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Nonlinear dielectric spectroscopy in the smectic-A –smectic-Ca* phase transition

Andika Fajar, Hidetoshi Murai, and Hiroshi Orihara
Department of Applied Physics, Graduate School of Engineering, Nagoya University, Furo-cho, Nagoya 464-8603, Japan

~Received 2 April 2001; published 28 March 2002!

We performed nonlinear dielectric spectroscopy to study the dynamic properties near the smectic-
A–smectic-Ca* phase transition point of an antiferroelectric liquid crystal 4-~1-methyl-heptyloxycar-
bonyl!phenyl 4-octylcarbonyloxybiphenyl-4-carboxylate~MHPOCBC!. A Landau-type theory was developed
in order to analyze the experimentally obtained frequency dispersions. From the experimental and theoretical
results we successfully obtained the temperature dependence of the relaxation frequency of the soft mode in
both the smectic-A and smectic-Ca* phases, which gave direct evidence that the transition is brought about by
soft mode condensation. Significant features of this transition are also discussed.

DOI: 10.1103/PhysRevE.65.041704 PACS number~s!: 61.30.2v, 64.70.Md, 64.60.Ht

I. INTRODUCTION

Several intermediate phases, the so-called Sm-Ca* and
some ferrielectric phases, have been found in chiral smectic
liquid crystals in addition to the antiferroelectric Sm-CA*
phase. Among them, the Sm-Ca* phase has attracted much
attention because of its unique physical properties. This
phase usually appears between the well known paraelectric
Sm-A and ferroelectric Sm-C* phases, and in some com-
pounds between Sm-A and Sm-CA* or ferrielectric phases.
Early experiments revealed that the Sm-Ca* phase is a tilted
phase with small molecular tilt angle and its magnitude in-
creases smoothly with decreasing temperature@1,2#. Re-
cently, resonant x-ray scattering measurements indicated that
the Sm-Ca* phase has a short-pitch ferroelectriclike structure
and the period is incommensurate with the smectic layer
spacing@3,4#. Therefore, the Sm-Ca* phase is considered to
be formed by condensation of the soft mode located at a
general point of the smectic Brillouin zone in the Sm-A
phase. In general, the observation of the soft mode is quite
important in elucidating the mechanism of phase transitions.
In the Sm-A–Sm-C* phase transition the soft mode has been
observed by means of dielectric and photon correlation spec-
troscopies@5,6#. However, for the Sm-A–Sm-Ca* phase tran-
sition it is difficult as will be explained later.

Here, let us briefly explain the collective orientational
modes related to the present study. They are illustrated in
Fig. 1. In the Sm-A phase, the soft mode is a helically tilting
mode with a short pitch corresponding to the structure of the
Sm-Ca* phase. Its condensation brings about the
Sm-A–Sm-Ca* phase transition. In addition to this, we have
a homogeneously tilting mode, called the ferroelectric mode,
which induces macroscopic polarization due to the electro-
clinic effect. Therefore, this mode can be directly excited by
an electric field. The ferroelectric mode becomes the soft
mode in the case of the Sm-A–Sm-C* phase transition
~strictly speaking, the soft mode is not exactly located at the
smectic Brillouin zone center, but close to the zone center to
produce a long-period helix in the Sm-C* phase!. These
modes modify the dielectric tensor or the indicatrix, as
shown at the bottom of the figure. In particular, the soft mode
modifies the birefringence, but it should be noted that the

birefringence change is proportional to the square of the am-
plitude of the soft mode~the tilt angle!. In the Sm-Ca* phase,
on the other hand, the doubly degenerate soft mode in the
Sm-A phase changes into an amplitude mode and a phase
mode. The amplitude mode modifies the tilt angle, while the
phase mode~the Goldstone mode! modifies the azimuthal
angle, i.e., the spatially homogeneous rotation of molecules
around the layer normal. The amplitude mode becomes soft
as the transition point is approached in the Sm-Ca* phase,
while the relaxation frequency of the phase mode is always
zero. The ferroelectric mode still exists in the Sm-Ca* phase,
which produces macroscopic polarization as in the Sm-A
phase. Note that the dielectric tensor can be modified both by
the amplitude mode and the ferroelectric mode, but not by
the phase mode. In particular, the birefringence change is
proportional to the amplitude of the amplitude mode~the
change of the tilt angle!. This is different from the change for
the soft mode in the Sm-A phase and easily understood as
follows. From symmetry considerations the birefringence
changeDna may be proportional to the square of the ampli-
tude of the soft mode~the tilt angle!, j, in the Sm-A phase,
i.e., Dna}j2. In the Sm-Ca* phase the spontaneous tiltjs

appears and thereforeDna}(js1Dj)27js
212jsDj for

smallDj, whereDj is the amplitude of the amplitude mode.
Since the soft mode related to the Sm-A–Sm-Ca* phase

transition is located at a general point in the smectic Bril-
louin zone, it is difficult to observe it experimentally. In the
Sm-Ca* phase, however, the soft mode changes into an am-
plitude mode and a phase mode, located at the Brillouin zone
center, and the change of the birefringence due to the ampli-
tude mode is proportional tojsDj. Therefore, the amplitude
mode can be observed. In fact, it has been observed by
means of second-order electro-optical spectroscopy@7#. In
the electro-optic response the nonlinear coupling between the
soft mode and the ferroelectric mode plays an important role
as will be shown in Sec. II. When we apply an electric field,
first the ferroelectric mode is excited and then the soft mode
through the nonlinear coupling. As a result, from symmetry
considerations it is easily seen that the amplitude mode is
excited asDj}E2, whereE is the applied field, resulting in
the Kerr effect. Although the observation of the soft mode is
difficult in the Sm-A phase, it is not entirely impossible if we
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notice large soft mode fluctuations near the transition point
in the Sm-A phase. It was reported that especially in the
Sm-A–Sm-Ca* phase transition quite large pretransitional
fluctuations were observed by means of heat capacity@8#,
birefringence@9#, and layer compression modulus measure-
ments@10#. We have also observed them by electro-optical
@11# and third-order nonlinear dielectric measurements@12#.
The responses increased remarkably in intensity as the tran-
sition point was approach in the Sm-A phase. Theoretically,
the second-order electro-optical and the third-order nonlinear
dielectric responses are both proportional to thesusceptibility
of the amplitude mode@13#. In particular for the third-order
nonlinear dielectric response, we have developed a theory
under a dc field taking into account the pretransitional fluc-
tuations to explain the experimental results@12#. The anoma-
lous increase of intensity originates in the development of
fluctuating large Sm-Ca* phase domains near the transition
point. These facts indicate that even in the Sm-A phase we
may observe the frequency dispersion in the third-order non-
linear dielectric response induced by the fluctuations in order
to obtain the relaxation frequency of the soft mode. Quite
recently, Oriharaet al. @14# performed third-order nonlinear
dielectric spectroscopy and succeeded in observing the soft
mode condensation in the Sm-A phase.

The amplitude mode in the Sm-Ca* phase can also be
observed by third-order dielectric spectroscopy. In this paper,
we will present the complete results for the dynamic proper-
ties of the soft~amplitude! mode near the transition point in
both the Sm-A and Sm-Ca* phases studied by means of linear
and third-order nonlinear dielectric spectroscopy. In the next
section, we develop a phenomenological theory and give the
expressions for the linear and third-order nonlinear dielectric
constants. The experimental procedures are described in the
third section. In Sec. IV we present the experimental results
and discuss them on the basis of the theory. Section V is
devoted to conclusions.

II. THEORY

In this section, we will present the Landau theory to ana-
lyze and explain the experimental results of third-order non-
linear dielectric spectroscopy in the Sm-Ca* phase. As men-
tioned earlier, in the Sm-A phase, we had to include
fluctuations to develop a theory, but in the Sm-Ca* phase the
soft mode can be excited by an external electric field without
fluctuations as will be seen later. On the other hand, in the
Sm-Ca* phase we need to include the sixth-order terms in the
free energy to explain the temperature dependence of the
third-order dielectric strength.

First, we define the order parameter in thej th smectic
layer as jW j5(j jx ,j jy)5(njynjz ,2njxnjz), where nW j
5(njx ,njy ,njz) is the director in thej th smectic layer and
the z axis is set to be along the layer normal. It is obvious
that jW j is always parallel or antiparallel to the polarization.
When we apply an electric field parallel to the smectic layer,
we need to consider two kinds of liquid crystal molecular
motion, a spatially homogeneous tilt, i.e., the ferroelectric
mode (j f x ,j f y), and a helicoidal tilt, i.e., the soft mode
(j1 ,j2) related to the Sm-A–Sm-Ca* phase transition, which
is the primary order parameter in our case. With these modes
we can expressjW j as @7#

j jx5j f x1j1 cosqcjd2j2 sinqcjd, ~1a!

j jy5j f y1j1 sinqcjd1j2 cosqcjd, ~1b!

whereqc is the wave number of the helicoidal structure and
d the layer spacing. The ferroelectric mode located at the
Brillouin zone center is directly excited by the applied field
through the piezoelectric coupling between the ferroelectric
mode and the polarization, which contributes to the linear
dielectric response. In the nonlinear third-order dielectric re-
sponse, on the other hand, the nonlinear coupling between

FIG. 1. Collective orienta-
tional modes related to the Sm-A–
Sm-Ca* phase transition. The
change of the indicatrix induced
by each mode is also described.
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the nonpolar soft mode and the ferroelectric mode plays an
essential role, as well as the coupling between the soft mode
and the applied field through the dielectric anisotropy. Taking
these couplings into account, we can expand the free energy
f under an applied electric field as
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where«a is the dielectric anisotropy at low frequencies and
x f the dielectric susceptibility without the coupling between
the polarization and ferroelectric order parameter. Theh
term represents the nonlinear biquadratic coupling between
the ferroelectric and soft modes. The coefficienta is assumed
to be linearly dependent on the temperature and becomes
zero at the Sm-A–Sm-Ca* transition point.l f is the piezo-
electric constant. Equilibrium conditions for the ferroelectric
polarization (Pf x ,Pf y), ] f /]Pf x5] f /]Pf y50, yield

Pf x5x fl fj f x1x fEx , ~3a!

Pf y5x fl fj f y1x fEy . ~3b!

For convenience, we consider the case where the applied
field is along thex axis. Substituting Eq.~3a! into Eq.~2!, we
obtain
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whereaf5af82x fl f
2 . We have droppedj f y because it can-

not be excited by the fieldEx . In the Sm-Ca* phase,j1 and
j2 may be changed by the applied field through nonlinear
coupling and dielectric anisotropy. Without loss of generality
we can put

j15js1Dj1 , j25Dj2 , ~5!

where js is the spontaneous value, and the field-induced
parts Dj1 and Dj2 represent the amplitude mode and the
phase mode~the Goldstone mode!, respectively. From the
equilibrium condition under no field in the Sm-Ca* phase,
] f /]j150, js is given as

a1bjs
21cjs

450. ~6!

Substituting Eq.~5! into Eq. ~4!, we obtain the free energy
for the amplitude mode up to second order in the Sm-Ca*
phase:
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where ã5a13bjs
215cjs

4 and ãf5af1hjs
2 , and f 0 is a

constant independent of the amplitude and phase modes. We
have omitted the higher-order terms, which contribute noth-
ing to the third-order nonlinear dielectric response. Note that
the above free energy does not includeDj2, indicating that
the relaxation frequency of the phase mode should be zero
because it is the Goldstone mode, and it cannot be excited by
an applied field. However, the relaxation frequency of the
amplitude modeDj1 is finite and can be excited through
linear-quadratic couplings between the soft and ferroelectric
modes and between the soft mode and the applied electric
field, which come from the biquadratic couplings in the
Sm-A phase. They play an important role in the third-order
dielectric response as does the fourth-order term of the ferro-
electric mode in the free energy, as shown below.

Next, we calculate the complex linear and nonlinear third-
order dielectric constants under an ac field. From the above
free energy we have the following Landau-Khalatnikov
equation:

g
dj f x

dt
52

] f

]j f x
, ~8a!

g
dDj1

dt
52

] f

]Dj1
, ~8b!

where we have assumed that the viscosity coefficientg for
the soft mode should be the same as the one for the ferro-
electric mode. Solving the above set of equations by the
perturbation method with respect toE0 under an ac field with
frequency v and amplitude E0, i.e., Ex5E0 cosvt
5E0@exp(ivt)1c.c.#/2, we get up to third order

Dj15xs~0!c1~v!jsE0
21Re@xs~2v!c2~v!exp~ i2vt !#jsE0

2 ,
~9a!

j f x5Re@x fl fx f~v!E0 exp~ ivt !#

2Re@$hx fl fjs
2xs~2v!x f~v!x f~3v!c2~v!

1 1
4 bfx f

3l f
3x f~3v!x f

3~v!%E0
3 exp~ i3vt !#, ~9b!

with

c1~v!5
«a

4
2

1

2
hx f

2l f
2ux f~v!u2, ~10a!
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c2~v!5
«a

4
2

1

2
hx f

2l f
2x f

2~v!, ~10b!

and

x f~v!5~af1hjs
21 ivg!21, ~11a!

xs~v!5~a13bjs
215cj41 ivg!21, ~11b!

wherex f(v) andxs(v) are, respectively, thelinear suscep-
tibilities of the ferroelectric mode and the soft mode. From
Eqs. ~9a!, ~10a!, and ~10b! it is clearly seen that the ampli-
tude mode can be excited through linear-quadratic couplings,
is proportional to the square of the electric field in strength,
and oscillates with the frequencies 0 and 2v. Note thatDj1
is proportional tojs and so the amplitude mode cannot be
excited in the Sm-A phase without thermal fluctuations, as
will be described later. The first term in Eq.~9b! contributes
to the linear dielectric response. On the other hand, the sec-
ond term contributes to the third-order dielectric response,
which consists of two terms; the first one comes from the
amplitude mode and the second one from the nonlinearity of
the ferroelectric mode because it containsbf . The polariza-
tion produced by the ferroelectric mode,j f x , is obtained by
substituting Eq.~9b! into the first term in Eq.~3a! as

Pf x5Re@~x f
2l f

2x f~v!1x f !E0 exp~ ivt !#

2Re@$hx f
2l f

2js
2xs~2v!x f~v!x f~3v!c2~v!

1 1
4 bfx f

4l f
4x f~3v!x f

3~v!%E0
3 exp~ i3vt !#. ~12!

In addition to the above polarization due to the ferroelec-
tric mode, we have to take into account the field-induced
dipole of each molecule which comes from the dielectric
anisotropy. The dielectric constant along thex axis is ex-
pressed as

«xx5«'1«a^j jy
2 &.«'1

«a

2
js

21«ajsDj1 ~13!

where«' is the dielectric constant perpendicular to the mol-
ecules. Therefore, we have the dielectric displacement due to
the induced dipole of each molecule:

D (m)5«xxEx5ReF S «'1
«a

2
js

2DE0 exp~ ivt !

1
«a

2
js

2xs~2v!c2~v!E0
3 exp~ i3vt !1•••G .

~14!

Thus, we have the total dielectric displacement as

Dx5D (m)1Pf x

5Re@«1~v!E0 exp~ ivt !1«3~v,v,v!E0
3

3exp~ i3vt !1•••# ~15!

with

«1~v!5x f1«'1
«a

2
js

21x f
2l f

2x f~v!, ~16a!

«3~v,v,v!52js
2xs~2v!H «a

2
2hx f

2l f
2x f

2~v!J
3H «a

2
2hx f

2l f
2x f~v!x f~3v!J

2bfx f
4l f

4x f~3v!x f
3~v!. ~16b!

The last term in Eq.~16b! comes from the fourth-order term
with respect toj f x in the free energy~7!, i.e., the nonlinearity
of the ferroelectric mode, which is well known in the non-
linear dielectric response@13#; it always exists irrespective of
the fluctuations and the sign depends onbf . On the other
hand, the first term originates in the amplitude mode and is
proportional to thelinear susceptibility of the amplitude
mode for 2v, xs(2v).

III. EXPERIMENT

The sample used in the present experiment was 4-~1-
methyl-heptyloxycarbonyl!phenyl 4-octylcarbonyloxybi-
phenyl-4-carboxylate~MHPOCBC!, the phase sequence of
which is cryst–Sm-I A* –Sm-CA* –Sm-Ca* –Sm-A–iso @15#. In
comparison with MHPOBC generally used in the study of
the Sm-Ca* phase, MHPOCBC has the merits that the
Sm-Ca* phase exists in quite a wide temperature interval, and
the soft mode inducing the Sm-A–Sm-Ca* phase transition
and the ferroelectric soft mode are relatively different in re-
laxation frequency, as will be shown. The sample was intro-
duced into a cell with indium tin oxide electrodes and poly-
imide layers in the isotropic phase and cooled down slowly
to the Sm-A phase. The thickness was about 25mm and the
area of electrodes was 434 mm2.

There is no measurement system commercially available
for nonlinear dielectric spectroscopy. For our purpose, to
study the dynamics in antiferroelectric liquid crystals, we
have made a measurement system, the schematic of which is
shown in Fig. 2. We used a charge amplifier and a vector
signal analyzer with an oscillator~HP89410!. A sinusoidal
electric field was applied to the sample by the oscillator, and
the output signal from the charge amplifier, which is propor-
tional to the electric displacement in the sample, was ana-
lyzed with the vector signal analyzer to obtain the amplitudes
and phases of the linear and third-order dielectric responses.
The oscillator used in the measurements had higher-order
harmonics and so their contributions were subtracted in the
analyses. The cell was mounted in a hot stage~Instec HS1!
and the temperature was controlled with an accuracy of
0.005 °C. The frequency dispersions were measured from
100 Hz to 1 MHz at stabilized temperatures in the cooling
process. In the present experiment we performed nonlinear
dielectric spectroscopy also in the Sm-A phase, where the
third-order dielectric response exists only in a very narrow
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temperature range near the transition point. Therefore, we
performed the measurements with a step of 0.02 °C.

In general, when a cosine electric fieldE5E0 cosvt is
applied to the sample, the electric displacementD can be
expressed in terms of linear and nonlinear dielectric con-
stants as

D5H «1~v!S E0

2 D13«3~v,v,2v!S E0

2 D 3

1•••J exp~ ivt !

1H «3~v,v,v!S E0

2 D 3

15«5~v,v,v,v,2v!S E0

2 D 5

1•••J exp~ i3vt !1•••1c.c., ~17!

where we have assumed that the sample is nonpolar, i.e., for
reasons of symmetry the even-order terms with respect to the
field strength disappear. In the above expression,«1(v) is
the linear dielectric constant and the other coefficients are
nonlinear dielectric constants. In the present experiments we
measured the linear dielectric constant«1(v) and the third-
order dielectric constant«3(v,v,v). From this equation it is
clear that in the actual measurements it is necessary to check
the linearity between thenth-order responseDn andE0

n when
we would like to obtain «n(v, . . . ,v). Otherwise, the
higher-order contributions are included and the correct value
cannot be obtained.

IV. RESULTS AND DISCUSSION

First, we show in Fig. 3 the dependences of the complex
electric displacementsDn on E0

n at 102.1 °C just below the
Sm-A–Sm-Ca* phase transition point to check the linearity of
the dielectric response. HereD1 andD3 are the first- and the
third-order harmonics ofD, i.e., the coefficients of exp(ivt)
and exp(3ivt), respectively. In the measured electric field
range, it was confirmed that both the real and imaginary parts
of the electric displacementsDn have linear relations with
the electric fieldE0

n , indicating that there is no contribution
from the higher-order terms and we can correctly measure
«1(v) and «3(v,v,v) from the slope. When we measured
the temperature dependence of dielectric dispersions we ap-
plied only one value of field strength, which was determined

to be 0.292 V/mm from Fig. 3 and is indicated by arrows
therein.

Figure 4 shows the temperature dependences of the real
parts of the linear and third-order dielectric constants mea-
sured at 1 kHz. Both the linear and third-order dielectric
constants have peaks around the transition point, but their
peak positions do not coincide. Therefore, we determined the
Sm-A–Sm-Ca* phase transition point from the inflection
point in the temperature dependence of the birefringence.
Precise measurements of the birefringence have been made
by Skarabotet al. and they observed a sudden change of the
slope at the transition point@2#. As a result of the simulta-
neous dielectric and birefringence measurements, it has been
clarified that the peak temperature of the linear dielectric
constant corresponds to the transition temperature
(102.26 °C) as shown in Fig. 4. The details of the simulta-

FIG. 2. Schematic diagram of the linear and nonlinear dielectric
measurement system used in the present experiment.

FIG. 3. Dependences of the real and imaginary parts of~a! D1

and~b! D3 on E0
n , measured simultaneously at 1 kHz at 102.10 °C

just below the Sm-A–Sm-Ca* phase transition point. The solid lines
are the best fitting results ofDn5«nE0

n .

FIG. 4. Temperature dependences of the real parts of«1(v) and
«3(v,v,v) measured simultaneously at 1 kHz in the cooling pro-
cess.
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neous measurements will be reported elsewhere@16#.
The linear dielectric constant increases gradually in the

Sm-A phase as the transition point is approached, and takes a
maximum, and then it decreases in the Sm-Ca* phase, as has
been reported by Isozakiet al. @15#. From Eqs.~16a! and
~11a!, which are also valid in the Sm-A phase when we put
js50 @14#, it is easily seen that the linear dielectric constant
has a linear relationship to the susceptibility of the ferroelec-
tric mode,x f(v). Therefore, this gradual increase with de-
creasing temperature in the Sm-A phase indicates the partial
softening of the ferroelectric mode. This will be made clearer
by the temperature dependence of its relaxation frequency as
shown later. In the third-order dielectric response, on the
other hand, the temperature dependence is more complicated.
At high temperatures far from the transition point in the
Sm-A phase the real part is negative and increases with de-
creasing temperature, and then it becomes zero above the
transition point and changes sign to positive. In the vicinity
of the transition point it increases steeply and has a peak
below the transition temperature in the Sm-Ca* phase, and
then it decreases with decreasing temperature. The steep in-
crease of the third-order dielectric response near the transi-
tion point in the Sm-A phase has been explained by a theory
that takes into account the pretransitional fluctuations@12#.
However, it can be roughly explained by Eq.~16b!, if we
replacejs

2 by its thermal average. In Eq.~16b! there are two
contributions to the third-order dielectric constant; one
comes from the soft mode and the other from the fourth-
order term with respect toj f x in Eq. ~7!. The former is posi-
tive and proportional to the mean square fluctuation for this
case and so it takes positive large values near the transition
point because of the pretransitional fluctuations, while the
sign of the latter depends on the coefficientbf , which is
considered to be positive since«3 is negative far from the
transition point where the fluctuations are negligibly small.
These facts can also explain the sign inversion of the third-
order dielectric constant in the Sm-A phase.

We show the temperature dependence of the frequency
dispersion of«39(v), which is defined as2Im(«3), in the
vicinity of the Sm-A–Sm-Ca* phase transition point in Fig. 5,
where the temperature step is 0.02 °C. We can clearly see the
softening of the soft mode in both the Sm-A and Sm-Ca*
phases and the peak frequency has a minimum at about
102.26 °C~the corresponding dispersion curve is shown by a
bold line!, which corresponds to the peak temperature of the
linear dielectric constant. The actual relaxation frequency
should be obtained by a least-squares fit using the formula
derived theoretically.

Figure 6 shows the typical frequency dispersions of the
linear dielectric constant«1 and the third-order dielectric
constant«3 in the Sm-A phase (102.30 °C). It is seen from
Fig. 6~a! that only the ferroelectric mode is involved in the
linear dielectric constant in the measured frequency region.
The increase of dielectric constant at low frequency should
be due to ionic conduction. In our analysis, therefore, we
modified Eq.~16a! to

«1~v!5«`1
Dx f

11~ ivt f !
b f

1
1

~ ivt i !
d

, ~18!

where the last term has been added to take the conductivity
into account, andt f5g/(af1hjs

2) is the relaxation time of
the ferroelectric mode,«` is the dielectric constant at the
high-frequency limit,Dx f is the dielectric strength, andb f
and d are distribution parameters. The fit result using the
least-squares method is shown by solid lines in Fig. 6~a!. A
good agreement was obtained. The distribution parameterb f
was almost 1. In the third-order dielectric response shown in
Fig. 6~b!, on the other hand, the frequency dispersion is quite
different from that of the linear one. Oriharaet al. @14# have
made a detailed analysis of the frequency dispersion of the
third-order dielectric response in the Sm-A phase on the ba-
sis of a formula derived from the Langevin equation taking
into account the pretransitional fluctuations. According to
their results,«3 in the Sm-A phase is obtained by replacing
js

2xs(2v) in Eq. ~16b! by

FIG. 5. Temperature dependence of the frequency dispersion in
«39(v). The transition point is about 102.26 °C and the correspond-
ing frequency dispersion is drawn by a bold line.

FIG. 6. Typical frequency dispersions of~a! «1(v) and ~b!
«3(v,v,v) obtained in the Sm-A phase (102.30 °C). The solid
lines represent the best fit results with Eq.~18! and Eq.~21! for the
linear and the third-order nonlinear dielectric dispersions, respec-
tively. In ~b!, the broken line is the best fit with the distribution
parameterb.
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CuT2Tcu21/2g~ ivts!, ~19!

with

g~Z!5
2~A11Z21!

Z
, ~20!

whereC is a constant andts is the relaxation frequency of
the soft mode. When the above equation was derived it was
assumed that not only the soft mode located atqc in the
smectic Brillouin zone but also the modes aroundqc contrib-
ute to the third-order dielectric response and the soft mode
branch has a parabolic dispersion aroundqc . Therefore,
g( ivts) has a wide distribution of relaxation times. We used
the following formula for the fitting of«3 in the Sm-A phase:

«3~v,v,v!5g~ ivts!S As12
As2

~11 ivt f !
2D

3S As12
As2

~11 ivt f !~11 i3vt f !
D

1
Af

~11 i3vt f !~11 ivt f !
3

. ~21!

Since the contribution from the dielectric anisotropy term
As1 in our present experiment was small, we fixed it to be
zero to obtain better stability in the fitting process. The solid
lines in Fig. 6~b! represent the best fit with the above for-
mula, where we fixedt f to be the same value determined
from «1. At low frequencies the agreement between the
theory and the experiment is not good. This is improved by
introducingb in Eq. ~21!; by replacingivts by (ivts)

bs.
The parameterbs causes a distribution of relaxation fre-
quency as in the Cole-Cole function 1/@11( ivts)

b#. The fit
result is shown by the broken lines in Fig. 6~b!. The agree-
ment becomes much better. This result indicates that we need
another distribution, although the functiong( ivts) itself has
a distribution as described above. The discrepancy may
originate from the temperature distribution in the sample.
However, we have to mention another possibility, that in
principle g( ivts) should have a broader distribution since
we have used a few assumptions such as the Gaussian ap-
proximation and the parabolic dispersion in deriving Eq.
~21!. The origin is not yet clear. In addition, it was seen that
ts strongly depends onbs . Therefore, we usedg( ivts)
without bs when we analyzed the data to obtain the relax-
ation frequency of the soft mode. Here, it should be noted
that even if we introducebs the deviation from the data
remains at very low frequencies. This may be due to the
ionic conductivity or another mode in the low-frequency re-
gion, which has been observed also by electro-optical mea-
surement in the Sm-Ca* phase@7#.

Next, we show the typical frequency dispersions in the
Sm-Ca* phase in Fig. 7. In the linear dielectric response~a!,
only the ferroelectric mode is observed as in the Sm-A phase
and is well fitted by using Eq.~18!. The dispersion curve of
the third-order dielectric response is shown in Fig. 7~b!.

From Eqs.~16b!, ~11a!, ~11b!, ~10a!, and ~10b!, it is easily
seen that the expression for«3 in the SmCa* for the fitting is
given by

«3~v,v,v!5
1

11~ i2vts!
bs

S As12
As2

~11 ivt f !
2D

3S As12
As2

~11 ivt f !~11 i3vt f !
D

1
Af

~11 i3vt f !~11 ivt f !
3

, ~22!

wherets5g/(a13bjs
215cjs

4) is the relaxation time of the
soft mode~the amplitude mode! and a distribution parameter
bs has been introduced. Note that Eq.~22! is obtained from
Eq. ~21! by replacingg( ivts) by 1/@11( i2vts)

bs#. The
fitting procedure in the Sm-Ca* phase was the same as that in
the Sm-A phase. The solid line in Fig. 7~b! is a theoretical
curve and a good agreement is obtained between the experi-
ment and the theory.

Figure 8 shows the temperature dependences of the relax-
ation frequencies of the ferroelectric mode and the soft
mode, f r , f5(2pt f)

21 and f r ,s5(2pts)
21, obtained from

the fitting. In the Sm-A phase the relaxation frequency of the
soft mode, f r ,s , decreases as the transition point is ap-
proached and becomes almost zero at the transition point,
namely, soft mode condensation takes place, and in the
Sm-Ca* phase the relaxation frequency of the soft mode~the
amplitude mode! increases with decreasing temperature. The
Curie-Weiss law holds for these modes. Thus, the soft mode
~the amplitude mode! has been observed in the vicinity of the
Sm-A–Sm-Ca* phase transition point. For the ferroelectric

FIG. 7. Typical frequency dispersions of~a! «1(v) and ~b!
«3(v,v,v) obtained at 101.82 °C in the Sm-Ca* phase. The solid
lines represent the best fit results with Eq.~18! and Eq.~22! for the
linear and third-order nonlinear dielectric dispersions, respectively.
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mode, on the other hand, partial softening is seen in the
Sm-A phase. This fact and the relationt f5g/(af1hjs

2)
with js50 indicate thataf should decrease as the tempera-
ture is decreased. In the Sm-Ca* phase the relaxation fre-
quency increases, indicating thath should be positive. Here,
it should be noted that the slope of the soft mode
(146 kHz/°C) in the Sm-Ca* phase is about four times
larger than that in the Sm-A phase (34 kHz/°C). This result
indicates that the Sm-A–Sm-Ca* phase transition should be
close to the tricritical point, where the fourth-order coeffi-
cient in the Landau expansion vanishes and the slope ratio
becomes 4@17#, as has been pointed out by Sˇkarabotet al.
@2#. In addition, the slopes of the soft and ferroelectric modes
in the Sm-A phase are almost the same; the latter is
38 kHz/°C. This result was assumed in our previous paper
when we discussed the validity of a discrete model proposed
by Sunet al. @18# to explain the dynamics of phase transi-
tions in antiferroelectric liquid crystals. In the model the
transitions to tilted phases from the Sm-A phase are assumed
to take place in each layer even without interactions between
neighboring layers, leading to the result that the doubly de-
generate dispersion branch in the Sm-A phase goes down
without changing shape as the temperature is decreased in
the Sm-A phase, i.e., the slope of the relaxation frequency vs
the temperature measured at any point in the smectic Bril-
louin zone should be the same. In the present case this means
that af5a1b, whereb is a temperature-independent posi-
tive constant.

The other parameters obtained from the least-squares fit-
ting are shown in Fig. 9. It is seen thatAf (}2bf) takes a
small negative value independent of the temperature, indicat-
ing that the contribution of the fourth-order term of the ferro-
electric mode is quite small. In Fig. 9,As2

2 was plotted in-
stead ofAs2 itself since it is the third-order dielectric strength
and is proportional to the soft mode strengthxs(0). Com-
pared withAf , As2

2 is positive as it should be and becomes
large near the transition point. The temperature dependence
of As2

2 is quite similar to that of«38 at 1 kHz shown in Fig. 3.
In the Sm-Ca* phaseAs2

2 takes a peak value inside, not at the
transition point. This behavior cannot be explained by the
present theory. From Eqs.~16b!, ~6!, and~11b! it is seen that
near the transition point in the Sm-Ca* phaseAs2

2 }js
2xs(0)

}(b12cjs
2)21, where we have putAs1(«a)50. Since the

Sm-A–Sm-Ca* phase transition is of second order,b is posi-
tive. Whenc is positive,As2

2 should decrease monotonically
with decreasing temperature. In this case, it is not possible to
explain the increase just below the transition point, but it
might be possible by taking into account the nonlinearity and
the large fluctuations. Just below the transition point many
phase defects, which appear due to the phase mismatch of
the order parameter, may be excited. These defects can make
an additional contribution to the third-order dielectric con-
stant. On the contrary, whenc is negativeAs2

2 should in-
crease monotonically. If we regard this increase as the one
experimentally observed just below the transition point, the
following decrease may be reproduced by introducing
higher-order terms in the free energy within the Landau
theory without fluctuations, although this is not a plausible
explanation. In order to clarify the origin of the anomaly just
below the transition point it may be necessary to study the
effect of fluctuations in the third-order response in the
Sm-Ca* phase. The anomaly can also be seen, in the tempera-
ture dependence ofbs; as the transition point is approached
bs decreases remarkably just below it.

V. CONCLUSIONS

We have performed linear and the third-order non-
linear dielectric spectroscopies in an antiferroelectric
liquid crystal 4-~1-methyl-heptyloxycarbonyl!phenyl 4-
octylcarbonyloxybiphenil-4-carboxylate. A Landau-type
theory was developed to analyze the frequency dispersions.
By utilizing the theory we have succeeded in obtaining the
relaxation frequency of the soft mode~the amplitude mode!
in both the Sm-A and Sm-Ca* phases. The relaxation fre-
quency obeys the Curie-Weiss law in both phases and there-
fore this is direct evidence that the Sm-A–SmCa* phase tran-
sition is brought about by the soft mode condensation of an
overdamped collective mode. Furthermore, from the slopes
of the relaxation frequencies of the soft mode~the amplitude
mode! and the ferroelectric mode, we conclude directly that
the Sm-A–SmCa* phase transition is close to a tricritical
point, and the discrete model, in which the transitions to
tilted phases from the Sm-A phase take place in each layer
even without interactions between neighboring layers, is

FIG. 8. Temperature dependences of the relaxation frequencies
obtained from the linear and the third-order nonlinear dielectric
spectroscopy.f r , f and f r ,s are the relaxation frequencies of the
ferroelectric mode and the soft mode, respectively.

FIG. 9. Temperature dependences of adjustable parameters.
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valid. At the end of this paper we would like to emphasize
that nonlinear dielectric spectroscopy has the outstanding
merit that we can use it to measure the frequency dispersion
of nonpolar soft modes, not only in the tilted phases but also
in the Sm-A phase if the pretransitional fluctuations are
large.
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