
 

Instructions for use

Title A social discounting model based on Tsallis’ statistics

Author(s) Takahashi, Taiki

Citation Physica A: Statistical Mechanics and its Applications, 389(17), 3600-3603
https://doi.org/10.1016/j.physa.2010.04.020

Issue Date 2010-09-01

Doc URL http://hdl.handle.net/2115/51263

Type article (author version)

File Information 4-For Huscap TakahashiSocialDiscountingTsallis.pdf

Hokkaido University Collection of Scholarly and Academic Papers : HUSCAP

https://eprints.lib.hokudai.ac.jp/dspace/about.en.jsp


A Social Discounting Model based on Tsallis Statistics. 

 

Taiki Takahashi
1
 

 

 

 

1 
Department of Behavioral Science, Hokkaido University 

 

Corresponding Author: Taiki Takahashi 

Email: taikitakahashi@gmail.com 

Department of Behavioral Science, Hokkaido University 

N.10, W.7, Kita-ku, Sapporo, 060-0810, Japan 

TEL: +81-11-706-3057 FAX: +81-11-706-3066 

 

Acknowledgements: The research reported in this paper was supported by a grant 

from the Grant- in-Aid for Scientific Research (“global center of excellence” grant) 

from the Ministry of Education, Culture, Sports, Science and Technology of Japan. 



Abstract: 

Social decision making (e.g. social discounting and social preferences) has been 

attracting attention in economics, econophysics, social physics, behavioral psychology 

and neuroeconomics. This paper proposes a novel social discounting model based on 

the deformed algebra developed in the Tsallis' non-extensive thermostatistics. 

Furthermore, it is suggested that this model can be utilized to quantify the degree of 

consistency in social discounting in humans and analyze the relationships between 

behavioral tendencies in social discounting and other-regarding economic 

decision-making under game-theoretic conditions. Future directions in the application 

of the model to studies in econophysics, neuroeconomics, and social physics are 

discussed. 
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1. Introduction: 

 

Social decision-making (Fehr and Camer, 2007; Sanfey, 2007) has been a major topic in 

social physics, econophysics, and neuroeconomics, in addition to decision under 

uncerainty (Schinckus, 2009; Takahashi, 2009b) and temporal discounting (Takahashi, 

2009a). Studies in behavioral economics have revealed that humans and non-human 

animals discount the value of rewards as the social distance of the recipient becomes 

larger (referred to as "social discounting")(Jones and Rachlin, 2006; Osinski, 2009). 

Recent studies have started to unify theoretical frameworks regarding social preferences, 

social discounting, decision under risk and uncertainty, and temporal discounting (Jones 

and Rachlin, 2009). Accumulating evidence indicates the importance of utilization of 

social discounting model incorporating social distance to social and economic 

decision-making processes in the field of neuroeconomics: e.g.,  (i) in economics, 

experimental economists Hoffman et al., (1996) demonstrated that perception of social 

distance affected other-regarding behavior in the dictator game, and an economist 

Akerlof proposed a model which incorporates the role of social distance in social 

decision-making (Akerlof, 1997), (ii) temporal and probability discounting models have 

been extensively studied in the field (Weber and Huettel, 2008) and (iii) one recent 

neuroimaging study reported that social distance is actually represented in human 

parietal cortex in the brain (Yamakawa et al., 2009). However, in studies in 

neuroeconomics, the model of social discounting has not fully been utilized. I therefore 

introduce, in this paper, a novel framework for social discounting utilizing the 

q-exponential function based on Tsallis’ statistics (Tsallis, 1994), of which usefulness 

has been examined in our previous behavioral studies regarding temporal discounting 

(Takahashi et al., 2007; Takahashi, 2007b; Takahashi et al., 2008a, 2008b; Takahashi et 

al., 2009; Takahashi, 2009a). Notably, the q-exponential function is a well-studied 

function in a deformed algebra inspired by and developed in Tsallis' non-extensive 

thermodynamics (Tsallis, 1994). 

 This paper is organized in the following manner. In Section 2, I briefly 

introduce the psychophysical equivalence of delay and social distance in 

decision-making processes, based on recent findings in behavioral psychology. In 

Section 3, I introduce a novel social discounting model based on Tsallis' statistics 

utilizing the q-exponential function, and explain behavioral neuroeconomic 

interpretations for the parameters in the model. In Section 4, some conclusions from this 

study and future study directions by utilizing the present social discounting model are 

discussed. 



 

2. A psychophysical equivalence of delay and social distance in decision making 

 In econophysics, temporal discounting (delay discounting) has been 

investigated (Cajueiro, 2006; Takahashi et al., 2007). Also, in the rapidly evolving field 

of neuroeconomics, neurobiological correlates of temporal discounting has been 

attracting attention (McClure et al., 2004; Kable & Glimcher, 2007; Hwang et al., 2009; 

Kim et al., 2009; Takahashi, 2009a). A choice alternative available only after a given 

delay is worth less (devalued) than one of the same nominal amount available 

immediately. Such alternatives are said to be discounted by time (delay discounting). 

The more delayed a reward is, the lower is its delay-discounted value. The function 

relating discounted value to delay is called a temporal discount function. Delay 

discounting is known to be well described by the following hyperbolic equation 

(proposed originally by Mazur, 1987): 

 

V(D)=
kD

V

1

)0(
,                           (Equation 1) 

 

where V(D) is the discounted value of the delayed reward at delay D, V (0) is the 

(undiscounted) value of the immediate reward at delay D=0, D is its delay until receipt, 

and k is a free parameter measuring the degree to which the delayed reward is 

discounted. Equation 1 predicts that if a person chooses a larger, later reward V2 (the 

subjective value of option 2) at delay D2 over a smaller, sooner reward V1 (the 

subjective value of option 1) at delay D1 (i.e., D2 >D1>0, V1(D1)<V2(D2), V1:smaller 

sooner reward; V2: larger later reward), preference (i.e., the inequality V1<V2) may 

reverse at a certain time-point, as time passes. In other words, for some t>0, although 

D2-t(:=D2’)>D1-t(:=D1’) (>0) still holds, the reversed inequality V1(D1’)>V2(D2’) 

holds. The combination of the two inequalities: “V1(D1)<V2(D2) and V1(D1’)>V2(D2’)” 

indicates preference reversal over the time-interval of t, in that although people prefer 

larger later reward V2 to smaller sooner reward V1 before the time passage t, they 

prefer smaller sooner reward V1 to larger later reward V2 after the time-passage of t. 

This tendency is referred to as time-inconsistency in behavioral economics (Frederick et 

al., 2002). This paradoxical phenomenon occurs due to the time-dependency of the 

time-discount rate –V(D)’/V =k/(1+kD) in equation 1 (the time-discount rate is a 

decreasing function of delay D). The degree to which the agent demonstrates the 

“preference reversal” over time can be parametrized by utilizing a q-exponential 

temporal discount model based on Tsallis’ statistics (see equation 4 in Section 3) as a 



deviation of the exponential discounting which is measured with q-parameter (Cajueiro, 

2006: Takahashi et al., 2007; Takahashi, 2007b; Takahashi et al., 2008a, 2008b; 

Takahashi et al., 2009).  

In econophysics (Tsallis et al., 2003) and neuroeconomics (Fehr & Camrer, 

2007; Sanfey, 2007), decision making with social interactions under game-theoretic 

conditions (von Neumann and Morgenstern, 1944) and economic transactions 

(Anteneodo et al., 2002), such as social discounting (Jones & Rachlin, 2005), has been 

attracting attention. There is reason to expect that social discounting may also be related 

to time discounting. Rachlin and Raineri (1992) speculated that social discounting 

might be described by an equation (a hyperbolic social discounting model) with the 

form of Equation 1, as follows: 

 

V(N) =
sN

V

1

)0(
,                           (Equation 2) 

 where V(0) and V(N) are as in Equations 1 and 2, N is a measure of social distance, 

and s is a constant measuring degree of social discounting. Just as (in Equation 1) a 

larger k describes more impulsive (or less self-controlled) choices, so (in Equation 2) a 

larger s would describe more selfish (or less altruistic) choices. Jones & Rachlin (2006) 

further experimentally tested the applicability of Equation 2 to social decision-making, 

and observed that the hyperbolic social discounting model better fit participants’ social 

decision behavior than an exponential social discounting model:  

 

V(N)=V(0)exp(-sN).                          (Equation 3) 

 

Therefore, it can be said that human social decision-making has “social inconsistency”. 

I have previously proposed that non-reciprocal altruism observed in humans might 

result from this inconsistency in social decision-making (Takahashi, 2007a). Rachlin’s 

group further examined the psychophysical equivalence of delay and social distance in 

human decision-making (Rachlin & Jones, 2008). In the study, they reported that social 

distance and delay are psychophysically equivalent in human psychological space and 

both delay and social discount functions have hyperbolic forms. Moreover, Jones and 

Rachlin demonstrated altruism in the public good game was associated with small 

degrees of (i.e., shallow) social discounting (Jones & Rachlin, 2009), consistent with 

my previous hypothesis (Takahashi, 2007a). 

I have previously proposed a probabilistic choice model (Takahashi, 2007c) utilizing 

the q-exponential function (Martinez et al., 2008) developed in Tsallis’ statistics, based 



on the mathematical equivalence, originally proposed by Rachlin and Raineri (1991), of 

delay and probability under the assumption of ergodicity. Also, recent behavioral 

economic studies including ours revealed that psychophysics of time-perception 

determines the functional form (e.g., degree of time-inconsistency) of delay-discount 

function (Takahashi et al., 2008a; Zauberman et al., 2009), supporting my previous 

hypotheses (Takahashi, 2005; Takahashi, 2006). Taken together, it appears to be a 

promising direction to establish social discounting models based on the psychophysical 

equivalence of delay and social distance, by utilizing the q-exponential function based 

on Tsallis’ statistics. 

 

3. A social discounting model based on Tsallis' statistics 

 In order to continuously quantify both impulsivity and time-inconsistency in 

temporal discounting, in a distinct manner, the following time-discount function (a 

q-exponential time-discount function) has been proposed by Cajueiro (2006) and 

empirically examined in our previous studies (Takahashi et al., 2007; Takahashi, 2007b; 

Takahashi et al., 2008a, 2008b; Takahashi et al., 2009): 

 

                 V(D)=V(0)/ expq (kD)=V(0)/[1+(1-q)kqD]
1/(1-q)

    (Equation 4) 

 

where expq() is the q-exponential function in the deformed algebra inspired by Tsallis' 

non-extensive thermodynamics, q is a real consistency parameter smaller than 1 for 

almost all people (Takahashi et al., 2007), and kq is an impulsivity parameter (V and D 

have the same definitions as Equation 1). It is to be noted that larger q (<1) values (q 

closer to 1) correspond to more consistent intertemporal choice; namely, q→1 

corresponds to exponential discounting (complete time-consistency), while q=0, 

hyperbolic discounting (equation 1). By utilizing the q-exponential time-discount 

function, we have empirically shown that depressed patients are more impulsive and 

time-inconsistent in comparison to healthy controls (Takahashi et al., 2008b) and 

Westerners are more impulsive and time-inconsistent than Easterners (Takahashi et al., 

2009). Considering that it is well established, as introduced above, that delay and social 

distance may be psychophysically equivalent in decision-making processes, it is a 

logical next step to combine the q-exponential discount model with the 

experimentally-confirmed psychophysical equivalence of delay and social distance.  

Let us now put the social distance N introduced in Equation 2 (Section 2), 

instead of delay D, in Equation 4. We obtain: 

 



V(N)=V(0)/ expq (sN)=V(0)/[1+(1-q)kqN]
1/(1-q)

       (Equation 5) 

 

where N is the social distance between the agent and another subject, and kq is a 

parameter of selfishness, i.e., larger kq values indicate stronger selfishness, and q 

indicates the degree of “social inconsistency”. This q-exponential social discount model, 

which is a natural extension of the q-exponential discount function combined with the 

reported psychophysical equivalence of social distance and delay in human decision 

processes (Rachlin & Jones, 2008), may allow us to continuously parameterize agents' 

social consistency in game theoretic interactions and economic transactions. 

Furthermore, the q-exponential social discount rate= -V’(N)/V(N) is: 

 

q-exponential social discount rate=
Nqk

k

q

q

)1(1 
.          (Equation 6) 

Therefore, altruism indicated by V(N>0) is less steeply socially-discounted when N is 

larger. This behavior corresponds to social inconsistency in social discounting. 

 

4. Conclusions and implications for social physics, econophysics, and 

neuroeconomics 

 

As introduced in Section 3, q in the q-exponential social discounting model may be 

capable of expressing each subject's social inconsistency in interpersonal interactions in 

a continuous manner (with smaller q (<1) and kq values indicating more 

social-inconsistent and altruistic social decision making, respectively). A promising 

research direction may be to examine the relationship between pure altruism and the 

“social inconsistency” parametrized with q in equation 5. As previously hypothesized 

(Takahashi 2007a), it may be plausible that people behave altruistically even towards 

mere chance acquaintances and strangers (i.e., people with large social distance N), 

because their altruism V(N) is not steeply discounted when N→  (hence the proverb: 

“a chance acquaintance is a divine ordinance”). Future neuroeconomic studies should 

examine this hypothesis by utilizing neuroimaging methods to measure the subject’s 

social distance N represented in the parietal cortex (Yamanaka et al., 2009) and 

conducting economic games which measure other-regarding behavior (e.g., the dictator 

game, the trust game, the prisoner’s dilemma game, the public good game, the 

ultimatum game, etc). Moreover, a recent study by a personality psychologist (Osinski, 

2009) reported that the degree of social discounting is related to personality traits such 



as Agreeableness and Neuroticism. Therefore, future studies should examine whether 

parameters in the q-exponential social discount model (Equation 5) is also related to 

personality traits such as empathy (Wheelwright et al., 2006). Since the mathematical 

characteristics of q-algebra have extensively been examined and generalized (Nivanen 

et a., 2003) and Tsallis’ statistics has been shown to be useful even outside traditional 

physics (Tsallis, 2002; Takahashi, 2009b), the present formulation of social discounting 

may readily be utilized in future studies related to social physics, econophysics, and 

neuroeconomics. 

 



 

References 

 

Akerlof GA (1997) Social Distance and Social Decisions. Econometrica 65: 1005–1028 

 

Anteneodo C, Tsallis C, Martinez AS. (2002) Risk aversion in economic transactions. 

Europhysics Lett. 59 (5): 635-641. 

 

Cajueiro D.O. (2006) A note on the relevance of the q-exponential function in the 

context of intertemporal choices. Physica A 364  385–388. 

 

Fehr E, Camerer CF. (2007) Social neuroeconomics: the neural circuitry of social 

preferences. Trends Cogn Sci. 11(10):419-427. 

 

Frederick, S., Loewenstein, G., & O’Donoghue, T. (2002) Time discounting and time 

preference: A critical review. Journal of Economic Literature, 40, 351-401. 

 

Rachlin H, Raineri A, Cross D. (1991) Subjective probability and delay. 

J Exp Anal Behav. Mar;55(2):233-244. 

 

E. Hoffman, K. McCabe and V. L. Smith (1996) Social Distance and Other-Regarding 

Behavior in Dictator Games  The American Economic Review, Vol. 86, No. 3, pp. 

653-660 

 

Hwang J, Kim S, and Lee D (2009) Temporal discounting and inter-temporal choice in 

rhesus monkeys. Front Behav Neurosci 3:9 

 

Jones B, Rachlin H. (2006) Social discounting. Psychol Sci. 17(4):283-286. 

 

Jones BA, Rachlin H  (2009) Delay, Probability, and Social discounting in a public 

goods game. Journal of the experimental analysis of behavior Volume: 91   Issue: 1   

Pages: 61-73 

 

Kable JW, Glimcher PW. (2007) The neural correlates of subjective value during 

intertemporal choice. Nat Neurosci. 10(12):1625-1633. 

 

Kim S, Hwang J, Seo H, et al. (2009) Valuation of uncertain and delayed rewards in 



primate prefrontal cortex. Neural Networks 22 Special Issue: Sp. Iss. SI   Pages: 

294-304 

 

Martinez AS, Gonzalez RS, Tercariol CAS (2008) Continuous growth models in terms 

of generalized logarithm and exponential functions. Physica A Volume: 387 Issue: 23   

Pages: 5679-5687 

 

Mazur, J.E. (1987). An adjusting procedure for studying delayed reinforcement. 

In M.L. Commons, J.E. Mazur, J.A. Nevin, & H. Rachlin 

(Eds.), Quantitative analysis of behavior: Vol. 5. The effect of 

delay and of intervening events on reinforcement value (pp. 55–73). 

Hillsdale, NJ: Erlbaum. 

 

McClure SM, Laibson DI, Loewenstein G, Cohen JD. (2004) Separate neural systems 

value immediate and delayed monetary rewards. Science.  306(5695):503-507. 

 

Nivanen et al, Rep. Math. Phys. 52, (2003) 437 

 

Osinski J (2009) Kin altruism, reciprocal altruism and social discounting. Personality 

and individual differences Volume: 47    Issue: 4    Pages: 374-378   

 

Rachlin, H., & Raineri, A. (1992). Irrationality, impulsiveness, and selfishness as 

discount reversal effects. In G.F. Loewenstein & J. Elster (Eds.), Choice over time (pp. 

93–118). New York: Russell Sage Foundation. 

 

Rachlin H, Jones BA (2008) Social discounting and delay discounting. Journal of 

behavioral decision making. Volume: 21   Issue: 1   Pages: 29-43    

 

Sanfey AG. (2007) Social decision-making: insights from game theory and neuroscience. 

Science. 318(5850):598-602. 

 

Schinckus C (2009) Economic uncertainty and econophysics. Physica A 388 Issue: 20 

4415-4423 

 

Takahashi T. Loss of self-control in intertemporal choice may be attributable to 

logarithmic time-perception. Med Hypotheses. 2005;65(4):691-693. 



 

Takahashi T. Time-estimation error following Weber-Fechner law may explain 

subadditive time-discounting. Med Hypotheses. 2006;67(6):1372-1374. 

 

Takahashi T, Ono H, Radford MHB (2007) Empirical estimation of consistency 

parameter in intertemporal choice based on Tsallis' statistics Physica A Volume: 

381   Pages: 338-342 

 

Takahashi T. (2007a) Non-reciprocal altruism may be attributable to hyperbolicity in 

social discounting function. Med Hypotheses. 68(1):184-187. 

 

Takahashi T (2007b) A comparison of intertemporal choices for oneself versus someone 

else based on Tsallis' statistics. Physica A   Volume: 385   Issue: 2   Pages: 

637-644 

 

Takahashi T (2007c) A probabilistic choice model based on Tsallis' statistics  

Source: Physica A   Volume: 386 Issue: 1   Pages: 335-338 

 

Takahashi T (2008) A comparison between Tsallis's statistics-based and generalized 

quasi-hyperbolic discount models in humans. Physica A Volume: 387   Issue: 2-3   

Pages: 551-556    

 

Takahashi T, Oono H, Radford MHB (2008a) Psychophysics of time perception and 

intertemporal choice models Physica A   Volume: 387   Issue: 8-9   Pages: 

2066-2074 

 

Takahashi T, Oono H, Inoue T, et al. (2008b) Depressive patients are more impulsive 

and inconsistent in intertemporal choice behavior for monetary gain and loss than 

healthy subjects - An analysis based on Tsallis' statistics. NeuroEndocrinology Letters   

Volume: 29   Issue: 3   Pages: 351-358 

 

Takahashi, T (2009a) Theoretical frameworks for neuroeconomics of intertemporal 

choice. Journal of Neuroscience, Psychology, and Economics. 2(2), 75-90. 

 

Takahashi T (2009b) Tsallis' non-extensive free energy as a subjective value of an 

uncertain reward. Physica A 388: 715-719 



 

Takahashi T, Hadzibeganovic T, Cannas SA, et al. (2009) Cultural neuroeconomics of 

intertemporal choice. NeuroEndocrinology Letters 30 185-191. 

 

C. Tsallis, Química Nova 17 (1994), p. 468. 

 

Tsallis C (2002) Nonextensive statistical mechanics: a brief review of its present status  

Anais da Academia Brasileira de Ciências  74 Issue: 3 393-414. 

 

C. Tsallis, C. Anteneodo, L. Borland and R. Osorio, Nonextensive statistical mechanics 

and economics, Physica A 324 (2003), pp. 89–100. 

 

von Neumann J, Morgenstern O: Theory of Games and Economic Behavior. Princeton, 

NJ Princeton Univ. Press; 1947. 

 

Weber BJ, Huettel SA. (2008) The neural substrates of probabilistic and intertemporal 

decision making. Brain Res. 1234:104-115. 

 

Wheelwright S, Baron-Cohen S, Goldenfeld N, Delaney J, Fine D, Smith R, Weil L, 

Wakabayashi A. (2006) Predicting Autism Spectrum Quotient (AQ) from the 

Systemizing Quotient-Revised (SQ-R) and Empathy Quotient (EQ). Brain Res. 2006 

1079(1):47-56. 

 

Yamakawa Y, Kanai R, Matsumura M, Naito E, (2009) Social Distance Evaluation in 

Human Parietal Cortex. PLoS ONE 4(2): e4360 

 

Zauberman G, Kim BK, Malkoc SA, et al. (2009) Discounting Time and Time 

Discounting: Subjective Time Perception and Intertemporal Preferences. Journal of 

marketing research 46, 4: 543-556. 


