 Hence, one may assume that electrons
are localized in the nanoparticle or in the electrodes and that
the electron transport is due to single electron-tunneling be-
tween the nanoparticle and the electrodes even at room tem-
perature.

The single-electron tunneling is affected by the nanopar-
ticle motion because of the exponential dependence of the
tunnel resistance on the nanoparticle displacementu.1 The
tunneling rateG at T50 K between the nanoparticle and an
electrode is given, from the golden rule, by

Gn→n8~ t !5
1

RTC
e6u/l f ~DFn→n8!, ~1!

when the tunneling changes the number of excess electrons
on the nanoparticle with respect to the electrically neutral
state fromn to n8. In Eq.~1!, f (x)5x•Q(x) andQ(x) is the
Heaviside step function.RT is the tunnel resistance foru
50, andl is a parameter related to the attenuation of the
wave function in the barrier region, which is typically to be
in the range from 0.05 to 3 Å.1 DFn→n8 is the change in
electrostatic free energy of the system due to a tunnel event,
given byDFn→n85F(n)2F(n8), andF(n) is given by

F~n!52Ulml2Urmr1
n2

2

1nF u

«* L
~Ul2Ur !1

Ul1Ur

2 «*
1UGG , ~2!

where «* is the effective dielectric constant of insulating
material surrounding the nanoparticle,L is the distance be-
tween the electrodes, and constant terms and the charge in-
duced by the difference of the work functions are
neglected.11,12 The positive or negative sign of the exponent
in Eq. ~1! corresponds to the tunneling between the left or
right electrode and the nanoparticle, andmL(R) is the number
of electrons entered from the left~right! electrode to the
nanoparticle.Ur ,l andUG are dimensionless voltages defined
by Ur ( l ,G)5Vr ( l ,G)C/e. Here Vl (r ) is the voltage at the
left~right! electrode. As is apparent from Eqs.~1! and~2!, the
nanoparticle motion causes a significant increase or decrease
in the rate of electron tunneling, and the gate voltage plays
an important role in the modulation of the tunneling rate.

The electrostatic force acting on the charged nanoparticle
due to the source-drain voltage as well as the mechanical
restoring force will drive the nanoparticle. On the other hand,
the gate voltage will not affect the nanoparticle motion, but
influence the electrostatic force acting on the nanoparticle by
adjusting the number of electrons of the nanoparticle through
the tunneling rate as mentioned above. Due to the large mass
of the nanoparticle, we may treat the center of mass motion
of nanoparticle classically, and limit the motion to the longi-
tudinal displacement of the nanoparticle relevant to electron

transport. These considerations lead to the equation of mo-
tion of the nanoparticle, in the harmonic approximation for
the spring

M0ü52M0v2u2gM0u̇1en~ t !E, ~3!

whereM0 is the mass of nanoparticle, andv is the natural
angular frequency of nanoparticle vibrations. The electric
field is given byE52(Vr2Vl)/«* L, whereg represents the
rate of energy dissipation of the nanoparticle motion through
coupling to loss processes such as those arising from the
internal friction of ligands.

We give an overview of the shuttle mechanism in order to
assess the effects of the gate voltage on the shuttle mecha-
nism and the relevant current. Supposing that the nanopar-
ticle is displaced by a distance overl to the left-hand elec-
trode for Ul.Ur , the tunneling rate from this electrode to
the nanoparticle increases exponentially and predominates
over that from the nanoparticle to the right-hand electrode.
After a series of tunneling events, assume that the nanopar-
ticle hasNe excess electrons with respect to the electrically
neutral state. The charged nanoparticle will be driven to the
right by the electrostatic force, and the tunneling rate from
the nanoparticle to the right-hand electrode becomes domi-
nant when the nanoparticle is displaced overl to the right
electrode. As a consequence of electron tunneling, the nano-
particle acquiresNh holes, and is then driven to the left. If
the nanoparticle vibration energy produced by the electro-
static force overcomes energy dissipation, the nanoparticle
will keep on vibrating and carry charges between the elec-
trodes. The current per cycleJ5I / f e is given by the sum of
Ne andNh :2

J5Ne1Nh , ~4!

whereNe andNh are functions of the voltages. From Eqs.~1!
and ~2!,

Ne5 bUl2UG2
Ul1Ur

2«*
1

1

2 c ~5!

Nh5 b2Ur1UG1
Ul1Ur

2«*
1

1

2 c, ~6!

where we have ignored the term proportional tou because
uuu/«* L!1. bxc generates the nearest integer smaller thanx.
Ne discretely decreases in steps of unity with increasingUG ,
while Nh discretely increases in steps of unity and cancels
out the decrease ofNe . In general, the steps inNh occur at
different gate voltages from those inNe . The currentJ will
then exhibit a periodic response with respect to changes in
UG .

On the other hand, the increasing imbalance betweenNe
andNh produced by the gate voltage will significantly influ-
ence the electron tunneling as well as the nanoparticle vibra-
tions. The quantity (e/2)(Ne2Nh) represents the nanopar-
ticle charge averaged over one cycle, which vanishes only
for UG50 with symmetrically applied source-drain voltage,
i.e.,Ul52Ur . The averaged charge is, in general, finite and
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the relevant electrostatic force moves the mechanical equi-
librium position of the nanoparticle byx0 from the midpoints
of the electrodes as shown in Fig. 1~b!. This leads to a sup-
pression in the number of the tunnel events between the
nanoparticle and the electrode from which the nanoparticle
recedes because of the exponential decrease in the tunneling
rate. Such an extreme suppression of the tunneling events at
a large gate voltage will stop the nanoparticle vibrations. The
change in gate voltage will thus not only modify the shuttle
current but also terminate the shuttle mechanism. Consider-
ing these effects, we shall now analytically investigate the
gate voltage dependence of theI -V characteristics due to the
shuttle mechanism.

III. SHUTTLE INSTABILITY

Assuming that the nanoparticle vibrations depend on both
the source-drain voltageU([Ul2Ur) and the gate voltage
UG as we illustrated, we investigate the condition for insta-
bility of the stationary solution of Eq.~3! or that for self-
excitation of the nanoparticle vibrations, based on the work
by Isaccsonet al.2 Introducing the nondimensional displace-
ment given byx[u/l, Eq. ~3! can be rewritten as

ẍ1g ẋ1v2x5
V2

2
Un~ t !, ~7!

where

V25
2e2

«* M0LCl
. ~8!

In this work, we consider the caseg/v!1 and
(1/vCRT)(V/v)!1, so that we may consider there to be
little difference between the angular frequency of the excited
nanoparticle vibrations and the natural angular frequencyv
~see Appendix A!. Now consider a sinusoidal nanoparticle
vibration aroundx0:

x~ t !5 x̃~ t !sinvt1x0 , ~9!

where the amplitudex̃(t) varies slowly with time in com-
parison withv. Substituting Eq.~9! into Eq. ~7!, we have

2v ẋ̃cosvt1gv x̃cosvt1v2x05
V2

2
Un~ t !. ~10!

Multiplying Eq. ~10! by cosvt and averaging over a time
interval which is larger thanv21 and smaller than the time
scale of variation ofx̃(t), we have

dx̃

dt
5

V2

2v
U^n~ t !cosvt&2

1

2
g x̃. ~11!

^•••& denotes the time averaging. The shiftx0 is related to
the charge by the following equation:

x05
V2

2v2
U^n~ t !&, ~12!

which is also derived from Eq.~10!. Defining vibrational
energyE in units of M0v2l2/2 by E5 x̃2, it obeys the fol-
lowing equation, which is derived from Eq.~11!:

1

v

dE

dt
5U

V2

v2
W~E!2

g

v
E, ~13!

where

W~E!5AE^n~ t !cosvt&. ~14!

The first term on the right-hand side~RHS! of Eq. ~13! de-
notes the energy pumped by the electrostatic force and the
second term the energy dissipation. The first term increases
with increasingU, and the nanoparticle will start to oscillate
when the first term predominates over the second one at a
certain voltage. Then we have the condition for the critical
voltageUC of self-excitation of the nanoparticle vibrations

UC

V2

v2
W8~0!5

g

v
. ~15!

The pumped energy can be formulated in terms of the
probability Pn that the nanoparticle hasn electrons. Consid-
ering thatPn correlates with the nanoparticle motion~9!, Pn
is a function ofE and phasef of the nanoparticle vibrations,
which is given by

Pn~f,E!5p K dn,n(t)dS sin
1

2
~vt2f! D L , ~16!

which obeys the following master equation:2

dPn

df
52@GE

1~n!1GE
2~n!#Pn

1GE
1~n21!Pn211GE

2~n11!Pn11 . ~17!

The tunneling rates per cycleGE
6 to change the electron num-

ber fromn to n61 are given by

GE
1~n!5nRe2xf S Ul2n2

1

2
2ŨGD

1nRexf S Ur2n2
1

2
2ŨGD , ~18!

GE
2~n!5nRexf S 2Ur1n2

1

2
1ŨGD

2nRe2xf S 2Ul1n2
1

2
1ŨGD . ~19!

In Eqs.~18! and ~19!, we introduceŨG andnR , for conve-
nience, defined by

ŨG5UG1
Ul1Ur

2«*
~20!

and
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nR5@CRTv#21. ~21!

W(E) can be rewritten, by using Eq.~16!, as

W~E!5
AE

2pE0

2p

q~f,E!cosfdf, ~22!

where

q~f,E!5(
n

nPn~f,E!. ~23!

The equation governingq is derived from the master equa-
tion ~17! as follows:

dq

df
5(

n
@GE

1~n!2GE
2~n!#Pn . ~24!

Equation~24! can be written in closed form for specific volt-
ages, and the resultant equation depends on the symmetry of
the applied voltages. We should consider two representative
cases:~a! the symmetric case whereUl52Ur5U/2.0, and
~b! the asymmetric case whereUl5U.0 andUr50.

A. Symmetric case:UlÄÀUrÄUÕ2Ì0

For specific combinations ofU andUG , i.e., U52m11
andUG5 l , or U52m, andUG5 l 1 1

2 , wherel is an integer,
and m is 0 or a positive integer for the former case and a
positive integer for the latter case, Eq.~24! becomes

dq

df
52nR@2~q1UG!coshx1~U21!sinhx#. ~25!

The chargeq is derived for smallE from a power series in
AE:

q52UG1
12U

2
tanhx01nR

12U

coshx0

1

114nR
2cosh2x0

3~2nRcoshx0sinf2cosf!AE1O~E!. ~26!

The first two terms on the right-hand-side of Eq.~26! denote
the static part of the charge, due to the presence of the gate
voltage and to the shift in the vibration center. The shift also
affects the amplitude and phase of the oscillatory part ofq.
Introducing a phaseu defined by

tanu52nRcoshx0 , ~27!

q is expressed as

q52UG1
12U

2
tanhx012nR

2~U21!
cosu

tanu
cos~f1u!AE

1O~E!. ~28!

u increases from tan21(2nR) toward p/2 with increasing
ux0u, giving rise to the phase shift as well as a significant
decrease of the amplitude. They remarkably diminish the
pumped energy as shown below, and therefore the depen-
dence ofx0 on the gate voltage is a key factor for the con-
dition for self-excitation of the nanoparticle vibrations.

Puttingq(E50)5^n(t)& in Eq. ~12!, we have the equa-
tion for x0,

x052
V2

2v2
US UG1

U21

2
tanhx0D . ~29!

Obviously,x050 at UG50, andx0 is approximated by

x052
2UG

U21
~30!

for uUGu! 1
2 (U21). In contrast,x0 is approximated for

uUGu@ 1
2 (U21) by

x052
V2

2v2
US UG7

U21

2 D , ~31!

where the minus~plus! sign is for positive~negative! UG .
Thus, the gate voltage dependence ofx0 of the former case is
quite different from that of the latter. Figure 2 plotsx0 versus
UG at U55 and 9 forV2/2v251,13,14,17showing clearly the
gate voltage dependence in each voltage region and quick
transitions from Eq.~30! to Eq.~31! at uUGu'(U21)/2. The
nonlinear behavior of the gate voltage dependence ofx0 be-
comes clearer for largerV2/2v2.

W(E) is expected to show distinct behavior, correspond-
ingly to that ofx0, with respect to the gate and the source-
drain voltages. Substituting Eq.~26! into ~22!, we have

W~E!5aE1bE21O~E3!, ~32!

where

a5
1

2

nR~U21!

coshx0~114nR
2cosh2x0!

, ~33!

FIG. 2. The shiftx0 of nanoparticle vibration center versus the
gate voltage for a symmetrically applied source-drain voltageU
55 and 9 where (V/v)252. The dashed lines denoteux0u50.8.
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b5
1

4

nR~U21!

cosh3x0

F sinh2x0

11nR
2cosh2x0

2

7

4
cosh2x021

114nR
2cosh2x0

1
cosh2x0

~114 nR
2cosh2x0!2

G . ~34!

In the regionuUGu! 1
2 (U21) or, equivalently,ux0u!1,

U
V2

v2
a'

V2

v2

U~U21!

2

nR

~114nR
2 !
S 12

1

2

1112nR
2

114nR
2

x0
2D .

~35!

This parabolically increases with increasingU and decreases
with increasingux0u or uUGu. If the following condition is
satisfied for certain voltagesU1 andU2(5U112):

U1

V2

v2
a1,

g

v
,U2

V2

v2
a2 , ~36!

the critical voltageUC for the self-excitation of the nanopar-
ticle vibrations should be found within the region (U1 ,U2).
Obviously from Eq.~35!, an increase of the gate voltage
raises the critical voltageUC , because the voltage region
(U1 ,U2) needs to rise complimentarily so that the relation
Eq. ~36! holds.

In contrast, foruUGu@ 1
2 (U21) or ux0u@1, the pumped

energy becomes

U
V2

v2
a5

V2

v2

1

nR
U~U21!expF2

3V2

2v2
US uUGu2

U21

2 D G .

~37!

The slope of the pumped energy exponentially decays with
increasingU or uUGu, and almost vanishes at largeU or
uUGu. The self-excitation of nanoparticle vibrations is not
expected in the voltage region in question.

In order to investigate the pumped energy in the interme-
diate voltage region, we numerically examine the source-
drain voltage dependence of the pumped energy, putting
UG5 1

2 (U21)1d. Figure 3 plotsU(V/v)2a versusU for
(V/v)252 and nR50.1,13 for example. The curve ford
50 monotonically increases and becomes of the order of
unity, and then the condition~36! for the nanoparticle vibra-
tion excitation is expected to be fulfilled at some magnitude
of U. On the other hand, the curves ford>1 have peaks and
exponentially decay with increasingU. Even the largest peak
(d51) is minuscule, and the peak becomes small with in-
creasing (V/v)2 or decreasingnR . Although the self-
excitation of the nanoparticle vibrations is anticipated ford
>1, it is limited to very smallg within the narrow source-
drain voltage range of the peak region. From these results,
we may conclude, for the entire range ofU, that a critical
gate voltageUG,C exists within the region@(U21)/2,(U
11)/2#, and the nanoparticle vibrations will start atUG,C
when decreasingUG from (U11)/2. For negativeUG ,

UG,C lies within the region@2(U11)/2,2(U21)/2# and
the vibrations will start when increasingUG from
2(U11)/2.

In spite of the above result, the nanoparticle might keep
on vibrating forUG>(U11)/2, once the vibrations occurred
when raisingUG from (U21)/2. This is possible for a case
of W9(0).0.2 Figure 4 shows the contour plot ofW9(0) in
the (nR ,ux0u) plane. The shaded region denotes the negative
curvature ofW at E50, which is limited to the regionnR

.0.3 andux0u,0.8. As shown in Fig. 2,ux0u exceeds 0.8 for
uUGu>(U21)/2, and in this case the curvature becomes al-
ways positive forUG>(U11)/2, irrespective of the magni-
tude ofnR . This means not only that nanoparticle vibrations
are possible forUG>(U11)/2 but also that the dynamics of
the nanoparticle shows hysteretic behavior with change in
gate voltage.

In order to find another critical gate voltage when raising
the gate voltage from (U21)/2, we examine the following
equality withd>0:

FIG. 3. The slope of the pumped energy versusU. The three
curves correspond to the gate voltage given byUG5(U21)/21d.

FIG. 4. Contour plot ofW9(0) in the (ux0u,nR) plane. The
shaded region denotes the negative curvature ofW at E50.

GATE VOLTAGE DEPENDENCE OF A SINGLE- . . . PHYSICAL REVIEW B 65 035403

035403-5



U
V2

v2
W~E!5

g

v
E. ~38!

W(E) is essentially equal to the area enclosed by the trajec-
tory of q versus nanoparticle position@the limit cycle of
n(t)#, andAE or the amplitude limits the region of the nano-
particle vibrations. Applying the gate voltage, the region
moves to@2AE1x0 ,AE1x0# as we have discussed. How-
ever, the nanoparticle is actually confined between the elec-
trodes, and the vibration region should be limited to this
space. Then the amplitude is capped byAE,L/2l2ux0u,
and the shiftx0 is also limited toux0u,L/2l for the same
reason. Obviously the increase ofux0u toward this limit se-
verely narrows the vibration region, diminishing the pumped
energy. Figure 5 shows the capped pumped energy versusE
for d50, 1, and 2 for~a! U53 and ~b! 5 with (V/v)2

52 andnR50.1, for example. In the experimental situation
of a C60 single electron transistor,10 L/2l is of the order of 10
according to the work function.14 In contrast to the curve for
d50 in Fig. 5~a!, the curves ford>1 are terminated and
small due to the restriction on the vibration region. In par-
ticular, the curve ford52 is negligible. This tendency be-
comes clearer with increasingU, as shown in Fig. 5~b!. The
vibration center moves further for larger (V/v)2 or U, and
then the pumped energy, even ford51, becomes negligibly
small forU55. To conclude, the nanoparticle vibrations will
stop while raisingUG from (U21)/2 to (U11)/2, except
for small source-drain voltagesU. Then, apart from the low-
voltage region ofU, we have a critical gate voltage for the
nanoparticle vibrations within the voltage region@(U
21)/2,(U11)/2# whenUG is raised from (U21)/2 .

From the considerations above, the critical gate voltages
for the nanoparticle vibrations stay within the range@(U
21)/2,(U11)/2# or @2(U11)/2,2(U21)/2# due to the
similar argument for negativeUG , and hysteretic behavior
with the change in the gate voltage is anticipated. This con-
dition on the voltages leads to the restriction on the electron

numbers carried by the nanoparticle. From Eqs.~5! and ~6!,
the numbers of electrons and holes should become

Ne5 b U

2
2UG1

1

2 c>0, ~39!

Nh5 b U

2
1UG1

1

2 c>0. ~40!

These restrictions lead to a significant modulation in theI -V
characteristics with the gate voltage, as shown below.

B. Asymmetric case

Putting Ul5U and Ur50, the equation forq is derived
for ŨG5 l 1 1

2 and U5m, where l and m are integers, and
m.0, Eq. ~24! becomes

dq

df
5nRF22S q1ŨG2

1

2D coshx1~U21!e2xG . ~41!

The solution of Eq.~41! for small E is given by

q52ŨG1
U

2
1

12U

2
tanhx01nR

12U

coshx0

1

114nR
2cosh2x0

3~2nRcoshx0sinf2cosf!AE1O~E!, ~42!

which is the same as Eq.~26! for the symmetric case at least
up toO(E3/2) except for the offset byU/2. Then the pumped
energy becomes the same as Eq.~32! for the previous case.
The shiftx0 is given by the following equation:

x05
V2

2v2
UF2ŨG1

U

2
2

U21

2
tanhx0G , ~43!

and is approximated, foruŨG2U/2u! 1
2 (U21) or ux0u!1,

by

x05
2

U21 F2ŨG1
U

2 G . ~44!

On the other hand, foruŨG2U/2u@ 1
2 (U21) or, separately,

for ŨG! 1
2

x05
V2

2v2
UF2ŨG1

1

2G ~45!

or for U2 1
2 !ŨG ,

x05
V2

2v2
UF2ŨG1U2

1

2G . ~46!

In these voltage regions,ux0u@1. Figure 6 plotsx0 versus
ŨG for U55 and 9, showing rapid changes of these gate
voltage dependences similar to those as seen in the symmet-
ric case.

The behaviors of the pumped energy are essentially the
same as those for the previous case. ForuŨG2U/2u! 1

2 (U

FIG. 5. The pumped energy versusE for ~a! U53 and ~b! U
55. The gate voltage is given byUG5(U21)/21d, where d
50, 1 and 2. The range ofE and the resultant pumped energy are
limited by the shiftx0 and the width of the electrodes.
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21), the slope of the pumped energy monotonically in-
creases with increasingU. On the other hand, foruŨG
2U/2u@ 1

2 (U21), the slope of the pumped energy exponen-
tially decays with increasingU or uŨGu, and hence nanopar-
ticle vibrations are not anticipated even for very smallg.
According to the argument for the intermediate voltage re-
gions similar to the symmetric case, we have finally the con-
ditions for the critical voltagesUG,C andUG,C8 for hysteretic
nanoparticle vibrations

U21

2
,UŨG,C(C8)2

U

2U,U11

2
~47!

as well as the number of electrons and holes carried by the
nanoparticle as

Ne5 bU2ŨG1
1

2 c>0, ~48!

Nh5 bŨG1
1

2 c>0. ~49!

Substituting

ŨG5UG1
U

2«*
~50!

into conditions~48! and~49!, we obtain the restriction on the
electron and hole numbers as

Ne5 bS 12
1

2«*
D U2UG1

1

2 c>0, ~51!

Nh5 bUG1
U

2«*
1

1

2 c>0. ~52!

IV. CURRENT-VOLTAGE CHARACTERISTICS

We investigate the dependence of theI -V characteristics
on the gate voltage as well as theI -VG characteristics for
symmetrically and asymmetrically applied source-drain volt-
ages.

A. Symmetric case

The currentJ per cycle can be obtained from Eqs.~4!, ~5!,
and ~6!:

J5 b U

2
2UG1

1

2 c1 b U

2
1UG1

1

2 c. ~53!

Obviously,J is an odd function ofU, which increases by 2
for an increase ofU by 2 at fixedUG :

J~U12,UG!5J~U,UG!12. ~54!

On the other hand,J is an even and periodic function ofUG :

J~U,UG11!5J~U,UG!, ~55!

where the change ofNe is compensated by that ofNh . At the
same time, the current is subject to restrictions onNe andNh
given by Eqs.~39! and ~40!.

In order to see the dependence of the current on bothU
and UG , we draw a diagram denoting the expected current
values for givenU andUG in Fig. 7, using Eqs.~39!, ~40!,
and~53!. The number within each diamond denotes the sum
of Ne andNh . Ne or Nh differs by unity across an edge, and
then the periodic increase ofJ with respect toU, from Eq.
~54!, becomes staircase structure. The periodic change ofJ
with respect toUG , from Eq.~55!, shows switching between
two current values with the change inUG . But the periodic
behavior of the current in Eqs.~54! and ~55! are terminated
by the critical voltages or the restriction onNe and Nh ,
resulting in the butterfly-shape voltage region. We should
note here that the edge for the butterfly-shape region of the

FIG. 6. The shiftx0 of nanoparticle vibration center versus the
gate voltage for an asymmetrically applied source-drain voltageU
55 and 9 where (V/v)252. FIG. 7. Diagram of the currentJ in the (U,UG) plane for sym-

metrically applied source-drain voltage. The shaded diamonds de-
note the voltage region where electron tunneling is prohibited at
T50 K.
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voltages does not refer to critical voltages but indicates that
the critical voltages should exist in the diamonds that include
this edge. The shaded diamonds denote the region where
tunneling is prohibited atT50 K.15 In the other regions the
current is attributed only to the usual electron tunneling be-
tween the nanoparticle and the electrodes, whose magnitude,
however, should be extremely small compared with that for
the nanoparticle fixed at the center. This is because the tun-
neling rate across the less conductive barrier substantially
decreases, by the factor ofe2L/2l'531025, due to the shift
in the position of the nanoparticle to the vicinity of one of
the electrodes, becoming a bottleneck for electron transport.
Therefore, the current almost vanishes outside the butterfly-
shape voltage region, resulting in the conduction gap. The
voltage width of the conduction gapDUCG is expressed as

DUCG'4UuUGu2
1

2U, ~56!

which widens in proportion to the gate voltage.
The transport properties deduced above can be confirmed

by means of numerical simulations. Here we use an algo-
rithm described by Bakhvalov11 for tunneling and a Sym-
plectic Integrator16 for nanoparticle motion. Figure 8 shows
the I -V curves for several magnitudes ofUG from 0 to 3 for
g/v50.2, nR50.01, and (V/v)252. The staircaseI -V
curves show staircase structure with the hysteresis behavior.
The critical voltage increases with the increase of the gate
voltage as expected from Fig. 7. The current steps atUG
50 split apart into two steps moving to lower and higher
voltages on increasing the gate voltage, and two steps merge

into one whenUG becomes an integer or half-integer. This
behavior agrees with that expected from Fig. 7. Figure 9
plots the current versusUG at U53.6, showing a periodic
response with respect toUG and a fall in the current as well
as hysteretic behavior.

B. Asymmetric case

The currentJ per cycle yields

J5 bS 12
1

2«*
D U2UG1

1

2 c1 bUG1
U

2«*
1

1

2 c. ~57!

In contrast to the symmetric case,J does not support the
periodic increase with an increase ofU, but only the period-
icity with respect toUG , i.e., Eq.~55!. This implies that the
diagram for the current is not symmetric for inversion of the
source-drain voltage or the gate voltage but instead is
sheared, depending on«* . Figure 10 plots the rhombic dia-
gram for the current value in the (U,UG) plane, where we
tentatively put«* 53.8 The shaded rhombi denote the volt-
age regions where electron tunneling is prohibited, and the
current outside the butterfly-shaped voltage region is ex-
pected to be negligibly small. The asymmetry of the diagram
leads to asymmetricI -V characteristics except forUG50. At
UG50, most of the current steps have a height of unity,
irrespective of the gate voltage, unlike the symmetric case.
Figure 11 shows a plot of theI -V curves with hysteresis for
several gate voltages, evaluated by numerical simulation.
The Coulomb staircase has current steps which periodically
appear with respect toU, and the current step has a height of
unity as deduced from Fig. 10. TheI -V curves forUG50, 1,
and 2 are the same except for the rise, which reflects the
periodic dependence on the gate voltage. The periodic be-
havior ofJ and the hysteresis with the change in gate voltage
are also confirmed in Fig. 12.

FIG. 8. I -V characteristics forUG from 0 to 3 for symmetrically
applied source-drain voltage by numerical simulation. The effect of
confinement of the nanoparticle between the electrodes is taken into
account in the simulations by using anharmonic potential in Eq.~7!.
Parameters used in the simulations aregv50.1, nR50.01, and
(V/v)252. The I -V curves show staircase structure together with
hysteresis with respect to the change in source-drain voltage. The
voltages at which]I /]V peaks appear are slightly shifted from
those deduced from Fig. 7, because the termuU/«* L in Eq. ~2! is
taken into account in the simulations. See Ref. 5 for the details of
the numerical simulations.

FIG. 9. Current versus the gate voltage for the symmetric case at
U53.6 by numerical simulation. The periodic change of the cur-
rent, the drops as well as the hysteresis with respect to the change of
the gate voltage, are visible. The numbers denote the electron and
hole numbers (Ne ,Nh) for each current level. Parameters used in
the simulations are the same as those in Fig. 8.
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V. SUMMARY AND DISCUSSION

We have studied the effect of the gate voltage on the
electron transport of a single-electron transistor using the
shuttle mechanism, and demonstrated two types of signifi-
cant effect on the transport: one is the direct modulation of
the current due to the gate voltage, which appears as the split
of the current steps and their shift with the change in gate
voltage. In addition, periodic behavior of the current with
respect to the gate voltage appears for fixed source-drain
voltage; the other is an indirect effect through the shift in the
region of the nanoparticle vibrations. The latter plays a cru-
cial role in the transport, which not only suppresses electron

tunneling between the nanoparticle and one of the electrodes
from which the nanoparticle recedes, but also limits pumping
of vibration energy via the electrostatic force by narrowing
the vibration region. A substantial shift at a large value of the
gate voltage stops the nanoparticle vibrations, resulting in a
conduction gap which widens in proportion to the gate volt-
age. The voltage region for the shuttle current expands ac-
cording to a butterfly shape in the source drain voltage–the
gate voltage plane, from which we obtain the restriction on
the electron or hole numbers at the critical voltagesNe50 or
Nh50.

We have shown that the butterfly-shape voltage region for
the shuttle current reflects the symmetry of the source-drain
voltage. However, the shape of the voltage region depends
not only on the symmetry of the source-drain voltage but
also on the equilibrium position of the nanoparticle. Al-
though in this work we put the initial mechanical equilibrium
position of the nanoparticle on the midpoint of the elec-
trodes, it will actually be difficult in practice to put nanopar-
ticles precisely on target. The equilibrium position may obey
some distribution function. Considering the offset of the po-
sition represented byd from the midpoint of the electrodes,
the gate voltageUG will then be replaced byUG
1(d/«* L)U as readily understood from Eq.~2!. The corre-
sponding current is

J5 bS 1

2
2

d

«* L
D U2UG1

1

2 c1 bS 1

2
1

d

«* L
D U1UG1

1

2 c,
~58!

for the symmetric case, and

J5 bS 12
1

2«*
2

d

«* L
D U2UG1

1

2 c
1 bS 1

2«*
1

d

«* L
D U1UG1

1

2 c, ~59!

FIG. 10. The diagram of the currentJ in the (U,UG) plane for
asymmetrically applied source-drain voltage. The shaded rhombi
denote the voltage region where electron tunneling is prohibited at
T50 K.

FIG. 11. I -V characteristics forUG from 0 to 3 for asymmetri-
cally applied source-drain voltage by numerical simulations. The
simulation method is the same as for Fig. 8. TheI -V curves show
staircase structure together with hysteresis with respect to the
change in the source-drain voltage. The slight disagreement of the
voltages at which]I /]V peaks appear with those deduced from Fig.
10 are due to the fact that the termuU/«* L in Eq. ~2! is taken into
account in the simulations, here.

FIG. 12. Current versus gate voltage for the asymmetric case at
U53.6 by numerical simulation. The periodic change of the cur-
rent, the drops as well as the hysteresis with respect to the change of
the gate voltage, are visible. The numbers denote the electron and
hole numbers (Ne ,Nh) for each current level. Parameters used in
the simulations are the same as those in Fig. 11.
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for the asymmetric case. The positiond should differ from
sample to sample, producing a sample-dependent butterfly
shape of the voltage regions for the shuttle current. Such
variously sheared butterfly-shaped voltage regions are re-
ported in the experimental work on the C60 single electron
transistor10 together with a conduction gap which widens in
proportion to the gate voltage. The experiment also indicated
that the number of excess electrons on the C60 molecule at
the critical voltage of the conduction gap is 0 or 1. This is all
consistent with the findings of the present work. We there-
fore conclude that the effect of vibration region shift induced
by the gate voltage is essential for describing the transport
properties of Coulomb Blockade devices due to the shuttle
mechanism.
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APPENDIX

The frequency of the nanoparticle vibrations may gener-
ally differ from the natural frequencyv. Then, substituting

x~ t !5 x̃ sinv8t1x0 ~A1!

into Eq. ~7!, we have

g
dx̃

dt
52~v22v82!x̃1V2U^n~ t !sinv8t& ~A2!

in addition to Eqs.~11! and ~12!. For the steady state,v8 is
related tov by

v825v22
V2U

AE
^n~ t !sinv8t&. ~A3!

The relative frequency shiftAdv2/v is evaluated by using
Eq. ~26! as

Adv2

v
5

V

v F nR
2U~U21!

114 nR
2

1
nR

2U~U21!

4

~124 nR
2 !

~114 nR
2 !2

EG 1/2

~A4!

'nR

V

v
AU~U21!S 11

E

8 D . ~A5!

Then, providednR(V/v)!1, frequency deviation from the
natural frequency is expected little.
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