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Overview of
Topological Cluster-State Quantum
Computation
on 2D Cluster-State

based on "High-threshold universal quantum computation
on the surface code’

-Austin G. Fowler, Ashley M. Stephens, and Peter Groszkowski
-Physical Review A 80 052312 (2009)

Note: All figures in these slides are reprinted from the above paper

Motivation of TCSQC Model

* Needs an Extremely Efficient Scheme
* FOR

— quantum error correction and

— fault-tolerant quantum computation
* WITHOUT

— Unphysical Demands on the Underlying
Hardware

— Excessive Time Overhead

— Waste a Significant Amount of the Potential
Performance Increase

Model of Topological Cluster State
Quantum Computation

Measurement
Basis for Each Qubits
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Initialization of Measurements of Classical

Cluster State Cluster State Post-Processing
For Computation and
Error Correction

Properties of TCSQC

» Physical Constraints
— 2D square lattice of physical qubits
— Nearest-Neighbor Coupling

— Less than 1% error rate for initialization, readout, memory, and
gates

=> the least challenging set of physical requirements

« Moreover

- Iogh(n) time for quantum gate with two qubits having distance
n, hence shorter time for long distance operation

— Asymmetric error correction is possible
— Dynamic error correction is possible

Several Experiments

 Superconductors
— EPL 85 50007 (2009)
— Arxiv 09054839

+ Semiconductor nanophotonics
- JQr 8 295 (2010)

Stabilizer Formalism

Express the quantum state as the unique simultaneous +1
eigenvector of the commuting operators => Stabilizer
— NOT State Vector

— BUT a set of Commuting Operators

* Any set of 7 mutually commuting and independent operators
over n qubits has a unique simultaneous +1 eigenstate

« In TCSQC model, stabilizers only with I, X, Z, Y matrices are
used
- 1=[(1,0),(0,1)], X=[(0,1),(1,0)], Z=[(1,0),(0,-1)], Y=[(0,-1),(i,0)]

Unitary Operators and Measurements are formulated by
Stabilizers
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Measurements

» Mz measures the quantum state by |0>
and |1> basis
— Stabilizer form: [(1,0),(0,-1)]

« Mx measures the quantum state by |+>
and |-> basis
— Stabilizer form: [(0,1), (1,0)]

Surface CodeOError1Correction
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DO 04
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Figure 1 Basic layout of surface code data qubits

Surface Code Error Correction

Data qubits with Syndrome qubits

: it — Data Qubits

20 0 o) O Edge qubit — Data Qubit

b Q . Face qubit

70 o) o . |
\ )4\ / . Vertex qubit { Syndrome Qubits
® o0 0“e i

Face qubit is for checking Z stabilizer
Vertex qubit is for checking X stabilizer

Surface Code Error Correction

 If no errors, the surface remains in the
simultaneous +1 eigenstate of every stabilizer

« If errors, adjacent stabilizers become negative

O O O O
o] o] [¢] o -1 0
X 8/

O 20 O¥- 80

z z ¥
o7 @707 ® 70 8«7 o
z z £
o o oxo{o
X
o-1o0-1 o0 g1 o
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FIG. 2. (Color onling) Effect of single bit flips (X) and phase
flips [Z) on the suface ¢ ode—adjacent face and werex stabilizers
are mmade negative, respectively.

Surface Code Error Correction

* How to measure Z and X stabilizers

a) o) —SdEE—{M <—— Face Qubit

) 1wy < Edge Qubits

| < Vertex Qubit

ement typically i
ten smdreme instialization, CHOT with the four s
rounding data qubits (Bwer oo boundatiss), and findly syndrome
Teadout

T

J. Math. Phys. 43 4452

Surface Code Error Correction

» Two additional complications

Multiple Errors
o} o] O jo!
o} [—1 ® ® ® 1[0

O O O O

o] Q Q o] o]

g % -1 o
Measurement Error !

o] [¢] o] o] o]

L

O O O O

FIG. 3. (Color online) Surface code suffering fom multiple er-
rors (indicated by filled dots) and an incorreet syndroms me asure-
ment (indicated by dashed eirele).

98




Surface Code Error Correction

Have to keep track of every time
the reported eigenvalue of each
stabilizer changes

(FIG 4a)

Correction is delayed as long as
possible and pairs of flipped
syndromes are then connected by
paths in space and time or
“matched” such that the total b.)
number of edges used is minimal

(FIG 4b)

— Polynomial and Logarithmic Complexity
Matching Algorithms have been
designed

— No Problem !!
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Example for Z stabilizer information

tirme:

“clor onhina) (2) Locations in space and tims, incheatsd

, where and when the reperted syndrome iz different

from that i the previcus time step. Meote that this is net a thres-

dimensienal phymeal st
dats sirocture. (b) Opeimal ma

3 thres-dmensional clasacal

ing highly likely 1o lead 1o & sig

nificant reduction of the manber of ervors if bit-flips are applied to

the spaceliks sdgps

Logical Qubits

» The Simplest Logical Qubit consists of a
Single Face where we stop measuring
the associated Z stabilizer
— No further measuring of Z stabilizer

— This introduces one new degree of freedom
into the surface

Logical Qubits

O O O

FIG. 6. (Color online) Surface ¢ode with gne additional deeres

of fizadom introduced by not enforsine the stabilizer assceiated
ithoons face (shaded). This face.cLa eaicn of such fagss is e alled

a smoocth de fect. The degres of freedom can be phase flipped by any
ring of Z operators eneireling the defeet and bit flipped by any chain
of X operators connecting the defect to a smocth boundary.

Logical Qubits

* Larger Smooth Defect

O o < O
o o o] o o

b 5 i 2 < The qubit inside the defect
o o 65 o play no further role

of ke '\‘gx o in the computation

e unless the defect moves

=] Q o o] =]

o o o o
o o o o o

O o O O

FIG. 7. (Color online) Surface code with one degres of freadom
introdiced via the measurernent e of four qubits in the X basis
and removal of five stabilizers, Note that four new three term X
stabilizers are crzated with not neceisanlv Dosit e slen indicatzd
By shaded Wiangies ).

Logical Qubits

« It is inconvenient to use a logical qubit with a logical
operator that connects to a potentially distant
boundary

+ To avoid this problem, using a pair of defects to
represent a single logical qubit

Rough qubit

| dual

B. [Cebor onlins) Smeoth qubt comprised of two ameath
cormsponds to any ning of T cpersices arcund eitier
3 160 any chain of X eparitoes connssting the

anry chinn of 2 eperators linking the two delbels

G, 10 (Celor enline) Initilrang & reugh qunt in e b
stite wa T tads mesrwements My and ignoring sib
(shaded), X, i amy ring of X operators wound eilber defect. Z;

Ten

Logical Qubits

 Logical Measurement

1
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FIG. 11, Example of measursment of a stnooth qubit in the Zp
basis in the absence of errors. Note that the measurements around
every face have even parity whereas the parity of any path of mea-

suements encireling either defect = odd, The figure thus come-
sponds to the measurement result |1,
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Logical CNOT

* The effect of moving a smooth defect

a) 3n.-i anb-) I c.)

FIG. 12 (Coler online) (a) Smocth defect and surface in the +1
eigenstate of Zy. (b) Afler measuring the center qubit in the X basis,
the shape of the Z, operator is deformed. (¢) Measuring and possi-
bly comzeting the indicated 7 stabilizer usinga bit flip on the center
qubit completes the movernent of the defect.

Deforms the shape of Z, stabilizers passing nearby

a)

Logical CNOT

* The effect of moving a smooth defect

* b.)

d)

Drags around X, stabilizers attached to it

Logical CNOT

* Needs a larger defect

Logical CNOT

* This defect movement procedure
— deforms nearby Z, stabilizers,

—drags around X; stabilizers attached to the
defect, and

—takes a total time that grows only
logarithmically in the distance the defect is
moved

Logical CNOT

* How to build a logical CNOT?

* These relationships can be combined to
determine the action of CNOT on an
arbitrary two-qubit stabilizer

AfieX)il,=IeX, (6]
ApXxenil=xex, (7)
ApieDAl,=Ze Z, (8)
MfZeDAl,=Ze 1 (%)

Logical CNOT

« CNOT for different type qubits such as
(smooth, rough) or (rough, smooth) is
easy by using Figures 15 and 16
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FIG. 15 {Color online} {a) Surface containing a smocth qubit in
ihe +1 elgenstate of X, and a rough qubit. The lower smooth defect
has been braided around the upper rough defect using X measue-
ments, Note that is not possible to complete the brasding in one gep
as a ring of X measrements comesponds 1o measurement of the
rough qubit in the X; basis, db) Via comection of many £ stabilizers,
the X, operator is dragged around the upper rough defect. () Ad
ditional ¥ measurements extend ihe defect back to its original pe
sition. {d} Funther correction of 2 stabilizers returns the defects 1o
Aheir original positions bt the surface is now in the + 1 eigenstate of
Tboth the smocth and rough X; operatoes.

FIG. 16, (Color online) (a) Surface containing a smooth defect
and a rough defect in the +1 eigenstate of &, The lower smooth
defect has been braided around the upper rough defect using X
measurements, deforming the shape of the rough 2, operator, (b)
By first correcting many # stabilizers and then performing further X
measurements, the smonth defect can be extended back to its origi

nal position. (¢h A Anal round of Z stabilizer correction returns the
defects to their original configuration but with the state of the sur
face changed. {dh The Z; operator shown in parl (2 is equivalent Lo
the tensor product of smooth and rough ;.

Logical CNOT

* Question: A CNOT between logical
qubits of the same type

a.) control in

control out
ancilla [0, S—G—{Mg
ancilla [+ target out
targetin  ——

FIG. 17. {Color online} Smooth qubits are represented by black
lines and rough qubsits by lighter lines, (a) Cirenit equivalent to 247
on the target qubit cen the control and target
qubit followed by X*2 on the target qubsit, (b} Schematic represent
ing the imitialization. braiding, and measorement of defects in a
surface code to implement (a). Time mns from keft to right, and the
srface code should be imagined oriepted vertically and into and
out of the page. () Simplified schematic equivalent o

Smooth Qubit
Rough Qubit
Smooth Qubit

Smooth Qubit

ALL CNOTs are for
different type of qubits.
Figures 15 and 16 can be used

Logical CNOT

* Question: A CNOT between logical
qubits of the same type

a.) control in control out
ancilla 0L> @
ancilla [+ target out
targetin . ————— M
A A+
- N N
control ZMx
o —
__N V4

Logical CNOT

* Question: A CNOT between logical
qubits of the same type

B.)  contrl in control ol

anclla [0, [ L = 1M

ancilla |+, 1arge out

targed in [N

) control in control out

Larget m S—= target oul

b) Shows the braiding patterns,
where red line shows the rough qubit
and block line shows the smooth qubit

) Shows the simplified braiding pattern

Logical CNOT
* Braiding pattern

: Control in
[o:)

o9 el

Target in
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Universal Set of Logical Gates

+ State Injection
» State Distillation
* Non-Clifford Gates

Creation of an Arbitrary Rough
Qubit

23757 7

Figure 18. Surface code fragment

Creation of an Arbitrary Rough
Qubit

* Measure Qubit 5 in the X basis

4

o6 o [1 234567809
o B B o X X X X

1 ]

0380 » X XXX
o [] o o (= 1M %

" )
o o 9 7z 7 Z VAV AVA

« If -1 eigenstate is obtained, apply either 2,7,7:7,
or 7,7:7:7, to create the +1 eigenstate
123456789

X XX

XXX

Z Z 7 ZZZ

Creation of an Arbitrary Rough
Qubit

« Hadamard transform and then unitarily rotate qubit 5
to the desired state

1 234567809 1234 5 6789
X X X XXX
» I X X X |+ X XX
z =-Z
Z ZZ Z 77 VAV A4 YA
* Measure either 7,7,7;7- or Z;ZsZ:Zs
[1 234567809 [1 234 5 67809
X XX X X X X X X X XX
» @ K4 + /4] -Z
(= 1M Z s Z (=1 4 Va4 Z
i 1M 7 7z 7 I Vi ¥4 z oz Z

Creation of an Arbitrary Rough
Qubit
« If the -1 eigenstate of 7,7,7s7- and 7,7,7.7, is obtained,

apply Xsand then either x,x,x.x; or XsX7XgX, tO
give the desired logical state '

1234567809 1234 5 6789
XXX XXX X XX X XX
»« z + 3] -7
Fa FA4 7z Fa PN £
z zZ z z z z z

State Distillation

« Injection of two particular states
Yi=|0p+il1)

Ap=|0p+e™11)
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State Distillation State Distillation

Y)=[0p+i1) Y)=|0p+il1)
b } TABLE [. Possible measurement patterns after running the distillation circuit of Fig. 19000 with perfect
a') ! Al |¥) states and no gate errors.
0 ¥ — iy
o) ¥ P PriM) My My My Mz Mz Mz )
125 0 0 1] 0 0 0 Fabyl
¢ N iy
v ¥ % I 0125 0 0 1 1 1 1 by
[0y {H] [¥) P 0125 0 1 0 1 0 1 |¥)
- 0.125 o 1 1 o 1 0 ¥
N ]
o 4 [v) gl 0.125 1 0 0 0 1 1 ¥
|0) [¥) ——d—p—b—My 0.125 1 0 1 1 0 o ¥
0.125 1 1 o 1 1 0 b4
1 A Bl 147
|0y D—e> 1Y) —& Mz 0.125 1 1 1 0 0 1 #)
FIG. 19. {a) Encoding circuit for the seven-qubit Steane code. If perfec | ¥} states are input, Table I summarizes the possible
(b) Distillation circuit for the |¥)=|0)+i[1) state. measurement patterns, their probabilities, and the output state

If less than perfect |¥}states are input, other measurement patterns
have nonzero probability. If a measurement pattern not listed in
Table I is obtained, the distilled state is discarded

Repeat step b) multiple times to achieve the desired fidelity

State Distillation Non-Clifford gates

Ay=|0p 1)

"o —& 7w 5
o —& 4 7]
" o % a) %““)*'» Z%XM’HZ((-UMTBJM
5 7 ) ) -
oy —4 4 5 & 2 [w) &Mz
o) ) — s i
4 d 3
g {7} 8y 1 i L .
> —— 5 1 1o m b)) (lo)+e®[1)) —f— ZMRy((-1) ey
> . AW ez v ——M
» NSupees:
I o ——| w s S B T PR i,
& 1 o — [ = FIG. 21. (a) Circuit performing the single-qubit unitary
oY : 3 —d b3 XMzR,[(=1)M28] given an appropriate ancilla state. (b} Circuit per-
. S S - M :
FIG. 20. (a) Encoding circuit for the 15-qubit Reed-Muller code. fo!'mmg th“ single-qubit unitary Z¥*Ry[(~1)"x¢] given an appro-
(b} Distillation cireuit for the |4)=[0) +¢™41) state. priate ancilla state.

An Efficient Hadamard Gate An Efficient Hadamard Gate

* One Way  H= R, (m/4)Ry(m/4)R(7/4)

* More Efficient Way ; '“U e
— JPAMath. Theor. 42 095302 e
&
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Further Works Potential Problems

» Apply this model into other qubit The need of huge number of physical
technology

qubits and its maintenance would be the
— Quantum-dot qubit technology big problem

— For each error correction period, it needs
huge number of measurements and its
feedback controls

—In general, 2D like qubit layout technologies

—In general, since the number of physical
qubits is very large, the controlling of the
whole physical qubits is very very hard !l!
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Optimization of TCSQC
Program

Motivation

+ TCSQC model is heavily based on the classical
processing
— Generation of measurement sequences and the
analysis of measurement outputs for fault
tolerance quantum computation
— Generation of several sequences of braids for
executing algorithm
+ A braid is implemented by the measurement sequences

— Generating measurement sequences and analyzing

measurement outputs have to be done by classical
processing

Program on TCSQC

+ A quantum algorithm consists of logical qubits and
logical gates

« In TCSQC Model
— A logical qubit consists of two defects
+ A defect (or region) consists of measured physical qubits
— A logical gate consists of braids of defects

+ A braid consists of measurement sequence of defects and its
neighbors

+ Hence, a TCSQC program consists of a layout of
defects (logical qubits) with a sequence of their
braids with some constraints

Constraints

* For error-tolerance, a minimum distance
between defects have to be satisfied
— It depends on the algorithm itself
— It depends on the physical error rate

+ Usually the distance have to increase with the
physical error rate

Constraints

« Overlapping between braids is not
allowed

— When the multiple braids overlap, multiple
time slices must be used for each braid

—If multiple braids have no overlap, they can
be done simultaneously

What makes complex

* Most of gates can be directly
implementable

— Each gate has its braiding sequence which can
be directly implementable on TCSQC model

Some quantum gates (ex, Toffoli) have to
use ancilla qubit

— Ancilla qubit needs distillation protocol

— Some teleportation protocol is necessary to
implement the gate
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In General

* From the quantum algorithm or circuit,
we can derive a set of defect pairs and
their braids for logical gates

* Then the general question is how to
make a layout of the defect pairs with
braiding patterns with smaller
overhead (time and space)

Problem

 Promise: Given an ordering of sets of braids
with qubits as

T1: (qL.92), (93,94
T2: (93,94). (95.96), (910,q12)
T3: (qL.94), (92,96)

)

)

)

Tm: (qi,gk), (@m.qn)
 Problem: Find a Static Layout of logical qubits
gi (and hence the layout of defect pairs)
— With smaller time or space

The overall time for Simple Model

» Each time slice consists of several braids

* The max time for each time slice infers
from the max distance between qubits for
one of braids
— Time for braiding is related to the distance
between source and target qubits

— Hence, the longest distance among qubit
plairs determines the max time for each time
slice

* The overall time is the SUM of max time
for each slice

Generalization 1: Considering
Length of Braid

« Max Time for Each Time Slice
— Each slice consists of several braids
— Max Time should be the longest braid length,
not the longest distance between qubits
« Since the detour and the distance of braids has
different properties
* The time for braid is the length of detour, not the
distance
— Hence, each time slice must have a braid
Peometry which shows the min_max braid
ength
» We have to find detours for all braids which shows
the smallest of the longest detour distance

Generalization 2: Dynamic Layout

» We assumed to have a static layout of
qubits at the initial time

* BUT, we can dynamically change the
layout of qubits for each time slice

* Problem:
— Have to consider SWAP operaions

Generalization 3: Put it all
together

By applying dynamic layout of qubits for
each time slice, and optimizing the
geometry of braids, the overall time can
be globally minimized
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Applying BDD

» Candidate Approach

— Consider the simple case as 1D layout of
qubits

— How to reduce the computation time for
this model by using BDD
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