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Abstract

In logistic regression models, we consider the deviance statistic (the log
likelihood ratio statistic) D as a goodness-of-fit test statistic. In this
paper, we show the derivation of an expression of asymptotic expansion
for the distribution of D under a null hypothesis. Using the continuous
term of the expression, we obtain Bartlett-type transformed statistic D
that improves the speed of convergence to the chi-square limiting dis-
tribution of D. By numerical comparison, we find that the transformed
statistic D performs much better than D. We also give a real data ex-
ample of D being more reliable than D for testing a hypothesis.

AMS 2000 subject classifications: 62E20, 62H10.
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1. Introduction

We consider generalized linear models (Nelder and Wedderburn [9]) in which the re-
sponse variables are measured on a binary scale. Let N independent random variables
Y,, a =1,..., N corresponding to the number of successes in N different subgroups be

distributed according to a binomial distribution B(ng,7,), o = 1,..., N. If we use the

. u
1og1tuzlog(1 ),
— U

which is a canonical link function, as a link function, we obtain the following general

logit function

logistic regression model (general logit model):

logit 7, = .3, (a=1,...,N), (1.1)
where x, = (Za1,...,%ap)s (@ = 1,...,N), (p < N) are covariate vectors and B8 =
(B1,-..,Bp) is a unknown parameter vector. Let the maximum likelihood estimator of 3

be B= (61, ... ,Bp)’, and put 7a = 7(8), (= 1,..., N). Here, we consider the deviance

statistic (log likelihood ratio statistic)

Y,
N 1——
Y, Y, Y,
D:2Zna —log( ~ )+<1——)log Lo : (1.2)
— Ng NaTo Ng 1—m,
Under the null hypothesis
Hy : Model given by (1.1) is correct, (1.3)

it is known that deviance statistic D has a X?V—p limiting distribution assuming the con-
dition that

Na /N — fha (0 < gy < 1) for each a, as n — oo, (1.4)

where n = ZaNzl ne and ZaNzl tto = 1. Usually, using large sample results, we use D for
a goodness-of-fit test statistic of the logistic regression model.

However, in the case in which all n,, (o =1,..., N) are not large enough, approxima-
tion by a X?V—p limiting distribution to the distribution of D under Hy become poor. In

such a case, there are risks that the hypothesis test based on large sample theory will give



results opposite to those of an exact test. In this paper, in order to reduce the risks, we
propose a new transformed statistic D of D whose speed of convergence to a chi-square
distribution is quicker than D. To construct D, we use the following procedure. First,
we obtain the asymptotic expansion of the original statistic D. Next, we obtain trans-
formed statistic D by performing Bartlett-type transformation to D on the basis of the
asymptotic expansion.

We will introduce some studies on asymptotic expansion for probability of a multino-
mial model. Regarding the goodness-of-fit test for a multinomial distribution, Yarnold
[17] obtained an approximation based on asymptotic expansion for the null distribution
of Pearson’s X? statistic. The expansion consists of a term of multivariate Edgeworth
expansion for a continuous distribution and a discontinuous term. In a fashion simi-
lar to that for Pearson’s X? statistic, approximations based on asymptotic expansions
for null distributions of some kinds of multinomial goodness-of-fit statistics have been
investigated (Siotani and Fujikoshi [12], Read [10], Menéndez et al. [8]). Edgeworth ap-
proximations of the distributions of some kinds of multinomial goodness-of-fit statistics
under alternative hypotheses have also been investigated (Taneichi et al. [13, 14], Sekiya
and Taneichi [11]). Taneichi and Sekiya [15] discussed approximations for the distribution
of ¢-divergence statistics for the test of independence in r X s contingency tables. Tane-
ichi and Sekiya [16] also discussed approximations of the distributions of test statistics
for homogeneity of a product multinomial model.

In this paper, we investigate asymptotic approximation of the distribution of the
statistic D given by (1.2) for testing the null hypothesis Hy given by (1.3). In Section
2, we consider expression of asymptotic expansion for the distribution of D under H.
Evaluation for the continuous and discontinuous terms of the expression is considered.
In Section 3, using the term of multivariate Edgeworth expansion assuming a continuous
distribution in the expression in Section 2, we construct a Bartlett-type transformation for
improving small-sample accuracy of the y? approximation of the distribution of D under
Hy. In Section 4, the performance of the Bartlett-type transformed statistic and that of
the original statistic are investigated numerically. In Section 5, we apply the transformed

statistic to real data and discuss the importance of the transformed statistic.



2. Asymptotic approximation for the distribution of D under H,
First, we consider a local Edgeworth approximation for the probability of Y,, (o =

1,..., N) under null hypothesis Hy given by (1.3). Let

Y, — nama
Wy=—ro—, =1,...,N). 2.1
= o ) (2.1

Then, W = (Wy,...,Wy)' is a lattice random vector that takes values in the set

Ya — NaTy (
’

L:{w:(wl,...,wN)':wa: N

azl,...,N),y:(yl,...,yN)'eM},
where

M = {y = (y1,.--,Yn) : Y1,-.., YN are non-negative integers that satisfy
Yo < N, (a:1a>N)}

If we consider only for a limiting distribution of D, we can discuss under the as-
sumption given by (1.4). In this section, since we consider asymptotic expansion of the
distribution of D, we need an assumption that states the way of converging n,/n to j,
more strictly than the assumption given by (1.4). Therefore, we consider the following

Assumption 1 instead of the assumption given by (1.4).

Assumption 1: n, — oo, (o = 1,...,N), as n — oo, with n, depending on n

in such a way thatn,/n = pa, (¢ =1,...,N), where0 < p, <1 and Zivzl fo = 1.

Assumption 1 and the assumption given by (1.4) state condition that n,/n does not
converge to 0 for every «, (o = 1,...,N). However, for real data analysis, n,, (a =
1,...,N) and n are finite. So, for real data analysis, Assumption 1 and the assumption
given by (1.4) imply the condition that excludes the case n, = 0 for some subgroups
a, (a« = 1,...,N). Therefore, the range of applications does not change even if we
change the assumption given by (1.4) to Assumption 1.

With regard to a local Edgeworth approximation for the probability of Y,, (a =

1,..., N) under Hy, we obtain the following lemma.



/

Lemma 1: For each y = (y1,...,yn) € M, let w = (wq,...,wy), where wy = (Yo —

NaTa)/\/Ta, (@ =1,...,N). Then, under Assumption 1,

Pr{W = w|H,} = (1;[ 7 -~

) {1+ Jeotw) + L)+ v o]

where

h(w) = (2m)~M2|Q| 72 exp (—%w’Q_lw) : (2.3)

1—27Ta (1-27m)
gl(’UJ) == ?Z le ﬂ_a 1 — T, _Z Mo T (1 — 7Ta)2wom
7Ta+7T 1 1(1 27Ta+27T) 2

s2w) = glon(w))? 122 i i et
CY Oél CY

1—27ra)
fia T2 (1 — )

g(w) = —Hgw)} +g(w) 122

1 1 (1—27ra)(1—7ra+7ra)w3
0 i/t mo(1—ma) .
+710 1 (1- 2%4)(1 — 27ra4+ 2Wi)w2,
— ftar/Pa 7 (1 — my)

7 Wa

and

Q = diag(m (1 — m),...,7n(1 — 7N)). (2.4)

By considering the proof of Theorem 22.1 of Bhattacharya and Ranga Rao ([3], pp.

232-236), we can prove Lemma 1. Proof of Lemma 1 is shown in Appendix 1.

Next, we derive an approximation based on an asymptotic expansion for the distribu-
tion of D under Hy. We consider the following approximation for the distribution of D
under Hy corresponding to approximation (2.3) of Taneichi et al. [13] for the multinomial
goodness-of-fit test.

Pr{D < alHo} ~ Ji(x) + J3 (),



where the Jf(z) term is multivariate Edgeworth expansion assuming a continuous dis-
tribution and the J3(x) term, which corresponds to the Ky term of Taneichi et al. [13]
in the case of a multinomial goodness-of-fit test, is a discontinuous term to account for
the discontinuity. With regard to evaluation of the J{(z) term, we obtain the following

theorem.

Theorem 1: Under Assumption 1, the J{(x) term is evaluated as

1
] 1 -
Ji(w) =Prixio, S zh 4 -3 0 Pr{xi_pu; < 0} + 0(n7), (2.5)
=0
where
1
Vo = ﬁ(_GAl + 4A2 + 6A3 — 9A4 + 2Bl + 332),
V1 = —o,
N
1 — 3w, + 372
A= Z To(l — mg)
N1 - 2m,)?

AQZ

1 Nawa(l - Wa)’

N
Az = Z,uoﬂra(l — 7o) (1 = 37, + 37%)02,,
a=1
N

Ay = Zuoﬂra(l — 7o) (1 — 27ra)20ia,

a=1

N N
By, = Z Zﬂaﬁa(l = 7o) (1 = 270 ) puy (1 — ) (1 — 27“/)‘7277

a=1 y=1

N N
Bz = Z Z'uaﬁa(l — o) (1 = 26 ) iy my (1 = 75 ) (1 = 27 ) Oaa Oy Oy,

a=1 v=1
p p
aawzzz:ml’mxalx,ym, (,y=1,...,N),
=1 m=1
N
Iihm:Z/J,)\ﬂ')\(l—?T)\)l’)\lSL’)\m, (l,mzl,...,p),
A=1



kb™ is (1,m) elements of the inverse matriz of K = (kim), and x5 denotes a chi-square

random variable with degrees of freedom f.

Proof of Theorem 1 is shown in Appendix 2.

Next, we consider the J;(z) term. Let U(x) be a set defined by

Ur) ={w = (wy,...,wy)" : D(w) < z}. (2.6)

Consider the sets U, C Ry_1, (v = 1,...,N) and continuous functions 7,(-) and 6,(-),
(v=1,...,N) on Ry_; into Ry such that U(x) defined by (2.6) is represented as

Ul) = {w=(w,...,wy) 0y (w,) <w, <0,(0,),
Wy = (W1, ..., Wye1, Woyt1, - .., wN) € Uyt
Then
1 N o (o]
J3(x) = _ﬁzn—w—v)/z Z Z / / xu, (.,
y=1 Wy 1€L~ 11 wnyELNY T -
S hw)] "% dw, - - d 2.7
x [S1 (vnwy + nmy) (’w)}m(ﬂ,w) wy W1, (2.7)
where i
0., (W _
[F(w)]mi,w:; — F(wy,... Wy, 0(W,), Wysq, ..., wy)
_F(wla SRR w'y—1777'y(ﬂ”y)>w'y+l> s ,'lUN),

— N, T . . ) .
L,= {wﬁ, PWy = M, Y is a non-negative integer which satisfies y, < n,y} ,

vy

(v=1,...,N), (2.8)
(2.9)

h(-) being defined by (2.3), and x4(-) is the indicate function of the set A. In order

to evaluate the J;(x) term of the null distribution of the test statistics using the same

method as that of Yarnold [17], it is necessary to show

[S1 (Vnw., + nm) h(w)}fﬁz}):; =b[S (Vnw, + nm)}:izzi + o(1),

where b is a constant. However, it is very difficult to show the above relation except when

h(w) is a constant. Therefore, unlike the null distribution of multinomial goodness-of-fit



test statistics, we cannot obtain a simple form of approximation of J3(x) such as K, given

by (2.6) of Taneichi et al. [13]. By another method of Yarnold [17], J5(z) is evaluated as

follows.

Theorem 2: Under Assumption 1, the Jj(x) term can be represented in the following

form:
N ~1/2
Jy(x) = {(27‘(‘)N H Ta(l — Wa)} (©14+6,) —03 + O(n_z), (2.10)
a=1
where
1—n_N/QZ Z exp< —w' Q) 'w)
w1€Lq wy€ELN
wel (z)
@2 = %17_@/ / szl (\/_UJN —i—mrN) exXp <—§w O~ ’I.U) dw
1 1 / /
+7 T wy 151 (Vnwy 1 +nmy
Nyl — WN_I)w;%N G (wy) ( )
X exp ( Lw' QO tw )dwl dwN 1
1 1 / /
+
ny/n TN— 2(1_7TN 2)11) ;N leXG;/N Gn-oi,n(wNn_1,wN)
X S1 (Vnwyn_g + nmwy_s) exp (—iw’Q_lfw) dwy - - - dwy_o,
13
05 = Prixd, <o)+ o 3G PGy < o),
§=0

where

Gry(wy) = {(wy,...,wy_1) :w= (wy,...,wx_1,wy) € U(x)},

GN—l,N(wN—th) = {(wh e 7wN—2)/ W = (wh e 7wN—2awN—17wN)/ € U(x)}7
1
CO = ﬂ(_r?))a
1
G = 24(F1+F2+F3)
G = o (~Ty — 2T),
2= o 1 2
1
<3 = ﬂr%

Fl - —3(2A1 + 2A3 - 6144 - 4A5 + 4A6 + 2Bl + 332 + Bg - 4B4),



FQ - 5142 —+ 9144 - 12A6 - 231 - BBQ - 333 + 6B4,

Fg == —3(4143 - 9A4 - 4145 + 4146 + 4Bl + 432 + Bg - 4B4),

N
As = Z(l — 370 + 372) 0 pars
a=1
N
A6 = Z(l - 27Ta)2aaa7
a=1
N N
By=> Y (1—2m)(1 - 2m)00,.
a=1 y=1
N N
B, = Z Z HaTo(l — 7o) (1 — 27, ) (1 — 270,) 0naTany,
a=1 y=1
with dw = dwy - - -dwy, and Ay,... Ay, Bi, By, and 04, being given in Theorem 1.

Proof of Theorem 2 is shown in Appendix 3. By Theorem 2, we find that the J;(z)
term is very difficult to calculate in practice. Then, on the basis of numerical results
showing that Edgeworth approximation assuming a continuous distribution performs bet-
ter than x? approximation for a multinomial goodness-of-fit test (Taneichi et al. [13, 14])
and a test of independence in r x s contingency tables (Taneichi and Sekiya [15]), we

consider the use of J;(x) as an approximation for the distribution of D under Hy.

3. Transformed deviance statistic based on the Jy(z) term

In this section, we construct a Bartlett-type transformation for improving the accu-
racy of x? approximation of the distribution of D under H, when the distribution of D
is approximated as J;(z). The relation between coefficients of asymptotic expansion of a

random variable and Bartlett adjustment of the random variable is shown as follows (e.g.,

Fijikoshi [5, 6]).

Theorem 3: Suppose that a nonnegative random variable T' has an asymptotic expansion

such that

1
1
Pr{T <z} =Pr{y} <z} + - Zaj Pr{x} o <z} +0(n=>).
=0

10



The coefficients ag and ay; do not depend on the parameter n > 0 and must satisfy the

relation a; = —ag. Then for a transformed random variable T1 defined by
2@0
Th=|14+—)T 3.1
=) &y

it holds that
Pr{Ty <z} =Pr{x} <z} +O(n?). (3.2)
Ty is known as Bartlett adjustment of 7. Lawley [7], Barndorff-Nielsen and Cox [1],
and Barndorff-Nielsen and Hall [2] discussed Bartlett adjustment for the log likelihood
ratio statistic. Applying evaluation (2.5) given by Theorem 1 to Bartlett adjustment
(3.1), we obtain the following Bartlett-type adjustment D*.

D*:{l+%}D. (3.3)

In Barndorff-Nielsen and Cox [1], the theory of Bartlett adjustment is discussed for the
case in which the error term in (3.2) is not O(n=2) but O(n=3/?). In Theorem 1, we

=3/2 Therefore, we can apply the continuous part

evaluated the J(z) term up to order n
of asymptotic expansion for the distribution of D to Theorem 3, which ensures better
accuracy of approximation than the theory of Barndorff-Nielsen and Cox [1].

Practically, we may use estimate © which is obtained by substituting maximum likeli-

hood estimate B for the true value 3 in vy. Therefore, we propose the following Bartlett-

type (transformed deviance) statistic D.

D:{1+H(N27{)_Z))}D. (3.4)

4. Performance of transformed deviance statistic

We compare the performance of the transformed deviance statistic D given by (3.4)
and that of the original deviance statistic D given by (1.2). We consider the logistic
regression model given by (1.1) with p = 2 and x4y = 1 and 2,2 = x5, (a« = 1,..., N).
This model is used as a dose-response model. Let the true values of parameters 5; and

By be pf and B3, respectively. Then, the true values of 7., (¢ =1,...,N) are

. explBi + i)
" T ep(Fi+ Bian)’

(=1,...,N).

11



We give a design matrix

1 ... 1
X —
ar ool
and execute the following procedure.

For each «, we generate n,, (o = 1,...,N) binomial random numbers which are
distributed according to B(1,7%), (e = 1,..., N). From them, we calculate the number
Yo, (a=1,..., N) of successes and the maximum likelihood estimates Bl and B2 for the
parameters 3; and ;. Using the estimates, we calculate the values 7,(3), (« = 1,..., N),

where 3 = (Bl, Bg)’ . and observed values of the statistics D and D. This process is
repeated J times.

Among J times, let V' be the number of times that the observed values of the statistics
exceed the upper € point of a chi-square distribution with degrees of freedom N — p, that
is, Xn_p(€). The error of the x* approximation for the distribution of each statistic can

be evaluated on the basis of the index

I =

L.
7 .

We investigate the performance of the following four cases when N = 8.

(I) True parameters are ;7 = 3, 35 = —8, and a design matrix is

1 1 1 1 1 1 1 1
0.2 025 03 035 04 045 0.5 0.55

X —

(IT) True parameters are 57 = 4, 83 = —1, and a design matrix is

11 1 1 1 1 1 1
27 30 33 35 43 49 50 52

X —

(III) True parameters are 57 = —4, ;3 = 1, and a design matrix is

1 1 1 1 1 1 1 1
2.85 3.056 3.85 4.25 4.65 4.85 525 5.45

X —

12



(IV) True parameters are §; = —3, 33 = 8, and a design matrix is

1 1 1 1 1 1 1 1
0.15 0.25 0.35 04 045 0.5 0.55 0.6

X —

For each case, we consider the following three sample designs.

(A) ng =---=ng=na.

(B) ny=---=n4y=ng, ny=-+-=ng = 2ng.

(C) ny =ng =ng, ng=ng =nc+5, ny=ng=nc+ 10, ny =ng = ne + 15.

The cases and samples are selected appropriately in order to make many situations. Let ||
be the absolute value of /. We calculate the value of |I| 100 times and put them I*(i),i =
1,...,100, where the number of repetitions is J = 1.0 x 10%. Let I* = 1% I*(4)/100
and let I1 be the true value of |I|. For an approximate 95 percent confidence interval for

I, we consider

|:j* — t99(0025)8/m, j* + t99(0025>8/\/W] s

where 52 = 3219 (1*(i) — I*)?/99 and t99(0.025) denotes the upper 2.5 percentage point
of a t-distribution with degrees of freedom 99. Fig. 1 shows values of I* and 95 percent
confidence interval for I for sample design (A) where ny = 5,10, 15,20, 30 and signifi-
cance level ¢ = 0.01,0.05,0.1 for cases (I)-(IV). Figs. 2 and 3 show values of I* and 95
percent confidence interval for I7 for sample designs (B) and (C) where ng and nge = 5,
10, 15, 20.

From Figs. 1-3, we find the following results. For all cases and sample designs,
performance of transformed statistic D is better than that of original statistic D. For
almost all cases and sample designs, the value of |I] for D is less than one-third of that
for statistic D. As a result of comparison, we can say that statistic D is improved by the
transformed deviance statistic D. This result indicates that the Bartlett-type statistic
works well.

Next, we consider the power of statistics D and D. We consider an alternative model:

o exp(Br + i)
° T T+ exp(B + Bia)

+6.,  (a=1,....8), (4.1)

13



where (01, 09, 03, d4, 05, J6, 07, 03) = (—0.1, 0.1, —0.1, 0.1, —0.1, 0.1, —0.1, 0.1).

We calculate the simulated power against the alternative model (4.1) by using simu-
lated exact critical values of statistic D and statistic D. We calculate simulated power 100
times and put them P(i),i = 1,...,100, where the number of repetitions is J = 1.0 x 10*.
We consider the average simulated power P = 1% P(i)/100. Let Pp be the true value
of power. In the same way as that for I7, we can derive the 95 percent confidence interval
for Pp. Figs. 4-6 show the average simulated power P and 95 percent confidence interval
for Pr when sample designs correspond to Figs. 1-3.

From Figs. 4-6, we find that the power of D is not so different from the power of D.
This result was expected since D* given by (3.3) and deviance statistic D have the same
exact power, theoretically.

As a matter of course, we can construct D for a general logit model (1.1) when p > 3.

We consider the general logit model given by (1.1) with p = 3 and z,; = 1, (a =

1,..., N). Using the same procedure and index as those in the case of p = 2 and 1 = 1,
(=1,...,N), we investigate the performance of the following three cases when N = 8.
(V) True parameters are 57 = 3, 55 = —8, 85 = 1, and a design matrix is

1 1 1 1 1 1 1 1
X=1015 025 035 04 045 0.5 055 06
03 035 04 045 05 055 06 0.65

(VI) True parameters are 7 = —4, 55 = 1, 85 = 2, and a design matrix is

/

1 1 1 1 1 1 1 1
X=127 30 33 35 43 49 50 52
02 025 03 035 04 045 0.5 0.55

(VII) True parameters are 3 = 2, 55 = 3, 85 = —5, and a design matrix is

/

1 1 1 1 1 1 1 1
X=1015 025 035 04 045 0.5 055 0.6
02 025 03 035 04 045 0.5 0.55

14



We also consider the same sample designs (A), (B) and (C) in the case of p = 2. Fig. 7
shows values of I* and 95 percent confidence interval for I for sample design (A) where
na = 10,15,20,30 and significance level £ = 0.01,0.05,0.1 for cases (V)—(VII). Figs. 8
and 9 show values of I* and 95 percent confidence interval for I for sample designs (B)
and (C) where np and ne = 10, 15, 20.

From Figs. 7-9, we find that D is also improved by the transformed statistic D in the
case of model (1.1) with p = 3. This result indicates that the Bartlett-type statistic also

works well when the dimension of the model increases.

5. Real data application

By applying the transformed statistic to real data, we discuss the importance of the
proposed transformed statistics. We use data based on an experiment by Farmer et
al. [4]. In the experiment, female mice were fed dietary concentrations of one of 0.0,
0.3, 0.35, 0.45, 0.6, 0.75, 1.0 or 1.5 parts per 10* of a carcinogen, 2-acetylaminofluorene
(2-AAF). Table 1 shows the incidences of bladder neoplasms in mice observed for 33
months. In Table 1, covariate variable z,, (o« = 1,...,8) is 2-AAF measured in parts per
104, ng, (e = 1,...,8) is the number of mice exposed and y,, (a = 1,...,8) is incidence
of neoplasms. The logistic regression model which we apply is given by (1.1) with p = 2

and 2,1 = 1 and 2,2 = 74, (e =1,...,8), that is,
logit mo, = 81 + Poa, (=1,...,8).

We consider testing the null hypothesis Hy given by (1.3) using the deviance statistic
at the significance level of 0.1. The maximum likelihood estimates of the parameters (;
and B, are 1 = —7.432 and =7.875, respectively. By using 7, = WQ(B), (a=1,...,N),
we calculate the observed value of D and the observed value of D. The observed value of
D is 11.450 and that of D is 3.211. The nominal critical value of significance level of 0.1
by using a chi-squared distribution is x2(0.1) = 10.645. Then, if we use deviance statistic
D, H, is rejected at the significance level of 0.1. However, if we use transformed statistic
D, H, is accepted at the significance level of 0.1.

We consider the distribution of statistic D where D is constructed by random variable

Yo, (a=1,...,N), provided that Y,, (o = 1,..., N) is independently distributed accord-

15



ing to the binomial distribution B(ng,7,.), (@ = 1,...,N). Let D(0.1) be the upper 0.1
point of the distribution of D. Then, by using D(0.1), we can execute an exact test at a
significance level of 0.1. Therefore, as an accurate approximation of D(0, 1), we consider
a simulated approximation of D(0.1) as follows.

For each «, by generating binomial random numbers n,, (&« = 1,..., N) which are
distributed according to B(1,7,),(a = 1,...,N), we obtain y}, (o = 1,..., N), which
are observed values of Y, (o = 1,...,N). From y},(a = 1,...,N), we calculate the
maximum likelihood estimate of 3 and observed value of D. By repeating this process
J = 10° times, we obtain J observed values Dyj),(j = 1,...,J). By sorting D(;), (j =
1,...,J) in large order, we adopt 0.1 x J = 10° th value as an approximation of D(0.1)
and put it Dg(0.1).

In these data, we obtain Dg(0.1) = 25.655. Since Dg(0.1) > D, the result of the test
by using the simulated critical value is accepted at the significance level of 0.1. That is,
the test using the nominal critical value leads to a conclusion opposite to that obtained
by the test using the simulated critical value. This result occurs on account of poorness
of approximation for the upper probability of the deviance statistic.

On the other hand, by calculating simulated approximation of D(O.l) for these data
in the same way as Dg(0.1), we obtain Dg(0.1) = 13.483. Since Dg(0.1) > D, the result
of the test by using the simulated critical value is also accepted at the significance level
of 0.1. That is, the result of the test using the nominal critical value coincides with that
of the test using the simulated critical value. The above results are summarized in Table
2. This is an example of an asymptotic test based on the proposed transformed statistic

D being more reliable than that based on deviance statistic D.

6. Concluding remarks

We have shown the derivation of an expression of asymptotic expansion for the distri-
bution of deviance statistic D in a logistic regression model. Using the continuous term of
the expression of approximation for the distribution of deviance statistic D under a null
hypothesis, we propose a transformation of D that improves the speed of convergence to

a chi-square limiting distribution. Numerical comparison shows that the transformed de-

16



viance statistic D is effective for improving the speed of convergence. This improvement

increases the reliability of the results of the asymptotic test.
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Fig. 1: I* and 95 percent confidence interval for I for sample design (A), where ny =
5,10, 15,20, 30: o, { and A are the values for D when £ = 0.01, 0.05 and 0.1, respectively,
and o, 4 and A are the values for D when £ = 0.01, 0.05 and 0.1, respectively: 1st column
is for case (I), 2nd column is for case (II), 3rd column is for case (III), and 4th column is

for case (IV).
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Fig. 2: I* and 95 percent confidence interval for I for sample design (B), where np =
5,10,15,20: o, ¢ and A are the values for D when ¢ = 0.01, 0.05 and 0.1, respectively,
and o, 4 and A are the values for D when £ = 0.01, 0.05 and 0.1, respectively: 1st column
is for case (I), 2nd column is for case (II), 3rd column is for case (III), and 4th column is

for case (IV).

19



0.05 T T

I Value for D(s:o 01) —e—
Value for D(e=0.01) —e—i
Value for D(¢=0.05) —<—
Value for D(€=0.05) ——e—
Value for D(¢=0.10) +—=&—i
0.04 + 4 Value for D(e=0.10) +—a—
s
3
8 S
c 0.03
5 5*
S
E ’ :
[0} ¢ 3
2 o002 . 3
2 02 L
8 3 ¢ 2 3
3z 5
3%3 5
- *
0.01 5 .
38°0
£ 20
: z 23 2%
°ce sss3 : § s s ge2 :
0 . ee e e0 00 xRy
5 10 15 20

Fig. 3: I* and 95 percent confidence interval for Iy for sample design (C), where ng =
5,10,15,20: o, ¢ and A are the values for D when ¢ = 0.01, 0.05 and 0.1, respectively,
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for case (IV).
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Fig. 7: I* and 95 percent confidence interval for I for sample design (A), where ny =
10,15, 20,30: o, $ and A are the values for D when ¢ = 0.01, 0.05 and 0.1, respectively,
and o, 4 and A are the values for D when £ = 0.01, 0.05 and 0.1, respectively: 1st column

is for case (V), 2nd column is for case (VI), and 3rd column is for case (VII).
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Table 1: Observed numbers of 2-AAF-exposed mice with bladder neoplasms.

Dose Mice Exposed Incidence
a (parts per 10* 2-AAF)(x,) (Na) (Vo)
1 0.0 101 1
2 0.3 443 5
3 0.35 200 0
4 0.45 103 2
5 0.6 66 2
6 0.75 75 12
7 1.0 31 21
8 1.5 11 11

Table 2: Results of tests at the significance level of 0.1 based on simulated and nominal

critical values for statistics D and D.

D D

observed value of test statistic 11.450 3.211

nominal critical value 10.645 10.645

result of test reject accept

simulated critical value 25.655 13.483

result of test accept accept
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Appendix 1. (Proof of Lemma 1.)
Let ¢(t) denote the characteristic function of Y = (Y3, ...,Yn)', where t = (t1,...,tn)".

Then

c(t) = Y exp(it'y) Pr{Y =y |Ho}
YeM

= H(ﬁaeit“ +1—m,)".

a=1

For each w € L, we have

Pr{W =w |Hy} = Pr{Y =y |Ho}
= (27T)_N/ /_ c(t) exp(—it'y)dt

—T

— (@n)Y (H J},L_) Q.

where
Vi nNT
Q:/ / 4(8) exp(—it'w)dt, (AL1)
-/ —/NNT
N
q(t) = c(t") exp (—ZZ x/naﬂata> )
a=1
and

o= (T )
7”L17 ’ nn .

We can expand ¢(t) as

ot) = {exp (—%t’Qt)} {1 + inbl(t) + %bg(t) -

v bt + 0" )} (A1.2)

for large n and fixed ¢, where

6~ \/fia
bo(t) — %{bl(t)}z oy :awau C ) (1 — Gy + 672!
and
bs(t) = —={by(£)}> + b1 (£)bo(t) + —52 ! To(1 — 7o) (1 — 21 ) (1 — 127, + 1272)85 .
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From (A1.1) and (A1.2), we obtain
Q=01+ Q2 —Qs,

Q — /:/: {exp(—it"w)}{exp (—%t’Qt)}

1 1 1
X {1 + %51(1‘4) + Eb2(t> + n\/_b3( )} dt,

0 = /: . /: {exp(—it'w)} {exp (—%t’Qt) } O(n~2)dt,
Qs = / = {exp(—it'w)}{exp (—%t’@t)}

1 1 1
X {1 + %bl(t) + Eb2(t> -+ m

where

bs(t) + O(n_2)} dt,
and
S = [—y/mm,\/mim| X - X [=y/nNT, /DN
Since @y = O(n~?) and Q3 = o(n2), we obtain Q = Q; + O(n~?2). Therefore, we have

Pr{W = w|H)} = (2r)V (ﬁ \/%) [/: : /: {exp(—it'w)} {eXp (—%t’@t)}

x {1 L+ %bg(t) + bg(t)} dt +O0(n?)].

1
v n/n

By carrying out this integration, we have (2.2). We have completed the proof of Lemma 1.

Appendix 2. (Proof of Theorem 1.)

By transformation (2.1), statistic D can be rewitten as

D) = 2Zna{(m W) log (T e )

+ (1= 70 = Waly/1a) ) log (1 - Wf:g?‘()‘\/{;l_a)_ ) }

If we regard

h(w) {1 + %gl('w) + %gg('w) + nxl/ﬁgg(w)}

as the continuous density function of W, then we can regard

/ / {1+igl( )+%gz(w)+ n\l/ﬁgg(w)}dw
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as the distribution function of D(W), where U (x) is defined by (2.6). So, the characteristic

function of D(W) is calculated as

/ / lexp{iuD(w)}] h(w) {1 + %gl(w) + %gg(w) + n\l/ﬁgg('w)} dw.
We can expand D(w) as
1 1 1 9
D(w) = 1o(w) + %Tl(w) + E’TQ(’U?) + n\/ﬁ’Tg(’LU) +O(n™?), (A2.1)
where
o(w) = w' (Q7 — E)w,
n(w) = %Zuoﬁra(l — 7o) (1 — 27,) {Zxal(fl } Z e 1_27:))2102,
T(w) = Z,uaﬂa(l — o) {Zmang(l)(w)} + ézu_la (1 —3(317Ti: 3)7;a)w§

N
+Z,Uo¢7ra(1 - a 27Toz {Zxalcl(l } {Z xalc2 }
a=1
N
+1lzz,ua7ra(1 — 7o) (1 — 674 + 67r {Z 1, Ch) } ,

a=1

(w) = QZ,uoﬂra(l — Ta) {Z a:alC2(l)('w)} {Z xang(l)(’w)}
—l—z,uawa — 7a)(1 — 27, {ZxalCl(l)('w)} {Zma,cgm(w)}
—l—z,uawa — 7o) (1 — 27, {ZxalCl(l)('w)} {Zxalcz(,)(w)}

=1

—i—BZuawa — 7a) (1 — 67y + 672 ){Zxalq@(w)} {Zxang(l)(w)}

=1

+6%Zua7ra — o) (1 = 27m) (1 — 1274 + 1272) {Z :EalCl(l)(w)}

a 1 =1
1 (1 —27m0)(1 — 27y + 272)
10 1 1 Was
= uawa To(l — ma)
VHIH1011 ot \/HIRNOIN

VHUNHIONT - \/UNUNONN
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p
Crpy(w) =D KM om(w), (1=1,...,p),
m=1

1 - - me mi,m m2,ms
Co(w) = =5 D oo Y KRR g P (W) (), (=1, ),

mi=1 ms=1
p p
Cg(l)(w) = % Z ce Z Hl,m4 VLTS (M2, ME MM Mg, MY Fomams.ms K ams o
mi1=1 mog=1
X Ormy (W) Prmy (W) Prng (W)
p p
_% Z . Z Klma emi,ms sz,mﬁﬁms,m7ﬁm4’m5’m67m7
m1=1 mr=1
XQOml (w)gme ('I.U)QOmg(w), (l = 17 e 7p)7
N
Rmy,mo,ms = Z ,u)\ﬂ')\(l - 7T)\)(1 - 27T)\)x)\m1x)\m2x)\m37 (mh ma, Mg = 17 cee 7p>7
A=1
N
"im1,m2,m3,m4 = ZM}\W)\(l - ﬂ-)\)(l - 67T)\ + 67T§\>I)\m1 x)\mzx)\mgx)\m47
A=1
(m17m27m37 my = 17 L 7p)7

N
Pm(w) =Y Viamws, (m=1,....p),
A=1

Q) is defined by (2.4), and 0,5 and k"™ are defined in Theorem 1. Then from (A2.1), we

obtain

expliuD()] tw) {1+ Loiw) + L) + Lgw) |

— (2m) N2 |Q 12 [exp —%w’((1—2iu)9_1+2iu5)w}] (G(w) + O(n~2)], (A2.3)

where

(iu)Ta(w) + ()7 (w)ra(w) + (i) {ra(w) ).

Let
A = (1 — 2iu)"H(Q — 2iuN=Q),
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where Q and = are defined by (2.4) and (A2.2), respectively. Then
A7t = (1 = 2u)Q7 ! 4 2iu= (A2.4)

and

A] = (1 — 2iu)"N-P|Q. (42.5)

Therefore, from (A2.3), (A2.4) and (A2.5), we obtain

Yu)= (1- 2iu)_(N_p)/2/_Z - -/_Z(QW)_N/2|A|_1/2 {exp (—%w’/\_lw) } G(w)dw
+0(n~?). (A2.6)

Since 7j(w),(j = 1,2,3) is a homogeneous polynomial of degree j + 2 with respect to
variable wy, ..., wy, and degrees of all terms of polynomial g;(w), (j = 1,2,3) are odd
if j = 1 or 3 and even if j = 2, degrees of all terms of polynomial G (w) for order n=/2
and n~%/2 are odd. Therefore, by carrying out the integration of (A2.6), the characteristic

function v (u) is expanded as

1

Y(u) = (1 — 2iu)"N=P/2 |1 4 % 2(1 — 2iu)Pv; + O(n7?)| . (A2.7)

Since (1 —24u)~"=P)/2 is the characteristic function of the X%,_p distribution, by inverting

(A2.7), we obtain (2.5). We have completed the proof of Theorem 1.

Appendix 3. (Proof of Theorem 2.)
The function S (y/nw, + nm,) defined by (2.9) is differentiable except when w, € L,
defined by (2.8), and h(w) is a differentiable function on Ry. Therefore, by (8.10) in the

proof of Lemma 1 of Yarnold [17],

- 0 (W)
[S1 (Vnw, + n,) h(,w)]@v(lf?w) = / D, S (vVnw,, + n, ) h(w)dw,
7

(W)
6, (W)
+ Z A, Sy (Vnw, + nmy) h(w), (A3.1)
wy =1y (W)
W~y EL~
where
AF(w) = F(wy,...,wy_1,Wy+ 0, Wy41,...,W0N)
—F(wq, ..., wy—1,wy — 0,Wyp1, ..., WN)
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and D, F(w) = (0/0w,)F(w). By definitions of the functions S;(-) and h(-), we obtain

A,S1 (Vnw, + nmy) h(w) = —h(w), (A3.2)

Wy

D,S, (\/ﬁww + WT“/) h(w) = h(w) {\/7 — 51 (\/ﬁww * mn,) m

} o (433)

and

N —1/2 .
h(w) = {(%)N []m0- wa)} exp <—§wf9—1w) : (A3.4)

By substituting (A3.2), (A3.3) and (A3.4) for (A3.1), we obtain the following:

a=1

i N -1/2
[S1 (Viw, +ny) h(w)])" (") = {(zw)N [ 7~ WQ)}

0., (W) 0+ (W~) 1
{f/ exp (——w’Q 'w) dw., — Z exp <—§w’Q_1w)
wy =1y (W)
W~ €L~y
1 /G'y(w'y) g (\/_ ) 1 ,Q 1 d (A )
- w~S1 (Vnw., + nm.,) exp (——'w B 'w) Wy P 3.5
7T»Y(1 - ﬂ-'y) 7y (W) ! ! ! 2 !

Then from (2.7) and (A3.5), we obtain the following:

N —-1/2
Jy(x) = {(%)N [T (- m)} (©1+63) — 65,

O R
U(x)

o = sl S s e

wq+16L7+1 wnELN

where

and

Gw(ww) 1
x/ w, Sy (Vnw,y 4 ny) exp <—§w’§2_1w) dwy - - - dw,,.
U

(W)
If we regard h(w) as the density function of W, then we can regard O3 as the distribution
function of D(W). Then, by expanding the characteristic function of D(W') and inverting
it, we can approximate ©3 = O3 + O(n~?). Furthermore, we can approximate 3 =

O3 + O(n~2). Therefore, we obtain (2.10). We have completed the proof of Theorem 2.
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